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ABSTRACT

We investigate the representability of actions in the category of (pre)crossed
modules in Leibniz algebras. For this, we construct an actor of a (pre)cat1-
Leibniz algebra and then by using the natural equivalence of the categories
of (pre)cat1-Leibniz algebras and that of (pre)crossed modules, we construct
the split extension classi�er of the corresponding (pre)crossed module.
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1. Introduction

In an algebraic category, many homological properties such as obstruction theory of the objects depend
on the representability of actions in the category. Representability of actions in semi-abelian categories
was investigated in [3]. A di�erent study of this problem in the categories of interest was given in [7] with
a combinatorial approach. The samewas given formodi�ed categories of interest in [8]. The de�nition of
split extension classi�er (objectwhich represents actions), is formulated in [2] for semi-abelian categories
in terms of categorical notions of internal object action and semidirect product. Categories of interest
are semi-abelian categories. As an application of [4], in this special case these notions coincide with the
ones given in [12]. Analogous situation exists in the case of modi�ed category of interest and categories
equivalent to them. Split extension classi�ers (which called actors in [8, 10]) play an important role by
analogy with automorphism group of a group in the category of groups or derivation algebra of a Lie
algebra in the category of Lie algebras.

Many well known categories of algebraic structures such as (pre)cat1-Leibniz algebras (Lie algebras,
associative algebras, associative commutative algebras), commutative von Neumann rings etc. are not
categories of interest. These kinds of notions are uni�ed under the name of modi�ed categories of
interest, which satisfy all axioms of a category of groups with operations in [13] except one, which is
replaced by a new axiom; these categories satisfy as well two additional axioms introduced in [12].

The category of (pre)crossedmodules in Leibniz algebras (which is equivalent to amodi�ed category
of interest, namely, the category of (pre)cat1-Leibniz algebras) was introduced in [6]. In [9], it is shown
that the third dimensional cohomology of Leibniz n-algebras classi�es crossed modules of Leibniz n-
algebras. The notion of crossedmodules in Leibniz algebras can be thought as a generalization of Leibniz

algebras. For any Leibniz algebra M, we have the crossed module M
id

−→ M and so the category of
Leibniz algebras is a full subcategory of crossed modules in Leibniz algebras. The same thing is true
for precrossed modules, namely, M −→ 0 is a precrossed module. Naturally, it will be important to

CONTACT E.Ö. Uslu enveruslu@ogu.edu.tr Department of Mathematics and Computer Sciences, Art and Science Faculty,
Osmangazi University, Eskisehir, Turkey.
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1826 M. ATİK ET AL.

investigate the representability of actions, in other words, investigate the existence and construction of
split extension classi�ers in the category of (pre)crossed modules.

At this vein, for a given (pre)crossed module M : M1
d

−→ M0, we found a condition under which
we construct an actor of the corresponding (pre)cat1-Leibniz algebra (M1 ⋊ M0,ω1,ω0) by using the
general construction of universal strict general actor of (M1 ⋊M0,ω1,ω0) given in [5]. Then applying
the equivalence of the categories (Pre)Cat1-Lbnz ≃ (Pre)XLbnz of (pre)cat1-Leibniz algebras and
(pre)crossed modules, we carry the construction of an actor of (M1 ⋊ M0,ω1,ω0) to the category of

(pre)crossed modules, which is a split extension classi�er of the (pre)crossed moduleM : M1
d

−→ M0

under the appropriate condition on it. Therefore we found a new example of a category and individual
objects there with representable actions. This problem is stated in [3] (Problem 2).

The outline of the paper is as follows: in Section 2, we give some needed notions from literature and
introduce the notions such as biderivations and (generalized) crossed biderivations of a (pre)crossed
module. In Section 3, we construct an actor of a precat1-Leibniz algebra and consequently in Section
4, we construct the split extension classi�er of a precrossed module by using the natural equivalence
between the categories of precat1-Leibniz algebras and precrossed modules. In Section 5, we give the
same constructions for cat1-Leibniz algebras and crossed modules with additional modi�cations. In
Section 6, we give a comparison between the split extension classi�ers of precrossedmodules and crossed
modules in the categories of Lie algebras and that of Leibniz algebras.

2. Preliminaries

In this section we will recall some basic de�nitions and properties about (pre)crossed modules in
Leibniz algebras which needed in the rest of the paper. Additionally, we de�ne new notions such
as biderivations and (generalized) crossed biderivations of a (pre)crossed module and some related
results. Also we will recall the notion of modi�ed category of interest, some related de�nitions and
results from [5]. In addition, we will give the construction of universal strict general actor of a precat1-
Leibniz algebra (M,wM

1 ,wM
0 ) by using the general construction given for modi�ed categories of interest

in [5].

2.1. (Pre)crossedmodules in Leibniz algebras

Leibniz algebras, which are a non-antisymmetric generalization of Lie algebras, were introduced in 1965
by Bloh [1], who called them D-algebras and in 1993 Loday [11] made them popular and studied their
(co)homology.

Let k be a commutative ring with unit. In the rest of the paper all Leibniz algebras and Lie algebras
will be over k.

De�nition 2.1. Let L be a k-module and [−,−] : L × L → L be a bilinear map. If the Leibniz identity

[

x, [y, z]
]

=
[[

x, y
]

, z
]

−
[

[x, z], y
]

is satis�ed, for all x, y, z ∈ L, then L is called a Leibniz algebra with the bracket [−,−].

De�nition 2.2. Let L, L′ be Leibniz algebras. A k-linear map h : L −→ L′ is called a homomorphism of
Leibniz algebras if h

[

l, l′
]

=
[

h(l), h(l′)
]

, for all l, l′ ∈ L.

Consequently, we have the category of Leibniz algebras which will be denoted here by Lbnz.
Now, we recall the construction of the Leibniz algebra Bider(L) of biderivations of a Leibniz algebra

L introduced by Loday [11]. Here, we use the notation given in [7].
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De�nition 2.3. An element ϕ of Bider(L) is a pair ϕ := (ϕl,ϕr) consists of k-linear maps ϕl : L −→ L,
ϕr : L −→ L with

ϕr[x, x
′] = [x,ϕr(x

′)] + [ϕr(x), x
′],

ϕl[x, x
′] = [ϕl(x), x

′] − [ϕl(x
′), x],

[x,ϕr(x
′)] = −[x,ϕl(x

′)],

for all x, x′ ∈ L.

Bider(L) is a Leibniz algebra with the bracket

[ϕ,ϕ′] = ([ϕ,ϕ′]l, [ϕ,ϕ
′]r)

where [ϕ,ϕ′]l = ϕlϕ
′
l + ϕ′

rϕl, [ϕ,ϕ
′]r = ϕ′

rϕr − ϕrϕ
′
r , for all ϕ,ϕ

′ ∈ Bider(L).
Let M,N ∈ Lbnz. Recall from [7] that an action (i.e. derived action) of N on M is a pair of bilinear

maps N × M −→ M, (n,m) 7−→ [n,m] andM × N −→ M, (m, n) 7−→ [m, n] such that
i) [m, [m′, n]] = [[m,m′], n] − [[m, n],m′],
ii) [m, [n,m′]] = [[m, n],m′] − [[m,m′], n],
iii) [n, [m,m′]] = [[n,m],m′] − [[n,m′],m],
iv) [m, [n, n′]] = [[m, n], n′] − [[m, n′], n],
v) [n, [m, n′]] = [[n,m], n′] − [[n, n′],m],
vi) [n, [n′,m]] = [[n, n′],m] − [[n,m], n′],
for allm,m′ ∈ M, n, n′ ∈ N.

It is well known that, for a Lie algebra g, the Lie algebra Der(g) of all derivations has an action on
g, which was called as adjoint representation. A similar action exists for Leibniz algebras under certain
conditions.

Remark 2.4. LetM ∈ Lbnz. Consider the maps

Bider(M)× M −→ M

(ϕ,m) 7−→ ϕl(m)

and

M × Bider(M) −→ M

(m,ϕ) 7−→ ϕr(m).

In general, thesemaps do not de�ne an action ofBider(M) onM. Nevertheless, ifM satis�esAnn(M) = 0
or [M,M] = M, then these maps de�ne an action of Bider(M) onM (See [7], for details).

De�nition 2.5 ([6]). A precrossed module M : M1
d

−→ M0 in Leibniz algebras consists of a Leibniz
homomorphism d : M1 −→ M0, called boundary map, together with an action ofM0 onM1 satisfying
the identities

d([m0,m1]) = [m0, d(m1)], d([m1,m0]) = [d(m1),m0],

for allm1 ∈ M1,m0 ∈ M0. In addition, if

[d(m′
1),m1] = [m′

1,m1], [m1, d(m
′
1)] = [m1,m

′
1],

for allm1,m′
1 ∈ M1 thenM : M1

d
−→ M0 is called a crossed module.

Let M : M1
d

−→ M0 and M′ : M′
1

d′

−→ M′
0 be (pre)crossed modules. A homomorphism from M

to M′ is a pair (µ1,µ0) of Leibniz algebra homomorphisms µ1 : M1 −→ M′
1, µ0 : M0 −→ M′

0 such
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1828 M. ATİK ET AL.

that d′µ1 = µ0d, µ1([m0,m1]) = [µ0(m0),µ1(m1)] and µ1([m1,m0]) = [µ1(m1),µ0(m0)], for all
m1 ∈ M1, m0 ∈ M0. Consequently, we have the category of precrossed modules and the category of
crossed modules in the category of Leibniz algebras, which will be denoted here by PXLbnz, XLbnz,
respectively.

Example 2.6.

(i) LetN be a (two-sided) ideal of a Leibniz algebraM, thenN
inc.
→֒ M is a crossed module, where the

action is given by the adjoint representation. Consequently, M
id

−→ M and 0
inc.
→֒ M are crossed

modules.
(ii) Let L′ be a non-abelian Leibniz algebra with an action of L on L′. Then L′ 0

−→ L is a precrossed

module which is not a crossed module. Consequently, L′ 0
−→ L′ and L′ 0

−→ 0 are precrossed
modules.

(iii) Let M be a Leibniz algebra. Then M : M × M
π1

−→ M is a precrossed module with a

componentwise action of M on M × M where π1 is the projection. M × M
π1

−→ M is not a
crossed module.

(iv) LetM be a Leibniz algebra satisfying Ann(M) = 0 or [M,M] = M. Then

d : M −→ Bider(M)

m 7−→ ϕm = ([m,−] , [−,m])

is a crossed module with the action de�ned in Remark 2.4.

A (pre)crossed moduleM′ : M′
1

d′

−→ M′
0 is a (pre)crossed submodule (or a subobject in (P)XLbnz)

of M : M1
d

−→ M0 if M′
1, M

′
0 are Leibniz subalgebras of M1 and M0, respectively; d′ = d|M′

1
and the

action ofM′
0 onM′

1 is induced by the action ofM0 onM1. This situation will be denoted byM′ ≤ M.
In addition, if M′

1 and M′
0 are ideals of M1 and M0, respectively, [m0,m′

1], [m
′
1,m0] ∈ M′

1, for all
m0 ∈ M0,m′

1 ∈ M′
1 and [m′

0,m1], [m1,m′
0] ∈ M′

1, for allm
′
0 ∈ M′

0,m1 ∈ M1, thenM′ is called an ideal
ofM.

Let M′ : M′
1

d
−→ M′

0 be an ideal of a (pre)crossed module M : M1
d

−→ M0. Then the
quotient (pre)crossedmoduleM/M′ is the (pre)crossedmoduleM1/M

′
1 −→ M0/M

′
0 with the induced

boundary map and action.

De�nition 2.7. Let M : M1
d

−→ M0 be a (pre)crossed module. A biderivation of M is a pair (f , g)
consists of biderivations f , g ofM1 andM0 respectively, such that dfl = gld, dfr = grd and
a) fl([m1,m0]) = −fl([m0,m1]) = [fl(m1),m0] − [gl(m0),m1],
b) fr([m0,m1]) = [gr(m0),m1] + [m0, fr(m1)],
c) fr([m1,m0]) = [m1, gr(m0)] + [fr(m1),m0],
d) [m0, fr(m1)] = −[m0, fl(m1)],
e) [m1, gr(m0)] = −[m1, gl(m0)],
for allm0 ∈ M0, m1 ∈ M1.

Notation 2.8. In the de�nition, instead of writing dαl = βld, dαr = βrd,wemay write these two equalities
in one as dαl,r = βl,rd. In the rest of the paper we will use this notation, for shortness.

The set of all biderivations of a (pre)crossed moduleMwill be denoted by Bider(M). It can be easily
checked that Bider(M) is a Leibniz algebra with usual scalar multiplication, addition and the bracket
de�ned by

[

(f , g), (f ′, g′)
]

= (
[

f , f ′
]

,
[

g, g′
]

),

for all (f , g), (f ′, g′) ∈ Bider(M).

D
ow

nl
oa

de
d 

by
 [

T
he

 U
C

 I
rv

in
e 

L
ib

ra
ri

es
] 

at
 1

1:
57

 2
9 

Se
pt

em
be

r 
20

17
 



COMMUNICATIONS IN ALGEBRA® 1829

De�nition 2.9. Let M : M1
d

−→ M0 be a precrossed module, α, α1 ∈ Bider(M1) and the pair ∂ :=
(∂l, ∂r) consists of k-linear maps ∂l, ∂r : M0 −→ M1 such that
1) a) αl([m1,m0]) = −αl([m0,m1]) = [αl(m1),m0] − [∂l(m0),m1],

b) αr([m0,m1]) = [∂r(m0),m1] + [m0,αr(m1)],
c) αr([m1,m0]) = [m1, ∂r(m0)] + [αr(m1),m0],
d) ∂l[m0,m′

0] = [∂l(m0),m′
0] − [∂l(m

′
0),m0],

e) ∂r[m0,m′
0] = [∂r(m0),m′

0] + [m0, ∂r(m′
0)],

f) [m0,αr(m1)] = −[m0,αl(m1)],
g) [m1, ∂r(m0)] = −[m1, ∂l(m0)],

2) (α1,β1) is a biderivation ofM,
3) β1l,rd(m1) = dαl,r(m1),

for all m0 ∈ M0, m1 ∈ M1 where d∂l,r = β1l,r . Then the triples (α, ∂ ,α1) will be called a
generalized crossed biderivations of M. The set of all generalized biderivations of M will be denoted
by Gbider(M0,M1).

Proposition 2.10. LetM : M1
d

−→ M0 be a precrossed module. Gbider(M0,M1) is non-empty.

Proof. Choose a1 ∈ M1. De�ne

αl : M1 → M1, m1 7→ [a1,m1],αr : M1 → M0, m1 7→ [m1, a1],

∂l : M0 → M1, m0 7→ [a1,m0], ∂r : M0 → M1, m0 7→ [m0, a1],

α1l : M1 → M1, m1 7→ [d(a1),m1],α
1
r : M1 → M1, m1 7→ [m1, d(a1)],

β1l : M0 → M0, m0 7→ [d(a1),m0],β
1
r : M0 → M0, m0 7→ [m0, d(a1)],

for allm0 ∈ M0,m1 ∈ M1. Denote α := (αl,αr), ∂ := (∂l, ∂r), α
1 := (α1l ,α

1
r ). We have that (α, ∂ ,α1) ∈

Gbider(M0,M1). Indeed α,α1 ∈ Bider(M1) andα,α1, ∂ satisfy the identities given inDe�nition 2.9.

Gbider(M0,M1) is a Leibniz algebra with usual scalarmultiplication, addition and the bracket de�ned
by

[(α, ∂ ,α1), (γ , λ, γ 1)] =
(

[α, γ ], [∂ , λ], [α1, γ 1]
)

where [α, γ ], [α1, γ 1] are usual brackets of biderivations and

[∂ , λ]l = αlλl + γr∂l, [∂ , λ]r = γr∂r − αrλr ,

for all (α, ∂ ,α1), (γ , λ, γ 1) ∈ Bider(M0,M1).

Remark 2.11. Let M : M1
d

−→ M0 be a precrossed module which is not a crossed module. So there
exist some m1,m′

1 ∈ M1 such that [m1, d(m′
1)] 6= [m1,m′

1] or [d(m′
1),m1] 6= [m′

1,m1]. Consider the
triple (α, ∂ ,α1) de�ned bym1 as in Proposition 2.10. Then we have α 6= α1.

De�nition 2.12. LetK : K1
d

−→ K0 be a crossed module. Bider(K0,K1) is de�ned as the set of all pairs
∂ := (∂l, ∂r) such that ∂l, ∂r : K0 −→ K1 are k-linear maps and

∂l[k0, k
′
0] = [∂l(k0), k

′
0] − [∂l(k

′
0), k0],

∂r[k0, k
′
0] = [∂r(k0), k

′
0] + [k0, ∂r(k

′
0)],

[k0, ∂r(k
′
0)] = −[k0, ∂l(k

′
0)],

for all k0, k′
0 ∈ K0. This time, we will call the elements of Bider(K0,K1) as crossed biderivations.
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1830 M. ATİK ET AL.

By a similar construction given in Proposition 2.10, Bider(K0,K1) is non-empty. Also Bider(K0,K1) is
a Leibniz algebra with usual scalar multiplication, addition and the bracket de�ned by [∂ , λ]l = ∂ldλl +
λrd∂l, [∂ , λ]r = λrd∂r − ∂rdλr , for all ∂ , λ ∈ Bider(K0,K1).

Remark 2.13. De�nitions 2.7, 2.9 and 2.12 are deduced from the construction of biderivations of a
semidirect product in Section 4. One can see that biderivations and (generalized) crossed biderivations

of a (pre)crossed module M : M1
d

−→ M0 can be easily obtained from certain type of biderivations
of the semidirect productM1 ⋊M0. In the case of Lie algebras these de�nitions coincide with the ones
given in [8, 10].

Now we recall the categories of (pre)cat1-Leibniz algebras and their functorial relation between the
categories PXLbnz and XLbnz. Details can be found in [9].

A precat1-Leibniz algebra is a Leibniz algebra with two additional unary operations ω0,ω1 : M −→

M such that

ω0ω1 = ω1, ω1ω0 = ω0

where ω0 and ω1 are Leibniz algebra homomorphisms. We will denote such a precat1-Leibniz algebra
by (M,ω0,ω1). A homomorphism of precat1-Leibniz algebras is a Leibniz algebra homomorphism
compatible with unary operations. The resulting category will be denoted by Precat1-Lbnz.

Let Cat1-Lbnz be the full subcategory of Precat1-Lbnz, consists of those objects satisfying;

[kerw0, kerw1] = 0, [kerw1, kerw0] = 0.

The objects of Cat1-Lbnz are called as cat1-Leibniz algebras.

De�ne a functor C : PXLbnz −→ Precat1-Lbnz as follows; for any precrossed moduleM : M1
d

−→

M0, C(M) := (M1 ⋊M0,w0,w1) whereM1 ⋊M0 is a semi-direct product and

w0(m1,m0) = (0,m0), w1(m1,m0) = (0, d(m1)+ m0),

for all m1 ∈ M1, m0 ∈ M0. Note that to construct the semi-direct product we use the action of M0 on
M1 from the precrossed moduleM.

Conversely, de�ne a functor P : Precat1-Lbnz −→ PXLbnz as follows; for any object (M,w1,w0)

in Precat1-Lbnz, P((M,w1,w0)) is the precrossed module M : M1
d

−→ M0 where M1 = kerw0,
M0 = Imw0 and d = w1|kerw0 .

These two functors give rise to a natural equivalence between the categories PXLbnz and Precat1-
Lbnz. On the other hand, the obvious restrictions of the functors give a natural equivalence between the
categories XLbnz and Cat1-Lbnz.

2.2. Modi�ed category of interest

Modi�ed categories of interest were introduced in [5]. The condition (d) in the de�nition of modi�ed
categories of interest was “For eachω ∈ �′

1 and ∗ ∈ �′
2,E includes the identitiesω(x+y) = ω(x)+ω(y)

and ω(x ∗ y) = ω(x) ∗ω(y)”. But this condition does not contain the scalar multiplication. The authors
of [5] changed this condition. A�er this change all constructions and proofs in [5] are true. According
to this corrected de�nition every category of interest is a modi�ed category of interest as well.

Now we will recall the de�nition of modi�ed category of interest with its revised form.
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Let C be a category of groups with a set of operations � and with a set of identities E, such that E
includes the group identities and the following conditions hold. If�i is the set of i-ary operations in�,
then:
(a) � = �0 ∪�1 ∪�2;
(b) the group operations (written additively : 0,−,+) are elements of �0, �1 and �2 respectively. Let

�′
2 = �2 \{+},�′

1 = �1 \{−}. Assume that if ∗ ∈ �2, then�′
2 contains ∗◦ de�ned by x∗◦ y = y∗x

and assume�0 = {0};
(c) for each ∗ ∈ �′

2, E includes the identity x ∗ (y + z) = x ∗ y + x ∗ z;
(d) for eachω ∈ �′

1 and ∗ ∈ �′
2,E includes the identityω(x+y) = ω(x)+ω(y) and either the identity

ω(x ∗ y) = ω(x) ∗ ω(y) or the identity ω(x ∗ y) = ω(x) ∗ y.
Let C be an object of C and x1, x2, x3 ∈ C:

Axiom 1. x1 + (x2 ∗ x3) = (x2 ∗ x3)+ x1, for each ∗ ∈ �′
2.

Axiom 2. For each ordered pair (∗, ∗) ∈ �′
2 ×�′

2 there is a wordW such that

(x1 ∗ x2)∗x3 = W(x1(x2x3), x1(x3x2), (x2x3)x1,

(x3x2)x1, x2(x1x3), x2(x3x1), (x1x3)x2, (x3x1)x2),

where each juxtaposition represents an operation in�′
2.

De�nition 2.14. A category of groups with operations C satisfying conditions (a)− (d), Axioms 1 and
2, is called amodi�ed category of interest.

Let EG be the subset of identities of E which includes the group identities and the identities (c) and
(d). We denote by CG the corresponding category of groups with operations. Thus we have EG →֒ E,
C = (�,E),CG = (�,EG) and there is a full inclusion functorC →֒ CG.CG is called a general category
of groups with operations of a modi�ed category of interest C.

Example 2.15. The categories Cat1-Lbnz, and PreCat1-Lbnz are modi�ed categories of interest, which
are not categories of interest. Further examples can be found in [5].

De�nition 2.16. Let A, B ∈ C. An extension of B by A is a sequence

0 −→ A
i

−→ E
p

−→ B −→ 0, (3.1)

in which p is surjective and i is the kernel of p. We say that an extension is split if there is a morphism
s : B −→ E such that ps = 1B.

De�nition 2.17. For A,B ∈ C, it is said that there is a set of actions of B on A, whenever there is a map
f∗ : A × B −→ A, for each ∗ ∈ �2.

A split extension of B by A, induces an action of B on A corresponding to the operations in C. For a
given split extension (3.1), we have

b · a = s(b)+ a − s(b), (3.2)

b ∗ a = s(b) ∗ a, (3.3)

for all b ∈ B, a ∈ A and ∗ ∈ �2
′. Actions de�ned by (3.2) and (3.3) will be called derived actions of B

on A. The notation b
·
∗ a, is used to denote both the dot and the star actions.
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1832 M. ATİK ET AL.

De�nition 2.18. Given an action of B on A, a semidirect product A ⋊ B is a universal algebra, whose
underlying set is A × B and the operations are de�ned by

ω(a, b) = (ω (a) ,ω (b)),

(a′, b′)+ (a, b) = (a′ + b′ · a, b′ + b),

(a′, b′) ∗ (a, b) = (a′ ∗ a + a′ ∗ b + b′ ∗ a, b′ ∗ b),

for all a, a′ ∈ A, b, b′ ∈ B.

Theorem 2.19 ([5]). An action of B on A is a derived action if and only if A⋊ B is an object of C.

Now we will de�ne the actions in the categories Precat1-Lbnz and Cat1-Lbnz according to the
de�nition of action in a modi�ed category of interest.

Example 2.20. (i) Let (M,ωM
1 ,ωM

0 ), (N,ωN
1 ,ω

N
0 ) ∈ Precat1-Lbnz and let (N,ωN

1 ,ω
N
0 ) has a derived

action on (M,ωM
1 ,ωM

0 ). By De�nition 2.17 we have the identities (2.1) and also the identities;
[

ωN
i (n),ω

M
i (m)

]

= ωM
i [n,m] ,

[

ωM
i (m),ω

N
i (n)

]

= ωM
i [m, n] ,

[ωN
j (n),ω

M
i (m)] = ωM

i [ωM
j (n),m],

(3.4)
[ωM

i (m),ω
N
j (n)] = ωM

i [m,ωN
j (n)],

[ωN
j (n),ω

M
i (m)] = ωM

j

[

n,ωM
i (m)

]

,

[ωM
i (m),ω

N
j (n)] = ωM

j

[

ωM
i (m), n

]

,

i, j = 0, 1, i 6= j, for anym ∈ (M,ωM
1 ,ωM

0 ), n ∈ (N,ωN
1 ,ω

N
0 ).

(ii) Let (M,ωM
1 ,ωM

0 ), (N,ωN
1 ,ω

N
0 ) ∈ Cat1-Lbnz and let (N,ωN

1 ,ω
N
0 ) has a derived action on

(M,ωM
1 ,ωM

0 ). Thenwe have the identities (2.1), (3.4) and in addition we have [m, n] = [n,m] = 0,
if n ∈ kerωN

0 ,m ∈ kerωM
1 or n ∈ kerωN

1 ,m ∈ kerωM
0 .

The de�nition of a split extension classi�er in modi�ed categories of interest has the following form.
Consider the category of all split extensions with �xed kernel A; thus the objects are

0 → A → C
s
x

−→ C′ → 0

and the arrows are the triples of morphisms (1A, γ , γ ′)) between the extensions, which commute with
the section homomorphisms as well. By the de�nition, an object [A] is a split extension classi�er for A
if there exists a derived action of [A] on A, such that the corresponding extension

0 → A → A⋊ [A]
s
x

−→ [A] → 0

is a terminal object in the above de�ned category.

Proposition 2.21 ([5]). Let C be a modi�ed category of interest and A be an object in C. An object B ∈ C

is a split extension classi�er for A in the sense of [2] if and only if it satis�es the following condition: B has
a derived action on A such that for all C in C and a derived action of C on A there is a unique morphism
ϕ : C −→ B, with c · a = ϕ(c) · a, c ∗ a = ϕ(c) ∗ a, for all ∗ ∈ �2

′, a ∈ A and c ∈ C.

The object B in C satisfying the above stated condition is called an actor of A and denoted by
Act(A). The corresponding universal acting object, which represents actions in the sense of [2, 3], in the
categories equivalent to modi�ed categories of interest is called a split extension classi�er and denoted
by [A], as it is in semi-abelian categories.
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COMMUNICATIONS IN ALGEBRA® 1833

Remark 2.22. As a consequence of this proposition, an actor of an object is unique up to an isomor-
phism.

De�nition 2.23. Let A, B ∈ C. A set of actions of B on A is strict if for any two elements b, b′ ∈ B, from
the conditions b · a = b′ · a, ω(b) · a = ω(b′) · a, b ∗ a = b′ ∗ a and ω(b) ∗ a = ω(b′) ∗ a, for all a ∈ A,
ω ∈ �1

′ and ∗ ∈ �2
′, it follows that b = b′.

De�nition 2.24. A general actor GA(A) of an object A in C, is an object of CG, having a set of actions
on A, which is a set of derived actions inCG and for any object C ∈ C and a derived action of C on A in

C, there exists in CG a unique morphism ϕ : C −→ GA(A) such that c
·
∗ a = ϕ(c)

·
∗ a, for all c ∈ C,

a ∈ A and ∗ ∈ �2
′.

De�nition 2.25. If the action of a general actor GA(A) onA is strict, then it is said that GA(A) is a strict
general actor of A and denoted by SGA(A).

Condition 2.26. Let A ∈ C and {Bj}j∈J denote the set of all objects of C which have derived actions on A.

Let ϕj : Bj −→ GA(A), j ∈ J, denote the corresponding unique morphism such that bj
·
∗ a = ϕj(bj)

·
∗ a,

for all bj ∈ Bj, a ∈ A, ∗ ∈ �2
′. The elements of GA(A) satisfy the following equality:

(ϕi(bi) ∗ ϕj(bj))∗a = W(ϕi(b),ϕj(b
′); a; ∗, ∗)

for any bi ∈ Bi, bj ∈ Bj, ∗ ∈ �2
′ and i, j ∈ J.

De�nition 2.27. A universal strict general actor of an object A, denoted by USGA(A), is a strict general
actor with Condition 2.26, such that for any strict general actor SGA(A)with Condition 2.26 there exists
a unique morphism η : USGA(A) → SGA(A) in the category CG, with ψjη = ϕj, for any j ∈ J, where
ϕj : Bj → SGA(A) and ψj : Bj → USGA(A) denote the corresponding unique morphisms with the
appropriate properties from the de�nition of a general actor.

Proposition 2.28 ([5]). Let C be a modi�ed category of interest and A ∈ C. If an actor Act(A) exists,

then the unique morphism η : USGA(A) → Act(A) is an isomorphism with x
·
∗ a = η(x)

·
∗ (a), for all

x ∈ USGA(A), a ∈ A.

Theorem 2.29 ([5]). Let C be a modi�ed category of interest and A ∈ C. A has an actor if and only if the
semidirect product A⋊ USGA(A) is an object of C. If it is the case, then Act(A) ∼= USGA(A).

Let (M,wM
0 ,wM

1 ) be a precat
1-Leibniz. Consider all split extensions ofM in Precat1−Lbnz

Ej : 0 −→ (M,wM
0 ,wM

1 ) −→ (Kj,w
Kj

0 ,w
Kj

1 )
x

−→ (Lj,w
Lj
0 ,w

Lj
1 ) −→ 0, j ∈ J

where (Lj,w
Lj
0 ,w

Lj
1 ) = (Lk,w

Lk
0 ,wLk

1 ) = (L,wL
0 ,w

L
1), for j 6= k in this case the corresponding extensions

derive di�erent actions of (L,wL
0 ,w

L
1) on (M,wM

0 ,wM
1 ). Let {lj·, [lj,-], [-, lj]} be the set of functions de�ned

by the action of (Lj,w
Lj
0 ,w

Lj
1 ) on (M,wM

0 ,wM
1 ). For any element lj ∈ Lj denote lj = {lj·, [lj,-], [-, lj]}.

Let L = {lj, lj ∈ Lj, j ∈ J}. Thus each element lj ∈ L, j ∈ J is a special type of a function lj =

{+, [, ], [, ]op} −→ Maps, (M,wM
0 ,wM

1 ) −→ (M,wM
0 ,wM

1 ) de�ned by lj([-,-]) = [lj,-] : M −→ M,
lj([-,-]op) = [-, lj] : M −→ M, lj(+) = (lj+ (-)) : M −→ M. The bracket on L is de�ned by

[[li, lk],m] = [li, [lk,m]] + [[li,m], lk],

[m, [li, lk]] = [[m, li], lk] − [[m, lk], li],

[li, lk] · (m) = m.
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1834 M. ATİK ET AL.

Additionally, we de�ne

(li + lk) · (m) = li · (lk · m),

[(li + lk),m] = [li,m] + [m, lk],

wi(lk) · (m) = w
Lk
i (lk) · m, [wi(lk),m] = [w

Lk
i (lk),m], [m,wi(lk)] = [m,wLk

i (lk)], i = 0, 1,

wi[li, lk] = [w
Li
i (li),w

Lk
i (lk)], i = 0, 1,

w1(l1 + l2) = wL1
i (l1)+ wL2

i (l2), i = 0, 1,

(−li) · (m) = (−li) · m, (−l) · m = m,

[(−li),m] = − [li, (m)] , [(−l), (m)] = − [l, (m)] ,

[m, (−li)] = − [(m), li] , [(m), (−l)] = − [(m), l] ,

−(l1 + l2) = −l2 − l1

where l, l1, l2 are certain combinations of the bracket of the elements of L.
Denote by L′(M) the set of all functions (�2 → Maps(M,wM

0 ,wM
1 ) −→ (M,wM

0 ,wM
1 )) obtained by

performing all kind of operations de�ned above on the elements ofL and on the new obtained elements
as the results of operations. Note that if may happen that [l,m] =

[

l′,m
]

or [m, l] =
[

m, l′
]

, for any
m ∈ M, but we do not have the equalities [wi (l) ,m] =

[

wi

(

l′
)

,m
]

or [m,wi (l)] =
[

m,wi

(

l′
)]

, i = 0, 1,
for any m ∈ M, respectively where w is a �nite combinations of w0 and w1. De�ne a relation on L′(M)
by “l ∼ l′ if and only if [l,m] =

[

l′,m
]

, [m, l] =
[

m, l′
]

, [wi (l) ,m] =
[

wi

(

l′
)

,m
]

, [m,wi (l)] =
[

m,wi

(

l′
)]

” for any l, l′ ∈ L′(M), m ∈ M and i = 0, 1. This is a congruence relation on L′(M). Denote
L′(M)/∼ by L(M). The operations de�ned on L′(M) de�ne the corresponding operations on L(M).

Theorem 2.30 ([5]). Let A ∈ C. Then we haveB(A) ∼= USGA(A).

Corollary 2.31. Let (M,w0,w1) ∈ Precat1−Lbnz. Then (L(M),wL(M)
0 ,wL(M)

1 ) is a universal strict
general actor of (M,wM

0 ,wM
1 ).

Proof. Follows from Theorem 2.30.

3. Actor of an object in Precat1-Lbnz

In this section, according to a given object (M,w1,w0) in Precat1-Lbnz, we will construct an object
(A(M),w0,w1) and prove that it is an actor of (M,w1,w0) under certain conditions. The construction
deduced from the interpretation of L(M) constructed in Section 2.

Let (M,w1,w0) be a precat1-Leibniz algebra. Consider the triples (ϕ,ϕ0,ϕ1) of biderivations of M
such that
M1) ϕil,rwi = wiϕl,r , for i = 0, 1,

M2) ϕ
j
l,rwi = wiϕ

j
l,r , for i = 0, 1, j = 0, 1.

We will denote the set of all these kinds of triples by A(M).
A(M) is a Leibniz algebrawith componentwise addition, scalarmultiplication and the bracket de�ned

by

[(ϕ,ϕ0,ϕ1), (ψ ,ψ0,ψ1)] = ([ϕ,ψ], [ϕ0,ψ0], [ϕ1,ψ1]),

for all (ϕ,ϕ0,ϕ1), (ψ ,ψ0,ψ1) ∈ A(M). The zero element is the triple (0, 0, 0) of zero maps. Also,
(A(M),ω0,ω1) is a precat1-Leibniz algebra with the unary operations ω0 : A(M) −→ A(M), ω1 :
A(M) −→ A(M) de�ned by ω0(ϕ,ϕ0,ϕ1) = (ϕ0,ϕ0,ϕ0), ω1(ϕ,ϕ0,ϕ1) = (ϕ1,ϕ1,ϕ1), respectively.

D
ow

nl
oa

de
d 

by
 [

T
he

 U
C

 I
rv

in
e 

L
ib

ra
ri

es
] 

at
 1

1:
57

 2
9 

Se
pt

em
be

r 
20

17
 



COMMUNICATIONS IN ALGEBRA® 1835

There is an action of (A(M),ω0,ω1) on (M,w1,w0) de�ned by the maps

(A(M),w0,w1)× (M,w1,w0) −→ (M,w1,w0)

((ϕ,ϕ0,ϕ1),m) 7−→ ϕl(m)

and

(M,w1,w0)× (A(M),w0,w1) −→ (M,w1,w0)

(m, (ϕ,ϕ0,ϕ1)) 7−→ ϕr(m),

for allm ∈ M and (ϕ,ϕ0,ϕ1) ∈ A(M).

Condition A For a Leibniz algebraM, Ann(M) = 0 or [M,M] = M.

Proposition 3.1. If M satis�es Condition A, then (A(M),ω0,ω1) and (L(M), wL(M)
0 ,wL(M)

1 ) are
isomorphic.

Proof. Under ConditionA the action of (A(M),w0,w1) on (M,w1,w0) de�ned by us is a derived action
in Precat1-Lbnz. Therefore, from De�nition 2.27, we have the unique morphism η : (A(M)) −→

(L(M)) such that η(
[

(f , f 0, f 1),m
]

) =
[

(f , f 0, f 1),m
]

, η
([

m, (f , f 0, f 1)
])

=
[

m, (f , f 0, f 1)
]

, for all

m ∈ M and (f , f 0, f 1) ∈ A(M). By the constructions of (A(M),ω0,ω1) and (L(M),w
L(M)
0 ,wL(M)

1 ),
we �nd that η is an isomorphism.

Corollary 3.2. If M satis�es Condition A, then (A(M),ω0,ω1) is an actor of (M,ω0,ω1).

Proof. Since (A(M),ω0,ω1) ∈ Precat1-Lbnz and its action on M is a derived action, then the result
follows from Theorem 2.29, Corollary 2.31 and Proposition 3.1.

3.1. Actor of a precat1-Leibniz algebra corresponding to a given precrossedmodule

LetM1,M0 be Leibniz algebras with an action ofM0 onM1. Let ψ = (ψl,ψr) ∈ Bider(M1 ⋊M0). Then
ψl : M1 ⋊M0 −→ M1 ⋊M0 can be represented by four k-linear maps

αl : M1 −→ M1, δl : M1 −→ M0,βl : M0 −→ M0 and ∂l : M0 −→ M1

such that

ψl(m1,m0) = (αl(m1)+ ∂l(m0),βl(m0)+ δl(m1)),

for allm1 ∈ M1,m0 ∈ M0. Similarly, ψr : M1 ⋊M0 −→ M1 ⋊M0 can be represented by four k-linear
maps

αr : M1 −→ M1, δr : M1 −→ M0,βr : M0 −→ M0 and ∂r : M0 −→ M1

such that

ψr(m1,m0) = (αr(m1)+ ∂r(m0),βr(m0)+ δr(m1)),

for all m1 ∈ M1, m0 ∈ M0. Let M : M0
d

−→ M1 be a precrossed module and (M1 ⋊ M0,ω0,ω1) be
the corresponding precat1-Leibniz algebra. Suppose ψ = (ψl,ψr) satisfy the Condition M2, for j = 0
or j = 1. Then by a direct checking, we �nd that δr = δl = 0. So, any biderivation ψ = (ψl,ψr) ∈

Bider(M1 ⋊M0) can be represented by the triple (α, ∂ ,β).
Letm := (m1,m0),m′ := (m′

1,m
′
0) ∈ M1 × M0. Since ψ = (ψm,ψr) is a biderivation, we obtain

ψr([m,m′]) = ψr

(

[m1,m
′
1] + [m0,m

′
1] + [m1,m

′
0], [m0,m

′
0]

)

=
(

αr[m1,m
′
1] + αr[m0,m

′
1] + αr[m1,m

′
0] + ∂r[m0,m

′
0],βr[m0,m

′
0]

)
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1836 M. ATİK ET AL.

and

ψr([m,m′]) = [m,ψr(m
′)] + [ψr(m),m

′]

= [(m1,m0),ψr(m
′
1,m

′
0)] + [ψr(m1,m0), (m

′
1,m

′
0)]

= [(m1,m0),
(

αr(m
′
1)+ ∂r(m

′
0),βr(m

′
0)

)

]

+ [(αr(m1)+ ∂r(m0),βr(m0)) , (m
′
1,m

′
0)]

:= I1 + I0

where

I1 =
(

[m1,αr(m
′
1)+ ∂r(m

′
0)] + [m1,βr(m

′
0)] + [m0,αr(m

′
1)+ ∂r(m

′
0)], [m0,βr(m

′
0)]

)

and

I0 =
(

[αr(m1)+ ∂r(m0),m
′
1] + [αr(m1)+ ∂r(m0),m

′
0] + [βr(m0),m

′
1], [βr(m0),m

′
0]

)

.

So we get:
(1) βr[m0,m′

0] = [m0,βr(m′
0)] + [βr(m0),m′

0]

(2) If we takem0 = m′
0 = 0, then

αr[m1,m
′
1] = [m1,αr(m

′
1)] + [αr(m1),m

′
1].

(3) If we takem′
0 = 0,m1 = 0, then

αr[m0,m
′
1] = [m0,αr(m

′
1)] + [∂r(m0),m

′
1] + [βr(m0),m

′
1].

(4) If we takem′
1 = 0,m0 = 0, then

αr[m1,m
′
0] = [m1, ∂r(m

′
0)] + [m1,βr(m

′
0)] + [αr(m1),m

′
0].

(5) If we takem′
1 = 0 = m1, then

∂r[m0,m
′
0] = [m0, ∂r(m

′
0)] + [∂r(m0),m

′
0].

By similar calculations we have α ∈ Bider(M1), β ∈ Bider(M0) and
(L1.) ∂l[m0,m′

0] = [∂l(m0),m′
0] − [∂l(m

′
0),m0],

(L2.) ∂r[m0,m′
0] = [∂r(m0),m′

0] + [m0, ∂r(m′
0)],

(L3.) [m0, ∂r(m′
0)] = −[m0, ∂l(m

′
0)],

(L4.)

αl[m1,m0] = −αl[m0,m1]

= [αl(m1),m0] − [∂l(m0),m1] − [βl(m0),m1],

(L5.) αr([m0,m1]) = [∂r(m0),m1] + [βr(m0),m1] + [m0,αr(m1)],
(L6.) αr([m1,m0]) = [αr(m1),m0] + [m1, ∂r(m0)] + [m1,βr(m0)],
(L7.) [m0,αr(m1)] = −[m0,αl(m1)],
(L8.) [m1,βr(m0)] = −[m1,βl(m0)],
(L9.) [m1, ∂l(m0)] = [m1,βl(m0)] − [m1, ∂r(m0)] − [m1,βr(m0)],
for allm1 ∈ M1,m0,m′

0 ∈ M0.

Proposition 3.3. LetM : M0
d

−→ M1 be a precrossedmodule and (M1⋊M0,ω0,ω1) be the corresponding
precat1-Leibniz algebra. Let ϕ,ϕ0,ϕ1 ∈ Bider(M1 ⋊ M0) and denote ϕ,ϕ0,ϕ1 by the triples (α, ∂ ,β),
(α0, ∂0,β0), (α1, ∂1,β1), respectively. Then (ϕ,ϕ0,ϕ1) ∈ A(M1⋊M0) if and only if (ϕ,ϕ0,ϕ1) satisfy the
following identities:
(1.) βl(m0) = β0l (m0), βr(m0) = β0r (m0),

(2.) ∂ il (m0) = 0, ∂ ir(m0) = 0, i = 0, 1,
(3.) β1l (m0) = βl(m0)+ d∂l(m0), β1r (m0) = βr(m0)+ d∂r(m0),
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(4.) β1l d(m1) = dαl(m1), β1r d(m1) = dαr(m1),

(5.) β ild(m1) = dαil(m1), β ird(m1) = dαir(m1), i = 0, 1,
for all m0 ∈ M0,m1 ∈ M1.

Proof. Follows from related de�nitions and equalities L1–L9.

Proposition 3.4. LetM : M1
d

−→ M0 be a precrossed module, M0,M1 satisfy ConditionA and (A(M1⋊

M0),w1,w0) be the actor of (M1 ⋊M0,w0,w1). Then, kerw0 = {(ϕ, 0,ϕ1) ∈ A(M1 ⋊M0)}.

Proof. Follows from the de�nition of w0 and Proposition 3.3.

Proposition 3.5. kerw0
∼= Gbider(M0,M1)

Proof. Let (ϕ, 0,ϕ1) ∈ kerw0. It follows from Propositions 3.3 and 3.4 that (ϕ, 0,ϕ1) =

((α, ∂ , 0), (0, 0, 0), (α1, 0,β1)) and the resulting triple (α, ∂ ,α1) is a generalized crossed biderivation.
Conversely, for any (γ , λ, γ 1) ∈ Bider(M0,M1) we have the triples θ = (γ , λ, 0), θ1 =

(

γ 1, 0, dλ
)

such
that (θ , 0, θ1) ∈ kerw0.

Proposition 3.6. Im(w0) = Bider(M).

Proof. Direct checking.

4. Split extension classi�er of a precrossedmodule

According to the de�nition of action in semi-abelian categories [3], it is natural to de�ne an action
in PXLbnz in analogous way as it is de�ned in a modi�ed category of interest. In this section we will

construct a precrossed module 1 for a given precrossed module M : M1
d

−→ M0 and prove, that if
M0 and M1 satisfy Condition A, then 1 is isomorphic to P(Act(C (M))). Consequently, 1 is the split
extension classi�er ofM.

Let, M : M1
d

−→ M0 be a precrossed module, (M1 ⋊ M0,w0,w1) be the corresponding precat1-
algebra and (A(M1 ⋊M0),w0,w1) be its actor in Precat1-Lbnz.

Proposition 4.1. The bilinear maps

Bider(M)× Gbider(M0,M1) −→ Gbider(M0,M1)

((f , g), (α, ∂ ,α1)) 7−→ ([f ,α], ∂ , [f ,α1])

and

Gbider(M0,M1)× Bider(M) −→ Gbider(M0,M1)

((α, ∂ ,α1), (f , g)) 7−→ ([α, f ], ∂ ,
[

α1, f
]

)

de�ne an action of Bider(M) on Gbider(M0,M1) where [α, f ], [f ,α], [α1, f ], [f ,α1], are brackets of
biderivations, and

∂ l = fl∂l + ∂rgl

∂r = −fr∂r + ∂rgr

∂ l = fr∂l + ∂lgl

∂r = fr∂r − ∂rgr
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Proof. Direct checking by using the de�nitions.

De�ne a map1 : Gbider(M0,M1) −→ Bider(M) by (α, ∂ ,α1) 7−→ (α1,β1) where β1l,r = d∂l,r .

Proposition 4.2. 1 : Gbider(M0,M1) −→ Bider(M) is a precrossed module with the action de�ned in
Proposition 4.1.

Proof. The proof is direct consequence of the de�nitions.

Proposition 4.3. 1 ∼= P(A(C (M))).

Proof. Follows from Propositions 3.5, 3.6 and 4.2, since1 is isomorphic to the restriction of ω1.

Theorem 4.4. If M1 and M0 satisfy Condition A, then the precrossed module 1 : Gbider(M0,M1) −→

Bider(M) de�ned in Proposition 4.2 is the split extension classi�er ofM.

Proof. If M0 and M1 satisfy Condition A, then the semidirect product M1 ⋊ M0 also satis�es this
condition. So the result direct consequence of Corollary 3.2, Proposition 4.3 and the fact that P and
S de�ne an equivalence between the categories PXLbnz and Precat1-Lbnz.

The split extension classi�er of a precrossed module M : M1
d

−→ M0 will be denoted here by
[M]PXLbnz .

Example 4.5. Let M be a Leibniz algebra. Consider the precrossed module M : M
id

−→ M. Then the
actor ofM is the precrossed module (Bider(M),Bider(M), id).

5. Split extension classi�er of a crossedmodule

In this section, by a similar discussion given in Sections 3 and 4, we will de�ne an actor of an object in
Cat1-Lbnz and the split extension classi�er of an object in XLbnz. We omit the proofs since the results
are similar to those given in Sections 3 and 4 with additional modi�cations.

5.1. Actor of an object in Cat1-Lbnz

Let (M,w1,w0) be a cat1-Leibniz algebra. Consider the subset (A(M),w0,w1) of (A(M),w0,w1) whose
elements satisfy the following additional conditions:
M3) ϕl,r(x) = ϕ1l,r(x), for all x ∈ kerw0,

M4) ϕl,r = ϕ0l,r(x), for all x ∈ kerw1.

Proposition 5.1. (A(M),w0,w1) is a subobject of (A(M),w0,w1).

Proof. Direct checking.

By a similar discussion given in Section 3, ifM satis�es ConditionA, then (A(M),w0,w1) is an actor
of (M,w1,w0) in Cat1-Lbnz.

LetM : M1
d

−→ M0 be a crossed module. Any biderivation ϕ = (ϕl,ϕr) ∈ Bider(M1 ⋊M0) can be
represented by a triple (α, ∂ ,β) as it was for the precrossed module case.
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Proposition 5.2. Let M : M1
d

−→ M0 be a crossed module and (M1 ⋊ M0,w1,w0) is the corre-
sponding cat1-Leibniz algebra. Let ϕ,ϕ0,ϕ1 ∈ Bider(M1 ⋊ M0) and denote ϕ,ϕ0,ϕ1 by the triples
(α, ∂ ,β), (α0, ∂0,β0), (α1, ∂1,β1), respectively. (ϕ,ϕ0,ϕ1) ∈ A(M1 ⋊ M0) if and only if the triple
(ϕ,ϕ0,ϕ1) satisfy the following identities:
1. βl(m0) = β0l (m0), βr(m0) = β0r (m0),

2. ∂ il (m0) = 0, ∂ ir(m0) = 0, i = 0, 1,
3. βl(m0)+ d∂l(m0) = β1l (m0), βr(m0)+ d∂r(m0) = β1r (m0),
4. β1l d(m1) = dαl(m1), β1r d(m1) = dαr(m1),

5. β ild(m1) = dαil(m1), β ird(m1) = dαir(m1), i = 0, 1,
6. αl,r(m1) = α1l,r(m1),

7. αl,r(m1) = α0l,r(m1)+ ∂l,rd(m1),
for all m0 ∈ M0,m1 ∈ M1.

Proof. Let (ϕ,ϕ0,ϕ1) ∈ A(M1 ⋊ M0). All equalities 1–7 are direct consequences of M1–M4. We will
demonstrate the proofs of properties 6 and 7. By the de�nition of w0, we have (m1, 0) ∈ kerw0, for
all m1 ∈ M1. From M3, we have ϕ(l,r)(a1, 0) = ϕ1

(l,r)(a1, 0), which means αl,r(m1) = α1l,r(m1), for all
m1 ∈ M1.

Also, by the de�nition of w1, we have (m1,-d(m1)) ∈ kerw1, for all m1 ∈ M1. Since ∂ il,r(m0) = 0,

i = 0, 1, we have αl,r(m1) = α0l,r(m1)+ ∂l,rd(m1), for allm1 ∈ M1.
The converse statement can be proved by a direct checking.

Remark 5.3. LetM : M1
d

−→ M0 be a crossed module and let (M1⋊M0,w1,w0) be the corresponding
cat1-Leibniz algebra. From the de�nition ofw0 we have kerw0 =

{

(ϕ, 0,ϕ1) ∈ A(M1 ⋊M0)
}

, and from
Proposition 5.2, any element (ϕ, 0,ϕ1) ∈ kerw0 can be represented by ((α, ∂ , 0), (0, 0, 0), (α, 0,β1)).
Also, from De�nition 2.7, for any ((α, ∂ , 0), (0, 0, 0), (α, 0,β1)) we have that, (α,β1) is a biderivation of
M and d∂l,r = β1l,r . Consequently, we get kerw0

∼= Bider(M0,M1), Imw0
∼= Bider(M).

5.2. Split extension classi�er of a crossedmodule

Proposition 5.4. The bilinear maps Bider(M) × Bider(M0,M1) −→ Bider(M0,M1), ((f , g), ∂) 7−→

∂ , and Bider(M0,M1) × Bider(M) −→ Bider(M0,M1), (∂ , (f , g)) 7−→ ∂ , de�ne a derived action of
Bider(M) on Bider(M0,M1) where

∂ l = fl∂l + ∂rgl,

∂r = −fr∂r + ∂rgr ,

∂ l = fr∂l + ∂lgl,

∂r = fr∂r − ∂rgr .

Proof. Direct consequence of the de�nitions.

Proposition 5.5. De�ne the map 1 : Bider(M0,M1) −→ Bider(M) by ∂ 7−→ (∂d, d∂), for all

∂ ∈ Bider(M0,M1). Then Bider(M0,M1)
1

−→ Bider(M) is a crossed module with the action de�ned
in Proposition 5.4.

Proof. Direct checking by using the de�nitions.
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Proposition 5.6. LetM : M1
d

−→ M0 be a crossed module. Then1 ∼= P(A(C (M))).

Proof. Follows from Remark 5.3 and Proposition 5.5.

Theorem 5.7. If M1 and M0 satisfy Condition A, then 1 : Bider(M0,M1) −→ Bider(M) is the split

extension classi�er of the crossed moduleM : M1
d

−→ M0.

The split extension classi�er of a crossed moduleM : M1
d

−→ M0 will be denoted by [M]XLbnz.

6. Comparison

In this section, we will give the relation between the split extension classi�ers in the categories PXLbnz,
XLbnz, PXLie of precrossed modules of Lie algebras and XLie of crossed modules of Lie algebras. The
construction of split extension classi�ers in PXLie andXLie can be found in [8, 10]. In [8] and [10], split
extension classi�ers were called actors.

LetM1,M0 be Leibniz algebras satisfying Condition A.

Proposition 6.1. Let M : M1
d

−→ M0 be a crossed module of Leibniz algebras. Then [M]XLbnz is a
subobject of [M]PXLbnz, in PXLbnz.

Proof. Every crossed biderivation ∂ ∈ Bider(M0,M1) gives rise to a triple (α, ∂ ,α1) ∈ Gbider(M0,M1)

where α = α1 = ∂d. Then Bider(M0,M1) is a Leibniz subalgebra of Gbider(M0,M1). Consequently, we
get

[M]XLbnz ≤ [M]PXLbnz .

For a given precrossed module L : L1
d

−→ L0 in Lie algebras, denote its split extension classi�er
by [L]PXLie in PXLie and for a given crossed module L′ : L′

1 −→ L′
0 of Lie algebras, denote its split

extension classi�er by
[

L′
]

XLie
in XLie. As indicated in [8],

[

L′
]

XLie
is a subobject of

[

L′
]

PXLie
.

Proposition 6.2. Let L : L1
d

−→ L0 be a precrossed module in the category of Lie algebras. Then [L]PXLie
is a subobject of [L]PXLbnz in PXLbnz.

Proof. Direct checking.

Proposition 6.3. Let L′ : L′
1

d′

−→ L′
0 be a crossed module in the category of Lie algebras. Then.

[

L′
]

XLie
is

a subobject of
[

L′
]

XLbnz
in XLbnz.

Proof. Direct checking.

Corollary 6.4. Let L′ : L′
1

d′

−→ L′
0 be a crossed module in the category of Lie algebras. We have the

following:
[

L
′
]

XLie
≤

[

L
′
]

XLbnz
≤

[

L
′
]

PXLbnz

and
[

L
′
]

XLie
≤

[

L
′
]

PXLie
≤

[

L
′
]

PXLbnz

in PXLbnz.
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Proof. Follows from Propositions 6.2 and 6.3.
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