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Abstract. Given a basis of a vector space V over a field K and a multi-
plication table which defines a bilinear map on V', we develop a computer
program on Mathematica which checks if the bilinear map satisfies the
Leibniz identity, that is, if the multiplication table endows V' with a Leib-
niz algebra structure. In case of a positive answer, the program informs
whether the structure corresponds to a Lie algebra or not, that is, if the
bilinear map is skew-symmetric or not.

The algorithm is based on the computation of a Grébner basis of an
ideal, which is employed in the construction of the universal enveloping
algebra of a Leibniz algebra. Finally, we describe a program in the NCAI-
gebra package which permits the construction of Grobner bases in non
commutative algebras.

1 Introduction

A classical problem in Lie algebras theory is to know how many different (up to
isomorphisms) finite-dimensional Lie algebras are for each dimension [11,15].

The classical methods to obtain the classifications essentially solve the system
of equations given by the bracket laws, that is, for a Lie algebra g over a field
K with basis {a1,...,a,}, the bracket is completely determined by the scalars
ci?j € K such that

lai,a;] = ckax (1)
k=1

so that the Lie algebra structure is determined by means of the computation of
the structure constants cfj. In order to reduce the system given by (1) for ¢,j €
{1,2,...,n}, different invariants as center, derived algebra, nilindex, nilradical,
Levi subalgebra, Cartan subalgebra, etc., are used. Nevertheless, a new approach
by using Grobner bases techniques is available [9,10].

On the other hand, in 1993, J.-L. Loday [17] introduced a non-skew symmetric
generalization of Lie algebras, the so called Leibniz algebras. They are K-vector

R. Moreno-Diaz et al. (Eds.): EUROCAST 2009, LNCS 5717, pp. 177-186, 2009.
© Springer-Verlag Berlin Heidelberg 2009


http://web.usc.es/~mladra

178 J.M. Casas et al.

spaces g endowed with a bilinear map [—, —] : g X g — g such that the Leibniz
relation holds

['7;’ [y,ZH = Hx7y]7z] - H.I‘,Z],y}, for all r,Y,z€9. (2)

When the bracket satisfies [x,2] = 0 for all € g, then the Leibniz identity
(2) becomes the Jacobi identity, and so a Leibniz algebra is a Lie algebra. From
the beginning, the classification problem of finite-dimensional Leibniz algebras
is present in a lot of papers [1,2,3,4,5,6,8]. Nevertheless, the space of solutions
of the system given by the structure constants becomes very hard to compute,
especially for dimensions greater than 3 because the system has new equations
coming from the non-skew symmetry of the bracket. In these situations, the
literature only collects the classification of specific classes of algebras (solvable,
nilpotent, filiform, etc.). In order to simplify the problem, new techniques apply-
ing Grobner bases methods are developed [14]. However, the space of solutions
is usually huge and two kind of problems can occur in applications:

1. Given a multiplication table of an algebra for a fixed dimension n, how
can we know if it corresponds to a Leibniz algebra structure among the ones
obtained by the classification?

2. Since the classification provides a lot of isomorphism classes, how can we
be sure that the classification is well done?

The aim of the present paper is to give an answer to the following question:
Given a multiplication table of an algebra for a fixed dimension n, how can
we know if it corresponds to a Leibniz algebra structure? We present a com-
puter program in NCAlgebra [12] (a package running under Mathematica which
permits the construction of Grébner bases in non commutative algebras) that
implements the algorithm to test if a multiplication table for a fixed dimension
n corresponds to a Leibniz algebra structure. In case of a positive answer, the
program distinguishes between Lie and non-Lie algebras. The algorithm is based
on the computation of a Grobner basis of an ideal, which is employed in the
construction of the universal enveloping algebra UL(g) [19] of a Leibniz algebra
g over a field K with basis {a1,as,...,an}.

In order to do this, we consider the ideal J =< {~®(r(4, q4,1) + TiTj — 7T, —
D(l[a;,a;)) TYiTj —23Yis 0,5 = 1,...,n} > of the free associative non-commutative
unitary algebra K < yi1,...,Yn,T1,...,2, >, where & : T(g' @ g") — K <
Yly- s Yny T1y- -, Ty > is the isomorphism given by &(l,,) = yi, P(ra,) = i,
being g' and g" two copies of g, and an element x € g corresponds to the
elements [, and 7, in the left and right copies, respectively.

Then (g, [—, —]) is a Leibniz algebra if and only if the Grébner basis corre-
sponding to the ideal J with respect to any monomial order does not contain
linear polynomials in the variables y1, ..., yn.

We also obtain that (g, [—, —]) is a Lie algebra if and only if the Grébner basis
with respect to any monomial order of the ideal J" =< {~®(r(4, q,]) + TiT; —
zjx;, 1,7 = 1,...,n} > does not contain linear polynomials in the variables
T1yeony Ty
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2  On Leibniz Algebras

Definition 1. A Leibniz algebra g is a K-vector space equipped with a bilinear
map [—,—]: g X g — g satisfying the Leibniz identity

['7;’ [y,ZH = H$,y]72’] - H.I‘,Z],y}, fOT’ all r,Yy,z2€9. (2)

When the bracket satisfies [x, z] = 0 for all & € g, then the Leibniz identity (2)
becomes the Jacobi identity; so a Leibniz algebra is a Lie algebra. Hence, there
is a canonical inclusion functor from the category Lie of Lie algebras to the
category Leib of Leibniz algebras. This functor has as left adjoint the Liezation
functor which assigns to a Leibniz algebra g the Lie algebra grie = g/g*™*, where

gt = <{[$7$]7$ € g}>
Ezxample 1.

1. Lie algebras.
2. Let A be a K-associative algebra equipped with a K-linear map D : A — A
satisfying

D(a(Db)) = DaDb = D((Da)b), forall a,be A. (3)

Then A with the bracket [a,b] = aDb — Dba is a Leibniz algebra.

If D = Id, we obtain the Lie algebra structure associated to an associative
algebra. If D is an idempotent algebra endomorphism (D? = D) or D is a
derivation of square zero (D? = 0), then D satisfies equation (3) and the
bracket gives rise to a structure of non-Lie Leibniz algebra.

3. Let D be a dialgebra [18]. Then (D, [—, —]) is a Leibniz algebra with respect
to the bracket defined by [z,y] =z 1y -yt z,z,y € D.
4. Let g be a differential Lie algebra, then (g, [—, —]q) with [z,y]q := [z, dy] is

a non-Lie Leibniz algebra.

For a Leibniz algebra g, we consider two copies of g, left and right, denoted
by g and g, respectively. For an element = € g, we denote by I, and r, the
corresponding elements in the left and right copies, respectively. The universal
enveloping algebra of g was defined in [19] as

UL(g) :==T(g' @ g")/I

where T'(V) is the tensor algebra on V and I is the two-sided ideal spanned by
the following relations:

i) oy — (TaTy — TyT2)

Z’L) l[w’y] - (lxry - Tylz)

1) (ry + 1)l .
Moreover, [19, Theorem (2.3)] establishes that the category of representations
(resp. co-representations) of the Leibniz algebra g is equivalent to the category
of right (resp. left) modules over UL(g). After this, [16, Corollary 1.4] establishes
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the equivalence between the categories of representations and co-representations
of a Leibniz algebra.

Let g be a finite-dimensional Leibniz algebra with basis {a1,...,a,}. There
is an isomorphism of algebras

O:T@®g) =K<y, Yn,T1yenn s Ty >

given by @(l,,) = yi, P(ra,) = x;, where K < y1,...,yn,21,...,2, > denotes
the free associative non-commutative unitary K-algebra of polynomials.

Having in mind the inclusion g < T'(g' @ g") and the isomorphism &, we
obtain that

K<yp, ooy Un, T1ye ooy Ty >

UL ,
(@ < =P(Va;,0,)) T it — 05 Ti, —P(lay,a,]) + YiTj — TjYi, (T3 + Yi)y; >

1%

and hence we can use the theory of Grobner baseson K < y1, ..., ypn, Z1,..., 2Ty >
[20] to obtain results about the structure of g.

Let < be a given monomial order on the noncommutative polynomial ring
K<X>. For an arbitrary polynomial p € K<X>, we will use Im(p) to denote
the leading monomial of p.

Definition 2. Let I be a two-sided ideal of K<X>. A subset {0} C G C I is
called a Grobner basis for I if for every 0 # f € I, there exists g € G, such that
Im(g) is a factor of Im(f).

Lemma 1 (Diamond Lemma [7]). Let < be a monomial order on K<X>
and let G = {g1,...,9m} be a set of generators of an ideal I in K<X>. If all
the overlap relations involving members of G reduce to zero modulo G, then G
1s a Grobner basis for 1.

We note that the overlap relations are the noncommutative version of the S-
polynomials.

Now, we consider the ideal J =< {gij = —P(r[4, q,]) + TiTj — T2, hij =
~P(lja,,a,]) T YiTj —T5Yis 0,5 = 1,...,n} >. Fori,j,k € {1,...,n}, let be Py, =
hijxr + yigr;-

Lemma 2. Pij;g —J _ds(l[[ai,aj],ak])_ds(l[ai,[ak,aj]]) —ﬁ-@(l[[ai’ak]’a_j]) fO?” all i7j, ke
{1,...,n}.

Proof. Piji, = hijxk +vigk; = —Pl[a;,a,))Tk — TjYiTh —YiP(Tay,a,]) T ViThT; — 7
~P(la;,0,1)Tk = TjYiTk — YiP(T(ay,a;]) T PUas,a))Ti T TkYiT; — 7 —P(lja;,a,)) Tk —
Yi®(T(ay,a;) + PUjas,a))T5 + Trvizj — 2P ah) — TiTrYi =7 — P, ,0,0)Th —
yié(r[ak,a_j]) + @(l[ai,ak])mj + TRYiT; — xjds(l[ai,ak]) + ¢<T[ak,a_j])yi — TkXjYi —J
_@(l[aiya_j])‘rk - y@(’“[ak,a_j]) + ¢<l[ai,ak])mj + mk@(l[ai,a]‘]) - xj@(l[ai,ak]) +
P(r(ay,a;)Vi-

Let [a,a;] = Mgy 4. +abia,.

B(Tlay ;) Vi~ YiP(Tlay ay) = (@ 214+ +alTa, )y —yi(a o+ +aliz,) =
oy (mryi—yimn)+ kI (@ yi—yizn) =5 —0y B(lg, )= — I D1}, 0,)) =
~P(llas [ax.a5]))-
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(s, 0,0k = 5 P(Ufay a;) = (@ y1+- -+ all yo)zr —an(ai yi+- -+ aify,)
of (yrer — )+ -+l (e —2ryn) =5 & Py a0)) + -+ P(la, 00]) =
D(l{{as,a;],a1))- O

Theorem 1. Let g be a finite-dimensional K-vector space with basis {ay, ..., an}
together with a bilinear map [—, =] : g X g — g.
(g,[—,—]) is a Leibniz algebra if and only if the Grobner basis G = {g1,...,9¢}

corresponding to the ideal J with respect to any monomial order does not contain
linear polynomials g;(y1, ..., Yn)-

Proof. If (g,[—, —]) is a Leibniz algebra, then P;;; = 0 for all ¢, 5,k € {1,...,n}
because of the Leibniz identity (2).

On the other hand, if (g,[—,—]) is not a Leibniz algebra, then there exist
i,j,k € {1,...,n} such that [[a;, a;], ar] + [ai, [ax, a;]] — [[ai, ax), a;] # 0, so J
contains a degree 1 polynomial on the variables y1, ..., yn. O
Ezample 2. Let (g =< a1, a2, a3 >k, |[—, —]) be the vector space such that

[a1,a3]) = ag, [az,a3] = a1 + az, [a3,a3] = a3, and 0 in other case.

In this case, J =< —x122 + T2x1, —123 + 321 + Ta, T1T2 — ToX1, —ToX3 +
T3T2 + T1 + X2, X123 — T3T1, T2X3 — T3T2, T3, T1Y1 — Y121, L2Y1 — Y12, T3Y1 —
Y123 + Y2, T1Y2 — Y2X1, T2Y2 — Y222, T3Y2 — Y223 + Y1 + Y2, T1Y3 — Y3T1, T2Y3 —
Y3T2, T3y3 — Y3r3 + y3 >C K<y1,y2, Y3, 1, T2, T3>.

The Grobner basis of J with respect to degree lexicographical ordering with
Yz > Y2 > Y1 > T3 > x2 > 1 18 {ys, Y2, Y1, T3, T2, 21}

Therefore, g is not a Leibniz algebra.

According to Theorem 1, we can know if a finite-dimensional algebra is Leibniz
or not. In case of positive answer, it is natural to ask if the Leibniz algebra is a
Lie algebra or a non-Lie Leibniz algebra.

As it is well-known [13]

g =<{lai, i), i =1,...,n} U{[a;, a;] + [aj,a),4, 5 =1,...,n} >,

and having in mind the identification

e
g(_)T(glgagr)i)K<m17"‘7‘rn7y17"‘7y’ﬂ>

a; &= Tg, — T;

ann

then the generators of g*"" can be written as

{Q(T[ai,ai])ﬂ. =1,... 7’I?,} U {¢<T[ai,aj]) + Q(T[aj,ai])a 1,] = 1,... 777,}
and these generators belongs to J, since
gii = P(T[a,0,), i=1,...,1m,
—9ij — 9ji = P(Mar.a;) + P(Taya))s HJ=1,...,m.

Consequently, if we compute the Grobner basis G with respect to any mono-
mial order for the ideal J, we can obtain two possible results:
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1. There are some linear polynomials g;(y1,...,¥,) in G, so g is not a Leibniz
algebra.

2. There are not any linear polynomials g;(y1,...,yn) in G, so g is a Leibniz
algebra, and:
(a) If there are some linear polynomials g;(x1,...,2,) in G, then g™ # 0

and so g is a non Lie-Leibniz algebra.
(b) In other case g is a Lie algebra.

Ezample 3. Let (g =< a1, a2, a3 >k, [—, —]) be the vector space such that
[a1,a3] = asa, [az,a3] = a1 + az, [a3,a3] = a1, and 0 in other case.

In this case, J =< —x122 + Tax1, —X123 + 321 + Ta, T1T2 — ToX1, —ToX3 +
T3T2 + T1 + X2, X123 — T3T1, T2X3 — T3T2,T1,T1Y1 — Y121, L2Y1 — Y12, T3Y1 —
Y123 + Y2, T1Y2 — Y2X1, T2Y2 — Y222, T3Y2 — Y23 + Y1 + Y2, T1Y3 — Y3T1, T2Y3 —
Ys3T2, T3y3 — Y33 + y1 >C K<y, y2,¥3, T1, T2, T3>.

The Grobner basis of J with respect to degree lexicographical ordering with
Yz > y2 > Y1 > x3 > T > a1 s {X2, T1, —x3Y1 + Y123 — Y2, —T3y2 + Yoz — Y1 —
Y2, —T3Y3 + Y3T3 — Y1}

Therefore, g is a Leibniz algebra and not a Lie algebra.

Ezample J. Let (g =< a1,as2,a3,a4 >k, |[—, —]) be the vector space such that
las, a1] = a1, [a1, as] = —ay, [aq, az] = az, [az, as] = —az, [a4, az] = a3, [a3, as] = —asz,

and 0 in other case.

In this case, J =< —z129 + X221, —T1T3 + T3X1, —T1T4 + T4T1 — X1, T1T2 —
T2X1, —T2T3+ X322, —T2lq+TyT2 — T2, T1T3 — T3X1, L2X3 — T3L2, —L3L4 +T4T3 —
T3,X1T4 — T4T1 + X1, T2Xy — T4T2 + T2, T3T4 — T4T3 + T3, T1Y1 — Y171, T2Y1 —
Y1T2,T3Y1 — Y123, TaY1 — Y1T4a — Y1, T1Y2 — Y2T1, L2Y2 — Y22, L3Y2 — Y23, L4Y2 —
Y2T4—Y2, T1Y3—Y3T1, L2Y3 —Y3T2, L3Y3—Y3L3, TaY3—Y3T4—Y3, L1Y4—Y421+Y1, T2Ya—
YaT2 + Y2, T3Ya — YaT3 + Y3, TaYa — Yavs >C K<y1,y2,y3, Y1, 1, T2, T3, 4>

The Grobner basis of J with respect to degree lexicographical ordering with
Yo > Y3 > Yo > Y1 > x4 > XT3 > T > X1 18 {—1‘11‘2 + xox1, —T173 +
T3T1, —T1T4 + T4T1 — T1, —T2T3 + T3T2, —T2T4 + T4T2 — T2, —T3T4 + T4T3 —
T3, —T1Y1+ Y121, —T2y1 +Y1T2, —T3Y1 + Y123, —Tay1 + Y104+ Y1, —T1Y2 + Y21, —
ToY2+Y222, —X3Y2+Y2X3, —TaY2 + Y224 +Y2, —T1Y3+Y3%1, —T2Y3 +Y3T2, —T3Ysz+
Y3T3, —T4Y3 + Y3Ta + Y3, —T1Ya + YaZ1 — Y1, —T2Ya + YaZ2 — Y2, —T3Y4 + Yal3 —
Y3, —TaYs + YaTa}.

Therefore, g is a Lie algebra.

We can also solve the dichotomy of knowing if a K-vector space with a given
multiplication table is a Lie algebra by means of the following ideal

J' =<{gij = =P(r(a, a,)) + Tij — TjTis 0,5 =1,...,n} > .
For i,j,k € {1,...,n}, let be Qijx = xjgri — 9ijTk.

Lemma 3. Qijk —J’ —@(’r‘[ak’[ai’aj]]) + @(T[[ak,ai],aj]) — @(’r‘[[ak’aj]’ai]) fO’I" all
i,5,ke{l,...,n}.
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Proof. wigri — gijzr = P(Ta,,0;))Tk — TiTiTk — TP(T(ay a,)) + TiThTi —gya,
@(r[ai)aj])xk—xixjxk — x]Q(T[ak,ai])_Q(T[ak,aj])xi + TR0, = Tigk; Q(T[ai,aj])xk —
T AT (aya:]) ~ AT (aga;)) T+ TRTTi+TiP(V(ay a5) —TiThTj — —gpiz; P(Tas,a;))Th—
TiP(T(ay,ai) — P(M[ag,a,))Ti + TuTjT; + TiP(T(ay ;) + P(T(ay,a,]) T — ThTiT; =
P(ria;05)) Tk + Th(220 — 2it5) + P(Vaya))Ti — 2P(May,a,) = P(Tay.a,))Ti +
TiP(May,a;]) =0 P(T(as,a;) Tk — ThP(Ma;,05) + P(May,ai)) T — P(May i) —
P(r(aya,))i + xié(_r[ak,aj])'

Let [a;,a;] = af a1+ +a¥ay,.

(T, 0,0) Tk —TkD(Ta;,05)) = (@7 21+ Faif wp)ap—ar (@) w1+ +aifz,) =
af (xzy — zpxr) + - + o (Te—12p — Teze—1) + o) -0+ a2]+1(a:k+1ack -

Th@ht1) + 0+ 0l (@@ — Tean) =00 07 B(Mlay,an) + 0 O P (T an)) —

a;j;%l@(r[ak)ak_'_l]) - agé(r[ak;an]) —J’ ailj@(r[ahak])_F' . '+a?f1¢(7ﬂ[ak_1,ak]) +
a;cj—&-l@(r[awrl,ﬂk]) - = ag@(r[anyak]) = @(T[[ai,a]‘],ak]) - a;CJ@(T[akyak]) —J
D(r((as,a50,08])s OF P(Ta;,05)Tk — TuP(T(az,a5]) =0 —P(May,fai,05])- u]

Theorem 2. Let g be a finite-dimensional K-vector space with basis {a1, ...,
an} together with a bilinear map [—,—]: g x g — g.

(g,[—,—]) is a Lie algebra if and only if the Grobner basis G = {g1,...,9¢}
corresponding to the ideal J' with respect to any monomial order does not contain
linear polynomials g;(z1,...,2y).

Ezample 5. Let (g =< a1,as2, a3, a4 >k, |[—, —]) be the vector space such that
lag,a1] = a2, |ar,a4] = —as, [as,a2] = a3, |az,a4] = —as,
[ag,a3) = a1 + az, [asz,a4] = —a; —az, and 0 in other case .

In this case, J' =< —x1x9 + Tox1, —T123 + T3T1, —T1T4 + T4T1 — To, T1To —
T2X1, —T2T3+ X322, —T2lq+TyT2 — T3, T1T3 — T3X1, L2X3 — T3L2, —L3L4 +T4T3 —
T1—X2, T1X4—T42T1+ T, ToXy —TaTo+ T3, T3y —Tax3+T1+22 >C K<z, 20, T3,
XTa>.

The Grobner basis of J' with respect to degree lexicographical ordering with
Ty > T3 > XTo > X1 1S {—xlxg +Xox1, —X1T3 +T3X1, —T1T4 + XT4T1 — T2, —T2T3 +
T3X9, —Toky + T4Zo — T3, —T3Ty4 + T423 — 1 — Ta}.

Therefore, g is a Lie algebra.

3 Computer Program

In this section we describe a program in NCAlgebra [12] (a package running
under Mathematica) that implements the algorithms discussed in the previous
section. The program computes the reduced Grébner basis of the ideal J which
determines if the introduced multiplication table of g corresponds to a Leibniz
algebra or not. In case of positive answer, the program decides whether the
algebra is a Lie or non-Lie Leibniz algebra. The Mathematica code together with
some examples are available in http://web.usc.es/~mladra/research.html.
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B S S s s s s s s s s
(* This program tests if an introduced multiplication table
corresponds to a Lie algebra, a non-Lie Leibniz algebra or an
algebra which has not Leibniz algebra structure. To run this code
properly it is necessary to load the NCGB packagex)

LEESs s s s s s s s s S s s S s S S S s s S S S S S S S s s

(*x Let g=<aj,...,an > be an algebra of dimension n *)
(x Insert the Bracket represented by Bracket[{il,i2}]:= {\1,...,\,} where
[@i1,ai2] = Mar+---+Apa,. In Example 2, e.g., Bracket[{2, 3}] := {1,1,0} %)

LeibnizQ[n_] :=Module [{G,A,lengA,Variabs,BaseG,varaux,rvarsx,lvarsy’,
(x First of all we construct the generators of the ideal *)

G={};
A=Tuples[Table[i,{i,1,n}],2];
lengA=Length[A];

Dol
G=Join[
G,{Bracket [A[[i]]].Table[x[i],{i,1,n}]-(x[A[[i,111]%* x[A[[i,2]1]1]1-
x[AL[i,2]]]**x[A[[i,1111)}]
,{i,1,1lengh}];

Dol
G=Join[
G,{Bracket[A[[i]]].Table[y[i],{i,1,n}]-(y[AL[i,1]1]]** x[A[[1,2]]]-
x[A[[1,2]1]]**y[AL[i,1]1]11)}]
,{i,1,1lengh}];

rvarsx=Table[x[i],{i,1,n}];
lvarsy=Table[y[il,{i,1,n}];
Variabs=Join[rvarsx,lvarsyl];

(* Now we compute a Grobner Basis of G *)
SetNonCommutative@@Variabs;
SetMonomialOrder [Variabs] ;
BaseG=NCMakeGB[G,15];

(* Finally, we check the Grobner Basis *)

varaux=Select [BaseG,Union[Variables[#],lvarsy]l===1varsy&] ;
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If [varaux==={},
(* g is a Leibniz algebra but, is g a Lie algebra? *)

varaux=Select [BaseG,Union[Variables [#] ,rvarsx]===rvarsx&] ;

If [varaux==={1,

Print["g is a Lie algebra"];

Print["g is not a Lie algebra but g is a Leibniz algebra"];

1;

Print["g is not a Leibniz algebra"];

1;
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