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1. Introduction

Solvable Lie algebras have played a significant role in recent decades, where they have been applied
systematically to integrable systems, in the formulation of non-abelian gauge theories, in quantum
gravity and string theories in the low-energy supergravity limit (see, e.g.[1,2]). The need for a classifi-
cation of solvable Lie algebras of higher dimensions in physics arises in particular in the classification
of higher dimensional Einstein spaces, or other pseudo-Riemannian spaces that can occur in string
theories, brane cosmology and other elementary particle theories.

Leibniz algebras were introduced at the beginning of the 90s of the past century by J.-L. Loday in
[3]. They are a “non-commutative” generalization of Lie algebras. Leibniz algebras inherit an important
property of Lie algebras which is that the right multiplication operator on an element of a Leibniz
algebra is a derivation. Active investigations on Leibniz algebra theory show that many results of the
theory of Lie algebras can be extended to Leibniz algebras. Of course, distinctive properties of non-Lie
Leibniz algebras have also been studied [4,5].

In fact, for a Leibniz algebra we have the corresponding Lie algebra, which is the quotient algebra
by the two-sided ideal I generated by the square elements of a Leibniz algebra. Notice that this ideal
is the minimal one such that the quotient algebra is a Lie algebra and in the case of non-Lie Leibniz
algebras it is always non trivial (moreover, it is abelian).

From the theory of Lie algebras it is well known that the study of finite dimensional Lie algebras
was reduced to the nilpotent ones [6,7]. In the Leibniz algebra case we have an analogue of Levi's
theorem [5]. Namely, the decomposition of a Leibniz algebra into a semidirect sum of its solvable
radical and a semisimple Lie algebra is obtained. The semisimple part can be described from simple
Lie ideals and therefore, the main problem is to study the solvable radical, i.e. in a similar way as in the
case of Lie algebras, the description of Leibniz algebras is reduced to the description of the solvable
ones. The analysis of works devoted to the study of solvable Lie algebras (for example [8-12], where
solvable Lie algebras with various types of nilradical were studied, such as naturally graded filiform
and quasi-filiform algebras, abelian, triangular, etc.) shows that we can also apply similar methods
to solvable Leibniz algebras with a given nilradical. Some results of Lie algebra theory generalized to
Leibniz algebras [13] allow us to apply the technique of description of solvable extensions of nilpotent
Lie algebras to the case of Leibniz algebras.

The aim of the present paper is to classify solvable Leibniz algebras with naturally graded filiform
nilradical. Thanks to the works [4,14], we already have the classification of naturally graded filiform
Leibniz algebras.

In order to achieve our goal we organize the paper as follows. In Section 2 we give some nec-
essary notions and preliminary results about Leibniz algebras and solvable Lie algebras with nat-
urally graded filiform radical. Section 3 is devoted to the classification of solvable Leibniz algebras
whose nilradical is a naturally graded filiform Lie algebra and in Section 4 we describe, up to iso-
morphisms, solvable Leibniz algebras whose nilradical is a naturally graded filiform non-Lie Leibniz
algebra.

Throughout the paper vector spaces and algebras are finite-dimensional over the field of the com-
plex numbers. Moreover, in the table of multiplication of an algebra the omitted products are assumed
to be zero and, if it is not noted, we shall consider non-nilpotent solvable algebras.

2. Preliminaries
In this section we give necessary definitions and preliminary results.

Definition 2.1. A vector space with bilinear bracket (L, [—, —]) over a field F is called a Leibniz algebra
if for any x, y, z € L the so-called Leibniz identity

[x, [y, zl] = [[x. ¥, 2] — [[x. 2], ¥]
holds, or equivalently, [[x, y1, z] = [[x, z], ¥] + [x, [y, z]]-
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Here, we adopt the right Leibniz identity; since the bracket is not skew-symmetric, there exists the
version corresponding to the left Leibniz identity,

[[x,¥]. 2] =[x, [y, z]] — [y, [x, z]].

From the Leibniz identity we conclude that the elements [x, x], [x, y]+ [y, x], forany x, y € L, liein
Ann.(L) = {x € L | [y,x] =0, for ally € L}, the right annihilator of the Leibniz algebra L. Moreover,
we also get that Ann, (L) is a two-sided ideal of L.

The two-sided ideal Center(L) = {x € L | [x,y] = 0 = [y, x], for ally € L} issaid to be the center
of L.

Definition 2.2. Alinear mapd: L — L of a Leibniz algebra (L, [—, —]) is said to be a derivation if for
all x, y € L, the following condition holds:

d([x, y]) = [d(x), y] + [x, d¥)].

For a given element x of a Leibniz algebra L, the right multiplication operators Ry: L — L, Rx(y) =
v, x],y € L, are derivations (for a left Leibniz algebra L, the left multiplication operators Ly: L —
L, Lx(y) = [x,y],y € L, are derivations). This kind of derivations are said to be inner derivations. Any
Leibniz algebra L has associated the algebra of right multiplications R(L) = {Ry | x € L}. R(L) is
endowed with a structure of Lie algebra by means of the bracket [Ry, Ry] = RxRy — RyRx = Ry .x]-
Moreover, there is an antisymmetric isomorphism between R(L) and the quotient algebra L/ Ann,(L).

Definition 2.3. For a given Leibniz algebra (L, [—, —]) the sequences of two-sided ideals defined
recursively as follows:

h=r, M =k, k>, M =g B = sy s >
are said to be the lower central and the derived series of L, respectively.
Definition 2.4. A Leibniz algebra L is said to be nilpotent (respectively, solvable), if there exists n € N
(m € N)such that L" = 0 (respectively, L™ = 0). The minimal number n (respectively, m) with such
property is said to be the index of nilpotency (respectively, of solvability) of the algebra L.

Evidently, the index of nilpotency of an n-dimensional nilpotent algebra is not greater than n + 1.

Definition 2.5. Ann-dimensional Leibniz algebra L is said to be null-filiform if dim =n+1-i,1<
i<n+1.

Evidently, null-filiform Leibniz algebras have maximal index of nilpotency.

Theorem 2.6 [4]. An arbitrary n-dimensional null-filiform Leibniz algebra is isomorphic to the algebra

NF,: [ei,er] =eiy1, 1<is<n—1,

where {eq, €3, . .., ey} is a basis of the algebra NF,,.

Actually, a nilpotent Leibniz algebra is null-filiform if and only if it is one-generated algebra. Notice
that this notion has no sense in Lie algebras case, because they are at least two-generated.

Definition 2.7. Ann-dimensional Leibniz algebra L is said to be filiform if dim L' =n—ifor2 <i<<n

Now let us define a natural graduation for a filiform Leibniz algebra.
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Definition 2.8. Given a filiform Leibniz algebra L, put [; = L /Li+1, 1<i<n—1andgr(l) =
Li®L @ - ®Ly—1.Then [L;, L;] € Li;; and we obtain the graded algebra gr(L). If gr(L) and L are
isomorphic, then we say that an algebra L is naturally graded.

Thanks to [14] it is well known that there are two types of naturally graded filiform Lie algebras. In
fact, the second type will appear only in the case when the dimension of the algebra is even.

Theorem 2.9 [14]. Any complex naturally graded filiform Lie algebra is isomorphic to one of the following
non isomorphic algebras:

N1 lei,er]l=—[er, el =e4q, 2<i<n—1.
O - lei, e1] = —[e1, ei] = eit, 2<i<2n—-2,
0 . .
lei, eant1—il = —[eant1—i, €] = (=1)' ey, 2 <i <.

In the following theorem we recall the classification of the naturally graded filiform non-Lie Leibniz
algebras given in [4].

Theorem 2.10 [4]. Any complex n-dimensional naturally graded filiform non-Lie Leibniz algebra is iso-
morphic to one of the following non isomorphic algebras:

£l [ le1, e1] = e3,

[ei,e1] =eiy1, 2<i<n—1,

F? =
n — .
lei,er] =eiy1, 3<i<n—1.

[ [e1, e1] = es3,
Definition 2.11. The maximal nilpotent ideal of a Leibniz algebra is said to be the nilradical of the
algebra.

Notice that the nilradical is not the radical in the sense of Kurosh, because the quotient Leibniz
algebra by its nilradical may contain a nilpotent ideal (see [6]).

All solvable Lie algebras whose nilradical is the naturally graded filiform Lie algebra n,, ; are classi-
fied in [15]. Further solvable Lie algebras whose nilradical is the naturally graded filiform Lie algebra
Qop are classified in [16].

Using the above classifications, we shall give the classification of solvable non-Lie Leibniz algebras
whose nilradical is a naturally graded filiform Lie algebra.

It is proved that the dimension of a solvable Lie algebra whose nilradical is isomorphic to an n-
dimensional naturally graded filiform Lie algebra is not greater than n + 2. Below, we present their
classification.

In order to agree with the tables of multiplications of algebras in Theorems 2.9 and 2.10, we make
the following change of basis in the classification of [15]:

e =ent1-i, 1<i<n, x=—f.

We also use different notation to denote the algebras that appear in [15]. That way the results would
be:

Theorem 2.12 [15]. There are three types of solvable Lie algebras of dimension n + 1 with nilradical
isomorphic to ny 1, for any n > 4. The isomorphism classes in the basis {e1, . . ., en, x} are represented by
the following algebras:
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[ei, e1] = —[eq, ei] = ejyq, 2<is<n—1,
Spria, B) : 1 [ei,x] = —[x,eil = ((i—2)a+B)e;, 2<i<n,
[e1, x] = —[x, e1] = aey.

The mutually non-isomorphic algebras of this type are Sy+1,1(8) = Su+1(1, B) (depending on the value
of B, in this case there are three different classes, p =0, =n—2and B ¢ {0,n — 2}) and Spy12 =
Sn+1(0, 1).

[ei, e1] = —[eq, ei] = eiyq, 2<i<n—1,
Sny13: 1 lei,xl=—[x,el=@G—1e, 2<i<n,

[er,x] = —[x,er] = e1 +e3.

lei,e1] = —[er, el =eiy1, 2<i<n—1,
Snt1,4(03, 04, ..., Q1) : - )
. " lei,x] = —[x, el =ei+ > api—ie, 2<i<n,
I=i+2
where at least one «; satisfies o; 7 0 and the first non-vanishing parameter {as, ..., ap—1} can be

assumed to be equal to 1.

Theorem 2.13 [15]. There exists only one class of solvable Lie algebras of dimension n 4 2 with nilradical
Np,1. It is represented by a basis {e1, e, . . ., ey, X, y} and the Lie brackets are

[ei, e1] = —[eq1, e]] = eiyq, 2<i<n—1,
[ei, x] = —[x,e] =(—2)e, 2<i<n

Sny2: ’
ler, x] = —[x,e1] = eq,

[eiay] = _[y7 ei] = €, 2 i

N
N

n.
Now we recall the classification given in [16] after the following change of basis:
ey =—e, X =-Y, y=-Y

Proposition 2.14 [16]. Any solvable Lie algebra of dimension 2n+1 with nilradical isomorphic to Qay, is
isomorphic to one of the following algebras:

[ei, e1] = —[eq, ei] = ejy1, 2<i<2n-2,
lei, e2nt1—i] = —[eant1—i, eil = (—1)ex, 2 <i<n,
Qny1,1(@) @ g [er, x] = =[x, e1] = ey,
[ei, x] = =[x, el = (—2+a)e;, 2<i<2n—1,
[ean, x] = —[x, e2n] = (2n — 3 — 2a) egy.
[ei, e1] = —[e1, &i] = eiy1, 2<i<2n—2,
lei, eant1—i] = —[eant1—ir eil = (—1)'ex, 2<i<n,
Qony1,2 0y [e1,x] = =[x, e1] = eq + € ez, £=0,1,
e, x] = —[x,e;] = (i —n)e, 2<i<2n—1,

[ean, X] = —[x, e2n] = eap.



2978 J.M. Casas et al. / Linear Algebra and its Applications 438 (2013) 2973-3000

lei, e1] = —[er, ei] = e, 2<i<2n-2,
lei, ean1-i] = —[ean1-i 6] = (—=1) en, 2<i<n,
123
Qnt13(@) ¢ lez4s, x] =~ ezl = e+ ,;2 e pi,
0<i<2n—86,
[ean—i, X] = —[x, e2n—i] = ean—i, i=1,2,3,
[ean, x] = —[x, ean] = 2ea.

Proposition 2.15 [16]. Forany n > 3 there is only one (2n + 2)-dimensional solvable Lie algebra having
a nilradical isomorphic to Qop:

[ei, e1] = —[eq, ei] = ejyq, 2<i<2n—2,
lei, eant1—i]l = —[eant1—i, €] = (—1)'ezn, 2 < i< m,

[ei, x] = —[x,e]] =iej, 1<i<2n—1,
[eZn» X] = _[X, 92n] = (2” + 1) €n,

lei, y] = —[v, eil = e;, 1<i<2n—-1,
[e2n, ¥] = —[y. ean] = 2 €2p.

Let R be a solvable Leibniz algebra with nilradical N. We denote by Q the complementary vector
space of the nilradical N to the algebra R. Let us consider the restrictions to N of the right multiplication
operator on an element x € Q (denoted by Ryj, ). If the operator Ry, is nilpotent, then we assert that
the subspace (x + N) is a nilpotent ideal of the algebra R. Indeed, since for a solvable Leibniz algebra
R we get the inclusion R> C N [13], and hence the subspace (x 4+ N) is an ideal. The nilpotency of this
ideal follows from the Engel’s theorem for Leibniz algebras [13]. Therefore, we have a nilpotent ideal
which strictly contains the nilradical, which is in contradiction with the maximality of N. Thus, we
obtain that for any x € Q, the operator Ryj, is a non-nilpotent derivation of N.

Let {x1, ..., X;n} be a basis of Q, then for any scalars {1, .. ., o} € C\ {0}, the matrix a1 Ry, |, +
-+ ++ Ry, is not nilpotent, which means that the elements {x1, . .., X} are nil-independent [17].
Therefore, we have that the dimension of Q is bounded by the maximal number of nil-independent
derivations of the nilradical N. Moreover, similar to the case of Lie algebras, for a solvable Leibniz

algebra R the inequality dim N > dig‘R holds.

3. Solvable Leibniz algebras whose nilradical is a Lie algebra

It is not difficult to see that if R is a solvable non-Lie Leibniz algebra with nilradical isomorphic to
the algebras ny, 1 or Q2p, then the dimension of R is also not greater than n -2 and 2n -+ 2, respectively.

Let np, 1 or Qzp, be the nilradical of a solvable Leibniz algebra R. Since the ideal I = ({[x, x] | x € R})
is contained in Ann,(R), then I is abelian, hence it is contained in the nilradical. Taking into account
the multiplication in n, ; (respectively Qz,) we conclude thatI = ({e,}).

Having in mind that an (n + 1)-dimensional algebra R is solvable, then the quotient algebra R/I
is also a solvable Lie algebra with nilradical n, ; (whose lists of tables of multiplication are given in
Theorems 2.12 and 2.13).

Case n,, 1. Let us assume that R has dimension n + 1, then the table of multiplication in R will be equal
to the table of multiplication of Sp11 5, (i = 1, 2, 3, 4), except the following products:

[e1, x] = arer + yaey, [e2, x] = Biez + ysen,
[x, e1] = —ajer + yieq, [x, e2] = —Biex + yaeq, [x, x] = y3en,

where (y1 + y4, Y2 + 5, ¥3) # (0,0, 0).
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Note that taking the change of basis

/ /
ep=aje;+ysen, e =preatysen

we can assume that y, = y5 = 0, i.e,, [e1, x] = @ e and [ez, x] = B es.
It is not difficult to see that, for the omitted products, the antisymmetric identity holds, i.e.

lei, e1] = —[er, el =eip1, 2<i<n—1,
[ei, x] = —[x, ei], 3<isn
We have [e;;, x] = 0 because 0 = [x, e,] = —|[en, x].
Consider

0= [X’ el‘l] = [X, [eTI*]a 9‘1]] = [[Xa el‘l*l]a e]] - [[X7 E]], enfl] = _(n -2 + ﬂ) én.

In the list of Theorem 2.12 only the algebra S;+1,1(B) is representative of the class for which the
equality [e,, x] = 0 holds. This class is defined by 8 =2 — n.

Therefore, in the case of dim R = n 4 1 whose nilradical is n,, 1, we have the following family:
lei, e1] = —le1, ei] = eit1, 2<isn—1,
le1,

[x, e

]
x] =
I=—e1+r1en,
Ruy1.1(v1, v2, v3) 1 lea, x] = (2 —n)ey,
[x,e2] = (n—2)es + y2en,
lei, x] =
[x, x] = y3 en,

where (y1, y2, y3) # (0,0, 0).
Applying a similar argument and the table of multiplication of the algebra in Theorem 2.13, we
conclude that solvable non-Lie Leibniz algebras of dimension n + 2 with nilradical n, ; do not exist.

—[x,el=(@{—n)e;, 3<i<n—1,

Theorem 3.1. Any (n 4 1)-dimensional solvable Leibniz algebra with nilradical n, ; is isomorphic to one
of the following pairwise non isomorphic algebras:

Rn41,1(0,0,1), Ry41,1(0,1,0), Rpg1,1(1,1,0), Rpy1,1(1,0,0).

Proof. We consider the general change of basis in the family Ry41,1(y1, V2, ¥3):

n n n
9/1 =2Aiei, e;:ZB,’e,‘, X/=DX+ZC,‘61',
i=1 i=1 i=1
where (A1Bz — B1A2)D ;é 0.

Using [ej, e] = ej,4, 2 < i < n — 1, the table of multiplication of Ry41,1(¥1, ¥2, ¥3) and an
induction, we obtain

n
el = A7’ D (A1Bj1a—i — BiAjzo—i) e, 3<i<n
Jj=i
From the equalities

n
0 = [e5, €3] = B1 D (A1Bj—2 — BiAj2) ¢},

j=4
we have By = 0.
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Consider the multiplications

n—1 n
le}, X'1=ADe; —D D Ai(n —i)ei + D (Ai—1Ci — A1Gi—1) &
i=2 i=3
n—1
= ADe; —A;D(n —2) ey + Z (A,'_1C1 —A1G_1— (n— i)AiD) e;
i=3

+ (Ap—1Cr — A1Ga—1) ep.

On the other hand, we have
n
le}, X]=¢} = > Ae.
i=1

Comparing the coefficients of the basis elements we derive:
A1G —AG )
D=1, A=0, Ajpp=——"—"—, 2<is<n—2,
i—n—1
An = A1G—1 — Ap—1Gar.

From the equalities

—(n—2) D> Bej= — (n—2)e) = [¢},x] = |:ZB;ei, X+ ZCie,}
i=2 i=1

i=2

—1 n
= — > Bi(n—i)ej+C; >_Bi_e;
i=2 i=3

n—1
= —By(n—2)ez + ), (Bi—1C1 — Bi(n — i))e; + Ba_1Cyen,
i=3

we deduce the following restrictions:
B,Ci™?
(i—2)"
In an analogous way, comparing coefficients at the basis element e, in the equalities, we obtain:
V3Al *Byen = yy€, = [X . X1= (13 4+ Ciy1 + Cya) e,
and thus
Yl = 3+ Gy + Gy
£ S
Al%B,
With a similar argument, we obtain

B = (—1)'

3<i<n.

—e} + AT’ Bayien = —e] Ty €, =X, €1l = =€) + Ay ey,
and
—(n =2 ey + AT By en = (n—2) &y +yye, = ¥ )] = (1= 2)¢) + Bayzen,
and hence
)// o 1 V2
1= 735 2
A'3B, A2
Now we shall consider the possible cases of the parameters {y1, v2, v3}.
Case 1. Let y; = 0.Then y{ = 0.
Ify, = 0,theny, = Oand y§ = 53— # 0.Putting B, =

Al%By
thus the algebra is R;4+1,1(0, 0, 1).

and y; =

A,’./iz , then we have that y; = 1, and
1
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If y, # 0, then putting Ay = "%y, and G, = —%, we get y, = 1and y4 = 0, i.e. we obtain the
algebra R;41,1(0, 1, 0).

Case 2. Let y; # 0.Then putting B, = A,,yl3 and C; = —’/3';#, we have:
1
V2
n=1 rn==> r=0
A

If o # 0, then putting A7 = "/, we have that ; = 1, and thus we obtain the algebra

Rut1,1(1,1,0).
If y» = 0, then we get the algebra R,11,1(1, 0, 0). O

Case Q. Similarly as above, from Propositions 2.14 and 2.15, we conclude that solvable non-Lie Leibniz

algebras with nilradizcal3an exist only in the case of dimR = 2n + 1 and they are isomorphic to
e

Qant1,1(a) for o = 2= Thus, we have
lei, e1] = —[e1, ei] = eit1, 2<i<2n—2,
lei, e2nt1—i]l = —[eanyi1—ir el = (—1)'exn, 2<i<n,
[e1, x] = ey,
[x,e1] = —e1 + y1en,

2n—3
Ront1,1 01 [e2, x] = 5 e,
2n—3
[x,e2] = — ;e + y2en,
2n+2i—7 ,

[x,x] = ysen,

where (y1, y2, v3) # (0,0, 0).

Theorem 3.2. Any (2n+ 1)-dimensional solvable Leibniz algebra with nilradical Qo is isomorphic to one
of the following pairwise non isomorphic algebras:

Ron41,1(0,0,1), Rout1,1(0,1,0), Ropg1,1(1,1,0), Rpngq,1(1,0,0).

Proof. The proof is carried out by applying similar arguments as in the proof of Theorem 3.1 O

4. Solvable Leibniz algebras whose nilradical is a non-Lie Leibniz algebra

In the following proposition we describe the derivations of the algebra Frl,.

Proposition 4.1. Any derivation of the algebra F,} has the following matrix form:

o1 (0%) o3 [0 7] ... Op—q [0
0 a1 +ay o3 o4 .. Op—1 B
0 0 2001 + ay o3 ce. Q2 On—1
0 0 0 31+ 0oy ... ap—3 Qn—2

0 o0 0 0 ... 0 n—Da+a
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Proof. Let d be a derivation of the algebra. We set
n n
d(er) =D aje, d(ex) =) Biei.
i=1 i=1

From the equality
0 = d([eq, e2]) = [d(e1), e2] + [e1, d(e2)] = B es,
we get f1 = 0.
Further, we have
n—1
d(es) = d([er, e1]) = [d(eq), er] + [e1, d(e1)] = oy + o) e3s + D ajeifq.
i=3
On the other hand,

n—1
d(e3) = d([ez, e1]) = [d(e2), e1] + [e2, d(e)] = (o1 + B2) es + D Bieit.
i=3
Therefore, B, = a1 + a2, Bi=0w;, 3<i<n—1.
With similar arguments applied on the products [e;, e1] = e;j+1 and with an induction on i, it is
easy to check that the following identities hold for 3 < i < n:
n
dle) = ((i— Dag +az) e+ D aj—izoe, 3<i<n O

j=i+1

From Proposition 4.1 we conclude that the number of nil-independent outer derivations of the
algebra F,} is equal to two. Therefore, by arguments after Proposition 2.15, we have that any solvable

Leibniz algebra whose nilradical is F! has dimension either n + 1 or n + 2.
4.1. Solvable Leibniz algebras with nilradical F}
Below we present the description of such Leibniz algebras when dimension is equal to n + 1.

Theorem 4.2. An arbitrary (n + 1)-dimensional solvable Leibniz algebra with nilradical F,} is isomorphic
to one of the following pairwise non-isomorphic algebras:

[ei, e1] = ejy1, 2<i<n—1,
X,e1] = —e; — ey,
R, : [x, e1] 1—e
[e1, x] =eq,
lei,x]| =(—1)e, 2<i<n
[ei, e1] = ejy1, 2<i<n—1,
[x,e1] = —ey,
Ry() :
@ [er, x] = ey,

e, x] =(—1+a)e, 2<i<n,

[ei, e1] = eiyr1, 2<i<n—1,



Ry :

Rs(ay, ..

R6(C(4, .

R7 (g, ..

Moreover, the first non-vanishing parameter {oy, ..
. Oln71) and R7(Ol4, ..

Rs(og, ..
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[ei, e1] = ejy1,

[x,e1] = —ey,

S Q1) :

S, Q)

° Olnfl) :

2<i<n—1,

[e1,x] = e1 + e,
lei,x] =({+1—n)e;,

[x, x] = —ep—1.

2<i<n,

[er, e1] = es,

lei, e1] = eit1,
n—1
le1.x] = e+ > aje
i=4
n—1
le2, x] = e+ > aje;,
i=4

n
lei.x] =ei+ D ajir26)
j=it2

[e1, e1] = es,

lei, e1] = eiy1,
n—1
le1,x] = ex + Zaiei—f-en
i=4
n—1
le2. x] =e2 + > aje,
i=4

n
'7 = - 9
[ei, x] = e; + Z j—j12 €
j=it2

[e1, e1] = es,

lei, e1] = ejy1,
n—1
le1,x] = e+ > aje;,
i—4
n—1
le2. x] = e+ > aie+en,
i=4

n
lei,x] =€+ > aj_it2ej,
j=it2

., p—1) can be scaled to 1.

/N
N

N
N

N
N

/N
N

N
N

N

| <

.,0p_1} in the algebras Rs(cy, ..
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n—1,
n.
n—1,
n.
n—1,
n.
. 7“11—1);

Proof. From Theorem 2.10 and arguments after Proposition 2.15 we know that there exists a basis

{e1, e, ..

coming from R"'rl (e)), 1 <i<n,ie.
n

., en, X} such that the multiplication table of the algebra F}l is completed with the products
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n n—1
ler.x] = > aiei,  [ea,x] = (a1 +a2)er + D aiei+ Bep,
i=1 i=3

n
lei,x] = ((i— Doy +a2)ei+ D, aj_iyze, 3<i<n
j=it1

Finally, we consider the remaining products as follows:

[x,e1] =D Biei. [x.e2l =D yiei, [x.x] = e
i=1 i=1

i=1
From the chain of equalities

0 =[x, e3] =[x, [e2, e1]] = [[x. e2], e1] — [[x, e1], e2] = [[x, e2], e1]
n
=1 +r)e+ . vi16,
i=4
we conclude that y, = —yq, 3 =0,3<i<n—1.
Since y1e3 = [eq, [x, e2]] = [[e1, ], e2] — [[e1, e2], X] = 0, then y; = 0.
The identity
[e1. [x, e1]] = [[e1, X1, e1] — [[e1, e1]. x]
implies 1 = —og.
Applying the Leibniz identity to the elements of the form {x, x, e;} and {x, e, x}, we conclude that:
[ ((n—MNay +a2)yn =0,
(n —2)aryn = 0.
Note that y, = 0 (otherwise @; = o, = 0and then we get a contradiction with the non-nilpotency
of the derivation R"'pl (see Proposition 4.1)).

Now we are going to discuss the possible cases of the parameters oy and o;.
Case1.; # 0.
Case 1.1. Let o1 #~ f,. Then taking the following change of basis:

/ 1 / l iﬁ
X =——x, e =e — — i €,
2l ¥1 =
] n
/ .
&=-" <(—a1 +B)ei+ D Bi-iy ej> , 2<i<n,
; &
Jj=i+1

we obtain
n

ler,e1] =es, [er,x] =D uiei, leer]l =eipq, 2<i<n-—1,
i=1
n

n
[x,er]l=er, [ea,x] =D miei, [x,e2] =0, [x,x] = 6e;.
i=1 i=1

From the equalities

0 =[[e1, e2], x] = [e1. [e2, x]] + [[e1. x], e2] = [61, > i ez} = nes,

i=1

we getn; = 0.
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Consider
les, x] = [[e1, e1], x] = [e1, [e1, xI] + [[e1. x], eq]
n—1 n—1
=pres+ (U1 + p2)es+ D pieipr = (Qu1 + i2) €3+ D, MiCis1.
i=3 i=3
On the other hand,
n—1
les, x] = [[e2, e1], x] = [ea, [ex, x]] + [[e2, x], e1] = p1es +maes + D mieiys
i=3
n—1
= (u1+m)es+ > nieiy1.
i=3
The comparison of both linear combinations implies that:
N2 =p1+ Q2 Ni=Hi, 3<i<n—1,
that it is to say:
n—1 n—1
le2, ] = (1 + p2) €2+ > piei + nnen and [es, X] = u1 + p2) €3+ > pieir1.
i=3 i=3
Now we shall prove the following equalities by an induction on i:
n
lei, X1 = ((i— D1+ p2) e+ D pj—ipze, 3<i<n (1)

Jj=it+1
Obviously, the equality holds for i = 3. Let us assume that the equality holds for 3 < i < n, and we
shall prove it for i + 1:

leir1, x] = [lei, e1], x] = [ei, [e1, x1] + [[ei, x1, e1]

n
= w1eip1 + ((G— Dpr + p2) eipr + D Hjmig €
j=it2

n
= (in1 + 12) ip1 + D, Kj—it1€:
j=i42
so the induction proves the equalities (1) forany i, 3 <i < n.
Applying the Leibniz identity to the elements {eq, x, e1}, {e1, x, x}, {x, e1, x}, we deduce that:

1 =-=1, pup=01=0, 6;=pip;, 2<i<n—1.
Below, we summarize the table of multiplication of the algebra
[er,er] =es3

[ei, e1] = ejyq, 2<is<n—1,

n
ler. x] = —e1 + > wiei,

i=3

n—1
le2, X] = —e2 + > piei + nep,

i=3

n
lei,x] = —(i—1Dei+ > pj-it2e, 3<i<n,
j=i+1
n—1

[x, e1] = ey, [X,X] = D fit1 € + Open.

i=2
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Let us take the change of basis in the following form:

n n n
eﬁ =e; + ZA,‘(?,‘, 6/2 =e + ZAiei, e,f =e + Z Aji_itzej, 3<i<n,

i=3 i=3 Jj=i+1
n—1
/
X = ZA:'+161 + Bey + X,
i=2

where
i—1

1
As=p3, A= ——|ui+ D Apijp2 ], 4<i<n, and
(l - 2) j=3

1
B=—— (9n+z/'\1ﬂn ]+3)
n—1
j=3
Then
n—1
[X,ei1=| D Air1ei +Ben +x, €1 —61+ZA161—61,

i=2 i=3

le}, x'T = [e1, x] + D_ Aile;, x]
i=3

n n n
= —e;+ > piei+ DA (—(i —Dei+ . /Lj—i+2€j>
i=3 i=3

j=it

n n n n n
= —e; — > _Aiei + D piei — > Aii — 2)ei + D _A; (Z Hj—i+2€j)
i=3 i=3 i=3 i=3

j=it1
n n n n [fi—1
=—e1 — > Aei+ D piei — > Aili —2)ei + D | D Ajioji2 | e
i=3 i=3 i=3 i=4 \j=3

n
= —e; — > _Aiei + (u3 — As)es
i=3

i—1
+ Z ( Ai(i —2) 4+ i + ZA,ul_m) ej

Jj=3

/
= —er — ZAiei = —e,

leh, x'] = [e2, x] + D Ailej, x]
i=3

n—1 n
=—e+ Z Hiei + Nnpen + ZAI ( —De; + Z Mj—i+2 6j>

i=3 i=3 Jj=i+1

n—1 n n n
=—e — ZA ei + X piei + nnen — D_Ai(i — 2)ei + D A; (Z Mj—i+2 ej>

i=3 i=3 i=3 i=3 j=i+1
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n n—1 n n i—1
=—ey — D> Aei+ D puiei + nnen — D Ai(i — 2)ei + (/ZAjMi—j—i-Z) e
i=3 i=3 i=3 i=4 \j=3

n n—1 i—1
=—ey— > Aei + (u3 —As)es + D (-A:‘(i —2)+ui+ ZAjMi—j—i-Z) e

i=3 i=4 j=3

n—1
+ (nn —(n—2)A, + ZAiMn—H-Z) en = —6/2 + 77/ e;,,

i=3
n—1
(X', X1= D" Air1lei, x] + Blen, x] + [x, x]
i—2
n—1 n n—1
=> Aipr [—G(—Dei+ D ujiy2ej| =B — Deq + D piy16i + Onen
i=2 Jj=i+1 i=2
n—1 n—1
=— > Aip1(i— Dei+ D pir1e; — B(n — 1)e, + Oney
i=2 i=2

n—1 n
+ ZAi+1 (Z Mj—i+2€j)
i=2 '

=it+1
n—1 n—1
= — > Aip1(i— Dei+ D pipr1e; — B(n — 1)ey + bpen
i=2 i=2

n i
+> </ZA}‘M1‘—1+3> e
i=3 j=3

n—1 i
= (u3 —As)ez + <—Ai+1 (=1 + pit1 + ZAjMi—j+3> e
i=3 j=3

n
+ <—B(n —1)+0, + ZAjMn—jH) en = 0.
j=3

With a similar induction as the given for Eq. (1), it is easy to check that the following equalities
hold:

lej, x] = —(i—1)e, 3<i<n.
Thus, we obtain the following table of multiplication:
[e1, e1] = e3, lei, e1] = eitq, 2<isn—1,
[x,e1] = e, le1, x] = —eq,
le2,x] = —ex +nen, e, x] =—(—1e, 3<i<n
If n # 0 then by taking the change of basis
e, =e + %en,

we getn’ = 0.
Finally, by applying the change of basis X' = —x and e’1 = eq — ey, we get the algebra R;.
Case 1.2. Let vy = f,. Then by taking the following change of basis:



2988 J.M. Casas et al. / Linear Algebra and its Applications 438 (2013) 2973-3000

i =e —ey, € =¢, 2<i<n,

we can assume that the table of multiplication is the following

[ei, e1] = eiy1, 2<i<n—1,
n
[x,e1] = —are; + D Biei,  [e1, x] = areq + (o — B)ey,
i=3
n—1
le2, x] = (o1 + a2)e; + D aiei + Bey,
i=3
n
lei, x] = ((i — Doy + az)ei + > aj_isaej, 3<i<n,
j=it1
n
[x,x] = D Se.
i=1
Now, by taking
1 1 n—1
X'=—x——7> Pine,
Rl B
and renaming the parameters, we get
[ei, e1] = eiy1, 2<i<n—1,
[x,e1] = —eq, [e1,x] =e1 + Ben,
n—1
le2, ] = (14 az)ez + D aiej + Aen,
F =3 "
lei,x] = (i— 14+ a)ei+ > aj_it2ej, 3<i<n,
j=it+1
n
[x, x] = ZS,-E,-.
i=1

Making the change of basis
n
X=x, e =e, € =¢e+ Z Aji_it2ej, 2<i<n,

j=it1
where
1 i—1
A3 = —a3, A= _ﬁ(ai + ZAjO(l;jJrz), 4Lis<n—1,

_ 5
1 n—1

Ap= — A4 D Ajan_ji2 |,
n—2 i

and applying the Leibniz identity, we obtain of F the family of algebras
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[ei, e1] = eiy1, 2<i<n—1,
[x,e1] = —eq,
Fe, B,y) : y ler,x ]—e1+ﬁen,
x] =

[ei,
[x,x] = —Ben—1 + ven.

Let us take the general change of basis elements in the family F(«, 8, ),

ZA,e,, e2 ZB,e,, X —Cx—i—ZP,e,,

we obtain in the new basis {e}, €}, ...
expressions:

, n, x'} the behavior of the parameters with the following

o =q, '6/

A+ (n—2+a)A, V/ yAr + (n — 14 o) (PpAq _PlAn)
An 232 ’ An 332
Case 1.2.1. ¢ # 2 — n. Taking

AiB

A= ———,
g n—2-+a«a

we get B/ = 0.
Case 1.2.1.1. @ # 1 — n. Taking
—yA1 + (n— 14 )P4,

Py = ,
(Tl—1+0l)A1

we have y’ = 0 and hence the family Ry () witha € C\{2 —n, 1 — n}.
Case 1.21.2.« = 1 — n. Then
Y = 14
A"B,

If y # 0, then taking B, = we get ¥’ = 1 and thus we obtain the algebra R3.

14
An S n—4’
If y = 0, then we have the algebra Ry(a) witha =1 — n.
Case 1.2.2. « = 2 — n. Then we have

B = p Y = vA1 + PaAAr — P1Ay
AT3By’ Al3B, ’
—yA; + PA
Set P, = %,we gety’ = 0.
1

If B # 0, then taking B, = we get B/ = 1 and hence we obtain the algebra R4.

An an—3"’
If B = 0, then we have the algebra Ry(a) withae =2 — n.
It is easy to check that any algebra of the family F(c«, B, ) is not isomorphic to the algebra Ry
applying a general change of basis.
Case 2. Let 1 = 0, oy # 0. Then making the following change of basis
n—1
X =x—2 B,
i=2

we can assume that [x, e;] = B, es.



2990

J.M. Casas et al. / Linear Algebra and its Applications 438 (2013) 2973-3000
From the identity

[x, [x, e1]] = [[x, x], e1] — [[x, e1], x],

we derive

n n n—1
0="> Si—1ei— Balez, x] =D Si_1ei — Ba ( )
i=3 i=3

> ajei+ Bey
i=2
consequently, 8, =0, §; =0, 2<i<n—1.

Making the change of basis

o2
we can assume that [x, x] = 0.
Summarizing, we obtain the following table of multiplication of the algebra in this case

[e1,ei]l =e3, [ej,e1] =eitq, 2<is<n—1,

n n—1
ler,x] =D aje, [ez,x] =D ajej+ Ben,
i=2 i=2

n
lei. X1 = D aj_isa e, 3<i<n
=i

Now we shall study the behavior of the parameters in this family of algebras under the general
change of basis of the form

n

/

e; = > A,
i=1

n
e =A (A +A)ei+ > Aiipae|. 2<i<n,
j=i+1
n
X' =) Biej + Byjx, where A (A1 + A2)Byqq # 0.
i=1
Then the equalities

n n
0=[x,ej]l= |:Z Biei + Bn+1X,A1€1} =A ((31 + By)es + ZBi—lei)
i—1 i—4
implyBl =—B),Bi=0,3<i<n—1.

Now we shall express the product [e], x'] as a linear combination of the basis {eq, 3,
namely:

..y epn, X},

n
[e; ) X/] = |:Z Aieia B] (5] + Bn+lx:|
i=1

n
=B ((Al +Ax)es + ZAi—lei>

i=4

n n—1 n n
+ Bny1 (Al > aiei + A (Z aie; + ,3€n> + DA zaj—i+2€j>
i=2 i=2

i=3  j=i
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n n
= B1(A1 +A2)es + > BiAi_1ei + Bry1A1 D aie;

i=4 i=2
n—1 n i
+ Buy1A2 Y ai€j + Buy1AzBen + Bopr D D Aiti—jyaei
i=2 i=3j=3

= Bpr1(A +Ax)az ey + ((Al + A2)(B1 + Bpyia3) + Bn+1A3062) e3

n—1 i
+> (BlAi—l + Bnt1 (A1 + A2 + ZBn—i-lAjai—j—i-Z) e
i=4 =3

n
+ (BlAn_l + Bt (Alan + A28 + ZAfan_i+z)) en.

i=3
On the other hand,
n n i_2 n
[e/l, X/] = ZO[{E,{ = Z(X{All_ (A1 + Ar)e; + z Aj_i+2€j
i=2 i=2 j=it+1

n n i
i_2 i
=2 A A+ Adei+ 20 D AT A e
i=2 i=3j=3

= ay(A1 + Ar)es + (A1 (A1 + Ar)e +A30!§) e3

n i L
+>° (oz{A‘l‘z(Al +Ay) + D AT Ay +2> ei.
i=4

j=3
Comparing coefficients at the basis elements in both combinations, we obtain the following rela-
tions:
o (A1 + Az) = Bnp1 (A1 + Ax)az,
A1 (A1 + Ax)oy + Asah, = (A1 + A2)(By + Bny1a3) + Bpp1Asa,

' . .
a[AT2 (A 4 Ap) + DA J"\J‘O‘Ljﬂ = B1Ai—1 + Bpt1(A1 + A
=3
i
+ ZBnHAjaHH, 4<i<n—1,
=3

n ) n
AT %al (A + Ar) + ZATJAJ‘C(,/]_HQ = BiAy—1 + Byt (Alan + A + ZAianiJrZ) .
j=3 i=3

The simplification of these relations implies the following identities:

Bi + a3Bnq o = Bnti1

C =N gCig<n—1,
Aq ! All_2 ST

’ ’
ay = Bppio, a3 =

o — nf1 + PAYBr i
! AT (A1 + Ay)

Analogously, considering the product [e}, x], we get the relation:
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and
_ (BB1 — anBi — aBp)Bntq

[le X’] = n—2 n-
A7 (A1 +Ap)
B1 — ayB
Since [x', x'] = 0, then B, = u
(2%)
Setting Bpy1 = 1/az and By = —a3/ary, then we derive that oy, = 1, o} = 0.
If 8 = 0and a; = 0, then 8’ = 0 and thus we obtain the algebra R5(ca, . . ., ay_1).
on — A2
If 8 = 0and o, # 0, then putting Ay = L An2—31 , we have o, = 1 and hence we obtain the
[0%) 1
algebra Rg(ag, ..., ap—1).
If B # 0, then choosing
n— A
m="10 4=l
as B
we obtain 8’ = 1, «j, = 0 and the algebra Ry (a4, ..., otp—1). O

Now we shall consider the case when the dimension of a solvable Leibniz algebra with nilradical
F}isequal ton + 2.

Theorem 4.3. There does not exist any (n + 2)-dimensional solvable Leibniz algebra with nilradical F,}.

Proof. From the conditions of the theorem, we have the existence of a basis {eq, €2, . . ., ey, X, y} such

that the table of multiplication of Fﬂl remains the same. The outer non-nilpotent derivations of F!,

denoted by R"|F1 and Ry\pl , are of the form given in Proposition 4.1, with the set of entries {¢;, '} and
n n

{Bi, 6}, respectively, where [e;, x] = RX‘Fl (e;) and [e;, y] = Ry‘ﬂ (ei).
Taking the following change of basis:
o o
K = B2 2 Y= B et 1 y.
a1 —afr o1fr — o

(2)

- X — y9
a1 — az B a1y — ax B

we may assume thato; = i = land oy = B = 0.
Therefore we have the products

n n—1
ler, x] = e1 + > aiey, le2, X] = ey 4+ D" ciei + yen,
i=3 i=3
n
lei, x] = (i— Dei+ > aj_iyae, 3<i<n,
j=it1
n n—1
ler,yl =ea+ > Biei, le2,y] = e + > Biei + Sen,
i=3 i=3
n
lei.yl=ei+ > Bi-it2ej, 3<isn.

j=it1
Applying similar arguments as in Case 1 of Theorem 4.2 and taking into account that the products

le1, ], [e2,¥], [ei, y] will not be changed under the transformations of bases which were used there,
we obtain the products:

[er, x] =eq, [e2,x] =ex+yen, [e,x]=(@{—1)e, 3<i<n, [x,e]=—ey.
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Let us introduce the notations:

y.eill =D mei. [y.eal =D 6ei, [y, x1=> piei. vyl =D e, [x.y] =D oie.
i=1

i=1 i=1 i=1 i=1

From the Leibniz identity

[E], [y’ el]] = [[elvy]5 e]] - [[E], e]]vy]a
we getn; = 0.

Note that we can assume [y, e1] = nze; (by changingy =y — 2?2—21 Nit1€i)-
Due to

[y, [e1. e2]] = [y, e1]. e2] — [[y e2], ex],

weobtainfy, = —6¢, 6; =0, 3 <i<n—1.
Since [eq, [y, e21] = [le1, y1, e2] — [[e1, e2], y], then we have 6; = 6, = 0. Moreover, the Leibniz

identity [y, [y, e21] = [y, ¥1, e2] — [[¥, e2], y] implies that 6, = 0, i.e., [y, e2] = 0.
From the following chain of equalities

0 =naly, e2] = [y, me2l = [y, [y, e1l] = [y, ¥, e1] — [y, e1]. y]

n
= (11 + 12)es + > Ti1e; — n2lea, y]

i=4
n n—1

=(m+1)es+ D tirei—m|ea+ > Biei+en |,
i=4 i=3

we derive that

=0, ©p=-1, =0, 3<i<n-—1

Therefore, we have [y, e;] = 0and [y, y] = t1e1 — T1€3 + Then.
Considering the Leibniz identity

[x, [y, e1]] = [[x. ¥], e1] — [[x. e1], ¥],

then we get
n n—1
—e; — > Biei = (01 + 02)es + D oieit.
i=3 i=3

Thus, we have a contradiction with the assumption of the existence of an algebra under the condi-
tions of the theorem. O

4.2. Solvable Leibniz algebras with nilradical F?

In this section we describe solvable Leibniz algebras with nilradical F?, i.e. solvable Leibniz algebras
R which decompose in the form R = F,f ® Q.
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Proposition 4.4. An arbitrary derivation of the algebra F,f has the following matrix form:

o1 0 O3 0O4 ... Op— (o)

08 0 0 ... O y

0 0 20[1 o3 ... Op—2 Op—1
D=

00 O 30(1 ... Op_3 [0 47

00 0 0 ... 0 (n—Nwy

Proof. The proof follows by straightforward calculations in a similar way as the proof of Proposition
41. O

Remark 4.5. It is an easy task to check that the number of nil-independent derivations of the algebra
F2 is equal to 2.

Corollary 4.6. The dimension of a solvable Leibniz algebra with nilradical F,f is eithern + 1 orn + 2.

Theorem 4.7. An (n + 1)-dimensional solvable Leibniz algebra with nilradical Fﬁ is isomorphic to one of
the following pairwise non-isomorphic algebras:

[e1, e1] = es, [ei, e1] = eiy1, 3<i<n—1,
Ri(@): 1 le,x] =—e1, [epx]=—({—1e, 3<i<n,
[x,e1] = eq, [x,x] = ey, o € {0, 1}
[er, e1] = es, [ei, e1] = eiy1, 3<i<n—1,
Ry(e) : 1 [er,x] = —eq, [ex]=—({—1e, 3<i<n,
[x,e1] = eq, [es, x] = a ey, o # 0.
[e1, e1] = es, [ei, e1] = eit1, 3<i<n—1,
Ry:q [er,x]=—e1, [e,x]=—(—1)e, 3<isn,
[x,e1] = ey, [e2,x] = (1 —n)ex + en.
ler,er]l =e3,  [e, e1] = eiyq, 3<i<n—1,
le, x] = —eq,  [e,x]=—({—1e, 3<i<n,
R4() :
[x,e1] =eq, [e2,x] = —a e, a#1,
[x,e2] = aes.
[e1, e1] =es,
[e1,x] = —er —aey,  a€{0,1}, [ex,x] = —e,
Rs(a) : 1 [ei, e1] = eit1, 3<i<n—1,
lei,x] =—(—1e, 3<i<n,
[x,e1] =e1 + e, [x, e2] = es.
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[e1, e1] = e3,

n
ler,x] =D aje;,  [e2,x] =e3,

i=3
Re(os, g, ..., o, A, 8) 1 1 [eie1] = eipa, 3<isn—1,

n
lei. x] = > oj_ij2e, 3<i<n-—1,

Jj=it1
[x,x] =Aen, [x,e2] =8ey, &€{0,—1}.

In the algebra Rg (a3, g, . . ., &y, A, 8) the first non vanishing parameter {c3, oy, . . ., &y, A} can be
scaled to 1.

Proof. Let R be a solvable Leibniz algebra satisfying the conditions of the theorem, then there exists
abasis {e1, e, . .., e, x}, such that {eq, e2, . . ., ey} is the standard basis of F2, and for non nilpotent

outer derivations of the algebra F?, we have that [e;, x] = RX|F2 (e)), 1<i<n,
n
Due to Proposition 4.4 we can assume that

n
ler,x] =D aiei,  [e2,x] = Baez+ Baen,
i=1

n
lei,x] = (i—Dajej+ D, ajipze, 3<i<n
Jj=i+1

Let us introduce the following notations:

n n n
[x.e1] =D viei, [x.eal =2 e, [x,x]=D Aie;.
i=1 i=1 i=1
Considering the Leibniz identity for the elements {eq, x, x}, {e1,x, e}, {x, ez, e1}, we obtain
M =0, y1 = —aq and [x, e2] = §2e2 + Spen. By setting e’2 = 8ye5 + Spen, We can assume that
[x, e2] = Ses.
Now we distinguish the following possible cases:
Case 1. Let &1 # 0. Then the following change of basis
1 1 &
h=er+—D ve, e,=e, e=e+— > yiie, 3<i<n,
" j=3 M j=it1
1
X =—x,
3!
implies that [, e]] = €] + y¢€), (where y = %) and the rest of products remains unchanging.
From the equalities:

er+ ]/(1 + 8) € = [X, [Xa E]]] = [[Xa X]’ 61] - [[Xv 61],X]
=D Aii1ei— > aiei—yPres — yPuen,
i=4 i=1

we deduce that

ar=—-1,a3=0, aa=—y(A+8+p2), Ai=ajr1, 3<i<n—2, and
An—1 = an + ¥Bn.
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In addition, if we take the following change of basis:

n n
/ / / .
eh=e+ D Ae, ey=e, e =e+ > A_ipe, 3<i<n,
i=4 j=i+2
n—1
X' =D Aiyr1ei+Bey +x,
i=3

1 1 i—2 1
where A; = Eaj’ j=4,5 A = ﬁ(ai + X Ajeijy2), 6 < i< nandB = —1()\,1 +
_ ) _
n—1
'Z;l Ajoi_j13), then we have
]:
le}, X1 = —€} + azé), le), X1 = Baey + Baep,
[, X]=—(—1e¢, 3<i<n, [X.X1=22¢) + yBne, ;.

Finally, we obtain the following table of multiplication of the algebra R:
le1,x] = —e1 —y(1+5+pfa)es, [e2,x] = Prez+ Buen,
[x,e1] =e1 +yea, lei, x] = —(i—1)e, 3<i<n,
[x, e2] = d ey, [x.x] =A2ex + yBnen.

Considering the Leibniz identity for the elements {x, x, e2}, {x, x, x}, {x, e1, x}, we obtain:

8B = 8(5 + B2) = 8ha = ¥8(8 + B2) = O.

Notice thatife; € Ann,(R), thendim Ann,(R) = n—1andife, ¢ Ann,(R),thendim Ann,(R) = n—2.
Now we analyze the following possible subcases:
Case 1.1. Let e; € Ann,(R). Then § = 0 and making the change e; = e; + ye; we can assume that
[x,e1] =ey.
In this case, we must consider two new subcases:
Case 1.1.1. Let e; € Center(R). Then dim Center(R) = 1 and 8, = B, = 0. Then we have two options:
if ., = 0, then we get the split algebra R1(0); if A, % 0, then we obtain the algebra R (1) by scaling
the basis.
Case 1.1.2. Let e; ¢ Center(R). Then dim Center(R) = 0 and (8,, Bn) # (0, 0).
Let us take the following general change of basis:

n n n
ey =D Aie, €, = Biej, € =A (A1ei + > A—iz2 ef) , 3<i<n,
i=1 i=1 j=i+1

n
X => Gei+ CGurx,
i=1

where (A]Bz — A231)Cn+1 75 0.

From 0 = [¢}, 7] = [€}, 5], we obtainthatB; =0, B; =0, 3 <i<n—1,i.e.ef =Byes+Bpey
and A132 ;ﬁ 0.

The equalities

n
¢y =[x, €]l =Ai1Cres + > AiGi1 e + A Capr €1,
i=4

imply that

CGir1=1, Ay=0, A3=A1G, A =AG, 4<i<n
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Similarly, from

32,3; ex + (Bn,Bé + ,B;QA?_]) en = ée/z + ,3;{, e:*[ = [e/27 X/]
= Byfres+ (B2fn — (n — 1)By) ey,

and
)»/232 ey + )‘/ZB" ep = )\,/2 6/2 = [X/, X/] =N+ GBr)er + (Clz —2C3)e3
n—1
+ 2 (C1Go1 — (i — 1D)G) e + (C1Ci1 — (n — Gy + C28y) en,
i=4
weobtainCi—( 1)’q 1,3<i<n—1and
B B +n—1 Ay + BoC
B = p Bl = 280 — Bn(B2 ) - Ba 2.

An 1 2 32
)\/an =CC—1 — (n - l)cn + CZ,BH-

Now we must distinguish two subcases:

Case 1.1.2.1. Let f = 1 — n. Putting G, = —]A%n, Cp, = M then we get )Jz = 0 and

n

’B/ — Bzﬁn

If ,Bn = 0, then we get the algebra Ry () foroo =1 — n.
If By # O, then making A; = "/B,Ba, we obtain B, = 1 and the algebra Rs.

Case 1.1.2.2. Let B8, # 1 — n. Taking the change B, = ﬁzB}rf”_] , we obtain 8, = 0. Since 5, # 0, we set

G = —)‘—i, Cp = Clc”*nl%]c”g” and we get A, = 0, i.e., the algebra Ry () is obtained, for« ¢ {1 —n, 0}.

Case 1.2. Lete; ¢ Ann,(R). Then§ # Oand o = —§, fp = Ay = 0.
Let us consider the general change of basis in the following form:

ZA, ei, €= ZB, ei,

n
e,f = A'l—2 <A1 e + z Aj—it2 E’j) ,3<i<n, X = ZQ ei + Cpt1 X,
j=i+1 i=1

where (A1By — A2B1)Cpyq # 0.

Then from 0 = [é}, e]] = [e}, 5], we derive that By = 0, B; = 0, 3 < i < n—1,ie
e, =By ey + Byeyand ABy # 0.

Similarly, from the equations:

n
e +y'ey =[x, el =Ai1Cure1 + Cop1(Ay +A28) e + Ar1Cres + D AiGiq e,
i=4

and
8'(Byey +Bpep) =6 e2 [x, 62] = ByS ey,

we obtain
Cit1 =1, A3 =A1G, Ai=A1G, 4<is<n—1,
Ay £ @ —1)

5 , AMGCi_1=A,+y'B,, 8 =6, 08B,=0.
2
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Now we distinguish the following two subcases:

A
Case 1.2.1.Let § # 1.Then by the substitutionA; = — %, A = A1C,—1 into the above conditions,

we get ¥’ = 0 and the algebra Ry ().
Case 1.2.2. Let § = 1. Then B, = 0. In the case y = 0, we get ' = 0. In the case y # 0, by putting
By = A1y and A, = A{Cy_1 — By, we get ' = 1. Thus, the algebras Rs(«), o € {0, 1}, are obtained.

Case2.Leta; = 0.Then 8, # 0and by replacing x by X' = — x, we can assume [eq, X'] = e3 + Bnen.

2
Under these conditions, the table of multiplication of the solvable algebra R has the form:

n
ler,x] =D aiei, [e2,x] =ex+ Bren,
i=2

n n
x,erl=D viei, lexl= D ajiyae, 3<i<n—1,

i=2 j=it+1
n

[x, e2] = S e, [x,x] =D Aje;.
i=2

n—1
Making the transformationx’ = x — y3e; — > ;11 e;, we can assume that [x, e;] = y e;.
i=

Similarly as above, we obtain the conditions:

y@+1)=ad—y =Bd=806+1) =Ar8 =0.

Now we distinguish the following subcases depending on the possible values of the parameter 4:
Case 2.1.Let § # 0.ThendimAnn,(R) =n—2and B8, = X, =0, § = —1, oy = —Yy.By means of
the change of the basis element €] = e; + ye3, we can suppose that [x’, e;] = 0.

Taking the general change of basis as in the above considered cases, we derive the following con-
ditions for the parameters

;i . r An
Oli_A’fz’ 3<i<n, H_Aql_l.
Consequently, we deduce the algebra Rg (a3, a4, . . ., 0y, A, —1).

Case2.2.Let§ = 0.Thendim Ann,(R) = n—1and y = 0.Taking the change of basis e}, = e; + S, en,
we can assume that [e, x] = e, and by the change X' = x — A, e, we can also suppose that [x, x] =
An €n. Therefore, we have the products

n n

le1, x] = > e, [ea,x]=ex, [e,x]= D ajjjze, 3<i<n—1,
i—2 j=it1

[x, x] = Apen.

Applying similar arguments to general transformation of bases, we have

I =0 R B A=
a, =0, ai—P, Sl n, n—AIi'_l.
Thus, we obtain the algebra Rg(o3, g, ..., ap, A, 0). O

Theorem 4.8. An arbitrary (n + 2)-dimensional solvable Leibniz algebra with nilradical F,f is isomorphic
to one of the following non isomorphic algebras:



J.M. Casas et al. / Linear Algebra and its Applications 438 (2013) 2973-3000 2999
[e1, e1] = e, lei, e1] = eit1, 3<isn—1,
Ly:y ler,x] =ey, [x, e1] = —eq,

[e2,y] = —[y,e2l =ex, [e,x]=({—1)e, 3<i<n,

[er,e1]l =e3, [ei,e1] =eir1, 3<is<n—1,

LZ: [61,X]=€1, [X,e]]Z_E],

[e2,y] =ex, [e,x]=({—1)¢, 3<i<n

Proof. Let
a1 O O3 04 ... Op—q Op
0B 0 0 ... 0 %
00 20[1 o3 ... Op—2 On—1
Rx , =
IFiy 0 0 0 3aq ... ap—3 op—2
00 0 0 ... 0 (n—1ay
and
M A2 A3 Ag ... Ap—q An
0pu 0 0 ... 0 v
0 0 2X1 A3 ... Ap—2  Ap—1
R
Y12 0 0 0 3A1 ... Anes  Anea

00 0 0 ... 0 (n—1x1

be two nil independent outer derivations of the algebra F,f.
Taking the change of the basis elements x, y similar to (2), we can assume thatoy = pu =1, A1 =
B =0.

Thus, we have the products:

n
ler, x] =e1 + > _aje, le2. x] = y ey,
i=2
n
lei,x] =(—1)ei+ > aj_it26), 3<i<n,
j=it+1
n
le1,y] =D hiei, le2.y] = e +vey,
i=2
n
lei, y] = Z Aj—it2 €, 3<i<n.
j=it

Applying similar reasonings and changes of bases which we have used in Theorem 4.7, we obtain
isomorphism classes of algebras whose representative elements are L and L,. O
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Remark 4.9. In fact, the algebral; = I; @ J;, wherel; = NF,_1 + (x) andJ; = (e,, y), verifies that I;
is a solvable Leibniz algebra with nilradical NF,_; and J; is a two-dimensional solvable Lie algebra. The
algebral, = I, @ Jo, where [, = NF,_1 + (x) and J, = (e3, y), verifies that J, is a two-dimensional
solvable non-Lie Leibniz algebra. Thus, from Theorem 4.8, we conclude that any (n + 2)-dimensional
solvable Leibniz algebra with nilradical F,% is split.
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