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Abstract. We define a family of Hilbertian operator spacd, 1 < k < n, containing the row and
column Hilbert spaces,,, C,, and show that an atomic subspa¥eC B(H) which is
the range of a contractive projection BiiH ) is isometrically completely contractive to an
£>-sum of theH* and Cartan factors of types 1 to 4. We also give a classification up to
complete isometry of Wclosed atomic/W *-triples which have no infinite-dimensional
rank 1 w*-closed ideald 2000 Académie des sciences/Editions scientifiques et médicales
Elsevier SAS

Projecteurs contractifs et espaces d’opérateurs

Résumé. Nous définissons une famille d’ espaces d'opérateurs hilberfiehs < k < n, contenant
les espaces de Hilbert en ligne et en colomdg, C,, et nous démontrons qu’un espace
d’opérateurs atomique qui est I'image d’un projecteur contractif B/ ) est isométrique
et complétement contractif & une somme directe d’espHcest de facteurs de Cartan de
typesl a 4. De plus, nous donnons une classification, a isométrie compléte pregliiés
triples qui sont atomiques et faiblemédermés et ne contiennent pas de facteur de Cartan
de rang1 et de dimension infinie comme faibleniefarmé idéal.0 2000 Académie des
sciences/Editions scientifiques et médicales Elsevier SAS

Version francaise abrégée

Il est entendu depuis un certain temps que l'image d'un projecteur contractif, ou d’'un projectel
completement contractif S ( H ) peut étre identifiée, & isométrie prés, avec diverses structures algébrique
voir [3,6,8]). D'un autre c6té, I'image d’un projecteur complétement contractiBfuif ) étant la méme
chose qu’un objetnjectif dans la catégorie des espaces d'opérateurs, il est naturel de chercher u
classification des espaces injectifs a une isométrie compléte prés, ou bien a un isomorphisme com
pres. Quelques exemples qui illustrent cette idée sont [4,15,14].

Dans cette Note, nous étudions la structure des espaces d’opérateurs qui sont I'image d’un projec
contractif surB(H). Ces derniers sont appelésmixtes injectifsdans la terminologie de [11]. Les
théorémes suivants donnent une certaine «classification» des e$paedss injectifatomiques, et en
particulier, une réponse partielle au probleme 3.3 de [11], et une classification a une isométrie compl
prés de certaing W *-triples.

Les démonstrations des théoremes 1 et 2 sont données en grandes lignes dans la version anglai
dessous. Les détails et la démonstration du théoréme 3 seront publiés ailleurs [10].

Note présentée par Gilles FSIER.
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THEOREME 1. —Il existe une famille dé-mixtes injectifs hilbertiengconstructible explicitementz*,
1 < k < n, de dimensiom < co, avec les propriétés suivantes
(@) HE estun sous-triple, c’est-a-dire, stable pour le prodiditc + cb*a, du facteur de Cartan de tyde
des matrices complexes(g) lignes et(,, 7. ;) colonnes.
(b) Tout JW*-triple irréductible de rangl et dimensiom < oo est complétement contractif a un des

espacesiF.

Un espace de Banach dual estatibmiquesi la boule unité du prédual est I'enveloppe convexe fermée
pour la norme de ses points extrémaux.

THEOREME 2. —Supposons qu& soit I'image d’un projecteur contractif sus(H).

() Si X est atomique, alors il existe une isométrie complétement contractiv€ dar une somme
directe de facteurs de Cartan des tyfdes4 et d’ espacesi”.

(b) De plus, siX est irréductible et de dimension infinie, il y a une isométrie complétement contractive
de X sur un facteur de Cartan de tydea 4.

Si B(H, K) est un facteur de Cartan de type 1, on pdsey(B(H,K),B(K,H)) := {(z,z") : z €
B(H,K)}, ou z' signifie la transposition par rapport a des bases orthonormales fixéés elek .
Pour une dimension fixée et chaqug = 1,...,m, soientH; un espace de Hilbert de dimensianet
Bj={ej1,...,ej} une base orthonormale poHr;. On pose

diag({H;,B;}) :== { (Zakelk,Zake%, . .,Zakemn) top €C, 1<k m}.
k k k

THEOREME 3. —Tout JW*-triple irréductible atomique et faiblemenfermé, qui n'est pas de dimen-
sion infinie et de rang, est complétement isométrique soit a un facteur de Cartan deltyesoit a un
des espacesiag(B(H, K),B(K, H)), soit enfin &diag(HF*, ..., HF"), 0Uky > kg > -+ > kyp,.

1. Introduction

It has been known for some time that the range of a contractive projection, or of a completely contracti
projection, onB(H ) can be identified, up to a Banach isometry, with various algebraic structees],
[6], and [8]).

Since the injectives in the category of operator spaces are precisely those subspHdés which are
the range of a completely bounded projection, it is natural to ask for a classification of injectives up
completely bounded isomorphism or complete isometry. Some examples in the literature which illustre
this are [4], [15], and [14].

In this paper, we investigate the structure of operator spaces which are the range of a contraci
projection onB(H ). These are known asmixed injectives in operator space parlance. We define a family
of Hilbertian operator spacd$®, 1 < k < n, generalizing the row and column Hilbert spadgs C,, and
show that an atomic operator spakeC B(H) which is the range of a contractive projectionB(H ) is
isometric and completely contractive to &1-sum of these spaces and Cartan factors of types 1 to 4. Suck
morphisms are said to l®mplete semi-isometriesd they preservé-mixed injectivity [11]. Hence we
have a kind of “classification” of atomit-mixed injectives, partially answering Problem 3.3 in [11]. We
also classify up to complete isometry all atomit-alosed.J W *-triples which have no infinite-dimensional
w*-closed ideals of rank.

2. Main results and reduction

An operator spacels defined to be a subspace B{H) (see[7], [2], [12], [13]). A JC*-triple
(resp. JW*-triple) is a subspace of &*-algebra which is closed under tlwple product{z y z} =
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(1/2)(zy*z + zy*x) (resp. and is a Banach dual space)/&*-triple is calledternaryif it is closed under

the productub*c. A Banach space isreducibleif it has no M-summand, andtomic if it has a predual
whose unit ball is the closed convex hull of its extreme points. We shall outline the proofs of Theorems
and 2. Details and the proof of Theorem 3 will be published elsewhere [10].

THEOREM 1. — There is a family of Hilbertianl-mixed injective operator spacdsvhich can be
explicitly constructel H*, 1 < k < n, of dimensiom < oo, with the following properties
() H}; is a subtriple of the Cartan factor of tydeconsisting of all(},) by (,, % ,) complex matrices.
(b) Every irreducibleJW *-triple of rank 1 and dimensiom is isometrically completely contractive to
someHF.

THEOREM 2. — AssumeX is the range of a contractive projection &{H ).

(a) If X is atomic, then there is a completely contractive isometry fioiwnto to a direct sum of Cartan
factors of typed to 4 and the space&l*.

(b) AssumeX is infinite-dimensional, atomic, and irreducible. Then there is a completely contractive
isometry fromX onto a Cartan factor of typ&—4

If B(H, K) is a Cartan factor of type 1, thetiag(B(H, K),B(K,H)) := {(z,2") : x € B(H,K)},
where the transpose is respect to fixed orthonormal based¢i/fand K. For a fixed dimensiom
and eachj =1,...,m, let H; be a Hilbert space of dimension with a specified orthonormal basis
Bj = {6j71, Ceey ejm}. Then

diag({H;, B,}) := { (Zakelk, Zakezk, e Zakemn> rap €C 1<k m}.
k k k

THEOREM 3.— Every atomic irreducible and fvclosed JW*-triple, not infinite-dimensional of
rank 1, is completely isometric to either a Cartan factor of type4 or to one of the spaces
diag(B(H, K),B(K, H)) or diag(H¥,... HF"), wherek; > kg > -+ > ky,.

By [8], Theorem 2, ifX is the range of a contractive projection, there is a linear isongtriyom X
onto aJW*-subtripleY C A :=B(H)** of the form&(x) = pxq for suitable projectiong, ¢ in the von
Neumann algebral. It is clear thatf, is completely contractive and that is atomic. By the structure
theorem for atomic/W*-triples in [5],Y = @ Y. is the (> direct sum of a family of subtriple¥’,,
each of which is triple isomorphic to a Cartan factor of one of the types 1-4. All triple isomorphisms ar
isometries as shown in [9]. Theorems 1 and 2 therefore follow from the following proposition, whose proc
will be sketched in the following sections in the case of finite dimensions.

PROPOSITION 1. — For every atomic irreducible/ W *-subtripleY of a von Neumann algebra, there
is a completely contractive triple isomorphism to soFe or to a Cartan factor of typd, 2, 3or 4.

3. Cartan factors of types 2, 3 and 4

JW*-subtriples of a von Neumann algebtavhich are triple isomorphic to a Cartan factor of type 3 or 4
have a unital Jordahralgebra structure. Each possesses a partial isomelgjining an isotop€'*-algebra
As(v) (the Peirce-2 space of) in which we can compute th@*-algebra generated By, which is shown
to be*-isomorphic and thus completely isometric to thé-envelope of a Cartan factor. The product in
the isotopeC*-algebra is given by: - b = av*b and the involution by:* = va*v. The C*-algebrads (v)
with this product and involution will be denoted b (v)(*). This passage to isotopes is easily seen to be a
complete isometry ibv*Yv*v =Y. A JW*-triple which is isomorphic to a Cartan factor of type 2 is not
an algebra. However, it has a similar partial isometry outside wfich gives an isotope in which we can
compute the’*-algebra generated By as long aslim Y > 6 (in the caselim Y < 6, Y is also a factor of
type 1 or 4, so this is covered elsewhere).
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Type4. — A spin systenis a subseS = {1, s1,..., s} of self-adjoint elements dB(H) containing the
unit and satisfyings;s; + s;s; = 6;;2. A spin factor or Cartan factor of type 4, is a closed self-adjoint
subspace oB(H) which is the closed linear span of a spin system.

Suppose now that the in the statement of Proposition 1 is triple isomorphic to a Cartan factor of type 4.
ThenY contains a spin grid of partial isometriés;, a; : j € J} or {u;, 4, :j € J}U{uo}, depending on
whether the dimension &f is even or odd. We refer to [5] for grid properties.

LEMMA 2.—Let v = i(u; + @1). A spin system in th€*-algebra A, (v)(® which linearly spans
Y = Ys(v) is given by{v, s; = u; + @, t), = i(up — @) : j € J ~ {1}, k € J} together withu, if the
grid is odd dimensional.

Since any spin factor is well-known and easily seen to be determined up to complete isometry by t
cardinality of the underlying spin system, this proves Proposition 1 in the type 4 case.

Type3. — Suppose) is a triple isomorphism fronY” onto S,,(C) (n x n symmetric matrices)Y” is
spanned by an Hermitian gridf([5]) {w; : ¢, j € I, u;; = u;;} of partial isometriesy)(u;;) = Ei; + Ej;
if i # j andi(u;;) = Ey;, where{ E;;} is the canonical system of matrix units fbf,, (C).

Now definev = " w4, e = w; - ui;, ande;; = u;;, where we use - b to denote the associative product
in Ay (v)™). The following lemma shows that is a complete isometry.

LEMMA 3.-The collection{e;; } forms a system of matrix units img(v)(”) such thatu,;; = e;; + ej;.
Thusy extends to &@-isomorphismy : spe{e;; } — spc{ Ei; } = M, (C) satisfyingy(e;;) = Ejj.

Type2. — Let{u,;} be a symplectic gridcf. [5]) of partial isometries irt". Let v : Y — A, (C) (the
anti-symmetric matrices) be the triple isomorphism determinegd(y; ) = U;;, where{U;; } = E;; — Ej;
denotes the canonical basis &, (C). The following lemma shows is a complete isometry.

LEMMA 4.— Assume > 5.

(a) For any indicesi, j, k, £, m, we haveu;xuj,uie = uijuj,, wim, and forl <i<n, the elements;;
unambiguously defined ly; = u;;uj,, u:,, are non-zero orthogonal partial isometries i
Letv = Y exr and letY be the ternary envelope 6f and define, foli # j, e;; = €ii€};Uij€5;€jj
(productinA). Then

(b) the Peirce projectior(v) = vv* - v*v of A fixes each element &f, and is a completely isometric

ternary isomorphism of into A (v)®);
(C) uij = e;; — ej; andy extends to &-isomorphismy : spc{e;;} — spe{Eij } = M, (C) satisfying
¥ (ei;) = E;j, where{ E;; } is the canonical system of matrix units ff,, (C).

4. Cartan factors of type 1

Let {u;; : i €I, j € J} be a rectangular grid for’. We shall assume throughout this section tHat
is triple isomorphic toM,, ., (C), that is,|I| = m and|J| = n (see[5]). This case turns out to be more
complicated than the others, especially in the raclase, that is, ifn =1 orn = 1.

4.1 The case of rank 1

LEMMA 5. — Assume that},u;; = 0 (resp.u;cu;,, = 0) for some fixed values ofk, ¢ with k& # ¢. Then

(a) forall 4, k, ¢ with &k # £, u}yu;, = 0 (resp.u;eu;, = 0) and for alli, j, k with i # j, uipuyy, =0 (resp.
ik = 0);

(b) Y is ternary isomorphic and completely isometricitf, ,,, (C) (resp. M, »(C)).

Let us now assume thaf is triple isomorphic to a Cartan factor of type 1 and rank at l€astnd
without loss of generality by Lemma 5 tha, u;; # 0 anduj; u;; # 0 for all 4, j, k. Under this assumption
we obtain the following:
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PROPOSITION 6. — Suppose that” is of rank at leas®.

(@) Letp =" TTi_; wiruj,, which is a sum of non-zero orthogonal projections. Then the map
Y 32— ¢(x) =px € pY is a completely contractive triple isomorphism.

(b) Y is completely contractively isometric to eith&f,,, ,,(C) or M, ,,(C).

4.2 The case of rank. — Let us denote a rectangular grid of rahkor Y by {uy, ..., u,}. By the grid
properties and the identityyy*y|| = [|y[|®, ¥ is a Hilbert space with orthonormal bagis; }7_, (see[5],
p. 306).

We shall denote, fof = {j1,...,5:} C {1, 2,...,n}, u’ ujlujzu,»2 . --u;‘-iuji by (u*u);. By commuta-
tivity of the projectionSukuk we may and shall assume tﬁaﬁ g1 <+ <gi <n. Similarly, (uu*) s will
denoteu,lujlujzu]2 ---uj, vt . Defineig to be the largestsuch tha{uu™) ; # 0 for anyJ with |.J| =i and
i1, to be the largestsuch that(u u) s # 0 for any J with |J| = i. The numbersg andi,, are well-defined
and give a measure of how thi&*-triple Y sits in its ternary envelope.

LEMMA 7.— Define projectiongpr = 3_;_;, (uu™); and pp = 3°;_;, (u*u); and linear maps
Yr(x) =prx andyy(x) = xpy, of Y into A.
(a) The maps)r andy;, are completely contractive triple isomorphismsyofnto A.
(b) In general,ir + i, > n+ 1. Lety = ¢ and letw; = ¢ (u;) = u;p. Leti; andi, denote the
corresponding indices fow, ..., w,. Theni, + iy =n+ 1.

Thus, we may assume in the sequel tHais of rank1 and dimensiom given by a rectangular rank
grid {uy,...,u,} and thatir +i, =n+ 1. If iy, =1 orif ir =1, thenY is completely isometric to the
type 1 Cartan factor®,, or C,, by Lemma 5. Otherwise, we shall show thais completely contractively
isometric to one of the spacég’ in Theorem 1. This will be achieved by constructing, from the given
grid {u;}, a rectangular grid whose linear span is a terndfy*-triple containingY” and which is ternary
isomorphic to a Cartan factor of type 1, namely {tfg) by (; ) complex matrices.

Here is the construction. We define some elements which are indexed by an arbitrary pair of subs
I, J of {1,...,n} satisfying|I| =ir — 1, |J| =ir — 1. Note that the number of possible sdtds
(;,-1) (= (;*)) and the number of suc is (, ") (= (;.))- Moreover, if [I N J| = s >0, then
[(1UJ)¢| =s+ 1. Hence we may writd = {i1,... ik, d1,...,ds},J = {j1,..-,je,d1,...,ds}, where
INJ={ds,...,ds}. Letuswrite(/UJ)¢ = {c1,...,cs+1}, and let us agree that the elements are ordered
as follows:c; < ¢ < -+ < g1 anddy < ds < --- < ds. Then we define

wrg =ur g = (UU") [ JUe, Wy UeyUgy, -+ Ue, Uy e, (UWU) - 1)

In the special case of (1) whefe)J = @, we haves = 0 anduy, ; has the formuy ; = (uu®) ruc(u*u) g,
where sincer + i, =n+ 1, ITUJ U{c} ={1,...,n}. We call such an element a “one”, and denote it
by UTc,J-

LEMMA 8.— Foranyce{l,...,n}, u. = ELJuLJ =), jur.c.J, Where the sum is over all disjoint
I, J satisfying|I| =ir — 1, |J| =iy, — 1 and not containing:.

We next assign aignatureto each “one” as follows: let the elementsiobei; < iy < --- < i, (where
p=1ir — 1) and the elements of be j; < j» < --- < j, (Whereq =iz — 1)). Thene(I,k,J) is defined
to be the signature of the permutation taking thuple (i1, ..., iy, %k, j1, ..., Jq) ONt0(1,2,...,n). Using

this, and by proving a unique decompositiongf; into “ones”, one can define a signaturd, J) for all
elements;; ; in such a way that the following proposition holds.

PROPOSITION 9. — The family{e(I.J)u; ;} forms a rectangular grid which satisfies
E(IJ)U[J [€(IJ/)U]J/} *E(I/J/)U,[/J/ = €(I/J)UI/J. (2)

Thus by Lemma 8Y is completely isometric to a subtriple, which we caljz, of a Cartan factor of
type 1. This completes the proof of Proposition 1 and hence of Theorems 1 and 2.
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Note that the spaces#/‘® can be explicitly constructed. Simply index rows (resp. columns) by
combinations/ (resp.I) of {1,...,n} of lengthir — 1 (resp.iz, — 1). Then define an orthonormal basis
{U;} for H'r by the requirement thdf; equals the sum of all elements ;E; ;, wherel N J = @ and
(I'uJ)={i}. We now give some examples and conclude with some questions about the Hjaces

Example 1. — Suppose that’ = sp¢ {u1,u2,u3} andip =iy, = 2. Our Hilbert spaceH? is the3 x 3

anti-symmetric matrices:
0 —a b
H%: a 0 —c|:a,bceCy,.
-b ¢ 0

Example2. - If n =4 and iz = 3 we obtain the following Hilbertian subspace ¢fx 6 complex
matrices.
0 0 0 d —c b
0 —d ¢ 0 0 -—a
d 0 —-b 0 a O
—c b 0 —a O 0
Problem 1. — IsH* completely semi-isometric t&,, or C,,?
Problem 2. — What is the completely bounded Banach—Mazur distdage?”, R,,)?

Remark1. — A positive answer to Problem 1 would completely solve Problem 3.3 in [11] in the
affirmative. A negative answer to Problem 1 would imply a negative answer to the problem of Oikhbel
and Rosenthal.

H} = ca, b, e, deC

Remark2. — After completing this paper, the authors discovered that the spBeppear, in a slightly
different form, in [1] in their solution to the contractive projection problem on the compact operators o
a separable Hilbert space. Their methods and proofs are different from ours. In the special case that
projection is weak*-weak* continuous aridl is separable, Theorem 2 can be derived from their results.

Acknowledgement. The authors wish to thank the referee for some helpful remarks.
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