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Abstract: Basing ourselves on the categorical notions of central extensions
and commutators in the framework of semi-abelian categories relative to a Birkhoff
subcategory, we study central extensions of Leibniz algebras with respect to the
Birkhoff subcategory of Lie algebras, called Lie-central extensions. We construct a
Lie-homology of Leibniz algebras and obtain a six-term exact homology sequence
associated to a Lie-central extension. This sequence, together with the relative
commutators, allows us to characterize several classes of Lie-central extensions,
such as Lie-trivial, Lie-stem and Lie-stem cover, to introduce and characterize
Lie-unicentral, Lie-capable, Lie-solvable and Lie-nilpotent Leibniz algebras.
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1 Introduction

A general theory of central extensions relative to a chosen subcategory of a base
category was introduced in [15]. Recently, in [7] were analyzed in details the
categorical concepts of central extensions, perfect objects and commutators in
a semi-abelian category [2], relative to a Birkhoff subcategory. Some examples
(e.g. groups vs. abelian groups, Lie (Leibniz) algebras vs. vector spaces) are
absolute, meaning that they are fitted into the relative case with respect to the
subcategory of all abelian objects. In the absolute case, some results were already
investigated in [14].

In this paper we deal with the 'non absolute’ case: Leibniz algebras vs. Lie
algebras. In particular, the goal of the present paper is to consider the relative
notions of central extension and commutator when the semi-abelian category is
Leib, the category of Leibniz algebras, and its Birkhoff subcategory is Lie, the
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category of Lie algebras, together with the Liezation functor (—)i : Leib — Lie,
which is left adjoint to the inclusion functor Lie < Leib.

Under these circumstances, the notion of central extension relative to Lie, so
called Lie-central extension, and the notion of commutator relative to Lie, provide
the necessary ingredients to introduce the notions of unicentrality, capability,
solvability and nilpotency of Leibniz algebras relative to Lie, all of them named
with the prefix Lie-.

Homological machinery relative to Lie, coming from the categorical semi-
abelian framework [11l [12] [13], allows us to characterize these new notions by
means of the six-term exact sequence

n® gue — HL5(g) — HLY(q) — n — gLie — quie — 0
associated to the Lie-central extension 0 — n — g — q — 0, where HLYe(—)
denotes the Lie-homology of a Leibniz algebra (see Subsection [3.2]).

In particular, we organize the paper as follows: in Section 2 we recall the nec-
essary categorical background from [7,[9]. Then we particularize in Subsection B.1]
these notions for the category Leib and its Birkhoff subcategory Lie. So we recall
the concepts of Lie-perfect Leibniz algebras, Lie-trivial and Lie-central extensions
of Leibniz algebras and give the five-term exact sequence in homology relative
to the Liezation functor, associated to an extension of Leibniz algebras. In Sub-
section [B.2] given a Leibniz algebra q, we construct an explicit complex whose
first homology H LY*(q) is nothing else but the Liezation qi; of q and the second
homology H L5*(g) is isomorphic to the second homology H Ly (q, (—)Lie) of q with
respect to the Liezation functor. Then we obtain the above mentioned six-term
exact sequence associated to a Lie-central extension. In Subsection [3.3] we intro-
duce and study the notions of Lie-stem extension and Lie-stem cover of Leibniz
algebras. In Section ] we introduce the notions of Lie-unicentral, Lie-capable and
precise Lie-center of Leibniz algebras and investigate interrelationships between
them. In Section [Bl, by using the relative commutators, we introduce Lie-central
and Lie-abelian series of Leibniz algebras. Then we introduce and study the
concepts of Lie-solvability and Lie-nilpotency of Leibniz algebras. In Section
we obtain a homological characterization of Lie-nilpotency of a Leibniz algebra,
which is similar to the Stallings’ theorem for Leibniz algebras in the absolute case

I6].

2 Categorical background

In this section we give an overview of needed definitions and results from [7, 8], 9]
on central extensions, perfect objects and commutators in semi-abelian categories.

In their article [15], Janelidze and Kelly introduced a general theory of central
extensions relative to a chosen subcategory B of the base category A. This theory
holds when B is a Birkhoff subcategory of a semi-abelian category A [9].
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Recall from [16] that a category A is semi-abelian if it is pointed, Barr exact
and Bourn protomodular with binary coproducts. A subcategory B of a semi-
abelian category A is a Birkhoff subcategory if it is full, reflective and closed
under subobjects and regular quotients.

From now on, we consider B a fixed Birkhoff subcategory of a semi-abelian
category A. We denote by I : A — B the left adjoint to the inclusion functor
B — A, and write the components of its unit by 74 : A — I(A).

Then an extension in A is a regular epimorphism in A.

An extension f: B — A in A is said to be trivial (with respect to B) or B-
trivial [15] when the induced square

B%A

nBl lm (A)

1(B) 70 I(A)
is a pullback.
An extension f: B — Ain A is called central (with respect to B) or B-central
[15] when either one of the projections fy, f1 in the kernel pair (R[f], fo, f1) of f
is B-trivial. That is to say, f is B-central if and only if in the diagram

R[f]%B%A

nR[f]\L lﬁs
Ifo

IRf] == 1D

either one of the left hand side squares is a pullback.

An object P of A is called perfect with respect to B or B-perfect when I(P)
is the zero object 0 of B.

Since, in a semi-abelian category, a regular epimorphism is always the cokernel
of its kernel, an appropriate notion of short exact sequence exists. Such will be

any sequence K —— B L A that satisfies k = Ker(f) and f = Coker(k). We
denote this situation by 0 — K BLINY; B AN RN}

I
For any object A of A, the adjunction A_ L B induces a short exact sequence
D

0—[A A4 574 0.

Here the object [A, Alg, defined as the kernel of 74, acts as a zero-dimensional
commutator relative to B. Of course, A = A/[A, Alg, so that A is an object
of B if and only if [A, A]g is zero. On the other hand, an object A of A is called
B-perfect when [A, Alg = A.



Let us remark that an extension f: B — A in A is B-central if and only if
the restrictions [fo, fols, [f1, fils: [R[f], R[f]ls — [B, B]s of the kernel pair pro-
jections fy, fi: R[f] — B coincide. This is the case precisely when [fy, fo]s and
[f1, f1]p are isomorphisms, or, equivalently, when Ker|fo, folg: L1[f] — [R[f], R|f]]5
is zero. In the following diagram

Ly [f]
Ker[f(),fO]B\L )
0— [RI[f], R[f)ls A RIf) 2L IR[f] ——0
[fo, fo]Bu[ﬁ fils foufl Ifoulfl
0 % B B B B = IB 0,

through the composite fiopgpsoKer[fo]s the object L;[f] may be considered as a
normal subobject of B. It acts as a one-dimensional commutator relative to B
and, if K denotes the kernel of f, it is usually written [K, B]g.

Let A be an object of a semi-abelian category A with enough projectives and
f: B — A be a projective presentation with kernel K. The induced objects

(B, Bls . K N[B, Bls
(K, Bls a (K, Bls

are independent of the chosen projective presentation of A as explained for in-
stance in [12]. The object (K N [B, Blg)/[K, B]p is called (the Hopf formula for)
the second homology object of A (with coefficients in B) and it is denoted by
Hy(A, I). We also write Hq(A,I) for I(A).

When A is a semi-abelian monadic category, the objects H1(A, I) and Hy(A, I)
may be computed using comonadic homology as in [13] and they are fitted into
the semi-abelian homology theory (see [11]). Moreover, [12, Theorem 5.9] states
that, given a short exact sequence 0 — K—B— A — 0, there is the follow-
ing five-term exact sequence

o*
Hy(B. ) —> Ho(A, 1) 2 o H\(B, 1) —> Hy(A,])—>0. (B)

3 Central extensions of Leibniz algebras with
respect to Lie algebras

In this section we consider the particular case where A is the semi-abelian cate-
gory Leib of Leibniz algebras, and the Birkhoff subcategory B is Lie, the category
of Lie algebras.



3.1 Preliminary results on Leibniz algebras

We fix K as a ground field such that % € K. All vector spaces and tensor products
are considered over K.

A Leibniz algebra [18, [19] is a vector space q equipped with a bilinear map
[—,—] : q® q — q, usually called the Leibniz bracket of q, satisfying the Leibniz
identity:

[SL’, [y,Z]] = HSL’,y],Z]—HSL’,Z],y], Y,z €q.

Leibniz algebras form a semi-abelian category [7, [16], denoted by Leib, whose
morphisms are linear maps that preserve the Leibniz bracket.

A subalgebra b of a Leibniz algebra q is said to be left (resp. right) ideal of q
if [k, q] € b (resp. [q,h] € B), for all h € b, ¢ € q. If b is both left and right ideal,
then b is called two-sided ideal of q. In this case q/h naturally inherits a Leibniz
algebra structure.

For a Leibniz algebra g, we denote by g**" the subspace of q spanned by all
elements of the form [z, z], © € q. Further, we consider

Z'(q)={a€ql|lr,a] =0, z€q}, Z'(a)={a€qlla,a]=0, z€q},

and call the right center and the left center of q [17], respectively. It is proved
in [I7, Lemma 1.1] that both ¢®™ and Z"(q) are two-sided ideals of q. Just by
using the Leibniz identity, it is easy to see that Z!(q) is also two-sided ideal of q.
Of course, the intersection

Z(q) = Z"(q) N Z"(q)

is again two-sided ideal of q and it is called the center of q.

Given a Leibniz algebra q, it is clear that the quotient q,,. = q/q*™ is a
Lie algebra. This defines the so-called Liezation functor (—)ie : Leib — Lie,
which assigns to a Leibniz algebra q the Lie algebra q,,.. Moreover, the canonical
epimorphism q — ¢, is universal among all homomorphisms from q to a Lie
algebra, implying that the Liezation functor is left adjoint to the inclusion functor
Lie < Leib.

It is an easy task to check that the category Lie is a Birkhoff subcategory of
Leib. Focusing our attention in the adjoint pair

(_)Lie
Leib é Lie, (C)

we particularize the general theory described in Section 2] to the case when A is
the category Leib, B is its Birkhoff subcategory Lie and the functor I is precisely
the Liezation functor (—) . First let us remark the following



Remark 3.1 A Leibniz algebra q is Lie-perfect if que = 0, that is q = ™. It
follows by [5, Lemma 3.1] that any Lie-perfect Leibniz algebra q is the trivial one.
Then, by [9, Theorem 3.5], we get that a Leibniz algebra q admits a universal
Lie-central extension if and only if ¢ = 0.

It is clear that an extension in Leib is just an epimorphism f: g — q of Leibniz

algebras, which is a Lie-trivial extension if and only if it induces an isomorphism
ganngqann.

Example 3.2 Let g and q be three and two-dimensional (as vector spaces) Leib-
niz algebras with K-linear bases {ay,aq, a3} and {ey,es}, respectively, with the
Leibniz brackets given respectively by a1, as] = a1 and [e1, ea] = e1 and zero else-
where (see [4, [10]). Consider the homomorphism of Leibniz algebras f : g — q
defined by f(a1) = e1, flas) = 0, flaz) = es. Obviously f is surjective,
g = ({a1}) and g™ = ({e1}), so they are isomorphic through f. Consequently
f g — q s a Lie-trivial extension.

For a Leibniz algebra q and two-sided ideals m and n of q, we put
Lie o
Ci(m,n) ={qe€q| [¢g,m]+[m,q] €n, for allm € m} .

Further, we denote by [m,n]_. the subspace of q spanned by all elements of the
form [m,n] + [n,m], m € m, n € n.

Lemma 3.3 Let q be a Leibniz algebra and m, n be two-sided ideals of q. Then
both C5e(m, n) and [m, 0] e are two-sided ideals of q. Moreover, Z(q) € Cy®(m,n)
and [m,n]. € Z7(q).

Proof. It is clear that both Cq“e(m, n) and [m, nj. are subspaces of q.
Take any elements ¢ € Cq“e(m, n) and x € q. Then, for any m € m, we have

[lg, z],m] + [m, [g, z]] = —[gq, [m, z]] + [[g, m], x| + [[m, q], z] — [[m, z], q]
= —(lg, [m, 2] + [[m, 2], q]) + [[¢,m] + [m,q],z] €n

and, if we denote —([q, [m, z]] + [[m, 2], q]) + [lg,m] + [m, ¢, z] by n, we get

[[:17, C_I], m] + [m’ [I’ C_I]] = [[:17, C_I], m] - [m’ [q’ :L’]] = H:L’, q]>m] —n+ HCLILm]
= [[zaQ] + [Q>$]>m] —necn
Consequently, Cy'¢(m, n) is a two-sided ideal of ¢. The inclusion Z(q) C Cy'*(m, n)
is obvious.

Now, for any m € m, n € n and ¢ € q, we have

Hmv n] + [nv m], Q] = [mv [n, QH + [[nv Q]v m] + [nv [m, QH + [[m, Q]v n] € [mv n]Liev



and
[Q7 [mv n] + [n7 m” = 0.

Consequently, [m, n]i; is a two-sided ideal of q contained in Z"(q). O
In particular, the two-sided ideal C’q“e(q,()) is the Lie-center of the Leibniz
algebra q and it will be denoted by Z|(q), that is,

Ziie(q) ={z € q|lq, 2] + [2,q] = 0 for all ¢ € q}.

The following proposition is an immediate consequence of the discussion in
[7, Example 1.9].

Proposition 3.4 Given an extension of Leibniz algebras f : g — q with n =
Ker(f), the following conditions are equivalent:

(a) f:g— q is Lie-central;
(b) n C ZLle( )
(c) [, glue =0.

Remark 3.5 Obviously every central extension f : g — q (i.e. Ker(f) C Z(g))
1s a Lie-central extension, but the converse is not true in general as the following
example shows: consider the three and two-dimensional Leibniz algebras g and
q with K-linear bases {a1,as,a3} and {eq, ex}, respectively, and with the Leibniz
brackets given respectively by [a1,as] = a; and |e1, es] = eq and zero elsewhere.
Then the homomorphism of Leibniz algebras f : g — q given by f(a1) = 0, f(az) =
e1, f(as) = ey is surjective, Ker(f) = ({a1}), Z(g) = ({a2}) and Ziie(9) = ({a1})-
Consequently the extension f : g — q is not central, but it is Lie-central.

The five-term exact sequence (Bl) associated to an extension of Leibniz alge-
bras f: g — q, with n = Ker(f), turns to

Ha(g, (—)uie) — Ha(q, (—)Lie) - [n,g]Lie

— BLie — qLie — 0. (D)

If0—t—f-5 g— 0is a free presentation of g, thenO—>5—>fT:—f>Opq —0isa
free presentation of q and we have the following commutative diagram of Leibniz



algebras

0 0 0
Now suppose that f is a Lie-central extension, hence [n, g = 0 and the

sequence (D) actually is

t [f’ ﬂLie N 5N [fa ﬂLie L;

[v. e 5. flLie 08— g — e — 0 (F)

3.2 Lie-homology of Leibniz algebras

Recall from [19, 20] that the Leibniz homology HL.(q) of a Leibniz algebra q
with trivial coefficients is defined to be the homology of the Leibniz complex
(CL.(q),d), where CL,(q) = q®" and d,, : CL,(q) — CL,_1(q), n > 1, is given
by

do(2,® - @) = Z (_1)j+1x1®...®[aji’a¢j]®...®i«}®...®xn.

1<i<j<n

As usual 7; means that the variable z; is omitted.

It is well known that the first Leibniz homology of a Leibniz algebra q is
the abelianization of q, i.e. HL:(q) = q/[q,q]. Below we change the boundary
operator of (C'L.(q),d,) in such a way that we get a chain complex whose first
homology is the Liezation of .

In the sequel we denote the elements [z,y] + [y, z] by (x,y), for all z,y € q.
The following lemma is an easy exercise.

Lemma 3.6 Given a Leibniz algebra q the following identities hold:
(a) {{a,),¢) = (b, la, c]) + (a, [b,¢]) = [(a, b), ¢] = ([a, ], b) + (a, [b, c]);
(b) (a,b) = (b, a);

(¢) la, (b,c)] = 0.



for all a,b,c € q.
For a Leibniz algebra q and n > 1, we define §,, : CL,(q) — CL,,_1(q) by
(1 @2 @ Q@) = (11, 12) Q3R -+ @ 1y,
+ Z (—1)j1'1®"'®ZE¢—1®[$i>$j]®"‘®l/'\j®"'®$n~

1<i<j<n

(6,5)#(1,2)

We claim that (C'L.(q),d.) is again a chain complex. In effect, for any y € q
and n > 1, define K-linear maps:

On(y) : CLn(q) = CLu(q), Ou(y)(1 @+ ®qy) = Z(h ® QY ® Qg

and

in(y) : CLn(q) = CLpa(a), @)@ ®- @ q) = (-D)"0®- - Q¢ ®y.
Then we have
Proposition 3.7 The following identities hold:

(@) Ontrin(y) + in-1(y)0n = —On(y), n = 2.

(b) On(2)0n(y) = On(y)0n(x) = =On(lz,y]), n =1,

(¢) On(@)in-1(y) = in-1(y)bn-1(x) = in-1([y, 2]), n = 2.

(d) On1(y)on = 0nbn(y), n = 2.

(¢) 6,041 =0, n>2.

Proof. Thanks to the equalities in Lemma [3.0] the proof can be done by induction
on n, similarly to the proof of Proposition (3.1) in [20]. O

Definition 3.8 We call the homology of the complex (C'L.(q), d.) the Lie-homology
of the Leibniz algebra q and denote by HLY®(q), that is,

HL:*(q) := H.(CL.(q),6.).

It is clear that HLY®(q) = q/9™™ = que = H1(q, (—)Lie)-
Furthermore, by considering a free presentation 0 — s — f = q — 0 of the
Leibniz algebra ¢, and having in mind that

N :sﬂ[f,ﬂue: s
Hs(q, (—)Lie) 5. e U[s fl+fosls€s fef))

9




we define the K-linear map ® : HLY®(q) — Ha(q, (—)Le) by ®((1 ® z) = 7,
where x = [f1, fo] + [f2, f1], with 7(f1) = ¢ and 7(f2) = g2. Moreover, it is easy
to see that this map is bijective and there is an isomorphism of K-vector spaces

HL5®(q) ~ Ha(q, (—)Lie)-

Proposition 3.9 Given a Lie-central extension f : g — q of Leibniz algebras
with n = Ker(f), there is a siz-term exact sequence
N ® gue — HIN(g) — HIY(q) 2% n — HINe(g) — HIMe(q) — 0.
(G)

Proof. By considering the free presentations as in ([El), we can rewrite the sequence
as follows:

ie ie 9*( ie ie
HLS(g) — HLY*(q) "% n — HL*(g) — HIY(q) — 0.  (H)

Now we extend this sequence by one more term. For that, we consider again the
diagram of free presentations ([El). Then we have

eO [ flie 50 [faﬂue) 5, Fluie

¢, flLie (s, flLie T e e

Now we define 0 : n ®@ grie — 2 by 0(n @ T) = [s, f] + [f, 5] + [t, flLie, where

[tvﬂLie

s € vand f € f such that p(s) = n and p(f) = z. It is easy to check that o is a
well-defined epimorphism. Then the assertion follows. O

Ker (HL5*(g) — HL5®(q)) ~ Ker (

Note that there is a morphism of chain complexes ¢, : (CL.(q),d.) —
(CL.(q),d,) given inductively by

Y1 :idq>
a1 ® X9) =21 @ Ty + T3 ® T,

@n(xl X xn) :Qpn—l(l’l QR Slfn_l) X T,
+(=1)"2p @ Pp1(11 ® - @ Tp1), 1> 3.

3.3 Some properties of Lie-central extensions

In this subsection we establish some properties of Lie-central extensions of Leib-
niz algebras by using the six-term exact sequence (Gl) associated to the given
extension.

Proposition 3.10 Let f: g — q be an extension of Leibniz algebras with n =
Ker(f). The following statements are equivalent:

10



(a) f: g — q is a Lie-trivial extension.
(b) nN g™ =0.
(¢) 0 =n—g. —q, — 0 is exact in Lie.

Proof. The equivalences follow from the definition of Lie-trivial extension and by
the 3 x 3 Lemma [3] applied to the following diagram:

0 0 0

0 snngm g g 0

0 n g q 0

0 S HLi*(g) —> HLi"*(q) —0
0 0 0

O

Proposition 3.11 Let f: g — q be a Lie-trivial extension with n = Ker(f), then
0*(g) : HLY®(q) — n is the zero map and n ® g — HLY®(g) — HLY(q) — 0
15 ezxact.

Proof. Since [n, g]ie € nN g*™, by Proposition B.10] we have that [n, g]ie = 0,
then Im(6*(g)) = 0 in sequence (Gl). O

Corollary 3.12 Let f: g — q be a Lie-trivial extension with n= Ker(f), then
n=Ze(n).

ann

Proof. Since nN g*™ = 0, we have [n,n'| + [n',n] = [n+n',n 4+ n'] =0 for any
n,n’ € n, which means that n C Zy;.(n). O

Definition 3.13 A Lie-central extension f : g — q is said to be:
(a) a Lie-stem extension if grie = qLie-

(b) a Lie-stem cover if grie = quie and the induced map HL5®(g) — HLY®(q) is
the zero map.

Example 3.14

11



(a) Let g and q be three and two-dimensional Leibniz algebra with K-linear
bases {a1, as,as} and {e1,ex}, with the Leibniz brackets given respectively
by [as,as] = —lasg,as] = ag, |as,as3] = a1 and [e1,es] = —[ea,e1] = —ey
and zero elsewhere. Then the surjective homomorphism of Leibniz algebras
f 9 — q defined by f(a;) =0, f(az) = e1 and f(az) = ez is a Lie-stem

extension.

(b) Let 0 — 5 — f = q — 0 be a free presentation of a Leibniz algebra q.
Then [s, f]Lie is a two-sided ideal of § and the 3 x 3 Lemma [3] provides the
sequence 0 — s/[s, flLie — f/[8, flie = 9 — 0 which is a Lie-stem cover of q.

Proposition 3.15 For a Lie-central extension f : g — q, with n = Ker(f), the
following statements are equivalent:

(a) f:g— q is a Lie-stem extension.
(b) The induced map n — HLY®(q) is the zero map.
(c) 0*(g) : HLS®(q) — n is an epimorphism.

(d) The following sequence n®guie — HL5®(g) — HL5®(q) " 1 50 is exact.

(6) n g gann‘

Proof. The equivalences between (a), (b), (c) and (d) follow from the exact se-
quence (G]). The equivalence between (a) and (e) is a consequence of the following
3 x 3 diagram:

0 0 0
0—snngom o g 0
0 n g q 0
0 0 HLy*(g) == HL{*(q) —>0

0 0 0

|

Proposition 3.16 For a Lie-central extension f : g — q the following statements
are equivalent:

(a) f:g— q is aLie-stem cover.
(b) 0*(g) : HLS®(q) — n is an isomorphism.

Proof. This is a direct consequence of the five-term exact sequence (H). a

12



4 The precise Lie-center of a Leibniz algebra

In this section we introduce the notions of Lie-unicentrality, Lie-capability and
precise Lie-center of a Leibniz algebra and analyze the relationships between them.

Definition 4.1 A Leibniz algebra q is said to be Lie-unicentral if every Lie-central
extension f : g — q satisfies [ (Z1e(9)) = Ziie(q), that is, the following diagram
with exact rows

Ker(f)~— Ziic(g) —> ZLic(q)

Ker(f) © g——q

15 commutative.
Definition 4.2 A Leibniz algebra q is said to be Lie-capable if there exists a
Lie-central extension

O—>ZL;e(g)—>gL>q—>O.

Definition 4.3 The precise Lie-center Z}.(q) of a Leibniz algebra q is the in-
tersection of all two-sided ideals f(Zii.(g)), where f : g — q is a Lie-central
extension.

Remark 4.4
(a) Zfe(q) C Ziie(q).

(b) Zfe(q) = Zie(q) if and only if f(ZLe(9)) = Ziie(q) for every Lie-central
extension of Leibniz algebras f : g — q, or equivalently, if and only if q is
Lie-unicentral.

Given a free presentation 0 — s — § - q — 0 of the Leibniz algebra g,
consider the Lie-central extension (Lie-stem cover of q)

— 5 — f
[5> ﬂ Lie [5a ﬂ Lie

as in Example B.14] (b). Then we have

i>q—>0

Lemma 4.5 Z/..(q) =T (ZLie (ﬁ))

13



Proof. We need to show that, for any Lie-central extension 0 — a — § = q — 0,
the inclusion 7 (ZLie (ﬁ)) C ¢ (ZLie(h)) holds.

Since f is a free Leibniz algebra, there exists (uniquely defined epimorphism)
a : § — b such that p o = 7. Then «a(s) C a and « ([s, flLe) € [a, blLie = 0.

Hence, « induces @ : —— — b such that @o m = a, where 7 : f — is the

i
[57ﬂLie [57ﬂLie
natural projection. It is straightforward to see that @ (ZLie (ﬁ)) C Zie(h).
Now, since Tomr =7 =poa =gpoaom, it follows that

- (ZLie (ﬁ)) — (poa) (ZUe (ﬁ)) C ¢ (Zue(h)).

Corollary 4.6 Z..(q) = 0 if and only if q is a Lie-capable Leibniz algebra.

Proof. If q is a Lie-capable Leibniz algebra, then there exists a Lie-central exten-
sion 0 = Ziie(g) = g 2> q — 0, then Z;,.(q) € f (Zue(g)) = 0.
Conversely, if Z;.(q) = 0, for any free presentation 0 — s — § = q — 0 of q,

) — 0 by Lemma 3. Then

we have T (ZLie ﬁ

. f f o7
0 e ([saﬂue) e Y

is a Lie-central extension. O

Lemma 4.7 Letn : g — q be an epimorphism of Leibniz algebras, then m (Z]'..(g))
Zfie(q)'

Proof. For any Lie-central extension 0 — n — h 5 q — 0 of g, consider the
pull-back diagram over m

0——n——>g xqbggﬁo

)

0 n b q

Clearly the upper row is again a Lie-central extension of ¢. Then we have

T (Z[e(8)) € oD (Ziie(g Xq b)) = 9T (ZLie(g Xq b)) S ¢ (ZLie(h)). This implies

that m (Z5.(9)) € Ne (Ziie(b)) = Ziie(a). 0
%)

Proposition 4.8

(a) Z.(q) is the smallest two-sided ideal w of the Leibniz algebra q such that
q/n is Lie-capable. In particular, q/Z.(q) is Lie-capable.

14
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(b) Let n be a two-sided ideal of a Leibniz algebra q such that n N Z.(q) = 0.
If q/n is Lie-capable, then q is Lie-capable as well.

Proof. (a) Given a two-sided ideal n of q such that q/n is Lie-capable, consider the
epimorphism 7 : ¢ — q/n. By Lemma[d.7 and Corollary .6l we have 7 (Z".(q)) C
Ziu(a/m) = 0, then Z(q) C Ker(r) = .

(b) By (a), Z.(q) € n. Since Z/.(q) N n = 0, then Z (q) = 0. Then
Corollary completes the proof. O

Theorem 4.9 Let a be a two-sided ideal of a Leibniz algebra ¢ such that a C
Ziie(q). Then a C Z}.(q) if and only if the map C : a ® que — HLY®(q) in
sequence (Gl) associated to the Lie-central extension 0 — a — q — q/a — 0 is
the zero map.

Proof. Consider the free presentations 0 =t — § 2 q — 0and 0 — § — f —%¢
q/a — 0. We know from the proof of Proposition 3.9 that Im(C') = %, then
by Proposition we have the following commutative diagram:

m

Ziie (ﬁ) —> Z(q)

T p
0 [tvﬂLie [tvﬂLie q O
€ Y
\V - \4
o ———0q/Z(q)

_ [5.flLie _ 5 ) f [ _s _ 5 _
Hence C - 0 = [t7ﬂLie o O A [tvﬂLie g ZLIe ([ 7ﬂLie> A ,y © p ([tvﬂLie> =€ ([t7ﬂLie) o

0 a=p(s) =7 (=) S Ker(y) = Zii(a). 0

Corollary 4.10 For a Leibniz algebra q the following statements are equivalent:

(a) q is Lie-unicentral.

(b) The map C : Zi;i(q) @ que — HLY®(q) in the sequence (G associated to
the Lie-central extension 0 — Zii.(q) = q — q/ZLie(q) — 0 is the zero map.

(c) The canonical homomorphism HLY®(q) — HLY®(q/ZLi(q)) is injective.

Proof. This is a consequence of the exactness of the sequence (Gl) associated to
the Lie-central extension 0 — Z(q) — q — q/ZLie(q) — 0. O

Remark 4.11 If q is a Lie-unicentral Leibniz algebra, by Corollary [{.10 and
the sequence (Gl) associated to the Lie-central extension 0 — Zie(q) — q —
a/Zie(q) — 0, we have

HLY*(q) = Ker (0*(q) : HL5®(d4/Ziie(q)) = Ziie(q)) -

15



5 Lie-solvable and Lie-nilpotent Leibniz algebras

In this section, by using the relative commutators, we introduce the notions of Lie-
solvability and Lie-nilpotency of Leibniz algebras and investigate their properties.

Definition 5.1 Let m be a two-sided ideal of a Leibniz algebra q. A series from
m to q is a finite sequence of two-sided ideals m;, 0 <1 < k, of q such that

m=mydm; J---<dmy,_; dm, =¢q.

k is called the length of this series.
A series from m to q of length k is said to be Lie-central (resp. Lie-abelian)
if [my, qlue € my_q, or equivalently m;/m;_1 C Ze(q/m;_q) (resp. if [m;, my]e C

m,_y, or equivalently [m;/m;_y,m;/m;_1]ie =0) for 1 <i <k .
A series from 0 to q is called a series of the Leibniz algebra q.

Definition 5.2 A Leibniz algebra q is said to be Lie-solvable if it has a Lie-
abelian series. If k is the minimal length of such series, then k is called the class
of Lie-solvability of q.

We show below that among all Lie-abelian series of a Lie-solvable Leibniz
algebra there is one which descends most rapidly.

Definition 5.3 The Lie-derived series of a Leibniz algebra q is the sequence

of two-sided ideals of q defined inductively by
Theorem 5.4

(a) Let q be a Leibniz algebra and m =my <my <--- <m,;; Im; =q bea
Lie-abelian series from m to q, then ¢ C m;_;, 0<17<j.

(b) A Leibniz algebra q is Lie-solvable with class of Lie-solvability k if and only
if q®) =0 and q*=Y #£ 0.

Proof. (a) This easily follows by induction on 1.

(b) TF g™ = 0 and g~V £ 0, then 0 = q® < q®=D < ... < q® < q® = q i
a Lie-abelian series and by (a) its length is minimal. Therefore q is a Lie-solvable
with class of solvability k. The converse statement directly follows from (a). O

Example 5.5
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(a) Abelian Leibniz algebras are Lie-solvable Leibniz algebras of class 1.
(b) Lie algebras are Lie-solvable Leibniz algebras of class 1.

(c) The three-dimensional (non-Lie) Leibniz algebra with K-linear basis {ay, as, az}
and Leibniz bracket given by

[a1,a3] = [a27a3] = g, [a3,a3] =a

and zero elsewhere (see [J]), is a Lie-solvable Leibniz algebra of class 2 and
solvable of class 2.

(d) The five-dimensional perfect (non-Lie) Leibniz algebra with K-linear basis
{a1, as, a3, a4, a5} and Leibniz bracket given by

[0,2, 0,1] = —das, [0,1, ag] = asg, [0,1, ag] = —2@1,

[0,3, 0,1] = 20,1, [0,3, ag] = —2&2, [0,2, ag] = 2&2,

a5, a1] = a4, lag,a0] = a5, |as, a3] = —au,
[as, az] = as,

and zero elsewhere (see [22)]) is Lie-solvable of class 2, but it is not a solvable
Leibniz algebra.

(e) Subalgebras and images by homomorphisms of Lie-solvable Leibniz algebras
are Lie-solvable as well.

(f) Intersection and sum of Lie-solvable two-sided ideals of a Leibniz algebra
are Lie-solvable two-sided ideals as well.

Proposition 5.6

(a) Let n be a Lie-solvable ideal of a Leibniz algebra q such that q/n is Lie-
solvable, then q itself is Lie-solvable.

(b) Let m and n be Lie-solvable two-sided ideals of a Leibniz algebra q, then
[m, n]Lie is a Lie-solvable two-sided ideal of q.

Proof. (a) Since q/n is Lie-solvable, then there exists k € N such that 0 =
(q/n)*® = q® /n, that is ¢® = n. On the other hand, since n is Lie-solvable,
then there exists j € N such that n¥) = 0. Hence q*+9) = (q(k))m =nl) =0.

(b) By Lemmal[3.3] [m, n] ; is a two-sided ideal of q. Moreover, [m, n] ;. C mNn.
Then the statements (e) and (f) in Example [5.5] complete the proof. O

Definition 5.7 A Leibniz algebra q is said to be Lie-nilpotent if it has a Lie-
central series. If k is the minimal length of such series, then k is called the class
of Lie-nilpotency of q.

17



We show below that among all Lie-central series of a Lie-nilpotent Leibniz
algebra there is one which descends most rapidly.

Definition 5.8 The lower Lie-central series of a Leibniz algebra q is the sequence

of two-sided ideals of q defined inductively by
g =q and q"=[q"", qlu, i >2.
Theorem 5.9

(a) Let q be a Leibniz algebra and 0 = my <my < --- < m;; Im; =q be a
Lie-central series of q, then ¢! Cm;_;,1, 1 <i < j+ 1.

(b) A Leibniz algebra q is Lie-nilpotent with class of nilpotency k if and only if
g+t =0 and q™ # 0.
Proof. (a) This follows by induction on i.
(b) If g** =0 and g # 0, then 0 = gF < gkl < ... < g@ < gl =qisa
Lie-central series, which has minimal length by (a). Therefore q is Lie-nilpotent

of class k. The inverse statement directly follows from (a). O

Definition 5.10 The upper Lie-central series of a Leibniz algebra q is the se-
quence of two-sided ideals

Z5%(a) 2 2(@) - D Z7%(q) D
defined inductively by
Z5%(a) =0 and Z"(q) = Cy*(a, 2i5(q)), i > 1.

Let us observe that ZHe(q) = Zi;.(q) and, by Lemma B.3, Z°(q) indeed is a
two-sided ideal of q.

Lemma 5.11 Let m and n be two-sided ideals of a Leibniz algebra q. If [m, q]Le C
n, then m C CFe(q,n).

Proof. This is straightforward. O

Now we show that among all Lie-central series of a nilpotent Leibniz algebra
there is one which ascends most rapidly.

Proposition 5.12 Let 0 = myg < my < --- I my_; < my = q be a Lie-central
series of a Lie-nilpotent Leibniz algebra q, then m; C ZH¢(q), 0 <i < k.

18



Proof. Obviously the assertion holds for ¢ = 0. Proceeding by induction on ¢,
we assume that the assertion is true for 7 — 1, then using the Lie-centrality and
Lemma 5.11] we have m; C C‘;'ie(%mz’—l) - C‘;'ie(qa Z1(q)) = 2t(a). U

Theorem 5.13 A Leibniz algebra q is Lie-nilpotent with class of Lie-nilpotency
kif and only if Z5°(q) = q and Z;° (q) # 4.

Proof. 1f q is a Lie-nilpotent Leibniz algebra with class of Lie-nilpotency k, then
Proposition implies that ¢ = m;, € Z-¢(q) C gq. Moreover, in this case
0= Z5e(q) < ZHe(q) < -+ < ZLe (q) < ZHe(q) = q is a Lie-central series of
length k of q. Hence Z}© (q) # q.

Conversely, if ZH(q) = q and 25", (q) # q then 0 = Z}¢(q) < ZHe(q) < --- <
Zle (q) < ZHe(q) = q is a Lie-central series of q and by Proposition its
length is minimal. O

Example 5.14
(a) Abelian Leibniz algebras are Lie-nilpotent Leibniz algebras of class 1.
(b) Lie algebras are Lie-nilpotent Leibniz algebras of class 1.

(c) The three-dimensional non-Lie Leibniz algebra with K-linear basis {a1, as, az}
and Leibniz bracket given by

a3, az] = a1
and zero elsewhere (see [5]), is a Lie-nilpotent Leibniz algebra of class 2.

(d) The non-Lie Leibniz algebra given in Example[5 (¢) is non Lie-nilpotent.

(e) The four-dimensional (non-Lie) Leibniz algebra with K-linear basis {ay, as, as, as}

and Leibniz bracket given by
[617 61] = €3, [627 64] = €2, [647 62] = —€3

and zero elsewhere (see [§]) is Lie-nilpotent of class 2, but it is not a nilpo-
tent Leibniz algebra.

(f) Subalgebras and images by homomorphisms of Lie-nilpotent Leibniz algebras
are Lie-nilpotent Leibniz algebras.

(g9) Intersection and sum of Lie-nilpotent two-sided ideals of a Leibniz algebra
are Lie-nilpotent two-sided ideals as well.

Proposition 5.15

(a) If q/Z1ie(q) is a Lie-nilpotent Leibniz algebra, then q is a Lie-nilpotent Leib-
niz algebra.
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(b) If q is a Lie-nilpotent and non trivial Leibniz algebra, then Zii.(q) # 0.

(c) If g — q is a Lie-central extension of a Lie-nilpotent Leibniz algebra q, then
g 1s Lie-nilpotent as well.

(d) A Lie-nilpotent Leibniz algebra is Lie-solvable as well.

Proof. (a) There exists k € N such that (q/Zue(q)™ = 0, then ¢! C Z...(q),
hence " C [Z1i(q), q]Lie = 0.

(b) Assume that q has Lie-nilpotency class equal to k, that is [q¥) q]e =
™ = 0, then Lemma BE.IT implies that 0 # g* € CYe(q,0) = Zyie(q).

(c) There exists k € N such that g/*/ = 0. Then (g/n)[k] = glfl/n = 0, where
n = Ker(g — q). Hence gi¥! C n C Z;.(g) and g**! = [g* g],e = 0.

(d) By induction on i, it is easy to see that q¥ C qli+1l, i > 0. O

6 Homological criterion for Lie-nilpotency

Definition 6.1 Let n be a two-sided ideal of a Leibniz algebra q. The lower
Lie-central series of q relative to n is the sequence

...ﬂn[i]ﬁ...ﬂn[z}ﬂn[l}
of two-sided ideals of q defined inductively by
' =n and ol = WY gl i>2

Note that [nf /b1 nlil /mli+1] 0 = 0. When n = q we obtain Definition 5.8
If ¢ : g — g is a homomorphism of Leibniz algebras such that ¢(m) C n, where
m is a two-sided ideal of g and n is a two-sided ideal of g, then ¢(mll) C nlf,
1> 1.

Theorem 6.2 Let p : g — q be a homomorphism of Leibniz algebras such that
p(m) C n, where m is a two-sided ideal of g and n is a two-sided ideal of q, and
the following properties hold:

(a) the induced homomorphism H LY®(g) — HLY®(q) is an isomorphism;
(b) the induced homomorphism HLY®(g) — HLS®(q) is an epimorphism;
(c¢) the induced homomorphism o1 : g/m — q/n is an isomorphism.

Then ¢ induces a natural isomorphism ¢y, : g/ml — q/nlf k> 1.
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Proof. We prove by induction on k. For k = 1 we have the statement (c). Suppose
the theorem is true for k£ — 1. Applying sequence ([DI), which is natural [12], to
the following commutative diagram

0—mlF 1t —sg——sg/mkF1l——50

R

0——=nFl —sqg—sq/mF1—0

we get the following commutative diagram

ie ie mlk—1] ie ie

HL3*(g) — HL3*(;5') =11 gl HLY*(g) —> HLy*( ;%) —0
ie ie nlk—1 ie ie

HLE(q) — HLY* (k) — o — HLY®(a) — HLY (k) —0

By the Five Lemma, which holds in a semi-abelian category [I, 21I], we get

k—1] k—1] w1 ~ plk=1]

[ [ . .
s = i. e. ®—— = "_——_  Then the short Five Lemma ap-
mlk] nlkl]

[m[killvg}Lie - [n[k71]7q}Lie’
plied to the following commutative diagram

mlF—1] g g
0 Al ) iy 0
n[kfl] \CL \CL
O nlk] nlkl nlk—1] O
and the induction complete the proof. O

Corollary 6.3 Let ¢ : g — q be a homomorphism of Leibniz algebras such that
OLic © OLie — qLic 18 an isomorphism and the induced homomorphism HL5®(g) —
HL5®(q) is an epimorphism. If g and q are Lie-nilpotent Leibniz algebras, then
@ s an isomorphism.

Proof. Take m = g and n = q in Theorem [6.2. Then the assertion follows by
keeping in mind that HLY®(g) & gri, HLY(q) = quic and there exists & > 1
such that gl¥l = gl¥l = 0. O

Corollary 6.4 Suppose q and qr;i. both are Lie-nilpotent Leibniz algebras. Then
necessarily q = quie, that s, q is a Lie algebra.

Proof. This follows by applying Corollary to the canonical epimorphism
q = qLie- O

Lemma 6.5 Let n be a two-sided ideal of a Leibniz algebra q. The lower Lie-
central series determined by n vanishes if and only if there exists i > 0 such that
n C Zr(q).
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Proof. 1t is enough to use the following obvious equivalence:
€ ZPe(q) &l C 2k (a).
O

Theorem 6.6 Let m be a two-sided ideal of g and n be a two-sided ideal of q such
that m C ZH(g) and n C Z]'-'ie(q), i,j > 0. Let ¢ : g — q be a homomorphism of
Leibniz algebras such that p(m) C n and satisfying the following conditions:

(a) the induced homomorphism H LY®(g) — HLY®(q) is an isomorphism;
(b) the induced homomorphism HLY®(g) — HLS®(q) is an epimorphism;
(c¢) the induced homomorphism g/m — q/n is an isomorphism.

Then ¢ : g — q is an isomorphism.

Proof. This is a consequence of Theorem and Lemma [6.5] O

Corollary 6.7 Let ¢ : g — q be a homomorphism of Leibniz algebras such that
o(ZHe(g)) C ZHe(q) for any i > 0 and satisfying the following conditions:

(a) the induced homomorphism HLY®(g) — HLY®(q) is an isomorphism;

(b) the induced homomorphism HLY®(g) — HLL®(q) is an epimorphism;

(c) the induced homomorphism g/ZH(g) — q/2ZHe(q) is an isomorphism.
Then ¢ : g — q is an isomorphism.

Proof. This follows by applying Theorem to the case m = ZH¢(g) and n =
Z1(q). 0
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