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1 April 3—Inversion Theorem

Besides the “text” [10], we shall refer to (for example) the books [8] and [2].
The class will meet as follows

MW 11:00-11:50 ET204
Th 11:00-12:30 MSTB 256 (or 254)

1.1 Fourier Integrals

For f € L' = L'(R), the Fourier transform is defined by
ﬂ@:/ﬂm%whj'ﬂm%wt (w € R).

The map f — f is a bounded operator from L' to L*°.

Exercise 1 If g € L' and is positive with integral 1, then for all continuous
functions on R with compact support,

tim [ g.(1)0(0) dt = 6(0),
where gs(t) = s~ g(st).

_ In the proof of Theorem 1.1, we shall use the fact that if f(t) = e then
f(w) — ql/2p—w?/4

Theorem 1.1 (Theorem 2.1,p.23) If f € L' and if f € L*, then
1 ~ .
ﬂﬂz—/ﬂ@ﬂ%u (t € R).
27
Proof: Define
1 .
I(t) = %A/Jf(u)e_€2w2/4elw(t_“) du dw.
By Lebesgue Dominated Convergence,
1 N 2 .2 - 1 A .
[e _ 7/ —e*w? /4 _iwt 7/ iwt )
(1) o wf(w)e e“rdw — o fw)e™ dw

By Fubini’s Theorem
1 ,
I(t) = — / / Flu)e= < et g, dy.

2m
Therefore
1 2,2 :
1) = [ (5 [t a) fu)du= [ gt = u)f(w du,
where g.(z) = e 'gi(e 'z) and g1 (x) = 72",

Exercise 2 Complete (if possible) the proof of Theorem 1.1 by showing that
I(t) — f(1).



2 Wednesday April 5—Plancherel Theorem
and Uncertainty Principle

2.1 Elementary Properties of the Fourier Transform

The space L' = L'(R) is a Banach *-algebra with convolution as product
and f*(t) = f(—t) as involution. The convolution of two functions f,g € L!
is defined by

frg@) = [ Fgle - y)dy.

Theorem 2.1 (Theorem 2.2,p.24) If f,h € L', then g:=h* f € L' and
9(w) = h(w) f(w).
Proof:
9@) = [ensfydr= [([ 1t —uwh(u)duje = d
N /u</t f(t = we ™" di)h(u) du = /u ( /t F(#)e™ ™ ) h(u) du
= [ F@)hwe " du= fw)h(w)
O

Elementary properties of the Fourier transform (see [10, p. 25])

2.2 Plancherel Theorem
Theorem 2.2 (Theorem 2.3,p.26) If f,h € L' N L?, then

[ r@n@ = - [ feht) d

Proof: With h* defined by h*(t) = h(—t), we have

~

h*(w) = / R(—t)e~ ™ dt = / R(D)e dt = / h(t)e-it dt = h(w).

So with g := f % h*, §(w) = f(w)h*(w) = f(w)h(w). Hence, by Theorem 1.1,

/f(u)W)du =g(0) = ;ﬂ /g(w) dw = zlﬂ/f(w)ﬁ(w) dw.

Exercise 3 Correct the proof of Theorem 2.2 by showing independently (if
possible) that if f € L' N L2, then f € L%

Examples of Fourier transforms (see [10, p. 27])



2.3 Uncertainty Principle

Uncertainty Principle (see [10, p. 30]) The state of a one-dimensional
particle is described by a wave function f € L?.

e The probability density that this particle is located at t is W[ f@)?

The probability density that its momentum is equal to w is W | f (w)|?

The average location of this particle is u = W [ fIf @) at

The average momentum of this particle is £ = W Jw|f(W)]? dw

e The temporal variance around the average location is
2 1 2 2
7t = [ = WPl dr

The frequency variance around the average momentum is
0% = 5 [(@— €21 f(@) do
2| f]]
Theorem 2.3 (Theorem 2.5,p.31) o202 > 1/4, with equality holding if
and only if f(t) = aexp(iét — b(t —u)?) for a,b € C, u,€ € R.
Proof:!

Step 1 We may assume that u = ¢ = 0. The general case reduces to this
by considering the function g(t) = e %! f(t + u).

Step 2 Since iwf (w) is the Fourier transform of f’(t), by Plancherel’s theo-
rem and the Schwarz inequality

olo? = /tf 2dt/wf )|? dw
ot = g/ HOF flofo)

_ ||fH4/|tf |2dt/|f (t) dt

> g (@ Fla)
> | tf(t)f’(t)dt2

!The proof of the inequality 0?02 > 1/4 given here assumes that f is differentiable and
that \/[t|f(t) — 0 as |t| — oo. This suffices in general since such functions are dense in
2



Step 3 (|f'(1)1*) = F(OF @) + f/()f(1)
Step 4 [[tf()f'(t) dt| = |[tF(E)f(t) dt]

Step 5 By integrating by parts, and using \/Hf(t) — 0,
[rs@Ryde=usr”_ - [P =) 52

Step 6 |/ #(1/(1)2)' di| = | (£ FT0) + /() F0) di| < 2 [(F 01 (0)] e

S— 2
Step 7 LFI1' = [ t(LF()2) dtP < (2 [EF@F (0] dt)’ < 4022 fI1
This proves the inequality. The proof of equality will be given later.

Theorem 2.4 (Theorem 2.6,p.32) If f # 0 has compact support, then f
cannot be zero on a whole interval. Sitmilarly, if f # 0 has compact support,
then f cannot be zero on a whole interval.

3 Thursday April 6—Time-frequency proof
of Plancherel’s theorem; the uncertainty
principle revisited

Since we are following [8], we shall use the definition that is used there,
namely,

- / F(@)e=2™ dg for f € L'(R) and w € R.
R

3.1 The fundamental operators of time-frequency anal-
ysis
The fundamental operators of time-frequency analysis are
e Translation by z: T, f(t) = f(t —z) (t,z € R)
e Modulation by w: M_f(t) = e*™“tf(t) (t,w € R)

The products T, M, and M,T, are called “time-frequency shifts.”

Some properties of these operators are
o T, M, =e 2™\ T,

o | TeMofllp = Il fllp for 1 <p < oo

hd (Txf) = M—:cf



o (Mf)=T.f
° (Txwa)A: 6_2mwawM—xf

We’ll use the following two properties of derivatives and Fourier transforms
for suitably smooth f and k£ > 1.

~

o [0(w) = (2riw)* f(w)
o ((—2miz)* f(2))(w) = f® (W)

3.2 Plancherel Theorem

Lemma 3.1 ([8, Lemma 1.5.1. p. 17]) If () = e ™ /%, then $q(w) =
a2y /a(w).

Proof: ¢/ (z) = (—27mz/a)p. () which can be written as X, (z) = (—a/27) ¢ (x)
where X is the operator of multiplication by z: Xg¢(z) = xg(z). Then

Palw) = (—27TiAX%)A(W) = (—2mi)(—a/2m) ¢, (w)
= (iag,)(w) = ia(2mi)pa(w).

Thus, ¢, is the solution of the differential equation 3y = —2amxy, so
Ga(w) = Ce ™" with C' = $,(0) = a'/2. O

Lemma 3.2 ([8, Lemma 1.5.2. p. 18]) Fora > 0 and z,w,u,n € R,
(ToMopal TuMypa) = (a/2)" 2™ 0o (u — 2)paa(n — w)

Proof:

Step 1 (a| MuTopa) = €7™(a/2)"? 04 (2)pa/a(w)

proof: (p.|M,Trps) = /e’”tQ/“e’”(t’x)Q/“e’%i“’t dt
_ e*ﬂxz/Qa/efQﬂ(tfx/Z)Q/aef%riwt i
= ©20(2)(Taj2pasa) (W) = €77 (a/2)" 020 () P3/a(w)
Step 2 M_,T, M, = e 2™mw=2I0 T, _,
proof: In the left hand side, substitute T,,_, M, = e~ 27—\ T,
Step 3

(TxMwSOa|TUMW<pa) = (¢“|M_WT“_mMn¢a)

62””7(u_x)(goa’MnfwTufx(pa) (by Step 2)
= Pl (0 )2) 2 0o, (u — ) pasa(n — w) by Step 1)
_ (a/2>1/2€7ri(u—90)(n+w)go2a<u _ 1‘)@2/(1(77 — w)D



Lemma 3.3 ([8, Lemma 1.5.3. p. 18]) For any a > 0, the set
{T,M,p, : z,w € R}

is total in L*.

Proof: Will be given later.

Theorem 3.4 ([8, Theorem 1.1.2. p. 5]) The Fourier transform extends
from L* N L? to a unitary operator on L?.

Proof: By Lemma 3.3, the set X = span{T,M,p, : z,w € R} is dense
in L?. Let F denote the restriction of the Fourier transform to X. Since
F(TyM,p1) = M_,T,p1 = e >™*T M 01 = e ?™T M 0, F(X) =X
is also dense in L2.

Claim: (TwagollTuMnQOI) = (F<TzMw901)|F(TuMn901>>

Assuming this claim for the moment, if we write f = Y7 cxT, M, 01 € X,
then f = Z? CkFTIkakgpl and Hf”% :A (:ﬂf) :Azkz,l Ckél(Tkawkgpl‘TIlezgpl) =
Zk,l Ckél(FTkawﬁO”FTl’z Mwﬁpl) = (f|f) = ||f||%’ completing the pl"OOf.

The claim follows by two applications of Lemma 3.2. In the first place,
FIoM,p1 = M_,FM,p1 = M_,T,Fo, = M_,T,p,, and similarly F'T},M, =
M_,T,p1, so that
(F(TeMopr)|[F(TuMyer)) = (M_oTopr|M_yTy1)

— (672#2’wawa$§01 |€72m'm7TnM,u901)

— 6—27ri(ww—un) (TwM—zgpl |T7]M—US01)

_ e—2m(:rw—u17)(1/2)1/267rz(77—w)(—u—:v)goz(n . w)<p2(—u + .T)
_ (1/2)1/267ri(17u+wu717x7w:0)802(n . w)(pQ(_u + :L‘)

= (oM 1| T Myp1)O

3.3 The uncertainty principle of Donoho and Stark

The results in this subsection might be proved later.

Theorem 3.5 ([8, Theorem 2.3.1,page 30]) Suppose that f € L*(R?) is
ep-concentrated on T C R andf is eq-concentrated on Q0 C RY, that is

1/2 o\ 2 R
</Rd\T‘f‘2> < er| fllz and </Rd\Q]f|2> < ealfll2-

Then |T||Q| > (1 — e — €q)*.
Corollary 3.6 If f € L*(R?) is supported on T cmdf is supported on €0,
then |T||Q > 1.

One can use the Poisson summation formula to prove the following qual-

itative uncertainty principle.

Theorem 3.7 ([8, Theorem 2.3.3,page 32]) If f € L*(RY) is supported
on T, f is supported on ), and |T||Q| < oo, then f = 0.



4 Monday April 10, 2006

4.1 Completion of the proof of Theorem 2.3

Theorem 2.3 was proved under the assumption that f is differentiable and
that \/Mf(t) — 0 as |t| — oo. There does not seem to be a simple density
argument to complete the proof. Moreover, the assumption is actually re-
dundant, given that you can assume without loss of generality that ¢f(¢) and
wf(w) both belong to L?. Insight to this is from [7, p. 210], as follows.

If f is a distribution, then (f') is the distributional Fourier transform of its
distributional derivative, and it will follow from the assumption w f (w) € L?
that (f') € L? and therefore f' € L2 as well. More precise details follow.

First let’s recall some basic definitions for distributions. If f is a dis-
tribution, that is, a linear functional satisfying a continuity assumption on
the space of test functions (= C'*°-functions with compact support), then its
distributional derivative is the distribution f’ defined by (f’,¢) = —(f, ¢’).
The distributional Fourier transform of f is the distribution f defined by
{f, ) = ([, o).

Thus

(f).0) = (fo@)=—(f.(&))

where ¢(w) := $(w) from which it follows that ¢ = ¢. This shows that
(f) =i(wf(w)) so that (f') € L* and therefore f’ € L%

What about the use of the assumption \/|1T| f(t) — 0 in the integration
by parts in Step 57 Not to worry. Since tf(t) € L? and f' € L? we have
tIf(#)]?) = 2t (Re f(t))f'(t) € L' and since f is absolutely continuous (see
Exercise 4), by [14, p. 239], for each ¢ < d,

[ 1soryde=[dror) - [ 1P ar

Both limits limg . d|f(d)|* and lim._, . c|f( )|? exist, and they must both
be zero, otherwise | f|? would be asymptotic to 1/|z|, which is not integrable.
O

Exercise 4 Prove that f in the proof of Theorem 2.3 is absolutely continu-
ous.

4.2 Absolute Convergence of Fourier series and the
proof of Lemma 3.3

The proof of the following lemma was distilled from the proof in several
variables in [12, Cor. 1.9,p. 249].



Lemma 4.1 A periodic function on [0,2x] with a continuous first derivative
1s the uniform limit of its Fourier series.

Proof: Since f'is in L2[0, 2] and (f')(m) = 2mimf(m), we have 3,7 (2rm)2| f(m)|? <
oco. Then by Schwarz’s inequality,
1/2

S 1) < (17 m)Pl2rmP)” (3 [2em[2) " < oc,

m=#0

so the Fourier series for f, namely, > f (m)e?™™* converges uniformly. Since
this series converges to f in L?[0, 27], it converges to f uniformly. O

Proof of Lemma 3.3: We leave it as a simple exercise, using translation
operators, that it suffices to prove the lemma in the case that a = 1. So
let X :=span{T, M, : z,w € R}. Let k be a C* function with compact
support on R, let K := max,eg |k(2)|e™ and let € > 0. Choose ¢ > 0 such
that the support of k lies in [—c, ¢] and such that [, e~ 2 dr < 5(759)%
Expand k(z)e™" as a Fourier series Y%, b,e™%/¢ in L?[—¢, ¢]. By Lemma 4.1,
the series converges uniformly to k(x)e™’. Pick a partial sum s(z) = Y jnj<ar boe™ "/
so that sup,e_. \k(z)e™ — s(x)| < €/v2 and ||s]o < K + 1.
Consider h(z) 1= s(2)p1() = Xjnj<m l)n]\fn/gce’%””2 which belongs to X.
Then

2 2 2

k() = h(a)* = |(k(@)e™ = h(x)em™ )e ™ = [k(z)e™™ — s(o) e

so that
e hlg = [ ke et e [ e da
z|<c z|>c
i —2ma? 2 —2mz?
|z|<c |z|>c
62 62 2
< — I
S 5 + 5 €

Since the C*°-functions with compact support are dense in L?, this shows
that X is dense in L2, O

4.3 Does the Plancherel Theorem imply the L!-Inversion
Theorem?

Exercise 5 Show (if possible) by using integral operators, that Theorem 1.1
follows from Theorem 3.4

4.4 Unfinished business for chapter 2

e A proof of Theorem 2.3 based on commutators of self-adjoint operators

8



The proof of Theorem 3.7

Proof for the case of equality in the uncertainty principle

Proof of Theorem 2.4

Problems, chapter 2

5 Wednesday April 19, 2006—Sampling ana-
log signals I

5.1 Poisson summation formula

We shall prove the following theorem in the case 7' = 1 following [13, pp.
117- 119] Let us first recall that if 6 = 0(¢) denotes the Dirac distribution:
g(s . then (8,¢) = (5,¢) = ¢(0) = [@(t)dt = (1,¢) so that

=1, or 5(5) = 1 for all £ € R. Next, letting F, denote the Fourier
transform in the variable z, we have? (F,(d(z —y)),¢) = (§(x —y),¢) =

Ply) = [ (§)e™t d€ = (", p) so that F(d(x —y))(§) = e".

Theorem 5.1 (Poisson Formula [10, Theorem 2.4, p. 28]) In the sense

of distributions, Y- e~ "M@ = 2L 57 §(w — 22F),

Proof: Given a function ¢ : R — C, let Pp(x) = Y ez p(z — 2km). Py
exists as a 2m-periodic function if ¢ has compact support or decays rapidly
enough at infinity. Expand Py in a Fourier series Po(z) ~ 3 cpe’*® where?
cr = = [27 Pp(x)e~* dz. We note that

2m(j— 1)

2m .
cp, = Z/ o(z —2mj)e ’kxdm——Z/ y)e ™ dy

]EZ 27j
1 oo iky 1 .
= — dy = —o(—k).
= | ee ™ dy = —(—k)
Now compute Py(0) in two ways. First, from the definition of P,
Po(0) = Yiez 9(2mk) = (Cpez 0(z — 27k), ). Second, from inversion of

Fourier series,

Pp(0) = 3 Py ZCk—;Z

keZ keZ
= Z o(x Z Sz —
keZ keZ
Equating these two values proves the theorem. O

2The Fourier transform in [13] uses a plus sign
3Inconsistent with the previous footnote, the Fourier coefficient in [13] uses a minus
sign



5.2 Sampling analog signals I

A uniform sampling of an analog signal f (f is in L? but will usually be
continuous so that f(n7) makes sense) corresponds to a weighted Dirac
sum fd(t) ZOO f(nT)o(t — nT), a distribution, with Fourier transform

(fa) (w) = X% f(nT)e~mTe.
In the following proposition we use the following two definitions. If f

is a distribution and v is a function of an appropriate regularity, then the
distribution 1 f is defined by (¢ f, ») = (f, ¥ ), and the distribution ¢ * f is

defined by (¢ f,p) = (f, % x ), where (t) := (—t).
Proposition 5.2 ([10, Prop. 3.1, p. 43]) (f4)(w) = 7>, flw— 2k,

Proof: Since f(nT)o(- — nT) = fo(- — nT), we havefy(t) = Y ez f(1)O(t —
nT) = f(t)c(t), where c(t) = ¥,cz9(t — nT) is a “Dirac comb.” From
fa = fc we shall show that fd = if x ¢. We shall also show that f* 0= f
Assuming these two facts for the moment, we have from Proposition 5.1,

fd<>=2;f*é<>— L[ 2 Then 0w — 25)| = £ [Sien f# 0w — Z8)] =

[Zkez flw QWk)}, as required.
It remains to show that if ¢ is a function and f is a distribution, then

(wf) = i@[} * f and 1 * 0 = . In the first place, (¢ f), @) :A(gb]f,gﬁ) =
(fdg) = (f.Wxe)) = (f, @/3*@ On the other hand, g-(i* f, ) =

%Ugvlﬁ*@:%(f&*@ 1? wSO (Vf) = ﬂ*fis proved.
Asto 6 =1, (Wx*0,p) = <¢ )—@D*@()—I@D()(y)dy:
JY(=y)p(=y) dy = (¥, ¢). 0

6 Thursday April 20, 2006—Sampling analog
signals II; Proof of Theorem 3.7

6.1 Sampling analog signals II

Theorem 6.1 ([10, Theorem 3.1, p. 44]) If the support of_f lies in
|—7/T,w/T], then f(t) = >, f(nT)hr(t —nT), where hr(t) = sin(nt/T)

wt)T

Proof: We start by noting that hy(w) = Tl 7,77 (w), which is the first ex-
ample on [10, p. 27]. Next by Proposition 5.2 and the assumption about the
support of f, fa(w) = 13 ez flw— 2“—") = f(w)/T for |w| < 7/T. Putting
these two facts together results in f hr fd = hT/*\ fasothat f=hrx f4=
hex[3, f(nT)6(t—nT)| =32, f(nT) hp(t—nT), since (hr * [§(t — nT')], o) =
(0(t = nT), hr * @) = hrxp(nT) = [ he(nT—y)p(y) dy = [ hr(y—nT)e(y) dy =
<hT( - nT)7 90> 0

10



Exercise 6 Show that f(t) = > f(nT)hr(t — nT) converges in L*.

An example where the support of f is not included in [—7 /T, 7 /T] :
f(t) = coswpt. This is referred to as a high-frequency oscillation. The Fourier
transform f(w) = 7[0(w — wo) + 6(w 4 wo)] has support equal to {wy, —wo}.
Now take wy € (7/T,27/T). Then

brl)fa@) = 133 F = TN limagr()
2rk 2mk
= 7Tl[—7r/T,7r/T] (w) zk:[d(u) Wy — T) + (S(CL) + Wy — T)]
2T 2m
= ﬂ[5(w+wo—?)+5(w—wo—?)].

Thus fy*hr(t) = cos(3F —wy) which is an oscillation with a lower frequency.

Note that, of course, fy*hr # f. In such a case, one looks for f such that

the support of f lies in [—7/T,7/T] and || f — f|l2 < ||f — g|2 for all g with
the support of ¢ in [—7/T,7/T]. Since

A 1 R A
2 2 o — / 24 / 7124
= FIF =5 [l = FPaw == [ iPdot g [ 1F-fRa

~

we choose f such that the second mtegral is zero, that is, such that f =
f L—r/Tm/T) = hT f corresponding to f T Lfx hyp.

Conclusmn The function f is called the filtering of f and f can be
recovered from the samples f(nT) since the support of f lies in [—x /T, 7 /T].*

Proposition 6.2 ([10, Prop. 3.2, p. 47]) With hy(t) = %, {hr(t —

nT) ez is an orthogonal basis of the subspace Ur C L? of functions f with
Fourier transform f supported in |—x /T, 7/T|. If f € Ur, then f(nT) =

(1/T)(f()lhr(- —nT)).

Proof: Since Fhy = sz = T1—x/Tx/1), hr € Ur and we can calculate the
inner product by means of Parseval’s formula:

1
(hr(- = nT)|hr(- = pT)) = ﬂ(th(' —nT)|Fhy(- —pT))
1 )

Thus {hp(- — nT)/vVT ez is an orthonormal set in Up. It is a basis by
Exercise 6. Since f = VT f(nT) hp(- — nT)/v/T, by properties of a basis
VT f(nT) = (f|Hyp(- — nT)/VT). O

4’1l explain the meaing of the term “aliasing” in this context later

11



The following well-known result is included here for completeness. Since
we already proved that a continuously differentiable function has an abso-
lutely and uniformly convergent Fourier series, and such functions are dense
in L2, it follows that the trigonometric polynomials are dense in L?, proving
the completeness of the orthonormal system {e**“},cz.

Theorem 6.3 ([10, Theorem 3.2, p. 51]) {¢*}rcz is an orthonormal
basis of L?|—m, ).

6.2 Poisson formula revisited; proof of Theorem 3.7

Lemma 6.4 ([8, Lemma 1.4.1, p. 14]) If f € L' and a > 0, then

/ f(ac)d:c:/ (Z f(x+ozk)) dz.

R 0 \kez

Proof: Let F(k,x) = f(z+ak), for (k,x) € Zx[0,a]. Then Y [ |F(k,z)|dz =
g i |f(tka)| de = Y o | f(2) de = Jg | (2)| dz < 00 s0 by Tonelli’s
theorem the function F' is integrable over the product space Z x [0, a. Then,

by Fubini’s theorem,

/Rf(x) dx = EZ:/O:(HI f(z)de = EZ:/O" f(z+ka)dr = /Oa Ez;f(x+ak) de.0

Proposition 6.5 ([8, Proposition 1.4.2, p. 15]—Poisson summation)
IF1£@)] < O+ Jal) ™ and [f(w)] < C(1 + w]) ", then

> flwtn) =3 fn)em (1)

neZ nez

with both sums converging absolutely for every x € R.

Proof: By the decay assumptions, both series converge absolutely. Let ¢(x)
denote the left side of (1). The ¢ is one-periodic and integrable on [0, 1] since

Jo le(@)ldz < g Jo | f(x +n)| dz = Jg |f(y)] dy < .

Compute the Fourier coefficients of ¢|p 1 as follows, using Lemma 6.4
at one point: ¢(n) = [y p(x)e ™ dy = [ Sz flx + k)e 2™k gy =
Jo f(z)e 2T 4o — f(n). Since Y5 |f(n)| < 0o, ¢ is the absolutely conver-
gent limit of its Fourier series, proving (1). O

Remark 6.6 If f is as in Proposition 6.5, then for every x,w € R,

Z f(n _ x)GZWiw(n—x) — Z f(n . w)e—QTrinz'

nez neZ

12



Proof: In (1), rewritten with the variable changed to ¢, that is,

> f(t+n) =3 flm)em

neZ neZ

replace f by T, M, f and set t = 0. You will get
Z f(n_l,)e%riw(n—x) = ZT$wa(n) = Z(Twaf)A<n) - Z f(n_w)e—%rixn’
zZ VA 7

zZ
as required. a

Proof of Theorem 3.7: We may assume without loss of generality that
|T'| < 1; otherwise, you can replace f(z) by f(ax) for a suitable a > 0. From
Lemma 6.4,

/OIEZ;1T(:c+n)dx:/R1T(x)dx:|T|<1 2)

and
/0 Ez:lg(w—i—n) dw = || < 0. (3)

From (3) it follows that > 1g(w + n) is finite for almost every w € [0, 1]
so that

The cardinality of {n € Z : f(w+n) # 0} is finite for almost every w € [0, 1].
(4)
From (2) it follows that

There is a set T C [0,1] such that |T| >0, f(z+n)=0, Vne Z, Ve € T.

(5)
(Otherwise, the integral would be equal to 1.)

For each b € [0, 1], let ¢p(z) be the “periodization” of M, f, that is, ¢p(z) =
Sz f(@ +n)e2m@+n) By Remark 6.6, ¢(2) = Sz f(n — b)e2™. Then by
(4), @y is a trigonometric polynomial for a. e. b € [0, 1] and by (5), ps(x) =0
for all z € T and a. e. b € [0, 1].

However, a trigonometric polynomial cannot vanish on a set of positive
measure unless it vanishes identically. Thus ¢,(z) = 0 for a. e. x € R and
for a. e. b € [0,1], so that f(n —b) = 0 for a. e. b € [0,1] and all n € Z.
Hence, f = 0, and f = 0. O

7 Monday April 24, 2006—Discrete and Fast
Fourier transform

7.1 Discrete Fourier Transform

All proofs in this subsection are straightforward. However, I am including
them for the convenience of the lazy reader.

13



For a function g on R of period P, the Fourier coefficients are given
by ck = ﬁ L [P g(x)e™ /P dx.  Let’s approximate ¢; by a Riemann sum:
Ck ~ & g(x;)e"2™i/P(P/N), where x; = jP/N, j = 0,...,N — 1.

We can thus write
N—1

1 . —27j
e~ Z g(jP/N)e 2T,

This motivates the followmg definition. Give {h;}} ' C C, the discrete
Fourier transform of {h;}7=" is the sequence {Hj} ez deﬁned by

N—1
Hk — Z hj€_i2ﬂ—kj/N.
0
The discrete Fourier transform satisfies the following three properties: Let

Hj, be the DFT of h; and G}, the DFT of g;.

linearity For scalars a,b, aHj, + bG), is the DFT of ah; + bg;.

Proof: Let k; = ah;+bg;. Then Ky, = 30" kje m™9/N = 335 (ah; +
bgj)e*lQ”kJ/N = aH}, + bG,,.

periodicity Hy,.y = Hy for k € Z

Proof: Let W = e~ ?mk/N_ Then Hy, y = S0 hyWIkHN) = SNV p Wik (W) =

SN WIE = |y,
inversion h; = % Zé\f—l H, ei2mik/N
Proof: With W = e~"27*/N we have
N-1 1N1 1N1N1 1 N-1 N1

0 m=0 m=0 k=0

leen a finite sequence {Gj}'™* C C, the inverse DFT is defined by
g = L GRe?™kIN for j € Z. Linearity, periodicity, and inversion also
hold for the inverse DF'T. The inversion formula is G}, = % Zév -1 gje*i%kj/ N,

Two other properties of the DFT are

periodicity Hy_, = H_, for k € Z
Proof: This is trivial.

Parseval equality Y0 [h;[> = & N1 [Hy|?
Proof:

7,27rjk/N

HMZ

2 1 [N-1 . N—1 .
- = Z erz27r] < Z Flefﬁﬂ'j )
N? =0

J=0

N—-1 ) N— 1
;}!hﬂ = z:: N

14
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= R I = £ B
- HyH e ™00 = — e'2mil HyH,
N2 = ko N2 S\ 0=
1 N-1 ) 1 ]Vil )
= 5 2 NH*=—+ ) |H
N? S N =

7.2 Fast Fourier Transform

Let {X} be the DFT of {x,,} so that

N-1

= XO: Ty W (6)

where W = e=27/N

We now suppose that N = Ny N, and note that 0 < m < N — 1 if and
only if m = Nyms +my where 0 < m; < Ny —1and 0 < my < Ny — 1.
Similarly, 0 < k < N — 1 if and only if &k = Nyk; + ko where 0 < bk < Ny —1
andOSkQSNg—l.

Now we can rewrite (6) as

N—-1 N-1
_ (N1ma+m1)(Naki+k2)
XN2k1+k2 - Z Z xN1m2+m1W
1=0 m2=0

N-1 N-1
= Z Jy Nemakyyymaks Z TN mggmy, WP (since TNt N2mzh — )
1=0

m mo=0
N-1 N-1

_ m k‘l m k‘2 mzkz
= Z 1 | Z T Nymgt+my Wa 272,

m1=0 mo=0

where Wy = e 27/N = N2 and Wy = e~ 27/N2 = N1,
Thus, the computation of Xy, where k = Nyky + ko, is accomplished in
three steps.

Step 1 For fixed m; and ko, let Y, &, = Zan;o xN1m2+m1Wm2k2 Then

(Yo ko I is the DFT of {Zn,mymy Jo2—o-

Step 2 Multiply Y,,, , by the “twiddle factors” Wmi k2,

Step 3 Compute the DFT {Z;, }17) of {2, 1= W™k2Y,, ;. 31 ~1: of course,

mi1= Oa

Z k1 XN2k1+k2

We shall now discuss the “complexity issues” associated with the direct
DFT and the “3 step”’-DFT. The direct computation using (6) involves
(N — 1)? multiplications and N? additions. In what follows, we shall not

15



bother with the additions®. Also, for simplicity, let’s call this (at most) N?
multiplications.

Compare this with the complexity of the “3-step”-DFT. Step 1 consists
of taking N; DFTs of N, terms, hence there are Ny N2 multiplications to
perform. Step 2 consists of taking NNy multiplications. Step 3 consists of
N, DFTs of N; terms, hence requires No N2 multiplications. Thus the direct
DFT method requires NZN7 = (N;Ny)(N;Ny) multiplications and the “3-
step”-DFT requires (only) Ny Ny(N7 + N2 + 1) multiplications. For example,
for N7 = Ny = 100, the direct method requires about 50 times the number
of multiplications.

Let us now look at the so-called Radix-2 FFT-algorithm. Consider a DFT
X}, of an N-point sequence x,, with N = 2! and let N; = 2 and N, = 2¢-1,
Then, since WN/2 = —1,

N/2-1 N/2—1
X, = Z Lo W 4 WF Z Toma1 W™ for 0 < k < N/2 -1,
m=0 m=0
and
N/2-1 N/2—1
Xpinp = O oW —WHF 3™ ao (W2 for 0 < k < N/2 - 1.
m=0 m=0

Here, the computation of an N-point DFT is computed by two DFTs of
length N/2, namely SN2 2o (W2)™F and SN2 20 (W2)™E | plus N/2
multiplications by W*. (Again, we are ignoring the additions.)

Now each of these DFT's can be split into two DFT's of length N/4 together
with N/4 multiplications by W2k, Thus, at this stage the N? multiplications
required by the direct DFT have been replaced by 2(N/2)? 4+ 2(N/4) multi-
plications. Repeating this bisection procedure for ¢ steps, and observing that
computing a 1-point DFT involves no multiplications at all, you will have in
the end replaced N? multiplications by tN/2 = (N/2) log, N multiplications.

This is the well-known reduction in complexity for the FFT.

The discussion of the fast Fourier transform given here is from [11, chap.
4] (which is reference [51] in [10]). The original paper that introduced the
fast Fourier transform (FFT) technique is [3], which is reference 4.6 in [11].
A more recent paper that surveys FFT algorithms is [6] (which is reference
[177] in [10]). The papers [3] and [6] can be downloaded from my website:
https://math.uci.edu/~brusso/211as06.html.

5 Addition is easier than multiplication, even for a computer.
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8 Wednesday April 26, 2006—Time-frequency
atoms I: Windowed Fourier Transform

8.1 Uncertainty revisited in the context of time-frequency

Let us revisit the uncertainty principle and compare the “Fourier Kingdom”
(FK) terminology with a “Time meets Frequency” (TF) version.

(1)
FK: the state of a 1-dimensional particle is a wave function f € L?
TF: asignal f € L? is correlated with a family of waveforms {¢,} C L? with
o4 || = 1 called time-frequency atoms. The linear time-frequency transform

of fe L?is
Tf() = [ F@)6, (0 dt
We shall study two instances of this. The windowed Fourier trans-
form is the case v = (§,u) € R? and ¢, (t) = ge.u(t) = €*'g(t — u)

for a fixed “window” g € L?. The wavelet transform uses v =

(s,u) € (0,00) x R and ¢, (t) = ¢5.,(t) = ((t —u)/s)/+/s for a

fixed “wavelet” 1) € L2. The corresponding transforms are then®

SF€) = (flg)u€) = [ F(glt —we < at

and

1 t—u
= = t)— dt.
W) = (Tls) = [ 10720 ()
(2)
FK: the probability density that the particle is located at t is || f||72|f(¢)|?
and the average location is u = || f||72 [ t|f(¢)|> dt
TF: |¢,(t)|? is a probability density centered at u, = [ t|¢.,(t)|* dt

(3)
FK: the probability density that the particle’s momentum is equal to w is

Qﬂulfug | f(w)|* with average momentum & = 27r||1f||2 | [w]f(w)]? dw

TF: %@7 (w)|? is a probability density and the center frequency of QASW is

1 2 2
& = 5 [ wly () do
(4)

FK: the temporal variance around the average location is o2 = W [t —
u)?|f(t)]? dt and the frequency variance around the average momentum is

2 _ # A2 F 2
Oy = 27THfH2 /(w f) ’f(w)| dw

6S is for “short-time Fourier transform
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TF: the (time-) spread around u, is measured by the variance o}(y) =

J(t —uy)? ¢, (t)|* dt and the (frequency-) spread around &, is 02 = 5~ [(w —

£,)216, ()2 do "
5)

FK: uncertainty principle is 040, > 1/2
TF: uncertainty principle is oy(7)o,(y) > 1/2

The time-frequency resolution of ¢., is represented by rectangular
Heisenberg bozes of area at least 1/2:

_a(v) at(v)] ‘e, ou(7)

0u(7)
[U'Y 9 ’ u')’ + 2 2 ]

7£’Y+ 2

8.2 Windowed Fourier transform

We shall assume that the window g € L? is real valued and “symmetric”
(=even) and is normalized to have norm 1. We observe the following

e The center of the probability density |¢.(¢)|? is independent of &: u., =
u

proof: uy = [tlgue(t)* dt = [ flg(t—ul*dt = [t|g(t)|* dt+
ullglf =0+u=u

e The time spread around w is independent of v and £ (that is, of 7)

proof: o2(y) = [(t — u)?|gue(®)*dt = [(t — u)?|g(t —
u)|*dt = [t*|g(t)| dt.

e The center frequency &, is independent of u: &, = ¢

proof: & = 5o [wlgue(w)® dw = 5 [ w|g(w — §)? dw =
= [(w+&)|§(w)]* dw = 0 + £ since ¢ is also real valued and
symmetric.

e The frequency spread around ¢ is independent of v and &
proof: 02 (7) = g [(W—8)?|ue (W) dw = 5 [(w—E)?|§(w—
O dw = 2 [l du
Two examples:
o f(t) = et

Although f ¢ L? we still have Sf(u,&) = e~/ %)ug(¢ —
&o), since

Sfu,&) = [ f()g(t —u)e ™ dt = [ g(t —u)e "¢l dt =
[ g(t)e i E=go)ttu) gy,

18



o f(t) =6t — up).

Although f is not a function, we have Sf(u, &) = g(ug —
u)e~ %% since

Sf(uv 5) = <.fa g( - u)e_i§'> = <5(t - uO)v g(t - u)e_i€t> =

g(ug — u)e v,
Theorem 8.1 ([10, Theorem 4.1, p. 73]) For f € L?,
flt) =L / / SF(u,€)g(t — u)et d¢ du  (inversion)
and
/ |f))dt =+ // |Sf(u, &) dé du  (conservation of energy).
Proof: We first note that
S(u,€) = e [ f{t)g(t = w)e S = e [ s ge(u)

where g¢(t) := g(t)et (recall that g(—t) = g(t)). Since g¢(w0 = [ g(t)e’st 1w+ gt =

§(w), we have Sf(-, &) (w) = f(w+E)Ge(w+E) = f(w+E)g(w), which together
with g(t — -)(w) = g(w)e~ ™ and Parseval gives

[ [ 8r0 09t~ wedsau = & [ ([ S5 gt~ wydu) e de
= (& [ fer i
= & [13@? (& [ flw+ e ag) o= f()

g(w)eitw+it§ dw) d€

where we have made the assumption that f € L' to use Fubini and Fourier
inversion.

Exercise 7 Complete the proof of the inversion formula by showing that the
set of functions in L? for which the inversion formula holds almost everywhere
15 a closed set.

The proof of energy conservation is straightforward: 5= [ ['|Sf(u, §)|* d€ du =

bl e 1S3 e = & S 1o aglatelf do = 1Pl =
) O

Proposition 8.2 ([10, Proposition 4.1, p. 74]) Let ® € L*(R?). There
exists [ € L? such that Sf = ® if and only if for a. e. (ug,&) € R?,

CI)(“Oafo) = %//(I)(ua £>(gu,£|guo,£o>dUd£-
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Proof: Suppose first that such f exists. Then

D(up, &) = Sf(uo,é) = /f(t)g(t — up)e " dt

= £ [ ([ [ £ 6)00elt) dude) guoe @) dt
= & [ [ 2.8 ([ guelgune @ dt) dude.

Conversely, suppose the condition on ¢ holds. Then define f by
1)=& [ [ @)l — we a

Exercise 8 Show that f is well defined and belongs to L?.

Assuming the result of Exercise 8, we have S f(ug, &) = [ f(t)guy.e () dt =
T (55 1 J @, €)gue(t) d du) gug e, () dt = P (ug, &) 0

9 Thursday April 27, 2006—Time-frequency
atoms II: Real and Analytic Wavelets

9.1 Real Wavelets

A wavelet is defined to be a function ¢ € L? with ||[¢|| = 1 and [« (¢) dt = 0.
It is also supposed to be “centered in a neighborhood of zero” but I haven’t
yet figured out what exactly that means.” The wavelet transform of a signal

f € L? is defined to be

Wf5) = () = [ 0= [ 1020 (2 i

S

where 1, s(t) = ¥((t — u)/s)/+/s for s > 0 so that ||¢,s|| = 1.
We first note these two facts.

o Wf(u,s)= fx*1(u), where )5 denotes 1y, since

* * 1
fruitw= [ fOuite—0di= [ 100t 075 dr

o 03(w) = /5 Uy (sw), since
Ui = / Ui(e™ dt = / \}gw(—t/s)e”‘” dt = /s / )™ dt.

"Stay tuned!
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Theorem 9.1 ([10, Theorem 4.3, p. 81]) Let ¢ be a real-valued wavelet
and suppose that Cy, := [;~° M dw < 0o. Then for all f € L?

=g 7 s oo () (7)

1 e ds
ﬂﬂmmhn%élﬂWﬂmﬂ%y@

Proof: We first prove that energy is conserved.

[T [ wswspats = 7 [1revipas
— / e AT |2dw—
= [T [@deras
[ [1i@)vsise) |2dw—
& 1irds [T 4 yppc,,

Let b(t) denote the right side of (7), so that b(t) = C’Jl J52 [t = (t) &

and

Exercise 9 Show (rigorously) that b exists and that b(w) = C¢ 1 fw ) H(w )ibs(w w) %,

Assuming Exercise 9, we now have

A

= 03 [T FVEb Vi) G = 0 Fw) [ I S = flo)

In the last step we have used the assumption that 1) is real so that 1& is even.
O

9.2 Analytic Wavelets

A signal f € L? is said to be analytic if its Fourier transform vanishes at
negative frequencies: f(w) = 0 for w < 0.

To motivate the following definition of analytic part of an arbitrary signal,
note that for any signal f,

Refw)=1 _ : (8)



Hence if f is analytic, then f(w) = 2(Ref) if w > 0 (and f(w) = 0, by
definition, if w < 0).

We thus define the analytic part f, of an arbitrary signal f € L? to be the
inverse Fourier transform of 2 f Ljo,00), that is, fa =2 f 110,00

Example: if f(t) = acos(wpt + ¢), with wy > 0, then f,(t) = ae’“+9),

Proof: (In this example, the signal is not in L? so we treat it as a dis-
tribution.) We know that f(w) = male?d(w — wy) + e 0 (w + wp)]. We
calculate

<fa7§0> - <2f10c>o > < 1[000 >
= (male0(w — wo) + e 75 (w + wp)], 2 1o,00) )
= 27mae’ 1jp,00) (wo)p(wo) + 2mae™" 1 o) (—wo)p(—wo)
= 2maep(wy) = 2mae'® (5(w — wp), ©)
so that f,(w) = 27ae™d(w — wpy) and f,(t) = aei@ot+o), O

Theorem 9.2 ([10, Theorem 4.4, p. 86]) If ¥ is an analytic wavelet,
then for all f € L?,

(a) Wf(u,s) = 3W fu(u,s)
(b) If f is real-valued, then

ft) = —Re/ /qu swst—u)du%

and

2 o0 ds
1P = & Re / W G s) P du

Proof: We have W f(-, s)(w) = (f *¥2)(w) = f(w)d:(w) = f(w)y/s(w) and

W (-, 8)(w) = (fa*x ¥ (w) = 2f(w)1[0700)(w)\/§1ﬁ(w). Since 1) is analytic,
Wf(-,s)(w) =W f,(-,s)(w)/2 and (a) follows.

As in the proof of Theorem 9.1, the inverse wavelet formula reconstructs®
the analytic part of f. Thus

ﬁ@:YZAM/WﬁmJWﬁ—uMu

ds

and since f = Re f, the reconstruction formula is proved. To see that f =
Re f,, note that by (8),

_ fa)/2  w>0 flw) w>0
Re fao(w) = ] = i
fo(—w)/2 w<0 fl—w) w<0.

8We don’t need to have a real wavelet here since fa vanishes on negative frequencies.
(See the last remark in the proof of Theorem 9.1)
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f(w) for all w and so indeed we do

However, since [ is real-valued f(—w)
have Re fa = f.

We can now prove the conservation of energy. We note first that energy
conservation holds? for f,, that is,

I fall? = /Ifa )| dt = c/ /|Wfaus|2du?—c/ /|qus|2dud3

It remains to show that || f,||* = 2||f]|*>. For this, we use again the fact that
f is real so that f(—w) = f(w) for all w and therefore ||f1[0,m)|| = |If1l/2 to
get || fall® = 5z ll/all® = 5:112/ Lo, 7 = 21717 = 2] 1. O

10 Monday May 1, 2006—Frames

The discrete windowed Fourier transform and the discrete wavelet transform
are best studied through the frame formalism. Recall from Proposition 6.2
that if the support of f is contained in the interval [—x/T,7/T], then the
signal f can be recovered at regularly sampled points by taking inner product
with a family of vectors, in this case {hy(t—nT)} ez, where hp(t) = Si“TS%T)
This motivated the discovery of conditions under which one can recover a
vector f in Hilbert space from its inner products with a family of vectors
{¢n}n€F-

A sequence {¢,}ner of vectors in a Hilbert space H is a frame if there
exist positive constants A and B such that for all f € H,

AlIFIP < D0 1(flea)l* < BILI (9)

nel’

The frame is tight if A = B, and the frame operator U is the linear map from
H to (*(T") defined by Uf = {(f|én) }ner-

Examples (elementary)

e If e1,e5 is an orthonormal basis of a two-dimensional Hilbert space,
then {¢1, o, 3} is a tight frame with A = B = 3/2, where

o1=re1, ¢2=(=1/2)er + (V3/2)er, b3 = (~1/2)er — (V3/2)ez

Proof: Let w = (fle;) and z = (fles). Then Y2 |(f|on)|? = |w|? +
| = (1/2)w + (V3/2)2 +] = (1/2)w = (V3/2)z* = |w]* +2|(1/2)w]* +
?;)(/\2/)3"/]?’)’512 (parallelogram law) = [(fle1)[*+(1/2)|(fle1)|*+(3/2)[(fle2)[* =

9 Again, instead of v being real-valued, which it isn’t, we rely on f, being analytic—see
the previous footnote

23



e Foreach k=0,1,... K — 1, let {ex.n}nez be an orthonormal basis of a
Hilbert space H. Then UkK:_Ol{ekm}nez is a tight frame with A = B =
K.

Proof: Foreach k and f € H, HfH2 = nez ‘(f’ek’,n)|2- Hence K||f||2 =
Y i Lnez [(flern) .

e Any finite set of vectors ¢, ..., ¢, in a Hilbert space H is a frame for
the subspace V' they generate.

Proof: Let us just note that you can take B = 3=,, 3=, [(ém|¢;)|? where
Y1, ..., is an orthonormal basis for V and A™' = 3,3, |a;n|* where
the numbers aj,, are defined by ©; = Y., @jm®m. (See [10, Problem
5.8] which claims that there is no control on the constants A and B.)

We shall use the notion of pseudo-inverse to reconstruct f from its frame
coefficients. We shall use the following (unusual) definition of linear inde-
pendence. A sequence of vectors in a Hilbert space is linearly independent if
whenever 3" a,e, =0 and ¥ |a,|? < 00, then a,, = 0 for every n.

Proposition 10.1 ([10, Prop. 5.1, p. 128]) If {¢n}ner is a frame which
is linearly dependent, then U(H) # (*(T) and U admits infinitely many left

muerses.

Proof: There is a vector z € (3(T), x # 0 with 3 z[n]¢, = 0. Then for
feH, (Uflx) = S U] = S(flénaln] = (fIS2lnlon) = 0. This
shows that U(H) is not dense in ¢*(T).

By the frame inequality (9), U is one-to-one. Let U; : U(H) — H be the
inverse of U and let Us : [U(H)]* — H be any operator. Then U : £2(I)
defined by x = x1+x5 — Uz, +Usxs is a left inverse for U, where 21 € U(H)

and zy € [U(H)]*. O

The pseudo-inverse of U, denoted by U1, is the left inverse in Proposi-
tion 10.1 corresponding to Us = 0.

Theorem 10.2 ([10, Theorem 5.1, p. 128]) If U is a frame operator with
frame bounds A and B, then U*U is invertible, and the pseudo-inverse U1

of U satisfies

(a) U~ = (U*U)"'U*.
(b) I < [T
(c) U < A2

Proof: If f € H and U*Uf = 0, then || Uf||*> = (U*Uf|f) =0 and so f =0
and U*U is one-to-one. If g € [(U*U)H]*, then (g|U*Ug) = 0 and again
g = 0, so U*U has dense range. Since |[(U*U)f| = sup < [(U*Uflg)| >
W*UfIf/NF1D = NT L1201 = Allfll, U*U has closed range and is therefore
invertible. We now prove (a)-(c).

24



(a) Since U*U is invertible, it suffices to prove that U*UU~! = U*. So let
z € ). If z € [U(H))*, then Uz = 0 and for all f € H, 0 =
(Uf|z) = (f|U*z) so U*z = 0 and U*UU 'z = 0 as well. On the other
hand, if z € U(H), say = Uf, then UU e = U(U'Uf) =Uf =z
and so U*UU 'z = U*z, as required.

(b) If x € (3(T), with z = 2 + 23 # 0 and z; € U(H) and z, € [U(H)|*,
then

- - —=—1 —=—1
U=l _ Ul _ Ul _ 10 ]

| -1
= = < < T ol < 1T
]| ]| ] 1] (i

~_ ~,1$ ——1
Thus [|T1] = sup,o ™ < [T .

lll

(c) For x; € U(H), pick f € H with Uf = x;. Then for any z € ¢*(T),
with © = z1 + 23, Uler =U 'z, = U 'Uf = f, and by the frame
inequality (9), [|U™"a|| = [If]| < A72Uf]| = A7l ]| < A2|].

O

11 Thursday May 4, 2006—Riesz bases

11.1 Dual frame

Theorem 11.1 ([10, Theorem 5.2, p. 129]) If {¢n}ner is a frame for
H with frame bounds A, B, then {¢,} defined by ¢, = (U*U) ¢y is also
a frame, called the dual frame, with frame bounds B~1, A=t. Moreover for
every f € H,

n

If A= B, then ¢, = A 1¢,.

Proof:

o If x € (*(T) and f € H, then (U*z|f) = (z|Uf) = ¥, z[n](f|on) =
(3, z[n]nlf), sol that Uz = 3, z[n]d,.

o U'ly = (UU)'U*s = (UU) 'S, z[n]¢, = X, x[n]é, so that for

every f € H, [ = UﬁlUf =3, Uf[n]ggn = >,.(f|¢n)®n which proves
one of the assertions of the theorem.

e For every f,g € H, by the preceding bullet, (f|g) = Zn(f]¢n)(g5n|g) =
(fIX,.(gldn)dn), so that g = X, (g|dn)@, which proves another asser-

tion of the theorem.

OFor the last step we need to know that the series > x[n]|¢,, converges. This will
certainly be so if sup,, ||¢n] < 0o
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e By the first bullet, U*U f = 3, (f|dn) Py so that (U*U f|f) = 3, |(f|én)|?
and by the frame inequality Al f||> < (U*Uf|f) < BJ|f|*>. This says

that A- I < U*U < B-I. Let us also note for use in the next bullet
that by the functional calculus for the positive operator U*U, we have
B I < (UU)* <A1 If A= B, then U'U = A I so that

b, = A~1¢, which proves another assertion.

o Finally, (U*U)"'f = (UU) ' Cu(fldn)bn = Su(f|0n)dn, so that
(UU)HIf) = (Zalflon)dulf) = o l(flon)l?. From B7H|f|* <
(U U)H1f) < A7 f|* we see that {¢,} is a frame with frame

bounds B~1, A~L. O

11.2 Riesz bases

A frame {¢, }ner which is linearly independent is a Riesz basis. Linear in-
dependence is interpreted here in the following sense: if {a[n]} € ¢*(T") and
> a[n]é, =0, then an] = 0 for every n € T

Some facts about Riesz bases.

o U(H) = (*(I') (Proof: If z € [U(H)]*, then for all f € H, 0 =

(Uf|z) = ,.(flon)z[n] = (f|X, z[n]én), so by linear indepdence, x =
0.)

° (¢p|g5n) = 5np, where {ggn} is the dual frame. (Proof: By Theo-
rem 11.1, ¢, = ((bp\qﬁn) now use the linear independence.)

e The dual frame of a Riesz basis is itself a Riesz basis. (Proof: If
Zn Cn¢n = 0 with {cn} € 62(F)7 then 0 = (Zn Cn¢n‘¢p) = Zn Cn(¢n’¢p) =
Cp-)

o If ||¢,]| =1 for every n, then A <1 < B. (Proof: By Theorem 11.1,

B7Yoll? <X, ](¢p\$n)|2 < A7Y|o,||%, so by the second bullet, B~ <
1< AL

Partial Reconstruction: If ¢, is a frame for a subspace V' of the signal
space H, then f € H cannot be recovered from the data {(f|¢,)}. However,
its projection Py f can, since if U denotes the frame operator for the frame

¢, in V, then Pyf = U UPyf = Y (Pyflon) = Sn(flon)-

Proposition 11.2 ([10, Prop. 7.1, p. 222]) If0 € L?, then {0(- —n) }nez
15 a Riesz basis of the space Vi that it generates if and only if there exist
positive constants A, B, such that for a. e. w € [—m, 7],

[ee]

<Y |w—2km) < ; (10)

k—foo
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Proof: By definition, V5 = {3, a[n]0(- — n) : 3 |a[n]|* < oo}. The proof
in both directions is based on the following formula for f € V. If f =
Sna[n]0(- —n) and g € L?[0, 27 is such that g(n) = a[n], then

nﬂﬁzé;A%m@m2Q§§é@w+%mw)dw (1)

Assume first that the constants A, B exist such that (10) holds. Then
from (11),

2 < 2 / 2
27rB/ w)l*dw < [IF]" < oA w)[" dw.

Since & [3™ |g(w)|? dw = X, |a[n]|?, this shows that

AllfII? < Z laln]|* < BI fI%, (12)

so that {0(- —n)},ez is a frame for V4. The linear independence follows from
(12), since if f = 0 then a[n] = 0 for every n.

Conversely, suppose that {0(- —n)},cz is a Riesz basis for Vj and suppose
that (10) is false. Let

So={weloon: g —e> S J(w — 2km) )

k=—00
and |
Tez{wE[O,QW:Z+e< Z| w — 2km)*}
k=—o00

One of these sets has positive measure. Suppose it is S, let go = 1g. and let
a[n] = go(n) so that fo =3, a[n]d(- —n) € Vp. From (11),

0l < 55 [, oo oty = ) = X falal (5 =)

which contradicts the frame inequality.
It remains to prove (11). To be honest, I can only prove the slightly
weaker statement

I£]* = lim /2”|Za W|2(i é(w+2k7r)|2) dw.  (13)

-N k=—o00

However, this suffices in the above argument. Before continuing, let us put
the proof of (11) as a formal exercise.

Exercise 10 Prove (11) if it is correct.
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We now prove (13), which as noted above, suffices to complete the proof
of the proposition.

Let fv = Y2 ¥yva[n]d(- —n), so that fy — f in L?-norm and fn — f
in L?-norm as |N| — oo. Since fy € L? (and not necessarily in Ll)
compute its Fourier transform by approximation, namely, letting fN M=
l_mfv € LN L? so that ) converges to fy in L? as |M| — oo, and

f = L% lim|NHOO(L2— Limy a7 — oo fz(vM)). Now

N M—n

/ 0(t —n)e ™ dt = aln]e”"™ / O(t)e "™ dt
_N —M-—n
so that in addition to
N M—-n )
O(w) = L*- lim O(t)e "™ dt (14)

|M|—o0J—M-n

we have

|M|*>OO —-N —M—n

Fyv(w) = L* lim (Za[n]e_m“’ / e 0(t)e dt) . (15)

By considering subsequences that coverge in both (14) and (15) almost ev-
erywhere, we have for a. e. w,

Frv(w) = (Za[n]e—mw) O(w). (16)

-N
Finally,
I = A= i LA = i b [ alnle )
2w |N|— |N|—oo 27 -~
= lim i L 2TF|ﬁ[:a[n]e_mw|2|0A(w—|—2]{:7r)|2dcu
|N|—>ook_: 21 Jo Y
1 or NV
— |1\l|iinoo27r/o |;V n)e |2 k;OJ (w + 2km)|* | dw, proving (13).0

12 Monday May 8, 2006—Multiresolutional
Approximation; scaling function

12.1 Multiresolution Approximation

A multiresolution approzimation is a sequence {V; : j € Z} of subspaces
V; C L? with the following six properties.
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L.V, k)eZ? f(t) eV, & f(t—2n) eV

(“V; is invariant by any translation proportional to the scale 277)

2. VjGZ,VjHCV}

(“causality property; Vji1 gives a coarser resolution that V")

3.VjeZ, f(t)eV; & f(t/2) € Vi
(“dilating by 2 enlarges details and defines an approximation at a
coarser resolution”)

4. N2 _V; ={0}

j=—00
(“we lose all details of f when the resolution 277 — 0; lim;_. Py, f =
077 )
5. U2 Vj is dense in L?
(“when the resolution 27 — oo the signal approximation converges to
the original signal; lim;_,_o || f — Py, f|| = 07)

6. 3 0 € L? such that {0(t —n) : n € Z} is a Riesz basis of V.

(“provides a discretization theorem; 6 is interpreted as a ‘unit resolution
cell’ ”—By property 3, {277/20(277t — n) : n € Z} is a Riesz basis for
V; with the same frame bounds)

12.2 Remark on Exercise 10

In (16) we know that there is a subsequence { Ny} such that j{N\]c — f almost
Ny, —inw 11 ;
everywhere and >>7%, a[n]e — ¢ almost everywhere. ** Hence passing to

the limit in (16) results in f(w) = g(w)f(w) almost everywhere. From this,
(11) follows easily.

12.3 Three examples
Example 1 (piecewise constant MRA): Let
V; ={g € L?: g is constant on [n2, (n + 1)27) Vn € Z}

Properties 1,2,3,4 follow immediately by inspection; NjczV; is the set of
constants, hence equal to {0}; U;ezV; is the set of “dyadic” step functions,
hence dense; 6 = 1j91) and the 6(- — n) = 1}, ,41) constitute an orthonormal
basis in V4.

Example 2 (Shannon MRA): Let

V; = {g € L* : the support of § C [-2777,2 7]}

1By Carleson’s theorem, we don’t really need to use a subsequence for one of these
limits, but we do on the other one; see [10, p. 53]
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Property 1 follows from f(- — 27k)(w) = 2™ (w).

Property 2 follows from [—2~U+Vg 2=0+Dxr] C [-2777, 277 7]

Property 3 follows from f(t/2)(w) = 2 (2w)

If f eV for all j, then f is supported on {0}, so f =0 and f = 0, which
is property 4.

If fe L2Z then f = L2—li£nj_>_oo 1[,ﬂ./2j7ﬂ./2j}f. Then letting f; € L? be
dAeﬁned by f]- = ‘1[,ﬂ-/2j7ﬂ-/2j]f, we have f; — f in L? and the support of
f; C [—m/2?,m/27], which is property 5.

By Proposition 6.2, with 0(t) = sinnt/nt, {6(- —n) : n € Z} is an
orthonormal basis'? of V.

Example 3 (spline MRA): We won’t discuss this now as there are not
many details in [10]. However, this is an important example which will
illustrate some theorems that follow. So we shall probably return to it later.

12.4 Scaling function

Theorem 12.1 ([10, Theorem 7.1, p. 225]) Let {V;} be a multiresolution
approximation with associated “unit resolution cell” 6. Let ¢ be a scaling
function for this MRA, that is*® |

) = 0()/ (3 100+ 20m)P) (17

Then {¢;ntnez is an orthonormal basis for V; for j € Z, where ¢;,(t) =
2792¢(277t — n).

Proof: We shall prove that ¢ can be chosen in V; such that (17) holds and
that {¢o.n }nez is an orthonormal basis for Vj. The rest follows from property
3 of the definition of MRA.

By the structure of V5, we need to first determine the coefficients a[n| such
that with ¢(t) := >, a[n]0(t — n), both (17) and

(@(- = n)[o(- = p)) = dny (18)

hold. This will show the orthonormality of the set {¢on}nez C Vo.
Note first that for our provisional ¢, for any (n,p) € Z>

n

(Gonlnp) = [ 6t —n)ot—p)dt = 646" (0 — ).

12Wait a minute. We still need Exercise 6
13Since the denominator Y™ |0(w + 2km)|? is bounded below (by Proposition 11.2), ¢
exists as an element of L?
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So to prove (18), it suffices to find ¢ such that ¢ * ¢*(n) = 9,0 for every
n € Z. It is equivalent to prove the equality of the two distributions ), ¢ *
¢*(n)o(t —n) and Y, 8,,00(t —n) = 06(¢), the Dirac delta function.

By Proposition 5.2, the Fourier transform of Y-, ¢ % ¢*(n)d(t — n) is
> ¢ * ¢o*(w + 2km) = > |¢(w + 2km)[2. Thus, we need to find ¢ such
that % |p(w + 2km)[> = 1. Since ¢p(w) = g(w)f(w) where g € L2[0,27]
and §(n) = a[n], it suffices to choose g(w) = [X=, [6(w + 2kn)|?]~ /2, which
achieves (17) and (18) with ¢ € V.

The completeness of {¢pg, nez is now proved as follows. Suppose 1) €
Vo and ¢ L ¢om for every m € Z. Write ¢ = >, a[n]d(- —n) and ¢ =
3, b[n]d(- — n). We know that ¢(w) = h(w)f(w), where h € L2[0,27] and
f(n) = b[n]. Similarly, since ¢gn(t) = ¢t —m), dom(w) = g(w)e™f(w)
where g € L?[0,27] and §(n) = a[n]. Then

0 = 2m(¥lgo.m) = (Fldom) = [ Aw)glw)lf(w)Pe ™ d

This says that h(w)g(w) = 0 a. e. , and since g(w) = [X° |0(w+2kn)|?] /2,
it follows that h = 0 a. e. , and hence ¥ = 0, as required. O

13 Thursday May 11, 2006—Characterization
of scaling function

13.1 Properties of scaling function

Theorem 13.1 ([10, Theorem 7.2, p. 229, part I—properties of scal-
ing function]) Let ¢ € L?> N L' be a scaling function for a multiresolution
approzimation {V;,0} and let h be the 2m-periodic function with Fourier co-

efficients h(n) = (27224(t/2)|p(t — n)). Then
|h(W))? + [hw+7)> =2, YweR (19)
and
h0) = V2. (20)
Proof: ¢ = ¢go € Vj so that ¢(t/2) € Vi. Thus, there exist a € £? such that
2712¢(t/2) = 3, a[n]¢(t — n), from which it follows that
dw) =27 2h(w/2)d(w/2), (21)

where h € L?[0,27] with h(n) = aln]. Since for any scaling function ¢,
S |o(w + 2km)|? =1 for a. e. w, we have

2 = Y hlw/2 4+ kn)Rd(w/2 + k)

k—oo

141(0) is defined since h is continuous at 0, as shown by (21) and the fact, shown in the
proof, that ¢(0) #0
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= i |h(w/2)*|d(w/2 + 2pm)|* + i Ih(w/2 + )| p(w/2 + 7 + 2pm)|?

|h(w/2)|* + |h(w/2 + 7)|* which proves (19) .

To prove (20), all we have to do is prove that ¢( ) # 0. Indeed, once this
is done, we appeal to the continuity of ¢ together with ¢(0) = 27/2h(0)¢(0).
In fact, we shall show that [¢(0)| = 1. This will be achieved by computing
first a formula for E/J\ f for arbitrary f and then applying it to f = li_pn]
In the first place, property 5 of MRA gives

Jim|[f = Py fll = (2m) 7" T || f = Py, f]| = 0. (22)
We note next that
fx8i0@n) = [ FO6s0E —Pm)dt = [ f()d5adt = (Fl0;0)
It follows that

Py, f =3 (Fldjn)bin =D f* 00(20)djn-

which in turn implies that
Py f = ¢jo * (Z f* %(?n)&(zﬁ — 2jn)> ) (23)

To verify this last assertion, let F' denote the distribution 3>, f*@;0(2/n)®; .,
let G denote the distribution 3, f * ¢,0(2/n)d(t — 27n), and let ¢ be a test
function. Then

<¢j,0 * G, o) = (G, ®j0 * Q) = Z f*%@j”)(%,o*@)@jn) = Z(f|¢j,n)(¢j,n|@

and

— /F(t)go(t) dt = (F2) = Y _(f1¢jn)(Psn[?)-

We now take the Fourier transform of (23), noting that ¢; o(w) = 279/227(2w)
and f* ¢jo = f(w)2*j/22jgz§(23'w) and using Proposition 5.2 to get

_ . A 2km\ = [ o 2km
Bif(w) = 6(2w) Y f (w - 2) ; (2] [w - 2]) G
k
We now take f = 1;_ r in (24) and let j be negative and very large in

absolute value. You get Py, f(w) = |¢(2/w)]? for |w| < 7 and Py, f(w) = 0
for |w| > 7. Then from (22),

[ = 1@ Rdw = |1f - Py fI -0
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as j — —oo. As ¢ is assumed to be integrable, ngS is continuous and so by
dominated convergence [™ |1 — |¢(0)]?]* dw = 0. O

Examples- For the Shannon MRA, ¢ = 0 = (sinnt)/xt and so ¢ =
1[—rx and the “conjugate mirror filter” h can be computed from the equation

$(2w) = 2712h(w)p(w) to be A(w) = V21 _r/2m/2

For the piecewise constant MRA, ¢ = 0 = 1jp;) and h is computed via
h(n) = 2712(p(t)2)|p(t —n)) = 27 12][0,2] N [n,n+1]| =27 Y2 if n =0 or 1
and 0 otherwise, so that h(w) = 27Y/2(1 4 ™).

13.2 Characterization of scaling function

Theorem 13.2 ([10, Theorem 7.2, p. 229, part II—characterization
of scaling function]) Let h € L?[0,27] be continuously differentiable in a
neighborhood of 0, and suppose h satisfies (19), (20), and inf| )< /2 |h(w)| >
0. Let ¢ be defined by p(w) = Hg‘;l(h@*”w)/\/ﬁ). Then ¢ is a scaling
function for some MRA {V;}cz.

14 Monday May 15, 2006—Proof of Theo-
rem 13.2

Exercise 11 Prove that limy_, o h(w/Q)h(WQ/,f/QQ)"'h(w/Qk) exists. (Going to the
original source [9] for a clue doesn’t help very much. However it does suggest
considering absolute values and proving that if 0 < ay < 1 and ap — 1, then
limy_ o ay - - - ay, exists.)

Assuming the validity of Exercise 11, the function ¢ exists. We will show
that ¢ € L? and that {¢(t —n)}nez is an orthonormal set, hence an orthonor-
mal basis for the space Vj which it generates.

Consider a function qu defined by

du(w) = <H’1§1h(2\;§w)> gt i ()

and let Iy[n] := [ |fp(w)|2e™ dw. We shall show that I;[n] = 276, for every
kE>1.

Making the change of variable w' = w + 27 and noting that since h is
2r-periodic, |h(27P[w’ — 287])|2 = |h(27Pw')|? for p < k, and then using

(27 (W' = 2"7))]* + [h(27F W) = 2,

we have

0 -p 2 )
PR e g
—2kn ! 2

33



2 2
2k 2 o, ok 2-P,") |2 2=k N2
/ (Hk 1’h w)| >eznw dw/—/ <H]f_1‘h( w)’ > ‘h( w)‘ eznw dw/.
0

0 2 2 2

2k —k(,, _ 9k 2
[ <Hklrh2 w>|>rh<2 (& = PP s
0

Thus

0 2P )2\ . 2k 2P, 12\ .
-2k 2 0 2

2k h(27 P2\ .,
— / (Hlf_1| ( 2(.0 >| ) elnw dwl.
0

Since Hk Z1(Jh(27Pw)|?/2)e™ is 2k m-periodic and the interval [—2F 17, 28~ 17]
is of length 2% we can write

2]971 k:

Lalo) = [, ) F ) do = [T (h )R 20 do = i),

and so Ii[n] = I _1[n] = --- = Li[n] = [} €™ dw = 276, is proved.
The fact that q; € L? follows from Fatou’s lemma:

/yé(w)ﬁ dw < liin/ |64 (w)]? dw = 2.
To prove that {¢(t — n)},ez is an orthonormal set, we calculate

@lo¢-—m) = [o(®dlt—n)dt = (2" [ |9(w) e du
= (2m) ' lim / 31 (w)[2e™ dw = b,

where in order to justify the use of the dominated convergence theorem in
this calculation, we need to prove the existence of a constant C' such that

|6 (w) ]2 < C|p(w)]? for a. e. w. (25)

If |w| > 2%7, then ¢p(w) = 0, so in (25) we only need to worry about
|w| < 2F7. For any w, we have from the definition of ¢ as an infinite product

S = 127°h(w/2)d(w/2)]* = [272h(w/2)2 2 hiw/4)$(w/4)
= o = o)l w) (26)

The inequality (25) for |w| > 2F7 will follow from

lp(w)]? > 5 for |w| < . (27)

Indeed, by (26) and (27), |dx(w)]* = [¢(w)[*/|$(27Fw)* < Cl(w)[* since
lw| < 2F7 implies that [27%w| < 7. We proceed to the proof of (27). Since
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0 is a critical point for the function log |h(w)|?, the derivative vanishes at 0.
Hence

<1lif jw| <e.

w
which implies log(|h(w)|?/2) > —|w]| for |w| < €. Thus for |w| <,

(277w ?

5 > el > e (28)

- h(27Pw)|?
B =1 bz 2l

= exp Z log
1

This proves part of (27). Now suppose € < |w| < 7 and pick [ such that
271 <'e. With K := infj,j<x/2 [h(w)], we have |¢(27w)|* = 152, [h(2~PTw)|? /2
and so

[D(w)* = [$(27w)PIL,_y (Jh(27Pw)2/2) = e K> /2" == 1/C,

completing the proof of (27) and the orthonormality of {¢(t — n)}nez.

We now show that if Vj is defined to be the space generated by the or-
thonormal set {@;, }nez, where ¢;,(t) = 279/2¢(277t — n), then {V;};cz is
an MRA.

Since ¢, (t — 27k) = ¢j1n(t), property 1 holds.

Since @jp1n = 2% ﬁ(n — 2p)¢;n, which will be proved later, property 2
holds.

Since ¢;,(t/2) = 2Y2¢,,1.,(t), property 3 holds.

Since {f € L* : the support of f is compact} is dense, it suffices to prove
property 4 for an f with |f(¢)] < A and with support in [—27,27]. For such
f and for j > J, we have

1Py I = SI(flosnl? = 1 [ F027/6(277t =) de?
< 2]',422(/

2J

2
o 1-]p(277t —n)| dt)

< AN < /_ 2; 1 dt) ( /_ 2; |p(279t — n)[?277 dt>

< A2gIH /S (o) dt = A2 / 6(t)[21s, (t) dt

where S; = Upez[n — 2777, n+2777]. Since for t € Z, 15,(t) — 0 as j — oo,
by dominated convergence || Py, f||* — 0, proving property 4.
Property 5 is equivalent to showing that || f — Py, f|| — 0 as j — —oc.

Again by a density argument, it suffices to prove this for f with f supported
in [-277,277].
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If j < —J, then the supports of f( — 2km/27) are disjoint for different
values of k. Thus, from (24), we can write || Py, f||* = A; + B;, where

1 A A
4= o= [1f@) P19 w)l do

and

A kr N ~ . km
B = o [ 17 (o= 57) oo (|- 57 ) .

E£0

We have already shown that |¢(w)| < 1 and that |p(w)| > el for |w]| small,
50 lim,,_g [¢(w)] = 1, so that by dominated convergence A; — ||f[|?. From
LAI* = WPy, fII? = Aj + B; we have || Py, f||* — |[f||* and B; — 0, so that
Lf = P fIIF = [1£1* = 1Py, £l — ©. =

15 Wednesday May 17, 2006—Orthogonal wavelets

Theorem 15.1 ([10, Theorem 7.3, p. 236]) Let ¢ be a scaling function
for some MRA {V;},cz and let h be the associated conjugate mirror filter. Let
¥ be determined by (w) = 272g(w/2)dp(w/2) where g(w) := e “h(w + 7).
Then {1 n}nez is an orthonormal basis for W; = V;_1 &V}, where ¢, ,(t) =
279/2p(279t —n). Thus {jn}jneze is an orthonormal basis for L*(R).

Proof: Recall that ¢ and h are related by 271/2¢(t/2) = 3, h(n)d(t — n),
which lead to ¢(w) = 272h(w/2)d(w/2). Analogously, we define ¢ by
2712)(t)2) = %, g(n)é(t —n) where g is to be determined, and this leads
to h(w) = 272g(w/2)p(w/2). Steps 1, 2 and 3 ares concerned with the
space W generated by {ton}nez. Step 4 completes the proof easily from
this.

Step 1 {¢(t — n)}nez is an orthonormal base for the space W it generates
if and only if [g(w)]? + |g(w + m)[* =2 a. e.
Proof: We know from the proof of Theorem 12.1 that {1(t —n)},ez is
an orthonormal set if and only if I(w) := 3% _ |t (w + 2k7)|*> = 1 and
hence S |¢p(w + 2k7)|* = 1. We have

w + 2km
2

w + 2kmw

} Ik

)

I(w) = Ek: [272g(

= Jlaw/DP X 13(w/2 + 2P+ Jlafeo/2 + mP X I(w/2 4 7+ 2pm)]

p

1 1 .
= §|9(W/2)|2 + ilg(w/Z + 7)|?, proving Step 1.

15We don’t need the choice g(w) = e~*h(w + m) until near the end of the proof
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Step 2 The space W/ is orthogonal to Vj if and only if g(w)h(w) + g(w +

mh(w+7) =0 a. e.

Proof: g(t—n) L g(t—m), ¥(m,n) € Z2 & pag*[n] = (HOIG(t — n)) =
0, Vn € Z. By Proposition 5.2, 32,,cz 9 * ¢* 6(t — n) has Fourier trans-

~ ~

form equal to J(w) := 2 ¥ (w + 2k7)d(w + 2km). Breaking the sum
into even and odd pieces as before, we get

J(w) = fj 27V2g(w/2 + km)d(w/2 + km)2-1/2h(w/2 + km)d(w/2 + k)

= Y 27Yg(w/2 + km)h(w/2 + km)|p(w/2 + k)|
= 27 Yg(w/2)h(w/2) + g(w/2 + 7)h(w/2 + 7)], proving Step 2.

Step 3 With the choice g(w) := e “h(w +7), V_1 = Vo & W,.

Proof: By Step 2 and the choice of g, Vo L W/). We now check that
Vo @ W, € V_;. Of course Vy C V_; because of property 2 of MRA.
By construction, ¥(t/2) € V; so that ¢ € V_; by property 3, and
Y(t —271k) € V_; by property 1. Since this is true for all k € Z,
Y(t —n) € V4 for all n € Z and therefore W] C V;.

We now prove that V_; C Vi & W{. This will show that Wj = W, and
prove Step 3. Since {v/2¢(2t —n)},ez is an orthonormal basis for V_i,
it suffices to prove that given a € ¢2, 3b, ¢ € ¢? such that

> a[n)226(2(t —27'n)) = Y bnjé(t —n) + D clnly(t —n),

n

or equivalently, by taking Fourier transforms'®,

27 24(w/2)(w/2) = b(w)d(w) + &w)P(w). (29)

Since ¢p(w) = 272h(w/2)p(w/2) and (w) = 27/2g(w/2)d(w/2), the
equation (29) will follow from

a(w/2) = b(w)h(w/2) + é(w)g(w/2). (30)
If you now define

h(2w) = ;(d(w)h(u)) +aw + ™A@+ )

and
H(2w) = ;(&(w)g(w) + afw + M@ £ 1)

16Tt seemed wise to use Mallat’s notation here, namely & is the 27m-periodic function
with Fourier series ) a[n]e’, and similarly for b and ¢
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and substitute into (30), the right side of (30) becomes

;d(w/2)|h(w/2)|2 + ;d(w/Q + m)h(w/2 + m)h(w/2)

450w/l + Salw/2 + mglof2F g(w/2).

If you now replace |h(w/2)]? by 2 — |h(w/2 + 7)|? and use g(w) =
e~ ™“h(w + m) in three places, this reduces to a(w/2), proving (29) and
Step 3.

Step 4 Forall j € Z, {1} }nez is an orthonormal basis for W; and {4}, }; nez2
is an orthonormal basis of L?(R).

Proof: We know that {tg ,, }nez is an orthonormal basis of Wy, {¢o.n }nez
is an orthonormal basis of V; and Vi @ Wy = V_;. Since (¢j,[¢),) =
(Yonlt0p) = Bup and (U5]63,) = (ti0n|ch0,) = 0, we just need o show
that W; C V,_; and V,_; C V;@W;. Since ¢ € V_y, ¢(t/27) € V;_; and
Y((t—27"1k)/27) € V;_;. Since this is true for all k € Z, (277t —n) €
Vi_1 for all n € Z, proving W; C V;_;. Finally, if f € V,_;, then
f(27t) € V_; = Vo & W, which implies f € V; & W.

To prove the second statement, it suffices to show that L? = @ _W;.
In the first place, if j <, then W; C V;_; C V; and since W; L V;, we
have W; L W;. Next, if L < J, then Vi, = V; @ @‘]J:LHT/V]-, so for all
fel?

J
Py f=Pu,f+ > Pwf
j=L+1
Now let J — oo and L — —oo to get [ = > Pw, [. O

16 Thursday May 18, 2006

16.1 Classes of Wavelet Bases

The philosophy of what follows is contained in the following quotation.

The design of v must be optimized to produce a maximum
number of wavelet coefficients (f[v;,) that are close to zero.

Theorem 16.1 ([10, Theorem 7.4, p. 241—vanishing moments]) If v
is a wavelet with scaling function ¢ with respect to an MRA, and if |1(t)| =
O((1+t2)7P/271Y and |¢(t)| = O((1+12)7P/271), then the following are equiv-
alent:

(i) ¥ has p vanishing moments: [tFp(t)dt =0, 0 <k <p

(ii) ¥(w) and its first p — 1 derivatives are zero at w = 0
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(iii) h(w) and its first p— 1 derivatives are zero at w =

(iv) For 0 <k < p, qi(t) := X nFphi(t — n) is a polynomial of degree at
most k

Proof: Will be inserted later.

Proposition 16.2 ([10, Prop. 7.2, p. 243]) A scaling function ¢ has
compact support if and only if for the associated conjugate mirror filter h,
h has compact support. The two supports are equal, say [N1, Ns], and the
support of 1 is then [Nl*évﬁl, NTéVlH].

Proof: Will be inserted later.
Examples:

Shannon wavelet ¢ = Lnns h = V21 220/, Y(w) = e @2 if 7 <
|w| < 27, and zero otherwise.
sin27(t —1/2) sin7w(t —1/2)
) = S22 st
27(t — 1/2) 7(t —1/2)

Meyer wavelets Let i € C" be equal to /2 on [—7/3,7/3], zero on 7/3 <
lw| < 27/3 and satisfy |h(w)|? + |h(w + 7)|? = 2. Then

. -1/2
N L N

and, with g(w) = e “h(w + ),

0 lw| < 27/3
by =1 2w/ 2m/3<|wl < dn/3
2—1/2€—zw/2h(a}/4) 47T/3 < |w| < 87-(-/3

0 lw| > 87/3

Haar wavelet ¢ = 11, h(n) =272 for n = 0 or 1 and zero otherwise, so

1 1-nj — L — —
Y(/2) =30 = mg(t = m) = ot = 1) = §(0)]
and
-1 0<t<1/2
vt)y=¢ 1 1/2<t<1
{ 0  otherwise .
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16.2 Fast orthogonal wavelet transform

The philosophy of what follows is contained in the following quotation.

A fast wavelet transform decomposes successively each ap-
proximation Py, f into a coarser approximation Py, , f plus the
wavelet coefficients Py, , f. In the other direction, the recon-
struction from wavelet coefficients recovers each Py, f from Py, f
and P, W; +1f‘

The projections on V; and W; are characterized by a;[n] = (f|¢;,) and

z[p]  n=2p

d;[n] = (f|1jn). More notation: Z[n] = z[—n|, and Z[n] = 0 otherwise

Theorem 16.3 ([10, Theorem 7.7, p. 255])
(a) At the decomposition (Py,f — Py, f and Py, f)
aj1[p] = a; * h[2p] (31)
dj[p] = a; * g[2p] (32)
(b) At the reconstruction (Py,,, f and Py,,, f — Py, f))
ajlp] = aji1 % h[p] + djs1 * glp] (33)

Proof: Will be inserted later.

17 Wednesday May 31, 2006—Transition to
Daubechies [5]

17.1 Continuous wavelet transform—inversion revis-
ited

Notation from [5]: ¢ € L? Cy = QWfWA‘(Tﬂ)FdS, P = [a|THPp(22) for

a,b€ Rand a # 0, |[¢*° = ||v|| (assumed to be 1),
T f(a,b) = (F0") = [ Fla)do(a) da.

Proposition 17.1 ([5, Prop. 2.4.1, p. 24]) For f,g € L?,

[ [ 0,5 T30 5“8 < 0y 7la)
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Proof: 7
(e = [ f(mw(”““;b)mr”? da
= [ (©)lal2e < (ag) dg = (2m) () (ar)|al ] (b)
Thus
[ [T pla. T ga ) 8 — [ [ gy 2
[ [1em 2o >|a|1/2f<b>][<27r>1/2[@<~>E<a->|a|1/21 (b))
= or [ [ () ag) ﬁdfzcmg):cw(frg»

da db

2

a

17.2 Frames of wavelets—A necessary condition

For ¢ € L2, let ¢y, ,(z) = agm/zw(aam—nbo) where m,n € Z,ag > 1,by > 0.

Theorem 17.2 ([5, Theorem 3.3.1, p. 63—a necessary condition]) If
Uy with m,n € Z is a frame for L*(R) with bounds A and B, then

oo |7, 2
bologaoAS/ |¢(§)| de < bologaoB
0

2T 2
and .
bologaoAS/o [ (€)]? it < bologaoB
27 o €] 27
Proof:

Step 1 Every positive trace-class operator C' on L? has the form C =
> c(+Juy)u; for some orthonormal set {u;}, where ¢, > 0 and TrC' =
>, a, since by definition, the trace of C' is equal to >, (Cuvg|vy) for
any orthonormal basis {v;}. Applying the frame inequality Al f]]* <
S |(f10mn) 2 < B||f|* to each w; and summing on [ yields

AZ@ < SO (o) |? < Bzcl

| mmn

On the other hand, since vy, = 32 €1(Vm.n|w)ur, we have (O pthmn) =
S al (w|tma) %, so that

A(Tr C) < 3 (C¥mnltomn) < B(Tr C). (34)

"In the definition of the Fourier integral in [5], the factor (27)~'/2 is used; in particular

£ =171
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Step 2 Let h € L* denote any function'® with Fourier transform supported
in [0,00) and [5° &7 R(E)]? d€ < co. Let ¢ = ¢(a, b) be a bounded pos-
itive function which is integrable: [5° [ ¢(a,b) %42 < co. The bilinear
form

B(f.g) = [ elab)( 7l ("lg) “Ls

satisfies |B(f,9)| < llcllzt||fIlllg]]]|h]|?> and so by the Riesz represen-
tation theorem defines a bounded operator Cy with the property that
(Coflg) = B(f,g). Moreover, C is positive and since for any orthonor-

mal basis {v,}, [|h]|? = [|h®°||* = S | (vi|h®?)|?, we have
00 da db
Te Gy = Y (Courlon) = [ ela,b) == |Alf%.
k:

Now let w be non-negative!® and in L'(R), and choose c(a, b) = w(|b|/a)
if 1 <a<agand b€ R, and ¢(a,b) = 0 otherwise. We may now write

ao da db
Co= [ [wllpl/a)Cinetynet E2

and, since [w(|b|/a)db = 2a [;° w(b) db,
Tr Cp = /1a0/w(|b|/a) dbij”h”z — 210ga0[/0°°w(s) ds]||h]?.  (35)
18 Monday June 5, 2006

18.1 Completion of the proof of Theorem 17.2

Step 3 We first calculate that

- —(x—="0
() = g™ [ (e — o)l (m ) "

— bg — bay™
_ a?/za*1/2/¢(y)h <y+n 0_m Qg ) dy

aay

_ (w’haam,aambfnbo).

Using this fact and making the changes of variable a’ = a;™a and
b' = ay™b (the latter first) we have

ao
Cotmaltma) = [ 55 [wllbl/@)] (a1 db

18p, will disappear at the end of the proof; all we need to know is that such a function
exists

19Tn Step 3, w will be chosen to be w(s) = Ae=»™%" for some A > 0 and then A will
approach 0
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a0 da —m —m
o I
m+1 da / a’ b/ —n /
= [0 [l wlne e v

—m

Then
S (Cutmaltna) = [ % [0t (PE200) g

We now interject a lemma from [4].

Lemma 18.1 ([4, Lemma 2.2, p. 975]) Let f be a positive, contin-
uous, bounded function on R, with f(x) — 0 as |x| — co. Assume that
f has a finite number of local mazima at x;, j =1,...,N. Define

z;+6
A; = sup / f(x)dx.

0<é<1Jz;—6

Then

/f dx—ZA <> f(n </f dx—l—me]

nez

From this lemma, and with the choice w(s) = Xe 75" (A > 0), we
can state that for any o € R and 3 > 0,

/()daj—ﬂwmax<ﬁz (a+np) < /w ) dz + Swmax.

neZ
Setting o = b/a and 3 = by/a, we have
11— b—w < Zw ( bo

)= i (a,b) with |p(a,b)| < w(0) = \.
)

><1+bw(0)

b
or an<a

We now have from (36

by
+ o n

1 oo d
S (Cottmaltinn) = 3 [ [l b+ B (37

where R = [5° % [ p(a,b)|(¥|h*)[> db so that |R| < ACy||v[*. Since

(01h?) = J5* b(€)a'/*h(ag)e™ de = (2m)'2[d()h(a-)] (~b), the inner
integral in the first term in (37) is equal to 27 [ [¢)(&)R(a&)|? d€ so that
the first term in (37) is equal to

T da [T 1@ PO ds = I [T dOR . (38)
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Step 4 From (35), (37), (38) and [5° w(s)ds = 1/2, we now have

Al ogan < 21 [ O e 4 g < pniPioga,

from which the first inequality in the theorem follows upon letting
A — 0. The second inequality is proved similarly. O

19 Friday June 16, 2006—10:00-11:20
Processing a Radar Signal

19.1 The Gabor condition

Let f € L*(R) and let « and f3 be fixed positive numbers. For integers p and
q, define f,,(t) = e*™ f(t — pB). We say [ satisifes the Gabor condition
for scales « and 3 if {f,, : p,q € Z} spans a dense subset of L?.

The sole objective of today’s class is to prove the following theorem,
which is a necessary condition in the context of windowed Fourier transform,
analagous to the necessary condition for being a frame. Here, the frame in-
equality is replaced by the Gabor condition. Also, the critical constant is 1
instead of 27 because of the particular normalization used.

Theorem 19.1 ([1, Theorem 1.3, p. 196]) Let v := af > 1. Then f
does not satisfy the Gabor condition for scales o and (3.

19.2 Some representations of the discrete Heisenberg
group

The discrete Heisenberg group is the set GG of all matrices of the form

1
0
0

o3
—_ 3

where p, g, 7 € Z. The center of GG is the subgroup Z determined by the equa-
tions p = ¢ = 0 and an abelian subgroup H is determined by the equation
p=0.
For positive scales a and (3, set v = «af, and define operators pgjgr on
L*(R) by
P F(E) = T ().

For each real t, define a character x”* of the subgroup H by

X (q’ ) 2mqt€—2mr'y
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and let 07! denote the representation ind §x”* of G “induced” from x*,
that is, 07! acts in ¢? and is given by
O_'y,t f(n) _ e—27rr7627riqt627riq'ynf(n _ p)

p?q?T

For each 6 > 0, define D to be the “direct integral” representation
@
D = / ot dt.
[0,6)

and write M for the von Neumann algebra generated by the image of D7,

Exercise 12 Verify that the induced representation o' is unitarily equiva-
lent to the induced representation o'V, and hence that D™ is unitarily
equivalent to n - D77,

Theorem 19.2 ([1, Theorem 2.1, p. 198])
1. The map (p,q,r) — p;‘;gT 1 a unitary representation of G.

2. The unitary representation p®” is unitarily equivalent to the represen-
tation D77,

3. D! s equivalent to the representation ind%qﬁ of G induced from the
character ¢ of the center Z, where ¢(r) = e=2™"7.

MY and its commutant (M™"1) each have a cyclic vector.
M and its commutant (M) are finite von Neumann algebras.

D9 s unitarily equivalent to D9 if and only if vy =~ and § = &',

NS S

For any two positive numbers v < &, MY and M are isomorphic
von Neumann algebras.

Proof:
1. This follows easily from the definition

2. Check that the map U*%7 : L*(R) — L*([0,7) x Z) defined by
t
U f(t,n) = f (= + )

is an isometry onto and satisfies U7 o p2f = D77 o U*F7.
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3. Using Exercise 13 below as well as two functorial properties of induced
representations (“inducing commutes with the formation of direct in-
tegrals”, and “inducing in stages”), and letting “=" denote unitary
equivalence,

ind$¢ = ind%(ind%¢) =ind4(Ag x ¢)
= ind§( Y dt) = 7 ind Gyt
= indy([  x"dt)= [ indgx""dt
[0,1) [0,1)

- /69 o dt = D
01

Exercise 13 Let Ag denote the left reqular representation of the sub-
group Q) of G defined by the conditions that p =r = 0. Show that

o Ay X ¢ is unitarily equivalent to f[%) X"t dt.

e Ag X ¢ is unitarily equivalent to ind % ¢.

4. This proof depends on facts about multiplier representations of abelian
groups and is beyond the scope of this course.

5. This proof also depends on facts about multiplier representations of
abelian groups and is beyond the scope of this course.

6. (sketch only) The restriction of D7 to Z is a scalar multiple of e =277,
Thus if D is unitarily equivalent to D" then v = +/. Next, use
the finiteness of the von Neumann algebra (M™!)’ to show that if D7
is unitarily equivalent to D" with § < ¢’ = 1, then § = 1. Finally,
reduce the case ¢’ # 1 to the case ¢’ = 1 just proved.

7. Since D77 is a sub-representation of D7, it follows that the restriction
mapping from M to M7 is an onto homomorphism. Now choose n so
that ny > ¢ and therefore D7 is a subrepresentation of D™ = n. DV
and M™™ is isomorphic to M. As above, the restriction mapping
from MY™ to M7 is an onto homomorphism. Since there is now an
onto homomorphism from M7? onto M and from M"Y onto M9,
it follows that M7 and M are isomorphic. a

19.3 Proof of Theorem 19.1

Theorem 19.1 follows immediately from the following theorem.

Theorem 19.3 ([1, Theorem 3.3, p. 202]) Let « and [ be arbitrary pos-
itive scales and suppose v = a3 > 1. Then the representation p™” is not a
cyclic representation, that is, no vector f € L*(R) is a cyclic vector for p™°.
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Proof: Assume, by way of contradiction, that p®? has a cyclic vector.
Since p*# is unitarily equivalent to D, M7 has a cyclic vector. It is
easy to check that p’ commutes with p:,,/ﬁ,”l/,a so that M™ C (MY/7Y,
(M) > MY7Y7 and the cyclic vector for M7 is also a cyclic vector for
(MY/71/7) . Now 1/y < 1 so that DY7/7 is a subrepresentation of D71,
which is cyclic. A subrepresentation of a cyclic representation is a cyclic
representation; therefore M/71/7 has a cyclic vector, which is also a cyclic
vector for (M)

It is a famous theorem due to Murray and von Neumann that if two finite
von Neumann algebras are isomorphic, and each of them as well as their
commutants have a cyclic vector, then they are spatially isomorphic, that
is, there is a unitary operator betweeb the underlying Hilbert spaces which
implements the isomorphism. Applying this to the von Neumann algebras
MY7Y7 and M7 yields the unitary equivalence of DY/7Y7 and DY,
which contradicts Theorem 19.2 which says that 1/ = 1. O

19.4 Unfinished business from [1]

Theorem 19.4 ([1, Theorem 1.2, p. 196]) Let v := a8 = 1. Then f
satisifes the Gabor condition for scales o and 3 if and only if

i f(t+nB)e*™™ £0

for almost all t and s.
For any 7 > 0, consider the representation T acting on L?([0,1) x [0, 1))
given by
__—2miry 2mwiqt 2mips
T};):q,rf(t7 S) =e€ TeT et f(<t - p’7>7 5)7
where (x) denotes the fractional part of .
Theorem 19.4 follows from part 3 of the following theorem.

Theorem 19.5 ([1, Theorem 3.1, p. 200]) Let « and 3 be arbitrary pos-
itive scales and write v = af3.

1. TV is unitarily equivalent to D'
2. A function f(t,s) is a cyclic vector for T7 if and only if for almost all

0 <t <1, the sequence of functions {f™'(s)} spans a dense subspace
of L*([0,1)), where

fri(s) = e f({t = ny), ).
3. If vy =1, than an f € L*(R) satisfies the Gabor condition for scales a
and 3 if and only if

S F(t+nB)emn £0

n=—oo

for almost all t and s.
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20 Unfinished business from [5]

20.1 Frames for the wavelet transform—I[5, Prop. 3.3.2,
p. 69;a sufficient condition]

20.2 Frames for the windowed Fourier transform—I5,
Section 3.4; a necessary condition and a sufficient
condition)]

20.3 Time Frequency localization—[5, Theorem 3.5.1,
p. 88; wavelet transform]

20.4 Frames for the limiting case wyty = 27 have bad lo-
calization properties—[5, Theorem 4.1.1 (Balian-
Low), p. 108; Zak transform]

20.5 Orthonormal wavelet bases with good time-frequency
localization—I[5, Section 4.2]

20.6 Regularity of orthonormal wavelet bases—[5, The-
orem 5.5.1, p. 153]
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