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1. Introduction

Leibniz algebras, a “non-commutative” version of Lie algebras, were originally introduced in the mid-1960s by Bloh
[1,2] under the name “D-algebras”. These D-algebras became much popular in the 1990s after Loday’s work [3], where the
terminology of Leibniz algebras was introduced. Since then a significant number of researchers have been attracted by this
kind of algebras, and as a result their theory has rapidly developed.

We recall that a Leibniz algebra is just an algebra in which the left multiplication operators act as derivations. That is:

Definition 1.1. A (left) Leibniz algebra L is a vector space over a base field K endowed with a bilinear product [-, -] satisfying
the (left) Leibniz identity:

[x, [y, 211 = [[x, ¥, 2] + [y, [x, z]1,
forallx,y,z € L.
In presence of anti-commutativity, the Jacobi identity becomes the Leibniz identity, and so Lie algebras are examples of
Leibniz algebras.

Leibniz n-algebras were introduced in [4], as a non-antisymmetric version of Nambu algebras (also known as n-Lie
algebras or Filippov algebras). Leibniz n-algebras have been shown of utility in Mathematical Physics, in the study of the
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supersymmetry Bagger-Lambert theory or Nambu mechanics. It has been the motivation to many authors to study them in
the last few years.

In fact, n-ary algebras have been considered in physics in the context of Nambu mechanics and in the search for
the effective action of coincident M2-branes in M-theory initiated by the Bagger-Lambert-Gustavsson model [5-7]. An
interesting and complete review of this matter can be found in [8].

Here we focus our attention on 3-Leibniz algebras, that is, n = 3. 3-Leibniz algebras generalize both Leibniz and 3-Lie
algebras.

In the present paper we study the structure of split 3-Leibniz algebras of arbitrary dimension and over an arbitrary base
field K. Split structures appeared first in the classical theory of (finite dimensional) Lie algebras but have been extended
to more general settings like, for example, Leibniz algebras, Poisson algebras or Lie and Leibniz superalgebras among many
others. In the framework of ternary structures see [9-11] for Lie triple systems, twisted inner derivation triple systems and
3-Lie algebras, and [12,13] for Leibniz triple systems.

At this point it is worth paying some attention to the difference between 3-Leibniz algebras and Leibniz triple systems.
While 3-Leibniz algebras are naturally defined as a vector space with a trilinear operation [-, -, -] in which the left
multiplication operators [x, y, -] are derivations (see Definitions 2.1), Leibniz triple systems are vector spaces with a trilinear
operation which satisfies two different identities. (See [12-15] for further details.) Leibniz triple systems were introduced
in a functorial way using the Kolesnikov-Pozhidaev algorithm for dialgebras.

The paper is organized as follows: in Section 2 we recall the main definitions and results related to the split 3-Leibniz
algebras theory. In Section 3 we develop connections of root techniques in this framework, which become the main tool
in our study of split 3- Leibniz algebras. In Section 4 we apply all of the machinery introduced in the previous section to
describe 3-Leibniz algebras. We will show that an arbitrary 3-Leibniz algebra T is of the form T = U + Zj I;, with U a
subspace of the 0-root space Ty and I; an ideal of T, satisfying

[T, I, Ikl + [, T, L] + [I;, Iy, T] = 0, forj # k.

Finally, in Section 5 we focus our attention on split 3-Leibniz algebras of maximal length. We will characterize the simplicity
of this family of 3-Leibniz algebras in terms of connectivity properties among the non-zero roots. Our results extend the ones
for split Leibniz algebras [16], and for split 3-Lie algebras [11]. They provide a common structure theory for split 3-Leibniz
algebras and for split Leibniz triple systems, as established in [12,15].

2. Preliminaries

2.1. 3-Leibniz algebras, subalgebras and ideals

Definitions 2.1. A 3-Leibniz algebra is a vector space T, over an arbitrary base field K, with a trilinear operation [-, -, -] :
T xT xT — T, called the triple product of T, satisfying the following identity:

[x,y,[a,b,cll =[[x,y,al,b,c] +[a, [x,y, b], c] + [a, b, [X,y, c]], (L)

foranyx,y,a,b,c € T.
Let T be a 3-Leibniz algebra. A linear subspace of T closed under the triple product is called a 3-Leibniz subalgebra of T.
An ideal of T is a linear subspace I which satisfies [I, T, T] + [T, I, T] 4 [T, T, I] C I. The annihilator of T is the set

Anm(T)={xeT:[x, T, T]|+[T,x,T]+ [T, T, x] = 0}.
It is straightforward to check that Ann(T) is an ideal of T.
The ideal | generated by the set

{[x. %y, [x,y,x], [y, x,x] : x,y € T}

plays an important role when dealing with 3-Leibniz algebras, since it determines whether a 3-Leibniz algebra is a 3-Lie
algebra. Clearly, T is a 3-Lie algebra if and only if ] = {0}.

Note that the usual definition of simplicity lacks of interest in our case. It would imply that] = T or] = {0}, which
yields that T is an abelian or a 3-Lie algebra, respectively. Following the ideas of Abdykassymova and Dzhumaldil’daev [17]
for Leibniz algebras, and of Cao and Chen [12,15] for Leibniz triple systems, we introduce the following notion.

Definition 2.2. We will say that T is a simple 3-Leibniz algebra if its triple product is nonzero and its only ideals are {0}, ]
and T.

Note that this definition is consistent with the notion of a simple 3-Lie algebra since ] = {0} in that case.

2.2. Ternary derivations

Let T be a 3-Leibniz algebraand D : T — T a linear map. We call D a ternary derivation if it satisfies
D(la. b, c]) = [D(a). b, c] + [a, D(b), c] + [a, b, D(c)].
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Using this terminology, the identity (L) says that the left multiplication operators ad(x, y) : T — T given by ad(x, y)(z) :=
[x, y, z] are ternary derivations.
The identity (L) applies to get that £ := spank{ad(x, y) : x, y € T} with the bracket

[ad(a, b), ad(c, d)] = ad([a, b, c], d) + ad(c, [a, b, d]). (1)
is a Lie algebra. Note that since every element of £ is of the form ) _ ad(x;, y;), we have
[¢, ad(a, b)] = ad(£a, b) + ad(a, £b) (2)

foreverya,b e Tand ¢ € £.

2.3. Split structures

An algebra A over K is said to be 2-graded if there exist two linear subspaces A° and A! of A, called the even and the odd
part respectively, such that A = A° @ A" and A%A# C A**P forevery «, B € Z,.

Definition 2.3. The standard embedding of a 3-Leibniz algebra T is the 2-graded algebra A = A° @ 4!, where A° = £,
4! := T, and product given by

(@d(x,y),2) - (ad(u, v), w) === (ad([x, y, u], v) + ad(u, [x, y, v]) + ad(z, w), [x, y, w] — [u, v, 2]).
Although A° is a Lie algebra, + is not, in general, a (2-graded) Lie algebra.

Next, we introduce the class of split algebras in the framework of 3-Leibniz algebras. Observe that the product in A gives
us a natural action:

AV x AT > A
(*x,y) > xy.

Since A° is a Lie algebra, the identity (L) allows us to conclude that the action above endows 4! with an 4°-module
structure. Thus, we can introduce the concept of split 3-Leibniz algebra in a similar spirit to the ones of split Lie triple
system and split 3-Lie algebra [9,11].

We begin by recalling the notion of a split Lie algebra. Let (L, [-, -]) be a Lie algebra and x € L. We write ad(x) to denote
the adjoint operator ad : L — L,ad(x)(y) = [x,y],y € L.

A splitting Cartan subalgebra H of L is a maximal abelian subalgebra (MASA for short) of L, which satisfies that the
adjoint operators ad(h) for h € H are simultaneously diagonalizable. We say that L is a split Lie algebra if it contains a
splitting Cartan subalgebra H of L. (See [16,18] for further details.) It means that we have a root spaces decomposition
L=H® (B,c, Lo), where

Ly = {vy € L:[h,vy] = a(h)v, forany h € H}

for a linear functional « € H*, (where H* is the dual space of H), and A := {« € H* \ {0} : L, # 0}. The subspaces L,
(e € H*) are called root spaces of L (respect to H), and the elements « € A U {0} are called roots of L respect to H. Clearly,
Ly = H.

In the past few years the first author jointly with M. Forero have extended the notion of a split Lie algebra to many ternary
algebraic structures like, for example, Lie triple systems [9], twisted inner derivation triple systems [10] and 3-Lie algebras
[11]. Also Y. Cao and L. Chen have carried out this extension in the case of Leibniz triple systems, see [12,13]. The present
paper deals with the class of 3-Leibniz algebras.

Definition 2.4. Let T be a 3-Leibniz algebra, A = £ @ T its standard embedding and H a MASA of £. The root space of T
(respect to H) associated to a linear functional « € H* is the subspace T, := {v, € T : hv, = a(h)v, forany h € H}. The
elements o € H* satisfying T, # 0 are called roots of T (respect to H), and we write AT := {@ € H* \ {0} : T, # 0}. Note
that

To ={vo € T : hvg =0 forany h € H}.

In the sequel, we denote by A* the set of all nonzero o € H* such that £, # 0, where £, := {e, € £ : [h,e,] =
a(h)e, forany h € H}.

The following result collects some basic properties of the subspaces T, and £,. The proof is based on the Jacobi identity
(which is satisfied by the Lie algebra £) and on the identity (L). We omit the details here since it is similar to the proof of
[11, Lemma 2.1].

Lemma 2.5. Let T be a 3-Leibniz algebra, A = £ @ T its standard embedding and H a MASA of £.If o, B, y € AT U {0} and
8, € € A* U {0}, the following assertions hold.
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(i) If ad(T,, Tg) #Otheno + B € A* U {0}, and ad(T,, Tg) C Lutp-
(ii) If £sT, #Othens +a € AT U {0} and £5T, C Tsiq.
(iii) If T, &5 # Othena + 8 € AT U {0} and T, Ls C Tyys.
(iv) If [Ls, £] # Othens + € € A* U {0} and [Ls, L] C Lse.

V) If [Ty, Tp, T,1 # Othena + B +y € AT U{0}and [Ty, Tp, T, ] C Tatpiy-

Definition 2.6. A 3-Leibniz algebra T is said to be a split 3-Leibniz algebra if

T=Toe9(@ra>. (3)

aecAT

The set AT is called the root system of T. We refer to (3) as the root spaces decomposition of T.

Remark 2.7. letT = Ty & (EBae AT Ta) be a split 3-Leibniz algebra. Applying Lemma 2.5(i), taking into account that
H C £ = ad(T, T), we have

H=ad(To,To) + Y ad(T,, T_y). 4)
aeAT
On the other hand, from ad(Ty, Ty) C £o C H we get
[To, To, To] = 0. (5)

3. Connections of roots

In order to study the character split of an algebraic structure, the main tool is the so-called connections of roots. This
section is devoted to the development of connections of roots for 3-Leibniz algebras. In what follows, T denotes a split
3-Leibniz algebraand T = Ty & (@aeAT Ta) is its corresponding root spaces decomposition.

Given a linear functional @« : H — K, we denote by —« : H — K the element in H* defined by (—«a)(h) := —a(h)
(heH).Let—T ={—a:a € T}whered # 7T C H*, and

Q2 ={ae£A" :ad(T,, T-y) +ad(T_y, Ty) # 0} U {a € £AT : a(ad(Tp, T_g)) # O for some B € AT}.
Note that

dENR =>—a€e. (6)
For each o € £2, we introduce a new variable 6,, and consider ®, = {6, : « € §2}, the set consisting of all these new
symbols. Next, by denoting as above by H* the dual space of H, we consider the operation
+ o (FATUEATUO,) x (AT U{0}) - H* U O,
defined as follows:
e Fora € £AT,

)by, ifae 2,
‘”(_“)—{o, ifodQ,

where 0 : H — K denotes the zero linear functional.
e Fora € £AT and B € AT U {0} with 8 # —a, the new operation « -+ 8 € H* coincides with the usual sum of linear
functionals, that is,

(@ p)(h) = (a + B)(h) = a(h) + B(h),

forany h € H.
e Fora € =A%\ AT and B € AT U {0}, we also have that « < 8 € H* equals to the usual sum of linear functionals.
e Forf, € Op and B € £ AT,

0,4 p = B, ifeithelj a(ad(Tg, T_p) +ad(T_g, Tg)) # 0 or B(ad(Ty, T—_o) +ad(T_y, Ty)) # 0,
o 0, otherwise,
where 0 denotes, as above, the zero linear functional.
e For6, € ®p and 0 : H — K, it is defined 6, + 0 = 0.
Note that given o € £2, Eq. (6) applies to get
at(—a) =60, = —a+a =0_,. (7)

Remark 3.1. In the rest of the paper, we will consider two different operations involving elements in A7 U A U {0},
the usual sum of linear functionals +, and the new operation . However, observe that « + § coincides with « & 8 for
anya € AT U +A%and B € £4T U {0}, except for the case 8 = —«, where we have that « + 8 = 0 if and only if
a+pBe{0,6,}.
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The following results are direct consequences of the definition of <. See also [11, Lemma 3.1] and [11, Lemmas 3.2 and
3.3].

Lemma 3.2. Forany o € 2 and 8 € +AT such that 6, - 8 = B the following assertions hold.
(i) B € 2.

(ii) B+ (=) = Op.

(iii) Og+ o = a.

(iv) 6_o =B = B.

(V) O = (=B) = —B.

Lemma 3.3. The following assertions hold.

(i) Let @, 6 € £ATU LA and B € £AT U (0} If ¢+ B = S then § + (—B) = a and —a % (—B) = —6.
(ii) Let o, B, y,8 € £AT.If (0 B)+y =Switha+p € Og, thenf = —a,8§ = y, 8+ (—y) = 0y, —a i (=) = 0_,,
@+ (=y))+(=p) =a,and (—a -+ (=p)) + (-y) = —4.

We are now ready to introduce the key tool in our study.
Definition 3.4. Let « and B be two nonzero roots of T, we say that « is connected to § if there exists a family
{a1, 0y, ..., 0o, dongq} C £AT U {0} satisfying the following conditions:
1. 01 =«.
2. An odd number of factors operated under -+ belongs to £ A”. More precisely,
{or, (a1 ) s, (@1 F o) b os) ko) bas, ..., (¢ (@ ko) b as) b o) dop)  dop | C £AT.
3. The result of the operation of an even number of factors under +- either belongs to ==A* or @, that is,
{(()[1 o), ((apkoy)tas)dag, ..., (- (g Fa)doaz)d ) kan—1) +a2n} C +A%U Bgp.
4. ((--- ((ogk o) kaz) - -) Fagp) +oonr € .
The family {«1, g, . . . 02, @2n11} is called a connection from « to S.

Forany o € AT the set {«} is trivially a connection from o to itself. Moreover, if —« also belongs to A”, then the same
set is a connection from « to —c.

Given o and 8 two elements of AT, we write & ~ B if & is connected to 8. Note that « ~ o for any « € AT. That is, the
relation ~ is reflexive. If « ~ B, then there exists a connection {oq, @y, &3, . .., O2n_1, 02y, Aanyq} C £AT U {0} from « to
B satisfying, in particular, that

(G (a1 ag) toas) =t - -+ )b agy) + a1 = P for some € € {£}.

Ifn = 0,then vy = @ and B € {£a}. So {B} is a connection from B to . If n > 1, then Lemmas 3.2 and 3.3 yield that
{B, —eoani1, —€Q2y, ..., —€x3, —€3}, is a connection from B to «. That is, ~ is symmetric. On the other hand, if &« ~ 8
and 8 ~ y, then there exit connections {«1, oz, . .., @ap4+1} from o to B (satisfying (- - - (aq-kop) k- - - )k gpq = € for
e € {£})and {B1, B2, . .., Bam+1} for a connection from S to y.If m = 0, then y = £+ and so {«q, @3, ..., @1} iSQ
connection from « to y. If m > 1, then it is easy to show that {«1, o2, ..., dant1, €82, ..., €Bam+1} IS a connection from o
to y. That is, ~ is transitive. We have indeed proved the following:

Proposition 3.5. The relation ~ in A", defined by o« ~ B, if and only if « is connected to 8 is an equivalence relation.

4. Decompositions

Let T be a split 3-Leibniz algebra and T = Ty & (@ae AT Ta) its corresponding root spaces decomposition. By
Proposition 3.5 the connection relation is an equivalence relation in AT and so we can consider the quotient set
AT/ ~={la] 1 € AT},
where [«] is the set of nonzero roots of T which are connected to «. By the definition of ~, it is clear that if 8 € [«] and
—pB € AT, then —8 € [«].
Our goal in this section is to associate an ideal Ij,; of T to each [«]. Given« € AT, we start by defining a set To,je1 C To as
follows:

To,w) == spang{[T, T, T5] : B, v, 8 € [a] U{0}} N To.
Applying Lemma 2.5(v), we obtain that

To,w) = spang{ [Ts, T,, Ts] : B, .8 € [«] U {0} and B +y + 8 =0}.
Next, we consider Viq) = Do) Tp and Tia) = To,ja] © Via)-
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Proposition 4.1. The subspace Ty, is a 3-Leibniz subalgebra of T, for alla € AT. We will refer to Ty, as the 3-Leibniz subalgebra
of T associated to [«].
Proof. We have to check that Ti satisfies [Tja}, Tia1, Tja)] C Tiw)- Applying (5) and Lemma 2.5(v), we have that

[To,[a], To, a1 T[a]] + [To,[a], Ties To,[a]] + [T[a], To, a1 To,[a]] C Tigy-
Next, we claim that

[To 015 Viers Viea] + [Viers To.fes Viet] + [Viats Viers Toia1] € Tian-
In fact, given B, y € [«] we consider three cases:
(1) [To. Tg, T, ] # 0.

If y = —p then [TO, Tg, Ty] C To,jo)- Assume now y # —p, and apply Lemma 2.5(i) and (v) to get 8 € A* and
B+ y € AT.Since B € [«] there exists a connection {a, &z, . . ., @241} from o to B. Thus
{ag, a2, ..., 02041, 0, ¥}
is a connection froma to 8 + y if (- - - (a1 k otg) ¥ - -+ )+ azp1 = B, and
{ar, @2, ..., a2n41, 0, —y}

if (...(a1+ay)+ ---) ka1 = —B.Inany case, we have proved 8 + y € [«] which jointly with Lemma 2.5(v) imply
[To, T‘g, Ty] C Tﬁﬁ, C Vg1 C Tis and therefore [TO,[O(]s Vil V[a]] C T
(2) [T, To, T, ] # 0.
Reasoning like in the previous case, we obtain [VM, To (a1 Vm] C Tjw-

(3) [T, Ty, To] # 0.
If y = —8, then [T,g, T, TO] C HTp, = 0. Suppose that y # —p and apply Lemma 2.5(i) and (v) to get that
B+y € A*NAT.If{ay, o, ..., azny1} is a connection from « to B, then we can construct a connection from a to 8+ .
More concretely, {1, oz, . . ., 0tap11, ¥, 0} is a connection from « to 8 + y, provided (- - - (1 +ap) 8 - -+ )+ dape1 = B
On the other hand, if (- - - (a1 *F o) s - -+ )+ agp1 = —B, then {«q, @y, ..., @21, —¥, 0} is a connection from « to
B+ y.Inany case, we have shown that 8 4+ y € [«], and by Lemma 2.5 [T,g, T,, To] C Tg4y C Vio) C Tioy, which yields

[V[a]a Vi, To,[a]] C T

It remains to check that [Vie), Via), Vie1] C Tja- Given B, y, 8 € [a], assume that [Ty, T,,, Ts] # 0.1f B+ y + 8 = 0,

then by the definition of Ty [}, we have that [Tﬂ, T, Tg] C To,[¢] C Tjo)- Suppose now that 8 + y 4 8 # 0 and consider two
cases:

(1) B+y =0.
Applying Lemma 2.5(v) we obtain that [Tﬁ, T,, T,;] C Ts C Vi) C Tia), and we are done with this case.

(2) p+vy #0.

From Lemma 2.5(i) and (v), we getthat 8 +y € A%and B+ y + 6 € AT.Let {aq, oz, . . ., 21} be a connection
from « to B. Then Remark 3.1 and the previous considerations allow us to conclude that {1, a0z, ..., otont1, ¥, 8} i
a connection from « to  + y + &, provided (- - - (o¢q *+ap) ¥+ - -+ )+ a1 = B, and {aq, oz, . .., dopy1, =Y, —8}isa

connection from « to 8 + y + §, provided (- - - (g = ap) - -+ )+ agpp1 = —B.Thus, B + y + 8 € [«] which implies
[Ts. Ty, Ts] C Tpy+s C Viar C Tia):

Therefore [Vi), Via1, Via1] C Tja), which concludes the proof. O

Our aim is to show that T}, is indeed an ideal of T. We first need some preliminary results.
Lemma4.2 ([11, Lemma4.2]).If a, B € AT and ¢ + B € A* U {0}, then « is connected to B.
Lemma 4.3 ([11, Lemma 4.3]). Assume that ., B € AT are not connected, then f(ad(T,, T_y)) = 0.

Lemma 4.4. Fix oy € AT. The following assertions hold for « € [ag] and B,y € AT U {0).
(i) If [To, Tp, T, ] # O, then B, v, e + B+ y € [ao] U {0}.

(ii) If [Tg, To. T, ] # 0, then B, y, B+ +y € [ap] U {O}.

(iii) If [Tp. T, To] # O, then B, y, B+ v + & € [op] U {0},

Proof. (i) Apply Lemma 2.5(i) to get that o + 8 € A® U {0}.If B # 0, then Lemma 4.2 says that « is connected to 8, and
therefore 8 € [ag] U {0}. Next, we consider two cases:
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(Da+p+y=0.

It remains to check that y € [og] U {0}. If y # Osince —y = o + B € A*, keeping in mind Remark 3.1, one can

deduce that the family {«, 8, 0} is a connection from « to y. Thus, y € [ap].
2)a+pB+y #0.

Assume first that o« + 8 # 0, then o + B € A*®. Remark 3.1 allows us to conclude that {c, 8, ¥} is a connection from
atoa + B + y.Therefore,x + 8 + v € [ag]. If y # 0, then the family {«, 8, —a — B — y} provides us a connection
from « to y. Hence, y € [ap].

Finally, if « + 8 = 0 then necessarily y # 0. We claim that « is connected to y (which implies y € [«g]). Suppose
on the contrary that « is not connected to y; then from Lemma 4.3 we obtain that y (ad(T,, T—y)) = 0. In particular,
0 =y @d(Ty, T-))Ty = [Ta, T—a. Ty | = [T, Tg. T, ], which contradicts our hypothesis.

(ii) It can be proved similarly.

(iii) Lemma 2.5(i) and (v) imply 8 + ¥ € A* U {0}and @ + B + y € AT U {0}.If B # 0, an application of Lemma 4.2
gives that § is connected to y, provided y # 0. We then consider two cases:
(Na+p+y=0.

If y =0, then 8 = —« and we have done. Suppose then y # 0. The set {«, 0, 8} is a connection from « to y, since

B+ 7y = —a € A®. It shows that y € [ap], which imply B € [og] U {0}.

2Q)a+ B+ 7y # 0.1f B = y = 0 there is nothing to prove. Suppose now that 8 = 0 and y # 0, which imply that
y € A* N AT. Thus {o, —( + y), 0} is a connection from « to y, and {y, 0, «} is a connection from y to & + y and
we are done.If 8 # 0and y = 0,then 8 € A® and @ + B € A”. From here we can deduce that {a, — (o + 8), 0} is a
connection from « to 8 and {8, 0, o} is a connection from S to o + B. Hence B, « + B + ¥ € [«o]. Finally, if 8 # 0 and
y # 0, then {o, — (@ + B + ¥), ¥} and {B, y, a} are connections from « to 8 and from « to & 4+ B + y, respectively,
(provided B + y # 0), which imply 8, ¥y, + 8 + y € [ag]. The case 8 4+ y = 0 follows from Lemma 4.3, since it
implies that & ~ B whenever [Tg, T_g, T, | # 0. O

Remark 4.5. If o, 8,y € AT are suchthata + 8 + ¥ = 0 and [T, Tg, T, ] # 0O, then necessarily @ + B8 # O and y # 0.
Assume on the contrary that @ + 8 = 0. Then, [T, T_y, To] = ad(T,, T_,)To = 0, a contradiction. Hence, @ + 8 # 0 and
y # 0. Observe that « + 8 = Oifand only if y = 0.

Lemma 4.6. Fixag € AT.If a, B, y € [ap] U {0} witha + B +y = 0and§, € € AT U {0}. Then the following assertions hold.

(i) If [Ty, Tp, Ty 1, T,;,T];éOthemS €,8+ € € o] U{O}.
(11) If [Ts, [Ta, Tp, Ty 1, Te | # O then 8, €, 8 + € € [ap] U {O}.
(iii) If [Ts, Te, [Ta, Tﬂ,Ty]] #0thens, e, 8 + € e [ap] U {0).

Proof. (i) From Remark 4.5 we have that @ + 8 # 0 and y # 0. Since
0 # [[Tolv Tﬁ5 T}/]v T57 Te] C [TOH Tﬁ5 [T]N T57 Te]] + [T s [TDM Tﬂ’ T§]5 Té] + [T}/’ T§5 [TDM Tﬂ’ TE]]’
one of the three summands above is nonzero.

(1) Suppose that [Ta, Tg, [T,, Ts, Tc ] # 0, whichimplies [T, , Ts, Tc] # 0. Then Lemma 4.4(i) applies to get that 8, €, y +5+

€ € [ao] U {0}, since y # 0. Next Lemma 2.5(v) yields that 0 # [Ty, Ty, [Ty, Ts, Te]] C [Ta, Tg, Ty4s+4c |- From here and
taking into account that o and 8 cannot be both zero, Lemma 4.4 either (i) or (ii) givese+pB+y +6+€ = d+€ € [ag]U{0}.

(2) Assume [T,,, [Ty, Tg, Ts], T] # 0. Since y # 0, applying Lemma 4.4(i) to [T, Ty4p+s, Te] # 0, we get that
a+pB+6, €, +e=8§+a+B+y +¢€e€la]U{0}.

Now, Lemma 4.4 either (i) or (ii) (o« + B # 0) applied to [T, Tg, Ts] # 0 gives § € [ap] U {0}, which concludes the proof
in that case.

(3) To finish, let us assume that [T,, Ts, [T, Tg, Te]] # 0. It implies that [T, Tg, Tc] # 0. Since either o # O or 8 # 0,
Lemma 4.4 either (i) or (ii) yields

B, €, o+ B +¢€ € la]U{0}.
On the other hand, taking into account that y # 0, and [T,, Ts, Ty4g+e] # 0, a second use of Lemma 4.4(i) gives
8, a+B+e€, 5+e=y+5+a+B+e€ea]U{0}
as desired.
Statements (ii) and (iii) can be proved in a similar way. O

The following result is an immediate consequence of Lemma 5.2.

Lemma4.7. Fixag € A".If a, B, y € [ao]U{0} aresuchthat « +B+y = 0,and § € A"\ [aro]. Then §(ad([T,, Tg. T, 1, To))
=0.
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Theorem 4.8. The following assertions hold for a 3-Leibniz algebra T with root spaces decomposition T = Ty & (@a AT Ta).

(i) Forany ag € AT, the 3-Leibniz subalgebra Tioq) of T associated to [ag] is an ideal of T.

(ii) If T is simple, then there exists a connection between any two nonzero roots of T,and Ty = Y atpiy=0 [Ty, Tg, T, 1.
a,B,yeaTu|o)

Proof. (i) We have to show that [Tio,), T, T] + [T, Tjgy), T1 + [T, T, Tieg] C Tigq)- To do so, we divide the proof in several
steps.

Firstly note that [To oy], To, Tol + [To, To,[«q1> Tol + [To, To, To,je1] C [To, To, To] = 0O, by (5). Secondly, given «, 8 €
AT U {0} Lemma 5.2 gives

[To, 01> Tas Tgl + [T, To,ag1> Tgl + [Tas Tgs To,[ag1] C Tl
Therefore,

[To,1a1> T, T1+ [T, To 101, T1 + [T, T, To,[0g1] C T (8)
Fora, B € AT U {0}, using Lemma 2.5(v) and Lemma 4.4 we get

[®yelag) Ty Tas Tl + [Tas Byetagl Tys Tl + [Tas Tg, Sy efag) Tyl C Tiagls
that is, [Vig1s Ta, Tgl + [Tas Vil Tgl + [Ta, Tg, Viagl] C Tiag), Which implies

Vigol> T, T1 + [T, Viggl, T1 + [T, T, Vigg1] C Tigg- (9)

Our claim now follows from (8) and (9).

(i) The simplicity of T applies to get that Tj,; € {J, T} forany o € AT.If Tj,) = T for some oy € A" then [ao] = AT;
which implies that any nonzero root of T is connected to «g, and therefore, any nonzero roots of T are connected. Assume
now that Ty, = T for every @ € A". Then [o] = [B] forany a, f € T.Since A" = (J;,1c4,~[v] we get [a] = AT. That is,

all nonzero roots of T are connected. To finish, observe that Tp = > atpiy=0 [Ty, Tg, T, ] follows in any case. O
a,B,yeAT U0}

Notation 4.9. Let us denote
To ar = spang{[Ty, Tg, T, ] : ¢ + B +y =0, where o, B,y € AT U{0}} C Tp.
In what follows, we will use the terminology Ij,; := Ty where T, is one of the ideals of T described in Theorem 4.8(i).

Theorem 4.10. If U is a vector space complementof Ty 4r,thenT = u+Z[a]EAT/~ i) Moreover, [T, Iig). Iig 1+ ey, T 11+
Ui, Iipy, T1 = 0, whenever [o] # [B].

Proof. From T = To @ (Pyear To) = (U & Ty 1) & (PDyeyr To), it follows that P, 41 T = Bjgjenr/~ Vie) and
TO,AT = Z[a]EAT/“ To,[aj, which lmply

T:(‘u@TO,AT)@<€BTa>=u+ > s

aeAT [ale AT/~
where each I, is an ideal of T by Theorem 4.8. Now, given [«] # [B], the assertion
[T, Iie1, I1p1] + Uies T, Iigy] + [, I g1, T1 =0,

is a consequence of writing

[T, Iy, Itp)] = | To + Z Ty» To o) + Via> To.is1 + Vigy

- yeAT -

et T> il = | Toger + Vi, To+ Y Ty, Togs1+ Vg
L yedl n

Uie1s Iig1s T1 = | To,[a1 + Va1, To.ip1 + Vigr, To + Z T, |,
- yeal -

and applying (5), Lemmas 4.4 and 5.2 taking into account thata ~ 8. O

Corollary 4.11. If Ann(T) = 0and [T, T, T] =T, then T = P17/~ lfe-



212 A.J. Calderén Martin, J. Sanchez-Ortega / Journal of Geometry and Physics 116 (2017 ) 204-215

Proof. Since [T, T, T] = T, Theorem 4.10 applies to get

Ut Y Do Ut Y T Ut D g [=U+ D .

[a)eAT /~ [aleAT /~ [aleAT /~ [a)eAT /~
Keeping in mind that U C To and [T, lie), Iig)]] + U, T, Iip1] + Uies Iipy, T1 = 0 if [w] # [B], Lemma 4.4 and
(5) yield U = 0, thatis, T = 3 1, 1c 1/~ lia). To finish, given x € lioy N 314, ¢ 45, l1p) using again the equation
B ~a

[T, I[a], I[ﬁ]] + [I[a], T, 1[5]] + [I[ot]’ I[ﬁ], T] =0, for [O{] 75 [ﬂ], we obtain

[T.x 0]+ [ T.x. D> Iy | =0,
(Bl € AT/ ~

B>«

[X, T, I[a]] + | X, T, Z I[ﬂ] = 0,
(Bl € AT/~

B~ a

[X, I[a], T] + | X, Z I[Ig], T|=0.
[Ble AT/~

B~

Itimply that [x, T, T] 4+ [T, x, T] + [T, T, x] = 0, that is, x € Ann(T) = 0. Thus x = 0, proving that the sum is direct. O
5. Split 3-Leibniz algebras of maximal length. The simple components

In this section we study the simplicity of split 3-Leibniz algebras by focusing our attention in those of maximal length. This
terminology has its origin in the theory of gradation of Lie and Leibniz algebras. See, for example, [9,12,15,16,19]. Our goal
is to characterize the simplicity of a 3-Leibniz algebra T in terms of connectivity properties of its associated root system A”.

Definition 5.1. We say that a split 3-Leibniz algebra T = Ty, & (@ae AT Ta) is of maximal length if dim T, = 1 for any
ae Al

The following lemma is a consequence of the fact that the set of multiplications by elements in H is a commuting set of
diagonalizable endomorphisms, and every ideal of T remains invariant under this set.

Lemma5.2. Let T = Ty @ (P, r To) be a split 3-Leibniz algebra. Then every ideal I of T decomposes as = (I N Tp) &
(@ueAT (I n TO‘))'

In what follows T = Ty @ (D, ,r To) denotes a split 3-Leibniz algebra of maximal length. If I is a nonzero ideal of T,
then

I=(nTpe | PT.|.

aeA,T

where A,T ={yeal:In T, # 0} by Lemma 5.2. In particular, if we consider the ideal J, (see Definition 2.2), we get

J=inye | Pr|e|Pwm

acal, BeAf

with AT, ;= {a € AT : ] N T, = 0}. Moreover, we can write

AT =A] U AL (10)
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The notion of connectivity of nonzero roots, introduced in Definition 3.4, is not strong enough to detect whether a
nonzero root « of T belongs either to A]T or AZJ. Therefore, given a root space T, we have lost all the information about
the intersection of T,, with J. More precisely, we cannot assert when T, N] # 0. Due to the fundamental role played by such
of these intersections in the study of the simplicity of T, our next objective is to refine the previous concept of connections
of nonzero roots.

Definition 5.3. let o, 8 € AZ,, with ¥ e {—/,J}. We say that « is J-connected to 8, denoted by o ~; B, if there exists a
family {a1, @2, ..., @0, @11} contained in A7, U {0} if ¥ = —J or contained in £4" U {0} if ¥ = J, satisfying the
following conditions:

1. 01 = .
2. An odd number of factors operated under -+ belongs to £A7 | that is,

{ar, (a1 o) oz, (@ F o) B az) Fog) Fas, ..., (- (0 F o) Faz) & ) S aop) Foon1} C £AY.

3. The result of the operation of an even number of factors under -+ either belongs to +A* or is an element of @, that is,
{(or s+ a2), (o1 ) rag) s, oo, (G (g o) rag) e -+ ) ko) raon | C A% U O

4. ((--- ((1+k o) ta3) - o) ko) dongr € .

The set {a1, ..., ap} is called a J-connection from « to .

The next result can be proved in a similar way to Proposition 3.5.

Proposition 5.4. The following assertions hold.

(1) The relation ~; is an equivalence relation in AZJ.
(2) The relation ~; is an equivalence relation in A]T.

Motivated by the theory of split Lie algebras and triple systems [9,12,16], we introduce the following definition.

Definition 5.5. A split 3-Leibniz algebra T is root-multiplicative if:
(1) Givena € AL and 8,y € AL, U {0} suchthata+p € A*UOganda + 4y € A” then [T, Tg, T, ] # 0.
(2) Givena € A and B,y € AT U {0} suchthata+p € A*UOganda + g +y € Af then[T,, Tg, T, ] # 0.

Next, we would like to distinguish the elements of a 3-Leibniz algebra of maximal length T giving rise to elements in the
Lie algebra £ which annihilate the “Lie type roots” of T, in the following sense:
Definition 5.6. The Lie-annihilator of a split 3-Leibniz algebra of maximal length T is the set Z;;(T) = {v € T
ad(v, w) (@QGAT] Ta> = 0 for some w € T}.

Observe that Z(T) C Z;(T). Moreover, this is the natural ternary extension of the Lie annihilator of split and graded

Leibniz algebras of maximal length. (See [19].)
The symmetry of AL, is defined, as usual. To be more precise, AL, is symmetric if « € Al implies —« € A™. That s,

AL, = — AL, The same concept applies to the set A*. From now on we will assume that AL, and A*® are both symmetric.

Proposition 5.7. Let T be a split 3-Leibniz algebra of maximal length. Assume that T is root-multiplicative, Z;.(T) = 0 and
To = atpty=0 [To, Tp, T, 1 If AZJ has all of its roots J-connected, then any ideal I of T such that I € Ty + ] satisfies that

a,B,yeAT U0}
I=T.

Proof. Let I be an ideal of T such thatI & Ty + J. Applying Lemma 5.2 and Eq. (10) we can write

I=inye| P T |e| P 14| (1)
ajeal | BieA],
where
Azj.l ={a € AZJ T, NI #0}={a € AZJ :T, €I}, and
Al ={a €Al T, NI#0}={a €A :T, CI}.
From I Z To + ] we have AL, | # (; thus, we can fix some o € AL, | such that

0 Ty C 1. (12)
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Since «y is J-connected to any 8 € Alj, we can find a J-connection

{1, 72, - > vanpa} C AL U {0} (13)

from ag to B. Now, by Definition 5.3 and taking into account that AL, = — Al and A® = —A*, we have y; +y, € A*U O,

andy1 + 2 +ys= 1+ y) by € Aij. Then, the root-multiplicativity and maximality length of T apply to get
0# [T, Ty, Tl = Ty ppts = T e #9s C L

since T,, = Ty, C I. Repeating this process we get
0 # T((“'((Vl Sy) b y3) ) Fyan) Vg1 — LeB C I, forsome e € +1

which shows that

p C lforany B € A, and some €5 € .
0 # Ty CIf T, and s €1 (14)

We claim that ] N To C Z;;(T). In fact, foranyv € JN Ty and o € AZJ we have [v, w,T,] C T, C J,forany w € Tj.
Thus, if [v, w, T,] # 0, then « € AT, a contradiction. From here [v, w, T, ] = 0 and so

JNTy C Z(T) = 0. (15)

Let us also prove that

H=ad(To,To) + Y ad(T,, T,). (16)

T
aeA_]

From Remark 2.7 we can write H = ad(Ty, Tp) + ZyeAT ad(T,,, T_,).

If 0 # ad(t,,t_,) with either t, € Jort_, € ], then proceeding as before we obtain that 0 # t, € Ze(T), a
contradiction. Hence, since AT = AZJL'JAJT, Eq. (16) holds.

Our next aim is to prove that

To C I. (17)

To do so we study the triple products [T, Tg, T, ] which constitute Ty. Notice that Eq. (15) produces

To= Y [TaTsTl (18)
a+p+y=0

u,ﬂ,ye/\l]u(o)

Given o, 8,y € AZJ with @ + 8 4+ y = 0, from Egs. (4) and (5) we obtain that ¥ # 0, and eithera # Qor 8 # 0.
Ifa # 0and B = O, (respectively, v = 0and 8 # 0), then « = —y, (respectively, 8 = —y). Eq. (14) implies now
[Ty, Tg, T, 1 = [T_,, To, T, ] C I, (respectively, [Ty, Tg, T, ] = [To, T—,,, T,,] C I). To finish, if o, B, and y are nonzero, then
a+p e A°by [Ty, Ts, T, #0and o + B # 0.

Applying the root-multiplicativity of T we get [T, Tg, T_g] = T, C I since some Tcg (¢ € =£1)is contained in I. Thus
[Ty, Tg, T,,] C I, which jointly (18) imply Ty C I, as desired.

To finish, we claim that T,, C I forany y € AT 1t follows from Egs. (14), (16), and (17), by noticing that 0 # HT, =T,
foranyy #0. O

Proposition 5.8. Let T be a split 3-Leibniz algebra of maximal length. Assume that T is root-multiplicative, Z;(T) = 0 and

To=D)_ atp+y=0 [T, Tg, T, 1. Let I be a nonzero ideal of T contained in J. If A]T has all of its elements J-connected, then I = J.
a,B,yeaTu(0)

Proof. Applying Eq. (10) we can write

I=antye | @ 14| (19)

,BjEA}:I
where AJTJ ={a e A] T, NI#£0={a € AJT : T, € I}. Eq. (15) gives

I=r,. (20)

T
yEAj
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On the other hand I N Ty C J N Tp = 0, we can also write | = @Bje/‘}'l T, Thus, we can find some By € A]T’, such that

0#Tg CI.
Observe thatif 8 € AJT then —8 ¢ A.Indeed, in the opposite case, the fact Z;;(T) = 0 would imply ad(tg, t_g)(Ty) # 0

for some @« € A”,. But then o € AJT, a contradiction, so —8 ¢ A. Next, if y € A, a similar argument to the
one used in Proposition 5.7 guarantees the existence of a J-connection {31, &3, ..., 82r, §2r+1} from By to y such that
0 # [[...[Tgy» Tsy» Ts3 1, - - -1, Ty, » Tsy, ] = Ty, C L. The result now follows from Eq. (20). O

Theorem 5.9. Let T be a split 3-Leibniz algebra of maximal length. Assume that T is root-multiplicative, Z;;.(T) = 0 and

To=D>" wtpty=0 [Ty, Tp, T, ). Then T is simple if and only if AZJ and A]T have all of its elements J-connected.
a,B,yeATuio)

Proof. Suppose first that T is simple. Then H and Ty are as in Eqs. (16) and (18), respectively. Thus from (5) we obtain that
AZJ # .Givena € Alj,let [a]; ={B € AZ] D a~yBlandl = (ngﬁmﬁ(o) [Ty, Tg. Ty])ea(@ﬂe[a]] Tg) @]. Proceeding
like in Section 4 we can show that I is a non-zero ideal of T distinct from J. The simplicity of T yields that I = T, which
implies that [«]; = AT, that is, AT ; has all of its roots J-connected.

—J -

Suppose now J # 0 and take some 8 € A]T. If we define the linear subspace K = €9 T,. We have as above,

yeAl: B~y
taking also into account Eq. (15), that K is a non-zero ideal of T different to T. By simplicity K = J and then AJT has all of its
elements J-connected.

Conversely, given I a nonzero ideal of T, we distinguish two cases:

e IfI Z Ty + ], then Proposition 5.7 givesus I = T.
o IfI C To+J,thenINTy C Zy;e(T).Infact, foranyv € INTypand o € Aij we have that [v, Ty, T, ] C J, which implies that
[v, To, T,] = 0. Thus I N Ty C Z;(T) = 0. Applying Lemma 5.2 we obtain that C J, and so I = J by Proposition 5.8.

We have proved either I = T or I = J, which shows that T is simple, as desired. O
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