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1. Introduction

Leibniz algebras are generalizations of Lie algebras and they have been introduced by Loday [17] as a
non-antisymmetric version of Lie algebras. These algebras preserve a unique property of Lie algebras—
the right multiplication operators are derivations. Since the 1993 when Loday’s work was published,
many researchers have been attracted to Leibniz algebras, with remarkable activity during the last
decades.

From the classical theory of Lie algebras it is well known that the study of finite-dimensional Lie
algebras was reduced to the nilpotent ones [19]. In the Leibniz algebra case we have an analogue of Levi’s
theorem [6]. Namely, the decomposition of a Leibniz algebra into a semidirect sum of its solvable radical
and a semisimple Lie algebra is obtained. The semisimple part can be described from simple Lie ideals
(see [6]) and therefore, the main problem is to study the solvable radical. Based on the work of [20],
a new approach for the investigation of solvable Lie algebras by using their nilradicals is developed in
the works [1-3, 21, 23-25] and others. This approach is based on the nil-independent derivations of
nilradical. In fact, for a given solvable Leibniz algebra with a fixed nilradical the complemented space
to nilradical has a basis with the condition that the restriction of operators of right multiplication on a
basis element is nil-independent derivation of nilradical [12].

Since the description of finite-dimensional solvable Lie algebras is a boundless problem, lately
geometric approaches are developing. Relevant tools of geometric approaches are Zariski topology and
natural action of linear reductive group on varieties of algebras in such a way that orbits under the action
consists of isomorphic algebras. It is a well-known result of algebraic geometry that any algebraic variety
(evidently, algebras defined via identities form an algebraic variety) is a union of a finite number of
irreducible components. The most important algebras are those whose orbits under the action are open
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sets in sense of Zariski topology. The algebras of a variety with open orbits are important since the
closures of orbits of such algebras form irreducible components of the variety. At the same time there
exists an irreducible component which is not closure of orbit of any algebra. This fact does not detract
the importance of algebras with open orbits. This is a motivation of many works focused to discovering
of algebras with open orbits and to description of sufficient properties of such algebras [7, 15, 16].

In this paper under the condition to a operator of right multiplication we classify solvable Leibniz
algebras with abelian nilradical and with one-dimensional complemented space of nilradical. The clas-
sification of solvable Leibniz algebras with abelian nilradical and maximal dimension of complemented
space is obtained, as well. The rigidity of such algebras is proved. Moreover, we present a description of
solvable algebras with naturally graded non-Lie p-filiform nilradicals (n — p > 4) under some condition
to operator of right multiplication to an element of one-dimensional complemented space to nilradical.
The classification problems of the obtained algebras are studied.

Throughout the paper we consider finite-dimensional vector spaces and algebras over the field C.
Moreover, in the multiplication table of an algebra omitted products are assumed to be zero and if it is
not noticed we shall consider non-nilpotent solvable algebras.

2. Preliminaries
In this section we give necessary definitions and preliminary results.

Definition 2.1 ([17]). A vector space with bilinear bracket (L, [—, —]) over a field F is called a Leibniz
algebra if for any x, y, z € L the so-called Leibniz identity

[ [y 21] = [[x. 51 2] =[x, 21, ]
holds, or equivalently, [[x, y],z] = [[x, z], y] + [x, Ly, z]].

Here, we adopt the right Leibniz identity; since the bracket is not skew-symmetric, there exists the
version corresponding to the left Leibniz identity,

[y 2] = [% [ 2] — [ [x.2]] -

For examples of Leibniz algebras we refer to papers [17] and [18].
Further we will use the notation

L(x,y,2) =[x, [y, 2]l — [[x,y], 2] + [[x, 2], y].

It is obvious that Leibniz algebras are determined by the identity £(x, y,z) = 0.

From the Leibniz identity we conclude that the elements [x, x], [x, y] + [y, x] for any x,y € L lie in
Ann,(L) ={x e L|[y,x] =0, forall y € L}, the right annihilator of the Leibniz algebra L. Moreover, it
is easy to see that Ann,(L) is a two-sided ideal of L.

The two-sided ideal Center(L) = {x € L | [x,y] = 0 = [y,x], for all y € L} is said to be the center
of L.

Definition 2.2. A linear map d: L — L of a Leibniz algebra (L, [—, —]) is said to be a derivation if for
all x, y € L the following condition holds:

d([x,y]) = [d(x),y] + [x, d(y)]. 2.1)

Note that the right multiplication operator Ryx: L — L,Rx(y) = [y,x],y € L, is a derivation (for
a left Leibniz algebra L, the left multiplication operator £: L — L,Ly(y) = [x,y],y € L,is also a
derivation).
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Definition 2.3. For a given Leibniz algebra (L,[—, —]) the sequences of two-sided ideals defined
recursively as follows:

L'=L M =5, k=1, MW=L, I8 =2 L8, s>,
are said to be the lower central and the derived series of L, respectively.

Definition 2.4. A Leibniz algebra L is said to be nilpotent (respectively, solvable), if there exists n € N
(m € N) such that L" = 0 (respectively, L™ = 0). The minimal number # (respectively, m) with such
property is said to be the index of nilpotency (respectively, index of solvability) of the algebra L.

Evidently, the index of nilpotency of an n-dimensional nilpotent algebra is not greater than n + 1.
Definition 2.5. The maximal nilpotent ideal of a Leibniz algebra is said to be the nilradical of the algebra.

Let R be a solvable Leibniz algebra with nilradical N. We denote by Q the complementary vector
space of the nilradical N to the algebra R. Let us consider the restrictions to N of the right multiplication
operator on an element x € Q (denoted by Ry, ). From [12] we know that for any x € Q, the operator
Ry is a non-nilpotent derivation of N.

Let {x1,...,%n} be a basis of Q, then for any scalars {a1,...,0,} € C\{0}, the matrix a1 Ry, |, +
-+ + oy Ry, | is non-nilpotent, which means that the elements {x1, ..., x,;} are nil-independent [20].
Therefore, we have that the dimension of Q is bounded by the maximal number of nil-independent
derivations of the nilradical N (see [12, Theorem 3.2]). Moreover, similar to the case of Lie algebras, for
a solvable Leibniz algebra R the inequality dim N > ‘ﬁ%R holds.

Let L be a nilpotent Leibniz algebra and x € L\L2. Denote by C(x) = (11, 1, ..., ng) the decreasing
sequence which consists of the dimensions of the Jordan blocks of the operator R,. On the set of such
sequences we consider the lexicographic order.

Definition 2.6. The sequence C(L) = max, C(x) is called the characteristic sequence of the Leibniz
xeL\L

algebra L.
Below we define the notion p-filiform Leibniz algebra.

Definition 2.7. A Leibniz algebra L is called p-filiform if C(L) = (n — p,1,...,1), where p > 0.
P

Note that above definition, when p > 0 agrees with the definition of p-filiform Lie algebras [8].
Since in the case of Lie algebras there is no singly-generated algebra, the notion of 0-filiform algebra
for Lie algebras has no sense, while for the Leibniz algebras case in each dimension there exists up to
isomorphism a unique null-filiform algebra [4].

Definition 2.8. Given an n-dimensional p-filiform Leibniz algebra L, put L; = L /Li""l, 1<i<n-—p,
andgrL =L ®Ly®---® Ly—p. Then [L;, Lj] C L;i1; and we obtain the graded algebra gr L. If gr L and
L are isomorphic, gr L = L, we say that L is naturally graded.

Due to voluminous of the list of naturally graded p-filiform (1 < p < n — 1) Lie algebras we refer the
reader to the work [9].
Since we shall consider naturally graded non-Lie p-filiform nilradical we give its classification.
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Theorem 2.9 ([10]). An arbitrary n-dimensional naturally graded non-split p-filiform Leibniz algebra
(n — p > 4) is isomorphic to one of the following non-isomorphic algebras:
p = 2k is even

lenerl=eiy1, 1<i<n—-2k—1,
e lefil =firp 1=j=Kk
[eise1] = eit1, l1<i<n-—2k-—1,
) len il = e2 + fr1s
Ha: lei, il = eit1, 2<i<n—2k-1,
ler, fil = frtjs 2<j<k
p=2k+ 1lisodd
[ei,e1] = eit1, l1<i<n—2k—2,
w3y lenfil = firr+ 1<j<k
leis fir1] = eit1s 1<i<n-—2k-2,

where {e1, €2, ..., en—p,f1,f2, . . . fp} is a basis of the algebra.
In order to simplify our further calculations for the algebra w3, by taking the change of basis in the
following form:
d=e, &=e —fir1, € =€ 2=<i<n—2k-1,
f';'/ :ﬁ) f]é+] :fk+l+j) 1 S] < k)
we obtain the table of multiplication of the algebra 13, which we shall use throughout the paper:
ler,e1] = e3,
lee1]l =eip1, 2<i<n—-2k—1,
B lenfil =firp 1<j<k
le.fil =fevjp 1=<j=<k

For acquaintance with the definition of cohomology group of Leibniz algebras and its applications to
the description of the variety of Leibniz algebras (similar to Lie algebras case) we refer the reader to the
papers [5, 13, 14, 17, 18, 22]. Here we just recall that the second cohomology group of a Leibniz algebra
L with coefficients in a corepresentation M is the quotient space

HL*(L,M) = ZL*(L, M)/BL*(L, M),
where the 2-cocycles ¢ € ZL?(L, M) and the 2-coboundaries f € BL?(L, M) are defined as follows
(@ 9)(a, b, ¢) = [a,¢(b, 01— [¢(a, b), ]+ [¢(a, ), bl +¢(a, [b, c]) —¢([a, bl, ) +¢([a,c],b) = 0 (2.2)
and
f(a,b) = [d(a), b] + [a,d(b)] — d([a,b]) for some linear map d. (2.3)

The linear reductive group GL,(FF) acts on Leib,, the variety of n-dimensional Leibniz algebra
structures, via change of basis, i.e.,

@*MNE) =g (g'®).g7'()), g€GL,(F), AeLeiby,.

The orbits Orb(—) under this action are the isomorphism classes of algebras. Recall, Leibniz algebras
with open orbits are called rigid. Note that solvable Leibniz algebras of the same dimension also form an
invariant subvariety of the variety of Leibniz algebras under the mentioned action.



Downloaded by [The UC Irvine Libraries] at 11:27 29 September 2017

COMMUNICATIONS IN ALGEBRA® 4333

Remark 2.10. Due to results of the paper [4] we have a sufficient condition for a Leibniz algebra being
rigid algebra. Namely, if the second cohomology of a Leibniz algebra with coefficients in itself is trivial,
then it is a rigid algebra.

3. Solvable Leibniz algebras with abelian nilradical and extremal dimensions of
complemented space Q

We denote by A(k) the k-dimensional abelian algebras. For solvable Leibniz algebras with nilradical
A(k) and dimension of complemented space of nilradical to an algebra is equal to s, we shall use the
notation R(A(k), s).

This section is devoted to the classification of solvable Leibniz algebras with nilradical .A(k) under
the condition that the complemented space to the nilradical have extremal dimensions. The extremal
dimensions of the complemented space mean the minimal and maximal possible dimensions of the
space. Evidently, the candidate for minimal dimension of complemented space is equal one.

First, we consider the case of solvable algebras with one-dimensional complemented space of A(k).

Let {f1, /2. - . »fx> x} be a basis of the algebra R(A(k), 1).

Evidently, the space of derivations of the algebra .A(k) coincided with the space of k x k matrices.

Let us assume that the operator Ry, A has Jordan block form, that is, R ag =D

Theorem 3.1. An arbitrary algebra of the family R(A(k), 1) is isomorphic to one of the following non-
isomorphic algebras:

foxl =fi+fi, 1=isk-1
R, {[ﬁ,x] =fitfon 1=isk=1 e =fo
[fi x] = fi xfil=—~fi—fir1, 1<i<k-—1,
[x fi] = —fk-
Proof. Since A = 0 implies the nilpotency of the algebra R we get & # 0. Moreover, by scaling the basis
elements
X=x1x fl=2"f1<i<k

we can suppose A = 1.
Therefore, the multiplication table of the algebra R has the following form:

[fi- x] = fi + fit1, 1<i<k-—-1,
[fi X] = fi

k
[fil=Y ajf, 1<i<k-1,
j=1

k
[x,x] =) 0if
i=1

From the equalities L(x, f;, x) = L(x,x,f1) = 0 with 1 < i < k, derive the restrictions:

Ol,‘,j=0, 1§j<i§k,
Qjj = O] j—i+1> 1<i<j<k
2 _
01 = —o1,1, (3.1)

j
Zal,ial,j—i+l =—apj-1—0a,  2<j<k
i=1
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Consider the possible cases.

Case 1. Let 1,1 = 0. Then from the fourth equation of restrictions (3.1) we geta1; =0, 2 <i < k.
By taking the change in the following form:

ki
X=x+Y Y (DTG

i=1 j=1
we obtain the algebra R;.
Case 2. Let ;;; = —1. Then from restrictions (3.1) we obtain o;, = —land «;; = 0, 3 < i < k. The
equality £(x, x,x) = 0 implies §; = 0, 1 < i < k. Thus, we obtain the algebra R;. O

Now we shall classify the opposite case to one-dimensional complemented space Q, that is, we
consider the maximal dimension of Q.

Theorem 3.2. The maximal possible dimension of algebras of the family R(A(k), s) is equal to 2k, that is,
s = k. Moreover, an arbitrary algebra of the family R(A(k), k) is decomposed into a direct sum of copies of
two-dimensional non-trivial solvable Leibniz algebras.

Proof. Let {x1,x2,...,xs} be a basis of the complemented space of A(k) to the algebra R(A(k), s).
Then from Leibniz identity
0= [fl; [xj’ xt]] = [[ﬁ: xj]s -x[] - [[fl: -x[]) x]]
we conclude that the operators R,

th\A(k) ° ijlA(k)
simultaneously transformed to their Jordan forms by a basis transformation.

1 < i < s, commute pairwise, that is, ij o th\A(k) =

Law
1 < i < scould be

l Ak’

forany 1 < j,t < s. This implies that all operators Ry, 4 >

Let {A(li), /\g), ces )L,(ci)} be the eigenvalues of the operators corresponding to Ry >
(@)

Consider the vectors «; = ()»(i) /S S ,)»,(j) ), 1 < i < s, of the k-dimensional vector space Ck,
Since Der(A(k)) = My and nil-independent derivations are Ry apr L =1 =s We deduce that the
maximal number of nil-independent among vectors «;, 1 < i < sis equal to k. This means that the
maximal dimension of the complemented space is equal to k, i.e. s = k.

Without loss of generality we can assume that a; = (0,...,0, :‘,L ,0,...,0),4 #0, 1 <i <k

1<i<s.

i-th place
correspond to Ry, , > 1 < i < k.
Thus, we obtain the products in the algebras R(A(k), k):
[ﬁsxj]:ai,jﬁ+la lflfk—l,lf_]ik,l#J,
[fisxi] = Aifi + aiifiv1s 1<i<k-1,
[fis Xk] = Ak fro
[fk> %] =0, 1<j<k-1
By scaling basis elements xg = )%, xi, 1 <i <k weobtain A; = 1.
The equalities

E(ﬁ)xi)xj) = E(_fi)-xi)xi-‘rl) =0
derivea;; =0, 1<i<k—-1,1<j<k

Let us introduce the notations

k k
[xi>f}] = ZaltJﬁ) [xi)xj] = Z yifjﬁ) 1 S la] E k
t=1 t=1
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From L(x;, fj, x;) = 0 we have [x;, fj] = a; f;-
Moreover, the equalities £(x;, xj, f;) = L(x;, xj, f;) = 0 imply the restrictions:
ai,j:0> 1Sl>]5k:l;é])
aiz’i = —ai 1<i<k
Consider the chain of equalities
L, [, 211 = (166 %31, i — (i %3, %51 = ¥ fi = v, -
On the other hand, we have

k
[xi> [, xi]] = |:xz”Z J/jfift:| = Oti,n/jfiﬁ

t=1

By comparing the coeflicients at the basis elements we obtain

Oli,n/jfi = )/Zl», 1<ij<k i#j,

@iyl =0, 1<i<k i=j}, (3.2)

yli=0, 1<ij<k i#]
We can assume that yifi = 0forl < i < k. Indeed, if o;; # 0 for some i, then from the above
restrictions we have yifi = 0. For those i such that «;; = 0 by taking the change x; = x; — yifi fi» we again

obtain yifi = 0. Therefore, yifi =0,1<i<kthatis, [x,x]=0,1<i<k
Consider the chain of equalities
[, [ 1] = [ x50 %6 — [ %) 51 = v fe = Vi -
On the other hand, we have

k
[xi, [, xe1] = [xi, > y,fﬁ] = &y} S
=1
From these we obtain
V=00 1<ijt<k i#j i#t j#t

By taking the change of basis element:

k

/ . t .
X =xi — E Yiefr 150k
t=1, tAi

and by taking into account restrictions (3.2) we can conclude that [x;, x;] =0, 1 <1i,j < k.
Thus, we have the multiplication table of the family of algebras R(A(k), k):

Lfi-xil = fis 1<i<k
[xi’fi] = ai,iﬁ) 1 < i < k:

where aiz)i =—a;;, 1 <i<k O
Remark 3.3. The number of non-isomorphic algebras in the family R(A(k), k) is equal to k + 1.
It should be noted that in the work [11] the algebras R(.A(2), 2) were already classified.

Letl, : [e,x] = eand r; : [e,x] = e,[x,e] = —e be two-dimensional non-Lie Leibniz and Lie
algebras.
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Consider thealgebra £, =L B LB - - DL O Bra® - @ ry, wheret (0 < t < k) is the number

of entries of [ in £;. Then there exists a basis {e1,€2,. .., €5 X1, X2, . . ., X6 V1> V2> -« o5 Vk—tsJ15 [+ - - fr—t}
of L; such that the multiplication table has the form:
[eixil =e, 1 <i<t, [fpyl=—-lpfil=f 1<j<k—t.

Let us present the general form of a derivation of the algebra L.

Proposition 3.4. Any derivation d of the algebra from L, has the following form:
d(f]) = b]ﬁ, d(}/]) = ij', 1 S] <k-—t.

de;) = aje;, 1<i<t,
Proof. The proof is carrying out by straightforward verification of derivation property (2.1). O

Now we can easily calculate the dimensions of the spaces Der(Ly).

Corollary 3.5.

dim Der(L£;) = 2k — t, dim BL?(Ly, L) = 4K* — 2k + t.

In order to prove the triviality of the second group of cohomology for the algebra £; with coeflicients
in itself we need to describe the space of 2-cocycles.

Proposition 3.6. Any element ¢ € ZL*>(Ly, L;) has the following form:

P (xi, xj) = Olijeja 1<ij<t
k—t k—t
wmm»—}:mww+§:mwm+§:@ww+§:@mm, 1<is<t,
12 m=1 m=1 m=1
(p(ej) xl) = _ﬁl,]el + Uj,iej) 1 S l)] E t: l #])

0px) = V56 + Vi

@O yi) = _(P(}’i,)/j =L+ 8% S,

w%wo—Ej%wm+§jiwm+§:§wm+§:%ﬁm

¢(fjyi) = w(ynﬁ é‘,,ﬁ + n]zﬁ, "
o(fjxi) = —Ei,jei +6;i fjs

wleiy)) = —ﬂfjfj + Tj i€

oY) = —vif

(eie) = —Bei

o(fre) = —Bf

o0 e) = B

¢(fofp) = =0 f) = =82 + £,
o(eif)) = —&lei+ B

p(xi.f;) = —0;ifjs

I<i<t l<j<k-—t,

l<i<j<k-—t,

1<i<k-—t

1<ij<k—t i#]j

l<i<t l<j<k—t,
1<i<t,1<j<k-—t,

I1<i<t 1<j<k-—t,

1<ij<t,

l<i<t1<j<k-t
I<i<t l<j<k-—t,

l<j<i<k-—t

I<i<t l<j<k-—t,
1<i<t,1<j<k-—t

Proof. The proof is carrying out by straightforward calculations of equations (2.2) on the basis elements
of the algebra L;.

O
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As consequence from Proposition 3.6 we have the following corollary.

Corollary 3.7.
dim ZL*(Ly, L) = 4K* — 2k + 1, dim HL*(Ly, £;) = 0.

Now we give the main result regarding the rigidity of algebras L.
Theorem 3.8. The algebra L; is rigid algebra for any values of t (0 < t < k).

Proof. The proof of the theorem completes the argumentation of Remark 2.10 and Corollary 3.7. [

4, Solvable n + 1-dimensional Leibniz algebras with n-dimensional naturally graded
non-Lie p-filiform nilradicals

In this section we describe solvable Leibniz algebra with naturally graded non-Lie p-filiform nilradicals
under the condition dim Q = 1. We focus in the non-split p-filiform non-Lie Leibniz algebras case.

4.1. Derivations of algebras uj,i =1,2,3

In order to start the description we need to know the derivations of naturally graded non-Lie p-filiform
Leibniz algebras.

Proposition 4.1. Any derivation of the algebra ., has the following matrix form:

A B
2= (¢ o)

where
n—2k n—2k—1 n—2k
A= Zlalell+ Z Z Aj—i+16€i,j> B = Zbelz+2b62k+z>
i=1 j=i+l

k
_ _ (D1 D2
C=) cena D= ( 0 o +D1)’
i=1

A € My_skn—2k> B € My_zk2k C € Mpgn—2k» D1, D2, E = Zf-;l eii € My and matrix units e; .

Proof. Let {e1,f1,f2, - - .,fx} be a generator basis elements of the algebra ;.
We put

n—2k n—2k

d(el)_zaez“l‘zbﬁ, aif) = Zc,]e]—l—Zd,]ﬁ, 1<i<k

From the derivation property (2.2) we have

n—2k k
d(ex) = d([e1, e1]) = [d(e1),e1] + [e1,d(e1)] = 2a1e; + Z ai—1e; + Z bi frti-
i=3 i=1

Buy applying the induction and the derivation property (2.2) we derive
n—2k
d(e;) = iare; + Z ai_iy1e, 3 <i<n-—2k
t=i+1
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Consider
n—2k—1
0=d((fier]) = [d(fi)er] + [fd(e)] = > cijejrn, 1<i<k.
j=1
Consequently,

¢j=0, 1<i<k 1<j<n-—-2k-—1

Similarly, from d( fit;) = d([e1,fi]), 1

A

i < k, we deduce

k
d(fir) = aferi+ Y dijfery  1<i<k
j=1 O]

Proposition 4.2. Any derivation of the algebra i, has the following matrix form:

A B
2= (C o)

where
n—2k n—2k—1 n—2k
A= Z (ia1 + (i — 1)by)e;; + Z Z Aj—i+1€i,j>
i=1 i=1 j=itl
B ik: bier,i + Xk: b C Xk: D (D 1D 2)
— o1 P — i€k — ,
£ i€1,i - i€2,k+i = i€in—2k 0 Ds
k k k
Dy = Z Z dijeij + (a1 + by)e, D3 =Dy +aE — Z bjey j,
i=1 j=2 j=1

with A € My_skn—2k> B € My_2k2k, C € Makn—2k> D1, D2, D3, E € My and the unit matrix E, matrix
units e;;.

Proof. The proof is carrying out by straightforward calculation of the derivation property of the
algebra ;. O

Proposition 4.3. Any derivation of the algebra 3 has the following matrix form:

A B
2= (¢ o)

where
n—2k n—2k n—2k—1 n—2k—1 n—2k
A= Z (= Day + ax)e;; + Z aier,i + Z aiezi + Beyn_ok + Z Z aj—it+2€ij,
i=1 i=2 i=3 i=3  j=itl

2k k k k
B=Y biei+ Y byerkyi+ » brieskris C=Y  ciein o
i=1 i=1 i=1 i=1

D= D, D,
"\ 0 (a1 +a)E+ D

with A € My_skn—2t> B € My_sk2k C € Mogp—2k, D1, D2, E € My and the unit matrix E, matrix
units e;;.
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Proof. The proof is carrying out by straightforward calculation of the derivation property of the algebra
H3. O

4.2. Descriptions of algebras R(nj,1),i=1,2,3

Let us consider the solvable algebra R(u;, 1) = u; @ Q, i = 1,2,3,andabasis {e1, ez, ..., en—p,f1, /2. - - fp}-

We set F: = {f1, /2, . . .. fk} and consider the projection of the operator Ry - to the space F (denoted
£(Rx|)). Let us suppose that there exists a basis of the space F such that the Jordan form of the operator
€(Rx| ) can be transformed into a Jordan block J, with A # 0.

Theorem 4.4. An arbitrary algebra of the family R(u1, 1) admits a basis such that its multiplication table
has the following form:

[ei,e1] = eit1, l1<i<n—2k—1,
[el)_fi] =fk+i) 1 = i = k)
n—2k
e, x] = Z Aj—i+1€) 1 <i<n-—2k
j=it+1
Lfi, x] = fi + fixr1 1<i<k-—1,
R(py, D(az, .. .5 an—2kt1) [ fo x] = fio
[k X1 = foks
[xfil = —fi — fi+1, l1<i<k-1,
[ fi] = —fo
[x, x] = an_2k+1€n—2k-

Proof. From Proposition 4.1 we have the products in the algebra R(i1, 1):

[ei,e1] = eit1, 1<i<n—2k-—1,
ler fil = fietis 1<i<k
n—2k 2k
[e1, x] = Z aiei+ » bifi,
i=1 i=1
n—2k k
le,x] =2a1e2+ Y _ aicrei+ Y bifisis
i=3 i=1
n—2k
leix] = iarei+ Y aj_is1e) 3<i<n-—2k
j=it1
2%
[fiox] = ciew ok + Y dijf» 1<i<k
=1
k
[fiti> X1 = a1 fiti + Z dij frtj> 1<i<k
i=1
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Let us introduce the notations:

n—2k 2k n—2k

[x,e1] = Z Biei + Zﬂn—Zk—Hfia Z vijej + thz;ﬁ, 1<i<k
i=1 i=1
n—2k

[x,x] = Z(Sel+29f,

Since the space F forms an abelian algebra, we are in the conditions of Theorem 3.1. Moreover, the
products [e, e1] = e, [e1,fi] = fk+i ensure that ey, f; ¢ Ann,(R(1,1), 1 < i < k. In particular, we are
in the conditions of the algebra R,. This implies the existence of a basis of F such that

2

[fi»x] = cien—ok + fi + fir1 + Z dij fj» l<i<k-1,
j=k+1

[fi- x] = cken—ak + fi + ijikJrl dijfj»

2k 2k .
Lo fil =257 vijes —fi = firi + it @ijfpy  1<i<k—1,

n—2k
[xfd = > vijei — fi + Z okifr
j=1 j=k+1
n—2k
[x,x] = Z(Se,—i- Z 0, f;.
i=k+1
The equalities
L(x,fi,e1) = L(e1,x,e1) = L(x,e1,f;) =0
imply
vij = B1 =0, 1<i<k 1<j<n-2k-1,
o1 =0, Bu—zk+i = —bi, 1<i<k
[, fitil =0, 1<i<k

Since {ez, e3,...,en—2k fit1>- - ok} S Ann,(R(u1,1)) and [x,x] € Ann,(R(ui1,1)) while e; ¢
Ann,(R(u1,1)), we conclude §; = 0.
By setting

2k

fl=fi— Xin-ken-n— Y Vijfiy 1 <i <Kk,

j=k+1

where Xk n—2k = Vkn—2k> Vkj = @kj and parameters y;, ok, ¥ij for 1 < i < k — 1, can be recursively
obtained from the products

[ 1+ = —fi

we can assume that

[x7fi] = _ﬁ _ﬁ+1’ 1 =< i =< k— 1, [xifk] = _fk'
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From the equalities £(x, f;,x) = 0, 1 < i < k, we derive ¢; = di,j =0,1<i<k k+1<j<2k
that is, we obtain

[fi’x] :ﬁ+ﬁ+la 1§l§k_1) [fk;x] :fk
By taking the change of basis element:

n—2k

/
X =X § ﬁiei—lx
i=2

we obtain [/, e;] = — ZLI bifi+ Zle Br—k+i fi+i- that is, we can assume that 8; = 0, 2 < i < n—2k.
The equality L(x, e1,x) = 0 implies

8;=0, 2<i<n-—2k-—1, Bukti=0, 1<i<k

By putting
ki ‘ ki A
e =er+ Z Z(_l)lﬂ_lbjfi + Z Z(_1)1+]_lbk+jfk+ia
i=1 j=1 i=1 j=1
ki '
X =) Y DT o fs
i=1 j=1
we deduce
bi:bk+i:9k+i:0> 1<i<k
Thus, we obtain the multiplication tables of the algebras R(11)(az, . . ., ay—2k+1) of the assertion of the
theorem. O

In the next proposition a necessary and sufficient condition for the existence of an isomorphism
between two algebras of the family R(u1,1)(az, . . ., dy—2k+1) is established.

Proposition 4.5. Two algebras R(i1,1)' (a5, . .., a/n—2k+l) and R(uy,1)(az, - . ., Ay_ak41) are isomorphic
if and only if there exists A € C such that
;A .
a;, = =t 2<i<n—2k+1.

Proof. Let us consider the general change of generator basis elements of the algebra R(u1, 1):

n—2k 2k
6/1 = Aje; + ZB,’fl,
i=1 i=1
n—2k 2k
fi=) Cije+> Dijf, 1<i<k
j=1 =1

n—2k 2k
x = Hx+ ZEieﬁ— Fifi.
i=1 i=1
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From the products
[e;,e/l]:e;.+l, 1<i<n-—-2k-1,

of the algebra R(u1, 1)’ we derive

n—2k n—2k
62 =A Z Ai_1ei + A ZB Sitis 6; = All_l Z Aj_ip1e, 3<i<n-— 2k.
i=2 i=1 Jj=i

By considering
K, e l=1[f,ell=1f.fil=0, 1<i<Kk
we deduce
Cij=Bi=E =0, 1<i<k 1=<j<n—-2k-1
Similarly, from the products [x', /] = —f/ — f{,;, 1 <i < k— 1,and [, f{] = —f we conclude

H:l,Di,jIO, 1§j<i§k,
Dij = Dyj-it+1 1<i<j<k
Cin—2k = Dik+j =0, 1<i<k 1<j<k

The relations between parameters {a’} and {a;} follow from the products

n—2k
/L / /
[el’x] - Z al 1) [x ax] = an—2k+len72k'
Namely, we have
@
agzﬁ, 2<i<n-—2k+1. 0
A

Below, we present an analogue of Theorem 4.4 for the family R(u3, 1).

Theorem 4.6. An arbitrary algebra of the family R(u2, 1) admits a basis such that its multiplication table
has the following form:

25
e, x] = fi + afis1,
e2,x] = ez + frt1»

[
[
[ez,x] = (i— De;, 3<i<n-—2k
[1,x——[x,fl = fi + fi+1» 1<i<k-—1,
[fi x] = =[x fi] = fo

R(pz, D(e, B, y) : [fir15X] = fit2s
[fi-x] = fi + fi+1> k+2<i<2k—1,
[ foks X] = foks

k
[xeil=—fi+BY (=1 irsr

i=1

[x, x] = Y fis1.
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The classification of the family of algebras R(u2, 1)(«, B, y) is presented in the following proposition.

Proposition 4.7. Any algebra of the family R(12, 1)(a, B,y ) is isomorphic to one of the following pairwise
non-isomorphic algebras:

R(u2,1)(0,0,0),  R(u2,1)(0,0,1), R(/'LZ’l)(Osls J/)> R(/‘L2>1)(17/3> y)) ﬁ’y eC.

Proof. In a similar way as in the proof of Proposition 4.5, we consider the general transformation of
generator basis elements:

n—2k 2k
8/1 = Aje; + ZB,’f,,
i=1 i=1
n—2k 2k
fi=2_Cyg+) Dijfy 1<isk
j=1 j=1

n—2k 2k
X = Z Eie; + F,'fi + Hx.
i=1 i=1

Then from the products
lehefl=¢p, 1<i<n—2k—1, fi,, =Ile.fil—e, fip=IleLfil, 2<i<k

we derive the rest of new basis elements

n—2k k
¢y = (A1 + By) Z Ai_1ei + A ZBifk-i-i,
i=2 i=1
n—2k

¢ = (A + B! Z Aj-iv1e, 3=<i=<n-—2k
j=i

k
fig1 =A1Y_(Dri—B))feris A1 #0

i=1

k
fivi=A1Y Dijfijy 2<i<k
j=2

By verifying the multiplications of R(u2, 1) (¢’, 8, ') in the new basis we obtain the relations between
the parameters {«’, ', '} and {o, B, y }:

B 14
_ = A /__'
“ Al, IB Al) Y A% ]

Analogously, we have the description of solvable algebras.
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Theorem 4.8. An arbitrary algebra of the family R(us, 1) admits a basis such that its multiplication table
has the following form:

[eise1] = eit1, 2<i<n—-2k-1,
le2, fil = frtis 1<i<k
le1, x] = are1 + ap—sken—2k + bifi + bafit1
n—2k—1
le,x] = (a1 +aer+ Y aiei + e
nlf;lk

[es, x] = 2a; + ax)ez + Z ai—16; + bifit1,
i=5

n—2k
Rz, 1)(D) - [ei,x] = ((i — Day + az)e; + Z;Z aj-it26), 4<i<n-—2k
]=l
[ﬁ)x]z_[xa_fi] =ﬁ+ﬁ+la lflfk—la
[fk) x] = _[x)fk] =fka
[fiti- X] = (a1 + a2 + Dfiti + fevit1 1<i<k-1,

[f2ks x] = (a1 + a2 + Dfog
k

[x,e1] = —aier — bifi + Zen—k+ifk+i’
i=1
[x,e2] = yeu—2ks
[x, x] = 81ep—2k—1 + 82en—2k + 83fks15
where I = {ai,bl,bz,ﬁ,y,81,82,83,9n_k+]~} withl < i <n—2k i# 3, 1<j <k and for these
parameters the following equalities hold true
(a1 +ax)y =0, (n—2k —2)a;y =0,
81 = —aran—k ' arby = (=D 1(ay + ko, (4.1)
Op—i= (=D (ar+1)'6,, 0<i<k—-1

We set J: = I\{aj, b1, b2, B,¥,81,02,83,0p4jt with4 <i<n—2k 1 <j<k
Lemma 4.9. Let algebras R(us, 1)(ay1, az,]) and R(us, 1)(a), a5, ') be isomorphic. Then
ay=ay, a,=ap.

Proof. Let us take the general transformation of generators basis elements of the algebra R(u3) (a1, a2, ])
in the following form:

n—2k n—2k 2k
Z Ayiei + 231 i fis & = Z Asjiei + ZBZ,ifi)
n— 2k = n—2k =

ZC,]e]+ZDl]]§, 1<i<k x =Hx+ ZEe, ZFf,

Then from the products [ei, e ] = eH_l, 2 <i<mn—2k— 1, we obtain

n—2k

= ALl Z Azi-16i+ Az 231 i fierio
i=3
n—2k
e; = Alljlz Z Azj—it2e, 4=<i<n-— 2k.
=i
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Moreover, the equalities
e, eil =ey sl =[f,ejl =e5.f/1=0,1<i<k

imply
A =0, 2<i

A2)1=0=Bz)i=ci,j=0, 1<i

IA

n—2k—1,
k, 1<j<n—2k—1

A

The rest of the basis elements f; +» 1 < i<k canbe obtained from the products lehfi1=f o IS
i < k. Namely, we have

k

fivi = A2 ZDi,jkarj, 1<i<k
=1

Consider [, f;] = —f;. Then we derive
(Dri + Driy)H = Dyjp1, 1<i<k-—1,
Dy1H = Dk,
DyiEy = —Dggti» 1=<i=<k
Crn—2k =

If H # 1, then Di; = 0,1 < i < k, which implies f;, = 0, this is a contradiction. Therefore, H = 1
and

Dy = Dijyi =0, l1<i<k-—1.

Now from [x/,f/] = —f] — fl/Jrl with 1 <i < k — 1, we get restrictions:
Dij = 0, 1<j<i<k
Dij = Dij-it1, 1<i<j<k
Cin—2k = 0, 1<i<k-1,
DijE; = —Dygyj—Diyigsp 1<i<k—1, 1<j<k

By considering the products [}, x'] and [€}, x'], we deduce

ay = ay, ay = aj. m
Let us introduce the notations
I ={ai, B,y,8) 4<i<n-—2k
I = {a; = —1,a;, b3, 8, 83,04}, 4<i<n-—2k
I = {a;, B}, 2<i<n—2k i#3,a ¢ {—1,0}
Iy = {ay, a2, an—sk, b1, ba, 81, 62, 83, Oy 1<i<k,

where for parameters from the set I; we have the relations

81 = —a1an—2k;
(=D 1(ay + DFo,
b, = ,
ai

Op_isi = (=D (@ + ¥ 0,  1<i<k-1
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Proposition 4.10.
4
R(uz, () = | R(ua, 1)(@)).
j=1
Proof. Thanks to Lemma 4.9 for analysis of equalities (4.1) it is sufficient to consider the following cases.

Casel.Leta; = 0. Thenwegetd; =0,_;i=0,1<i<k—landayy = (a2 + 1)6, = 0.
By applying the change ¢} = e; + Zle(—l)iblf,-, we obtain b; = 0.

Casel.1.Letay; = 0. Then 9, = 0.
By taking the change of basis elements

k k
&=er+ Y (~Dibafiris X =x+ Y (=D 8sfcri

i=1 i=1

we can assume by = §3 = 0. Thus, the subfamily of algebras R(u3, 1)(I}) is obtained.
Case 1.2. Let a; # 0. Then we have y = (a; + 1)6, = 0. By setting x' = x — g—zen,y(, we get §, = 0.
Case 1.2.1. Let a; = —1. Then we obtain the subfamily R(u3, 1)(I2).

Case 1.2.2. Let a; # —1. Then 6, = 0.
By putting

e +Z(— )’ - l)lfk+l, x+2(— )1 - 1)1fk+z,

we get by = 83 = 0.
Thus, we have the class of algebras R(u3, 1) (I3).

Case 2. Let a; # 0. Then y = 0. By applying the change

n—2k
e/l =e, e; =e; + Z Aj_,‘_;,_zej, 2 <i<n-—2k
j=it1
with
| i—1
A3 =0, a3=0, A= ——— Aidiir_itai|,4<i<n-—-2k-—1,
3 3 i (i—2)a Z jli+2—j i =1l=
j=3
1 n—2k—1
A, = Aia,_ i+ >
n—2k (n—2k—2)a Z; jAn—2k+2—j B
wederive f=a;=0,4<i<n-—2k—1.
Therefore, we obtain the class of algebras R(j13, 1) (I4). O

Remark 4.11. It should be noted that algebras from different subfamilies R(u3, 1)(Ij), 1 < j < 4, are not
isomorphic.
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