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1. Introduction

Leibniz algebras were discovered by Bloch in 1965 [21] who called them D— algebras. Later on they were
considered by Loday and Cuvier [43, 57-59] as a non-antisymmetric analogue of Lie algebras. It makes
every Lie algebra be a Leibniz algebra, but the converse is not true. Exactly Loday named them Leibniz
algebras after Gottfried Wilhelm Leibniz.

Since then many researchers are working on them and as one of the results they found analogs
of important theorems in Lie theory such as the analogue of Levi’s theorem which was proved by
Barnes [15]. He showed that any finite-dimensional complex Leibniz algebra is decomposed into a
semidirect sum of the solvable radical and a semisimple Lie algebra. Therefore the biggest challenge
in the classification problem of finite-dimensional complex Leibniz algebras is to study the solvable part.
And to classify solvable Leibniz algebras, we need nilpotent Leibniz algebras used as the nilradicals same
as in the case of Lie algebras [61].

There are also other important analogous theorems such as Engel’s theorem has been generalized
by several researchers like Ayupov and Omirov [8] in a stronger form by Patsourakos [68], and finally
Barnes [14] gave a simple proof of this theorem. Many other authors work on proving analogous
properties adjusted to Leibniz algebras and their work could be found in the citations [2, 5, 12, 16, 18,
19, 22, 39, 44, 46, 51, 60, 64, 65].

Every Leibniz algebra satisfies a generalized version of the Jacobi identity called the Leibniz identity.
There are two Leibniz identities: the left and right Leibniz identity. We call Leibniz algebras right Leibniz
algebras if they satisfy the right Leibniz identity, and left if they satisfy the left Leibniz identity. A left
Leibniz algebra is not necessarily a right Leibniz algebra [44]. In this paper we construct both right and
left solvable Leibniz algebras.!

Leibniz algebras inherit an important property of Lie algebras which is that the right (left) multipli-
cation operator of a right (left) Leibniz algebra is a derivation [40]. Besides the algebra of right (left)
multiplication operators is endowed with a structure of a Lie algebra by means of the commutator [40].

CONTACT A. Shabanskaya @ ashaban@rockets.utoledo.edu e Department of Mathematics and Statistics, The University of Toledo,
2801 W Bancroft St., Toledo OH 43606, USA.
'When we say a Leibniz algebra, we mean a right Leibniz algebra, unless the choice is understood from the context.
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Another important property is that the quotient algebra by the two-sided ideal generated by the square
elements of a Leibniz algebra is a Lie algebra [67], where such ideal is the minimal, abelian and in the
case of non-Lie Leibniz algebras it is always nontrivial.

The classification of Leibniz algebras started in 1993 by Loday [58]. In that paper he gave in particular
the examples of Leibniz algebras in dimensions one and two over the field that does not have any zero
divisors, such that the Leibniz algebra in dimension one is abelian and coincides with a Lie algebra. In
dimension two there are two non Lie Leibniz algebras: one is nilpotent (null-filiform) and one is solvable.

Leibniz algebras in dimension three over the complex numbers were classified by Omirov and Ayupov
in 1998 [8, 9] and was reviewed in 2012 by Casas et al. [38], where they noticed that one isomorphism
class does not have a Leibniz algebra structure. Therefore there are four nilpotent (one is null-filiform,
three are filiform) non Lie Leibniz algebras and seven solvable, such that one nilpotent and two solvable
algebras contain a parameter.

Two-dimensional and three-dimensional left Leibniz algebras were classified by Demir et al. [44] over
the field of characteristic 0. In dimension two they found two non Lie Leibniz algebras: one is nilpotent,
same as the right Leibniz algebra [58], and one is a solvable left Leibniz algebra. In dimension three
there are five nilpotent Leibniz algebras (one of them depends on a parameter) isomorphic to the right
Leibniz algebras [38]. Also there are seven solvable non Lie left Leibniz algebras, where two of them are
one parametric families.

Four-dimensional nilpotent complex Leibniz algebras, one of them is %3, which is the first term
in the sequence of the nilpotent Leibniz algebras Ny, 13, (n > 4), were classified by Albeverio et al. [4].
Altogether they found 21 nilpotent complex non Lie Leibniz algebras, where the first 10 of them are either
null-filiform or filiform [10] and remaining 11 are associative algebras. In one of them the parameter just
takes two values 0 or 1, so we think that such algebra does not contain a parameter, therefore there are
three nilpotent one parametric families among the associative algebras in [4].

Four-dimensional solvable Leibniz algebras in dimension four over the field of complex numbers
were classified by Caiete and Khudoyberdiyev [37]. They found 38 non Lie Leibniz algebras, where 16
of them contain up to two parameters.

Besides in dimension four Omirov et al. [67] proved that there only exists one non solvable 4-
dimensional Leibniz algebra sl; @ C = {e, f, h, x} defined as follows

sl ®C: [e,h] = —[h,e] =2¢, [h,f]l = —[f, h]l = 2f, [e,f1 = —[f,el = h,

which is a decomposable Lie algebra at the same time.

In dimension five Khudoyberdiyev et al. [56] studied solvable Leibniz algebras with 3-dimensional
nilradicals. They showed that a five-dimensional solvable Leibniz algebra with a three-dimensional
Heisenberg nilradical is a Lie algebra. Also they found 22 non isomorphic classes of solvable Leibniz
algebras including one with the Heisenberg nilradical, where 12 of them are parametric families
depending on up to four parameters.

Few words about the classification of semisimple and simple Leibniz algebras. The definition of simple
Leibniz algebras was suggested by Dzhumadildaev and Abdykassymova [45]. According to them L is
called a simple Leibniz algebra if all two-sided ideals of L are 0, L*"" and L. Semisimple Leibniz algebras
were defined by Demir et al. [44] as well as an analogue of the Killing form for Leibniz algebras. They
also showed if the Leibniz algebra is semisimple then the Killing form is nondegenerate, but the converse
is not true. Further work on semisimple and simple complex Leibniz algebras with the classification of
some particular cases was performed by Camacho et al. [35], Gémez-Vidal et al. [51], Omirov et al. [67],
Rakhimov et al. [74].

In other dimensions (starting from dimension 5) the classification of nilpotent Leibniz algebras
has attempts to move to any finite dimension over the field of characteristic zero, where there are the
following directions of the research based on the classes of nilpotent algebras: Ayupov and Omirov [10]
proved that in every finite dimension # there is the only null-filiform non Lie Leibniz algebra defined as

[xi, x1] = xip1, A <i<n—1).
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Two kinds of filiform Leibniz algebras were classified in any finite dimension such as naturally graded
filiform Leibniz algebras studied by Vergne [90] and Ayupov and Omirov [10] and non characteristically
nilpotent filiform Leibniz algebras, which were classified by Ayupov and Omirov [10] and Khudoy-
berdiyev and Ladra [54]. The filiform Leibniz algebras whose natural gradation is a filiform Lie algebra
were considered by Omirov and Rakhimov [66]. This class is denoted by TLeib, 1. They presented an
effective algorithm to control the behavior of the structure constants under adapted transformations of
basis in the arbitrary fixed dimension. Also in one particular case, they gave the formulas in dimensions
less than 10. Rakhimov and Hassan [71] considered a subtype of TLeib,; denoted by Ced(u,) and
provided the isomorphism criteria for specific 5 and 6-dimensional cases. Their other work on the
classification of 5 and 6-dimensional filiform algebras from the family TLeib,+; could be found in [72].
The filiform Leibniz algebras which are one-dimensional central extensions of a filiform Lie algebras up
to dimension nine were classified by Rakhimov and Hassan [73]. If the natural gradation is a non-Lie
filiform Leibniz algebra, then such case was studied by Ayupov [10] and Omirov and Gémez [50], where
Omirov and Gémez [50] noticed that because of the type of their natural gradation such filiform Leibniz
algebras belong to two classes either FLeib, 4 or SLeib,;. Rakhimov and Bekbaev [70] introduced a
method to classify such Leibniz algebras in any finite fixed dimension based on algebraic invariants
and gave the application of the developed method from dimension 5 up to dimension 9. Rakhimov
and Said Husain [75, 76] classified up to isomorphism the subclass FLeib, 11 for n = 4, 5, 6 and dealt
with the classification in low dimensions of the remaining subclass SLeib,, ;. Altogether filiform Leibniz
algebras were only classified up to dimension less than 10 with some other work not mentioned above
given in the citations [1, 3, 25, 49, 63, 69, 77-79]. Naturally graded quasi-filiform Leibniz algebras were
studied by Camacho et al. [31]. The study of naturally graded Leibniz algebras of the certain nilindex
and different characteristic sequences could be found in the following references [24, 29]. There is an
ongoing study presented by Camacho et al. [26, 28, 32-34] on p-filiform and naturally graded p-filiform
Leibniz algebras [25].

The subject of this paper is to add to the program of classifying solvable Leibniz algebras over the field
of real numbers in any finite dimension applying Winternitz and his colleagues Snobl, Rubin, Karasek,
Tremblay, Ndogmo [62, 80, 85-89] approach, which was established to classify solvable Lie algebras,
whereby they start with a particular nilpotent Lie algebra to find all its possible solvable extensions.
Some other work on solvable Lie algebras following the same approach could be found in the following
references [82, 84, 91]. Moreover, that approach is based on what was shown by Mubarakzyanov in [61]:
the dimension of the complimentary vector space to the nilradical does not exceed the number of
nil-independent derivations of the nilradical. That result was extended to Leibniz algebras by
Casas, Ladra, Omirov and Karimjanov in [41] with the help of the paper [8], where they classified
solvable Leibniz algebras with null-filiform nilradical. Similarly to Lie algebras, the inequality
dimnil(L) > % dim L [61] is also true for solvable Leibniz algebra L.

There is already a lot of work performed on such approach to classify solvable Leibniz algebras over
the field of a characteristic zero: Omirov and his colleagues Casas, Khudoyberdiyev, Ladra, Karimjanov,
Camacho and Masutova classified solvable Leibniz algebras whose nilradicals are a direct sum of null-
filiform algebras [55], naturally graded filiform [40], triangular [53] and finally filiform [36]. Bosko-
Dunbar, Dunbar, Hird and Stagg attempted to classify left solvable Leibniz algebras with Heisenberg
nilradical [23].

Some other work and kinds of Leibniz algebras not discussed are shown in the citations [6, 7, 11, 13,
17, 20, 27, 30, 42, 47, 48, 52, 92].

The starting point of the present article is the four-dimensional nilpotent non Lie right Leibniz
algebras [4] introduced by Albeverio et al. [4] of which there are 21 such algebras over the field of complex
numbers. As we have said, the first 10 of them are either null-filiform or filiform [10] and remaining 11
are associative algebras, and there are three nilpotent one parametric families among the associative
algebras. Our choice is to work with one associative Leibniz algebra from the remaining 11 #;5. An
interesting observation is that it is left and right Leibniz algebra at the same time, which is true for all
those associative Leibniz algebras. Also it does not depend on the parameter and over the field of real
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numbers it remains the same. Other nilpotent Leibniz algebras in dimensions two, three and four are
either null-filiform or filiform and solvable extensions of such algebras were studied by Omirov and his
colleagues [36, 40, 41].

We create a sequence of nilpotent Leibniz algebras Ny, 13, (1 > 4), where the first term in the sequence
is the four-dimensional algebra Ny 13, which is exactly %5 using the notation of the paper [4].

For a sequence N,,13 we find all possible solvable indecomposable extensions as left and right Leibniz
algebras in every finite dimension. Such extensions of dimensions one and, in one particular case two, are
possible. Right solvable extensions with a codimension one nilradical N, ;3 are found following the steps
in Theorems 5.1, 5.2 and 5.3 with the main result summarized in Theorem 5.3, where it is shown there
are four such solvable algebras. The major result for the right solvable extensions with a codimension
two nilradical Ny, 15 is stated in Theorem 5.4, where it is proved there is only one such Leibniz algebra.
We follow the steps in Theorems 6.1, 6.2 and 6.3 to find one-dimensional left solvable extensions. We
notice in Theorem 6.3 that there is the same number of them, but one algebra is left and right at the same
time. We find the only two-dimensional solvable extension as well stated in Theorem 6.4.

As regards notation, we use (e, e,...,e,) to denote the r-dimensional subspace generated by
e1,e,...,e, where r € N, LS is the lower central series and DS is the derived series and refer to them
collectively as the characteristic series. Besides g is used to denote solvable right Leibniz algebras and !
is solvable left Leibniz algebras.

Throughout the paper all the algebras are finite dimensional over the field of real numbers and if the
bracket is not given, then it is assumed to be zero, except the brackets for the nilradical, which are not
given at all (see Remark 5.1) to save space.

We use Maple software to compute the Leibniz identity, the “absorption” (see [81, 83] and Section 3.2),
the change of basis for solvable Leibniz algebras in some particular dimensions, which are generalized
and proved in an arbitrary finite dimension.

2. Preliminaries
In this section we give some basic definitions encountered working with Leibniz algebras.
Definition 2.1.

(1) A vector space L over a field F with a bilinear operation [—, —] : L — L is called a Leibniz algebra
iffor any x, y, z € L the so called Leibniz identity

[[x, y], z] = [[x, 2], y] + [x, [y, 2]]

holds. This Leibniz identity is known as the right Leibniz identity and we call L in this case a right
Leibniz algebra.
(2) There exists the version corresponding to the left Leibniz identity

[z, [x, y1] = [[2, x], y] + [x, [z, 1],
and a Leibniz algebra L is called a left Leibniz algebra.

Remark 2.1. In addition, if L satisfies [x, x] = 0 for every x € L, then it is a Lie algebra. Therefore every
Lie algebra is a Leibniz algebra, but the converse is not true.

Definition 2.2. The two-sided ideal C(L) = {x € L : [x,y] = [y, x] = 0} is said to be the center of L.

Definition 2.3. A linear map d: L — L of a Leibniz algebra L is a derivation if forall x, y € L
d([x, y]) = [d(x), y] + [x, d(y)].
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In terms of this definition for x € L, where L is a right Leibniz algebra, the right multiplication
operator Ry : L — L defined as Rx(y) = [y,x], y € L is a derivation (for a left Leibniz algebra L, the
left multiplication operator £, : L — L, Lx(y) = [x,y], y € L is a derivation).

Any right Leibniz algebra L is associated with the algebra of right multiplications R(L) = {R | x € L}
endowed with the structure of a Lie algebra by means of the commutator [R, Ryl = RyRy —RyRx =
R{y,x1> which defines an antihomomorphism between L and R(L).

For a left Leibniz algebra L, the corresponding algebra of left multiplications £(L) = {L.|x € L} is
endowed with the structure of a Lie algebra by means of the commutator as well [Ly, £,] = LL) —
LyLy = Lixy). In this case we have a homomorphism between L and £(L).

Definition 2.4. For a given Leibniz algebra L, we define the sequence of two-sided ideals as follows:
=1L, " =151, (k> 0) LO =L, L% = 10 107, (k > 0),

are said to be the lower central series and the derived series of L, respectively.
A Leibniz algebra L is said to be nilpotent (solvable) if there exists # € N such that L" = 0 (L™ = ).
The minimal such number # is said to be the index of nilpotency (solvability).

It follows that if L is a Leibniz algebra with L? = 0, then it is associative.

3. Constructing solvable Leibniz algebras with a given nilradical

Every solvable Leibniz algebra L contains a unique maximal nilpotent ideal called the nilradical and
denoted nil(L) such that dimnil(L) > %dim(L) [61]. Let us consider the problem of constructing
solvable Leibniz algebras L with a given nilradical N = nil(L). Suppose {e1,e2,e€3,...,e,} is a basis
for the nilradical and {e 1, ..., ey} is a basis for a subspace complementary to the nilradical.

If L is a solvable Leibniz algebra [8], then

[L,LIS N (3.1)
and we have the following structure equations

lei,ej] = C j€ks [eqsei] = Amek, [ei,eq] = Afaek, leqs ep] = Bl;bek, (3.2)

where1 <i,jk,m <nandn+1<a,b <p.

3.1. Solvableright Leibniz algebras
Calculation shows that the right Leibniz identity is equivalent to the following conditions:

AnCll = AGCH + CiAl, ALCH = CRAY, + ALCH, CRATL = ALCY + A CR, (3.3)

ij ak’ aj 1k’

K K k K K K
By Ci = Ay, + ApiAiio AT, = By Gt + ARAl, By, Cil = AL AL — ALAL.  (3.4)

a

Then the entries of the matrices A,, which are (Al. )a> must satisfy the equations (3.3) which come from
all the possible Leibniz identities between the triples {e,, ¢;, ¢j}. In (3.4) we have relations on structure
constants obtained from all Leibniz identities between the triples {e,, ep, ei}.

Since N is the nilradical of L, no nontrivial linear combination of the matrices A;, (n +1 < a <

p) is nilpotent which means that the matrices A, must be “nil-independent”, that is, no non trivial

combination of them is nilpotent [41, 61].

Let us now consider the right multiplication operator R, and restrictitto N, (n+1 < a < p). Notice
we shall get outer derivations of the nilradical N = nil(L) [41]. Then finding the matrices A, is the same
as finding outer derivations R, of N. Further the commutators [R.,, Re,] = Rie,e,, (+1 < a,b < p)
due to (3.1) consist of inner derivations of N. So those commutators give the structure constants Bl;b as
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shown in the last equation of (3.4) but only up to the elements in the center of the nilradical N, because
ife;, (1 < i < n) is in the center of N then (Ref)lw = 0, where (’Rei)‘N is an inner derivation of the
nilradical N. Notice that outer derivations can be nilpotent whereas inner derivations (of N) must be
nilpotent.

3.2. Solvable left Leibniz algebras
The left Leibniz identity is equivalent to the following conditions:

k k k
Aaz jk — A Ckl + C]l ak’ Ala jk — =G Aku +Aa ik> Cl] ak — =A Ck] +Aa] ik> (3.5)

k k k k k k k
BY,Cll = AL AT + AR AT AL AT = BY,Cl 4+ ALAR, By, Gl = AlAY, — ARLAL.  (3.6)

Then the entries of the matrices A, which are (Aa)f , must satisfy the equations (3.5) which come from all
the possible Leibniz identities between the triples {e,, ¢;, ej}. In this case A, = (Eea) N n+1<a<p)

are outer derivations and the commutators [ L., L, ] = Lc,,¢,] give the structure constants B’;b as shown
in the last equation of (3.6) but only up to the elements in the center of the nilradical N.
Once the left or right Leibniz identities are satisfied in the most general possible way and the outer
derivations are found:
(i) We can carry out the technique of “absorption” [81, 83], which means we can simplify a solvable
Leibniz algebra without affecting the nilradical in (3.2) applying the transformation

n
e; = e;, (1 <i<n), e;zea—i-deek, (n+1<a<p).

(if) We can change basis such that the brackets for the nilradical in (3.2) are unchanged to remove all
the possible parameters.

4. The nilpotent sequence Nj 13
4.1. Np,18

In Ny, 18, (n > 4) the positive integer n denotes the dimension of the algebra. The center of this algebra is
C(Np,18) = (en—1, en). Ny 15 can be described explicitly as follows: in the basis {e}, €2, €3, €4, €5, . . ., €}
it has only the following non-zero brackets

[e1, ei]l = en—1, leie1] = —en—1, lei, ei] = en, 2=<i<n—=-2,n=4). (41)
The dimensions of the ideals in the characteristic series are
LS = DS = [n, 2, 0], (n>4).

It gives that N, 15 is an associative Leibniz algebra and satisfies the left and right Leibniz identities, so it
is the left and right Leibniz algebra at the same time.

The notation for Ny, 13 could be explained as follows: a subscript n, (n > 4) denotes the dimension of
the algebra and 18 is the numbering based on the four-dimensional nilpotent Leibniz algebra Z,s using
the notation of the paper [4], which is exactly this algebra for n = 4. Besides N empbhasizes the fact that
this nilpotent Leibniz algebra is at the same time the nilradical of the solvable indecomposable left and
right Leibniz algebras we construct in this paper.

It is shown below that solvable indecomposable right (left) Leibniz algebras with the nilradical Ny, ;5
only exist fordimg =n+ 1landdimg =n+ 2 (dim! = n+ 1 and dim! = n + 2).
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For the solvable indecomposable right Leibniz algebras with a codimension one nilradical, we use the
notation g,+1,; where n + 1 indicates the dimension of the algebra g and i its numbering within the list
of algebras. There are four types of such algebras up to isomorphism so 1 < i < 4. There is the only
solvable indecomposable right Leibniz algebra up to isomorphism with a codimension two nilradical
In+2,1-

We also have four solvable indecomposable left Leibniz algebras up to isomorphism with a codimen-
sion one nilradical Ny, 13 denoted ly41,1, §n+1,2> ln+1,3 and l,41,4, where g,41,2 is left and right Leibniz
algebra at the same time. There is the only solvable indecomposable left Leibniz with a codimension two
nilradical as well denoted I, 45 1.

There are only two right (left) algebras that contain parameters, such as gn+1,2, 9n+1,3 (@n+1,2> ln+1,3)-
Altogether right (left) algebras depend on at most n, (n > 4) parameters, where g,41,2 depends on
n — 1 parameters and g,+1,3, ln+1,3 depend on only one. In this case we do not consider € = 0,1 to be
a parameter as it is a discrete value. Therefore those algebras define a continuous family of algebras. We
have also restricted the values of the parameters, where needed, as much as possible so as to make each
algebra unique within its class.

5. Classification of solvable indecomposable right Leibniz algebras with a nilradical
Nn,18

Our goal in this section and Section 6 is to find all the possible right and left solvable indecomposable
extensions of the nilpotent Leibniz algebra N,, 15, which serves as the nilradical of the extended algebra.

Remark 5.1. It is assumed throughout this section and next section that the solvable right Leibniz
algebras g and the solvable left Leibniz algebras [ have the nilradical Ny, ;3; however, for the sake of
simplicity the brackets of the nilradical will be mostly omitted.

5.1. Solvable indecomposable right Leibniz algebras with a codimension one nilradical Ny, 13

The nilpotent Leibniz algebra Ny, 13, (n > 4) is defined in (4.1). Suppose {e,+1} is in the complementary
subspace to the nilradical N, ;3 and g is the corresponding right solvable Leibniz algebra. Since [g, g] <
Ny,.18, therefore we have

[e1, ei] = en—1,[eie1] = —en—1,[eis ei] = ey, 2=<i<n-2),

n n
(5.1)
lerenti]l =) ajseilensre] =Y bixey  (1<k<nl<r<n+l).
J=1 =1

Theorem 5.1. Set ay; := ain (5.1). To satisfy the right Leibniz identity, there are the following cases based
on the conditions involving parameters, each gives a continuous family of solvable Leibniz algebras.
(1) Ifa#0, a1, +a#0,2a—ay,; #0, then

n

le1, ent1]l = ar1e1 + an—1,1€n—1 + an16n; [€i> eny1] = aiper + ae; + E ak,iek,

k=n—1
len—1,ent1] = (a1,1 + a)en—1, [ens ent1] = 2aey, [ent1, entr1] = annrien,
ai,1an,1
lent1,e1]l = —arer — an—1,1en—1 + ———en, [eny1, €] = —aje; — ae;
2a —ay

>

2a1,2an,1
2a — ara

—ap_1iep—1 + (an,i + > e, 2=<i<n-—-2), [esg1,en—1]=(—ay1—a)e,_1.
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(2) If a1,1 := —a, a # 0, then the brackets for the algebra are
n
ler1seny1] = —aer + ap_1,16n—1 — 3by1€n, [€s enq1] = a1 e + ae; + Z ag,i€k>
k=n—1
[en; ent1] = 2aey, [ent1,ent1] = An—1n+1€n—1 + Anptién, [ent1,e1] = aer — an—1,1€n—1

+byien lent1,eil = —aiper —ae; — ay_1ien—1
2a12bp1
+ (an,i—; en, 2=<i<n-2).
a

(3) Ifa =0, a1,; # 0, then we have
n

[e1, ent1] = arye1 +an—1,1€n—1 + an1en, [€is ent1] = arper + E agiek

k=n—1
[en—1>ent1] = ar1en—1,[€nt1>ent1] = Anntien, [ent1,e1]
= —aj1€1 — An—1,1€n—1 — An,1€n>
lent1,ei] = —aiper — an—1,ien—1 + bp,ien, 2=<i<n=2),

lent1>en—1]1 = —ar,1en—1.
(4) Ifa1,1 :=2a, a # 0, then
n

[e1, ent1] = 2ae1 + an—1,1€6n—1, i, ent-1] = arper + ae; + E akiek.

k=n—1
[en—1,ent1] = 3aen—1, [en, ent1] = 2aen, [ent1, ent1] = annt1en [ent1, €11 = —2ae;
aibn
—an—1,16n—1 + bu1en, [ent1, €] = —aiper — ae; — ap—1ie,—1 + (an,i + a en

2<i<n-=2), lent1,en—1] = —3ae, 1.

Proof. Let us denote R, ,, by R. To satisfy the right Leibniz identity in (5.1), we have to consider in R?
as the (g, a1,1) — plane the following three linear equations: a;,; = —a, a = 0, a;,; = 2a. They have one
point of the intersection (0, 0), which is excluded in order to avoid nilpotent Leibniz algebras. As a result,
we consider below four regions of R?; collectively their union is R%\ (0, 0) corresponding to all possible
ordered pairs (a, aj,1) excluding the origin. The first region given in (1) is the open subset of R? for which
all of the three equations are not satisfied and is a generic case. The equation a;; = —a corresponds to
region (2), the equation a = 0 corresponds to region (3) and finally the equation a;,; = 24 corresponds

to region (4)

(1) Supposea # 0, aj;; +a # 0, 2a — aj,; # 0. The proof is off-loaded to Table 1.

(2) Suppose a;,; := —a,a # 0. Following similar computations as in steps (1)-(17) of the
generic case and after that considering the right Leibniz identity R([es+1,€i]) = [R(eqt+1),eil +
[ens1,R(e)], 2 <i < n— 2),we derive the result.

(3) Suppose a = 0, a;,; # 0. We apply steps (1)-(18) of case (1) Then for steps (19) and (20), we
consider the identities Re, ([en+1>ent1]) = [Re; (ent1)s env1] + [ent1, Rey (eny1)] Rlens1,6]) =
[R(en+1),ei]l + [ent+1, R(ei)], (2 < i < n — 2) and prove the result.

(4) Suppose a1,; := 2a, a # 0. We repeat steps (1)-(18) of the generic case. Then considering the
identity R([en+1, €i]) = [R(en+1), €il + [ent1, R(ei)], (2 < i < n — 2), we deduce the result. [
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Table 1. Right Leibniz identities in the generic case in Theorem 5.1.

Steps Ordered triple Result
1. Rleq, el len— 1,en+1]—(011+a+2k 3akz)€n 1+aen =
Ggn—1 =0, (1 <k <n—2),app_1:=0z1,
-2
An_ip—1:=0a11+a+ > p_3 a2
2. Rlez €] [en,eny1] = 2aen = ayn =0, (1 <k <n—1),ann = 2a.
3. Rlez ent1l a1 = Ap1 =0 = [eny1.ent1] = D }_3 dknr1€k-
Rlei, ent1l Gjn+1 =0, (3 <i < n— 2).Combining with 3.,
len+1,ent11 = dn—1,n+18n—1 + annyren.
5. Rlez el a1 =0 = [ep—1,epp1]= (01,1 +a+ ZZ;§ ak,z> en—1
ler,eny1] =arier + Y p_s dg 1€k
. Rleq, el ai1 =0, B=<i<n—-2) = [er,en11]1 =ar,1€1 +ap_1,1€n—1 + dp,1€n.
7. Rlej, eil giji=a B=<i<n-2) =
j—1 .
e en+1] = D4y Akjek +agj + 2p_jyq dkjek 2 <j<n—2).
8. Rlej—k eil a1 = a1k, Gk, = —0Gjji—k Q+k <i<n—2,1=<k<n—4),where

. i—1
kisfixed = [ej, en1] = a12€1 — ijzz ajmem + aej +
an:j+1 amjem, 2 <j<n-—2).

9. Re, (lens1,e1]) b1 =0, (1 <k<n—2),bpp_1:= b1, bp_1n1:= b1 + Y 4_2 bk
= [epy1.en—11= (b1,1 + ZZ;% bk,z) en—1 + by1en.

10. Re, ([ent1,€2]) lent1,en] =0 = by =0, (1 <k <n).

11. Re; (le2.ent11) by1=0,b11:=—a11 = bp_1p_1:=—-a11+ ZZ;§ by,2 and

)
lent1,en—11 = (—01,1 +3005 bk,z) en—1,
lent1.e1] = —are1 + Y f_3 birex.

12. Re; (lei ent11) b1 =03<i<n-2 =
lent1.€1] = —ar€1 + bp—1,1€n—1 + bn,1€n.

13. Re; (Leirent1]) by, = —ar bjj:==—a,2<i<n-2).

14. Rey (len+1.€i)) bik=byi Q<i<n-3, 1+:<k<n—2) where jis fixed =
[ent1, €1 = —arze1 + Zm _y bjmem — aej + Zm—/+1 bmjem, 2 <
j<n=2).

15. Rey (Leient1]) byj=ak;, 2 <i<n—31+i<k<n-—2),wherejisfixed =
bp—1p—1:=—a—a1+ Z,,;;:23 am,2,

[ent1, €] = —aqe1 + Z],,lz ajmem — aej + ZZ;?.H am,jem +
an:n71 bmjem, 2 <j<n-—2),and
lent1.en—11= (—a —a+ Y02 Gm,z) en—i.

16. Re; (lek ent11) Q=0 2<i<n—31+i<k<n—2),wherejisfixed =
[gj:en1] = 121 +a€j + 3 51 dmjem. [en+1,¢]] =
—di2e1 —a¢g + S men—1 bmjem, 2 <j<n-2),

len—1.ent1]1 = (a1,1 +a) en—1, [ent1,en—1]1 = (—a — a1 1) en—1.
a1,10p,1

17. Rlent1,e1] bp—11 1= —an11,bn1 1= 3557 =
[eny1.e1]1 = —aj1e1 —dp_1,1€n—1 + 2(,12'1”1 en.
18. Rlen+1,ent1l dn—1n+1 =0 = [ent1,ent1] = anptien.
19. Rei ([en+1:en+‘|]) bn—1,i = —dn_1,is bn,i =dp,+ 2221'2:1"'11 = [ent1,6]l = —ajer —

2a
aej — an_1jen— 1+(a,,,+ 2;20”1)&,, Q2<i<n-2).

Remark 5.2. In the tables throughout the paper an ordered triple is a shorthand notation for a derivation
property of the multiplication operators, which are either %, ([x, y]) = [Z%.(x),y] + [x,Z,(y)] or
%z, ([x,y]) = [Z(0),y] + [x, Z,(»)]. We assign Z,,,, := X and L, = 2.

n+1
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Theorem 5.2. Applying the technique of “absorption” (see Section 3.2), we can further simplify the algebras
in each of the four cases in Theorem 5.1 as follows:
(1) Supposea # 0, a;1 +a # 0, 2a — ay,; # 0. We have

[e1, ent1] = are1 + anien, (€2, 1] = a1pe1 +aex + ay_12e4—1 + an2en,

[ei,ent1]l = aiper +aei + an—1en—1,[en—2, eny1] = arpe; + ae, 2,

a1,18n,1
[en—1,ent1] = (a + ar1)en—1,[en ent1] = 2aen, [eny1,e1] = —arer + —————ey,
2a —ay,
2a12an,1
[ent1,e2] = —aiper —ae; —ap—12en—1+ (a2 + ——— | en,
2a —ay,
2a12an,1 .
lent1, €] = —aiper —ae; —ay_yien—1 + ———ey,(3<i<n-23),
2a — a1
2a12au,1
[ent1,en—2] = —aize1 — aep—2 + ————ey, [ent1,€n—1]1 = (—a — ay,1)eq—1.

2(1—(111

>

(2) Suppose a1 :== —a, a # 0. Then the brackets for the algebra are

ler, ent1] = —aer — 3by1en, [e2, enp1] = a12e1 + aex + an—12€5—1 + anen,
leient1] = aiper + aei + an—1ien—1, [en—2, ent1] = a12€1 + aen—2, [en, ent1] = 2aey,
[ent+1>ent1] = An—1,nt16n—1,[ent1, 1] = aer + by 1en, [ent1, 2] = —arze1 — aey
2a1b4,1
— ap—126n—1 + | an2 — T €n>
2a12b,164
[ent1,ei]l = —aiper —ae; — ay_1ien—1 — —
2a12bp,1
(B3=<i<n-3), lent1,en2]=—aize; —ae,—»— — e

(3) Ifa=0, a1, # 0, then

le1, ent1] = arie1 + aniens [e2, eni1] = a12e1 + an—12€n—1 + anpen, [ei ent1] = aiper

+an_1,i€n—1 B3=<i<n-3), len—2sent1] = aiper, [en—1,ent1] = ar1en—1,
[en+t1> ent1] = anntien [ent1,e1] = —aie1 — an1en, [ent1, 6] = —aizer — an—1jen—1
+bpjen, (2 < j < n—3),[ent1,en—2] = —arzer + bun—en lent1,en—1] = —arien—1.

(4) If a1,1 = 2a, a # 0, then the brackets for the solvable Leibniz algebra are

[e1, ent+1] = 2aey, [e2, ent1] = a12e1 + aex + ap—126n—1 + an2en, L€ ent1] = ainer
+aei + ap_1ien—1,[en—2,eny1] = a1pe1 + aey_2, [en—1,en11] = 3aey_1, [en, eny1] = 2aey,
a12bp,1
lent1>e1] = —2ae1 + by1en, [ent1, €21 = —arpe1 —aex — an—12eq—1 + | an2 + — e
ai b )
lent1, el = —aipe; — aej —ay_1e,—1 + —, B3=<i<n-3),
aibn
lent1,en—2] = —aiper —aey 2 + ———ey, [ent1,en—1]1 = —3ae, .

Proof. We show the generic case corresponding to region (1) Other cases are proved applying applicable
transformations and properly renaming the entries.
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(1) Suppose a # 0,a11 +a # 0,2a — a;; # 0. The right (derivation) and left (not a derivation)
multiplication operators restricted to the nilradical are

a1 a2 412 412 412 vt 412 0 0
0 a 0 0 0 0 0 0
0 a 0 0 0 0 0
0 0 a 0 0 0 0
0 0 a 0 0 0
Ren-H ’
0 0 0 0 o --- a 0 0
An-1,1 An—-12 An—13 An—14 An—15 " @n—1,n—2 41,1 +a 0
L 9n1 Gn2 4n3  A4n4  Ans5 - App—2 0 2“_
[ —a11 —ain W) —adin —ayy o —ap 0 07
0 —a 0 0 0 ‘e 0 0 0
0 —a 0 0 0 0 0
0 0 —a 0 0 0 0
0 0 —a 0 0 0
£5n+1 =
0 0 0 0 0 e —a 0 0
—dp-1,1 —0p-12 —dp-13 —dp—14 —dp-15 -+ —Ap—1n—2 —a1,1 —al
ai,1an,1
ﬁ an2 an,3 an,4 an,s Tt AGnp—2 0 0
2a1,2an,1 2a1,2an,1 2a1,2an,1 2a1,2an,1 2a1,2an,1
- + 2a—a1,1 + 2a—a1,1 + 2a—a1,1 + 2a—a1,1 T + 2a—a1,1 -
o The transformation ¢, = ¢;, (1 < i < n), € =e +a e] removes a in
i — Ci = = > Cptr1 = Entl n—1,n—2¢€1 n—1,n—2
Re,. and —ay_1,—2 in L, ,,, but it affects other entries as well, such as the entries in the

(n—1,2), (n — 1,3),...,(n — 1,n — 3) positions in L, , and R,,,,, which we rename by
—0n—12> —On—13>---> —An—1,n—3 and dy—12, An—13;- - ., An—1,—3, respectively. Consecutively
we rename the coefficient in front of e,, in the bracket [e,1, en,41] back by a;, ;141.

+ We fixjand apply the transformation ¢; = e;, (1 <i < n), e;H = eyt1—apjej, (3 <j<n-2),
which removes a,, j in R, , and a,,j from the (#, j) th entries in Le,,,- Then we change the entry in
the (n — 1,1) position in R,,,, and L,,, to a,_1,1 and —a,_1,1, respectively, and the coefficient
in front of e, in the bracket [e,+1, ;1] back to ay ;41.

+ We apply the transformation ¢; = e;, (1 < i < n), e, | = eyy1 — ay_1,1€2 to remove a, 1,1
inRe,,, and —a,_1,1in L As a consequence, we rename the entry in the (n,2) position in
Re,,r and L., back by a, and a,» + 22’;1_2—21”11, respectively. We also change the coefficient in
front of e, in the bracket [e,+1, ey+1] back to ay, ;41.

« Finally applying the transformation ¢} = e;, (1 < i < n), €, = eny1 — “5:e,, we remove
Ann+1 in the bracket [e,41, ex+1] and prove the result. O

entl*
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Theorem 5.3. There are four solvable indecomposable right Leibniz algebras up to isomorphism with a
codimension one nilradical Ny 13, (n > 4), which are given below:

(1) gn+1,1 : [en+1)el] = €1, [el) en+1] = —€1, [en+1;ei] = —€ [ei> en+1] = €
(2 S i S n— 2)s [em eﬂ-‘rl] - 26113 [en+1> en—i—l] = €en—1,

DS=[n+1,n2,0,LS=[n+1,n,mn,...],

(i) On+1,2 : [ent1, 6] = —ei,  [enent1]l = e, (i=1,n—1),
[e2; ent1] = €en, (€ =0, 1),
lent1. 6] = aj—1e4, 2 < j<n—2),
lek, enr1] = bey, (3 < k < n—2),[ent1,ent1] = cep,
[am—1] < |am|, B=m=n-3),
DS=[n+1,3,0] LS=[n+1,3,22,...].

Remark 5.3. To guarantee the algebras are unique within its class, we should always have that |a,,—;| <
laml, (3 < m < n — 3), otherwise permuting e3, ey, . . . , 4,2, we obtain isomorphic algebras. In case
when € = 0 and b = 0 by permuting e, and e, we may assume that |a;| < |ax_1|,(3 < k < n —2).
Ife = 1,b = 1,(n > 6), then we should have as well that |a;| < |ax_1],(3 < k < n — 2), because
permuting e; and ey gives isomorphic algebras. Finally if n = 5and € = 1,b # 0, then applying the
transformation e} = ey, e} = be;, (2 < i < 4),e5 = b2es, ey = e, we may assume that either [b| < 1 or
lai] < lazl.

(iii) Ont+13 ¢ lent1,e1] = —aer,  [e1, ent1] = ae,
lent1,€i] = —ei[epenp]l =€, 2 <i<n-—2),
[en-',-l) en—1] = (—a—1)e,—_1,[en—1, en—i—l] =(a+ Dey—1,
[en ent1] = 2ey,

DS=[n+1,n2,0,LS=[n+1,n,n,...],

(iv) Ont14 : [ent1,e1] = —ers [er, en1] = ey,
lent1, €]l = —e1 — i [ei, ent1] = €1 + €, 2=<i<n-2),
lent1,en—1] = —2en—1, [ejent1] = 2e;, (n—1<j<n),

DS=[n+1,n2,0,LS=[n+1,n,n,...].

Proof. One applies the change of basis transformations keeping the nilradical N, ;s given in (4.1)
unchanged. We show the case corresponding to region (1) and case (4). Other cases are proved applying
applicable transformations of case (1) 1. which is a generic, and carefully observing how they affect other
entries, so the details for those cases will be mostly omitted.
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(1) Suppose a # 0,a11 +a # 0,2a — a;; # 0. The right (derivation) and left (not a derivation)
multiplication operators are

entyl —

ent1 —

a1 a2 412 41z die oo aip a2 0 0
0 a 0 0 0 0 0 0 0
0 a 0 0 0 0 0 0

0 0 a 0 0 0 0 0

0 0 a 0 0 0 0

0 0 0 0 o --- a 0 0 0
0 0 0 0 o .- 0 a 0 0

0 an-—12 an—13 an—14 An-15 - du—1n-3 0 a+ay; O

| 1 An2 0 0 o -- 0 0 0 2a |

[ —a11 —a) —ajp, —aij2 —aiz 0 —ay —a1) 0 07

0 —a 0 0 0 e 0 0 0 0

0 —a 0 0 0 0 0 0

0 0 —a 0 0 0 0 0

0 0 —a 0 0 0 0

0 0 0 0 0 e —a 0 0 0

0 0 0 0 0 e 0 —a 0 0

0 —dy—12  —Op-13 —An—14 —OGp—15 " —OGp—1n-3 0 —a—a;1 0

a1,1an,1 2a10an,1 24120n,1 20120n1 201,204, 2a12an1  2a120n,1

L 2a—ay; an,2 + 2a—ay1  2a—ay  2a—a11 2a—ai T 2a—ay 2a—ay 0 0_

(1) Leta;, # a.

The transformation e] = ej, €, = ¢ + amazl e, 2 <i < n-—2), e] =e,(n—1 <
j < n+1)removesayin R, and —ay in L, , from the entries in the (1,2), (1,3),...,
(1, n—2) positions, respectively. This transformation affects other entries as well. As the result

we change the (1,2)" entry in R,,,, and L., to an> + 2 za’” and name the entries in the
(n,3), (n,4), ..., (n,n— 2) positions in R,,,, and £ b %

€n+1 a—ay,;
. . an
Applying the transformation ¢, = ¢; — We”’ €, = e — Z““en LQ2<i<n-=23),

, .
e = ¢ (n—2 < j < n+ 1), we remove ay 12, n—1,3--->n—1,n—3 in R,,, and

—Ap-12> —Gn—13>- > —An—1,n—3 in L

eni15 An,1 and % from the (n,1)* entry in R,, .,
and L., , ,, respectively, keeping other entries unchanged.

. r_ /o n2 a1,2an,1 /o .o
We apply the transformation e = e, ¢, = e — ( 22+ —a(a_al,l)) en, €, = ¢
A2l (3 < § < n—2),¢ =¢,(n—1=<k=< n + 1) to remove a, + =2l

a(a—ai1) a—aj,
from the (n,2)"? entry in R, , and Le,.1s C;l 22" L from the (1, )" entriesin R, ,, and £

en+1 €n+1 ent1°
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« Finally applying the transformation €] = e;, (1 < i < n), ¢, ; = “F, we scale a to unity.

a
Then we rename “5! by a;,; and obtain a Leibniz algebra

le1, ent1] = aier [ei ent1] = eis [en—1, en1] = (ar,1 + Den—1, [en; eny1] = 2en,
lent1,e1] = —aren [ent1, 6]l = —eis [eny1, en—1] = (—a1,1 — Dep—r,
2=iz=n-2a1# La, #—la, #2).
(5.2)
(2) Suppose a1 = a, a # 0. We start with applying the second transformation of the previous case,
carefully watching how it affects the entries. Then we consider the transformation ¢; = ey, ), =
e — Snitonllld e o — g — Mnle (3 <i<n-—2),¢ =e, (n—1<k<n+1)to

a a
remove a, + "2 from the (n,2)™ entry in Re,,, and Le,,,; 2L from the (n, )" entries

€n+1

in R, and L., . Further applying the transformation eJ’. =e, (1<j<mn),e == we
scale a to unity and renaming a% by a2, we obtain a Leibniz algebra

[e1, ent1] = e, [ei ent1] = arper + i [ej, ent1] = 2¢,(n— 1 < j < n),

lent1,e1] = —en, [eny1, €] = —arper — €, 2 < i< n—2),[ent1,en1] = —2en-1.

If a1, = 0 then we have a limiting case of (5.2) with a;; = 1. If a;» # 0 then applying the
transformation €| = ajze;, €; =e;, 2 <i<n-—2),€,_; =aze,_1, e]’- =e¢,(n<j<n+l),
we derive a Leibniz algebra g,,41.4.

(2) Suppose aj,1 := —a, a # 0. In this case we have
ler, ent1] = —ey, e, ent1] = ei [en, ent1] = 2en, [ent1, ent1] = an—1,n+1€0—1
[ent1,e1] = e1, [ent1,ei]l = —e;, 2=<i<n-2).
If a,—1,n+1 = 0 then we obtain a limiting case of (5.2) with a;; = —1.If a,_; 41 # 0 then applying
the transformation €] = a,_14q1€1, €, =€, 2 <i<n—2),€, | = AGu_1n41€n—1, e; =ej, (n<
j < n+ 1), we have a Leibniz algebra g,,11,1.
(3) Suppose a = 0and a;,; # 0. We have
le1, en+1] = e1,[e2, ent1] = anpen, lex, ent1] = ben, (3 <k <n—2),
[en—1,ent1] = en—1, [ent1, ent1] = cen, [ent1,€1] = —ey1, [en+t1, €] = gj—1€n, (5.3)
(2 S] <n-—2),[len+1,en—11 = —en—1.
If a,p, # 0 then applying the transformation €] = ey, € = auzei, 2 < i < n—1),¢, =

(an2)’en, €, 41 = en+1, wescale a, 5 to unity. Changing the other entries to what they were originally,
we obtain a Leibniz algebra

le1, ent1] = e1, [e2, ent1] = en, [ek, ent1] = bey, B<k=n-2),
len—1>ent+1] = en—1, [ent1, ent1] = cen, [ent1, 1] = —e1, [ent1, €] = aj—1ep, (5.4)
2 <j<n-— 2), lent1,en—1]1 = —eu—1.

Altogether (5.3) with a,, = 0 and (5.4) give us a Leibniz algebra g,115.
(4) Suppose ay,1 := 2a, a # 0. We apply the following transformations.
o Thetransformatione] = e, €; = ei—al—a’zel, 2<i<n-2), e; =¢j, (n—1 < j < n+1) removes

aip in Re,,, and —ay in L., , from the entries in the (1,2), (1,3),...,(1,n — 2) positions,

respectively. In L, this transformation also removes the part % from the (1,2)"? entry

any + % and % from the entries in the (n,3), (n,4), ..., (1n,n — 2) positions.
 Applying the transformation e = e — bz”—;en, € = e — a"z’al’i en-1, 2 < i < n—

3), ej’- = ¢,(n—2 < j < n+ 1), weremove a, 12, @p—13--->0n—1,n—3 i Re,,, and
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—Ay_12> —On—13>--+>—0p—14—3 0 L by, from the (n,1)% entry in £ without affecting
other entries.

o The transformation ¢} = ej, €, = e, —
(n,2)" entryin R, and L., ;.

« Finally we apply the transformation ¢} = e;, (1 < i < n), ¢, = “ to scale a to unity and
obtain a limiting case of (5.2) with a;;; = 2.

Altogether (5.2) and all its limiting cases after replacing a;,; with a give us a Leibniz algebra g, 3.

O

€nt1° ent1

an2
a

ens e; =¢;, 3 <i < n+ 1) removes a,, from the

5.2. Solvable indecomposable right Leibniz algebras with a codimension two nilradical Ny, 13
The non-zero inner derivations of Ny, 13, (1 > 4) are given by

[00 0 0 0 ---0 007
00 0 0 0 ---000

n—2 onon Do
Ro= S B =] 0 a
“ ;” "loo 00 0000

0-1-1-1-1----100
00 0 0 O0---000

Re; =En—1,1 +Enj, Q<i<n-—2),

where E,,_ | ; is the matrix which has 1 in the (n — 1, 1) th entry and all other entries are zero, E,_1; is the
matrix with 1 in the (n — 1, 1)* position and zeros in all other places and E,,; is the matrix that has 1 in
the (n, i) position and zeros everywhere else.

The nilradical N,, ;g in the basis {ej, ez, €3, .. .,¢e,} is defined in (4.1), where e,_; and e, are in the
center of N, ;5. The vectors complementary to the nilradical are e, and ey, 1.

One could notice that two outer derivations R, ,, and R, , are “nil-independent” [41, 61] only in

case (1) in Theorem 5.2.

en+1 €n+2

Remark 5.4. If we have three or more outer derivations, then they are “nil-dependent” means a linear
combination of them is nilpotent, which cannot happen as we construct solvable Leibniz algebras.
Therefore the solvable algebras we are constructing are of codimension at most two.

By taking a linear combination of R,,,, and R, , and keeping in mind that no nontrivial
linear combination of the matrices R,,,, and R, , can be a nilpotent matrix, one could set

(a:) (1) and (b;’l) = ((1)) , because at the same time we have that a # 0,4a;; +
a # 0,2a —a;,; # 0 (the same is true for b and by,;). Therefore the vector space of outer
F1 a2 a2 a2 a2 - a2 a12007]
0 1 0 0 0 - 0 0 00
0 1 0 0 0 0 00
0 0 1 0 0 0 00
0 0 1 0 0 00

derivations as the n x n matrices are R,,,, = .. . . .o ) o

0 0 0 0 0 - 1 00

0
0 0 0 0 0 0 1 00
0 an—12 an—13 An—14 an-15 =+ An—1n—3 0 20
L an1 ana O 0 0 - 0 0 02|
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7zen+2 =

@

(ii)

(iii)

(iv)
(i)

(ii)

r 0 bip by bz b bip 512007
0 1 0 0 0 0 0 00
0 1 0 0 0 0 00
0 0 1 0 0 0 00
0 0 1 0 0 00
0 0 0 0 0 1 0 00
0 0 0 0 0 0 1 00
0 bu-12 bu—13 bp—14 bu—15 - bp—1n—3 0 10
| byt buz O 0 0 - 0 0 02

General approach to find solvable right Leibniz algebras with a codimension two

nilradical Ny, 15.>

We consider R, e] = [Re>Re,] = ReRe, — Re,Re, (n+1 <r<n+2,1<s=<n+2)
and compare with ZZ;% ckRe,» because e,_1 and e, are in the center of Ny, 13, (1 > 4) defined in
(4.1).

We write down [er, e, m+1 <r <n-+2,1 <s < n+ 2)including a linear combination of
e,—1 and e, as well. We add the brackets from the nilradical N, 13, (n > 4) and outer derivations
R€n+1 and Ren+2'

One satisfies the right Leibniz identity: [[e,, e5], e] = [[er et], es] + ey, [es, e¢]] or, equivalently,
Re; (ler>es]) = [Re,(er), e5] + [er, Re,(e5)], (1 < 1,5t < n+ 2) for all the brackets obtained in
step (if)

We apply the change of basis transformations without affecting the nilradical to remove as many
parameters as possible.

One could find that

R[en+1,ei] = _Re," (1 <i<n-— 2)>R[en+1,ek] =0, (l’l —1= k <n+ 1))

n—2
R[en+1,€ﬂ+2] =(n-— 4)an,1bl,2Rez - an,lbl,Z ZRej > R[en+2,el] =0,
=3

R[€n+2,€m] = _bLZRel — Re,> QQ=m=n-2), R[€n+2,€n71] = R[en+2xen] =0,

n—2
R[e,,Jrz,e,,H] =“4- n)an,lbl,ZRez + an,lbl,Z ZRej > R[en+z,en+2] =0.
=3

At the same time, we deduce thata;, = 0, b1 := 2a,,1, by := any — (n — 3)ay1b12, by—1; =
0, (2 < i < n — 3) and we make such changes in the outer derivations R,,,, and R, ,.
We include a linear combination of e,,_; and e, and obtain

[eny1,ei]l = —ei +cp_1,ien—1 + cpjien, (I <i<n-—2)[ent1>ek] = cu_1kn—1 + Cnien,
n—2
(m—1<k=<n+1), [ent1,en2] = (n—4an1b12e; — Zan,lbl,zej + Cn—1n+2€n—1
=
+ cnnt2€ns [eny2,e1] = dnfl,lenfl + dn,len, lent2, em] = _b1,2€1 —em+ dnfl,menfl
+ dn,mem 2<m<n-2), [en+2, en—1] = dn—l,n—len—l + dn,n—lem
n—2
lent2,en] = dn—1nen—1 + dnnen, lent2,ent1] = (4 — m)ay1bizex + Z an,1b126€)
=3
+dn—1nr1€n—1 + dpntien [ent2, ena]l = du—1nr2en-1 + dpuraen.

2When we work with the left Leibniz algebras, we interchange s and r in step (i) and (ii), the right multiplication operator to
the left, and the right Leibniz identity to the left Leibniz identity in step (iii)
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Besides we have the brackets from outer derivations Re,,, and R.,,, and Ny, 15, (1 > 4).
We satisfy the right Leibniz identity by checking the derivation property or right Leibniz identities
for all possible triples. As a consequence, we obtain that R, ., and R, ,, restricted to the nilradical
as n X n matrices do not change and other brackets are modified to

lent1,e1] = —e1 +anien, [ent1,€2] = —€2 —ap—126n—1 + annen, lent1,6] = —e;
—ap—1ien—1, (B =<i<n-—3), [ent1,en—2] = —e€n—2, lent1,en—11= —2e4_1,
n—2
lenti>ent1] = cunyiens  lenyi>ent2] = (n—4)ay1bizer — an1b1,2€; + cp_1,n42en—1
]
=3
+ (cnnt1 — (n — Dan1b12a,2) en,
lent 2, e2] = —bioer — €2 + (an2 — (1 — 5)an1b12) en,
lent2, 6] = —biser —ei +2au1b10en, (B <i<n-—2), [est2,en—1]= —eu_1,
n—2
lentas ent1] = (4 — manibiaes + Y an1b12¢ — cu-tut2en 1 + dnntien,
j=3

[ent2, ent2] = (dn,n+1 +(n—=3)(n—4) (an,lb1,2)2 —(n— 4)ﬂn,1b1,2an,2) en-

Altogether the nilradical Ny, 13, (n > 4), the outer derivations and the remaining brackets give us
a continuos family of solvable right Leibniz algebras depending on the parameters.

Finally we apply the change of basis transformations given below to remove all parameters keeping
the nilradical Ny, 15 given in (4.1) unchanged.

o The transformation ] = ey, €; = e; + bize;, 2 <i < n—2), eJ’- =e¢, (n—1<j<n+2)

removes by, in R, ,, and —by in L, , from the entries in the (1,2), (1,3),...,(1,n — 2)
positions, respectively. Then we change the (, 2)nd entry in Re,,, to ayp — (n — 5)a,1b1,2,
inRe,,, and L,,,, to a,2 + a,,1b1. We name the entries in the (n,3), (1,4),...,(n,n — 2)
positions in R, ,, by 2a,,1b1,,in R,,,, and L,,,, by a,,1b15.

Applying the transformation €] = ey, €; = ¢; — ap_1,ie4—1, 2 < i < n —3), e]’. =¢, (n—
2 <j < n+2),weremove a,—12, Ap—13- - ->%n—1,n—3 il Ren+1 and —a,—12, —An-13>--->
—an_1,n—3 in L., . This transformation affects the coefficients in front of e,_1 in [e,42, €411
and [e,+1, en+2]. We change them back to —c¢,—1,4,+2 and ¢,—1,442, respectively.

The transformation e} = e; — ap1en, €, = €2 + ((n —5)ay1bip — an,z) en, €, = e —
2au1b12e,, B3 <i<n-2), e}( = e, (n—1 < k < n+2) removes the element from the (n, 1)
position in Re,,,, Re,,, and Le, ., ,, the element from the (1,2)™ position in R, ,, and Le,,,,
but it affects the (1,2)"™ entries in Re,1 and L., |, so we change them to (n — 4)a,,1b15. It
also removes the elements from the (1, i) positions in R, ., and Le,,,, but changes them
in Re,,, and L to —ay,1b12. As the final affect of this transformation, it changes the

. . . 2
coefficients in front of e, in [e,41, €n42] and [ey42, €nt1] t0 cppt1 — (n—3)(n —4) (an,lbl,z)

en+1

and dppy1 + (n—3)(n —4) (an,lbl,z)z — (n — 4)au,1b12a,,2, respectively.

We finish the change of basis with the technique of “absorption”

+ Applying the transformation ¢; = e;, (1 < i < n), e, = eyr1 + (4 — naz1bioer +
Zfl:_f an1bioej, €, , = eny2, we remove the elements from the entries in the (n,2),
(n,3), (n,4),...,(n,n — 2) positions in R,,,, and L., . Then we change the coefficient

. . 2 . .
in front of e, in [e,41, €n4+1] to cppr1 — (n — 3)(n — 4) (an,lbl,z) . This transformation also
removes the coefficients in front of e;, e3, €4, ..., e,—2 in [en42, ent1] and [e, 41, €n42].

+ We apply transformation e; = e;, (1 <i < n), €, | = €nt1 — Cn—1,n426n—1> €py = €pt2 t0

remove the coeflicients ¢;,—1 542 and —c¢,—1 n42 in frontof e,_; in [e,11, eny2] and [e442, €nt1],
respectively.
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((Vl73)(ﬂ74)(ﬂn,1bl,Z)Z*Cn,n+1)en
2 bl
2
€y = eny2 — % (d,,,,,_H +n—-3)(n—4) (an,lbu) —(n— 4)an,1b1,2an,2) e, removes the

+ The transformation ¢} = ¢;, (1 <i < n), €, | = ept1

. . 2, .
remaining coefficient ¢, 5,41 — (n — 3)(n — 4) (a,1b12)” in front of e, in [ey+1,ent1],
g - ,101, + +

2 .
lent1>entals and dypi1 + (1 — 3)(n — 4) (an1b12)” — (n — Han1b12a,, in front of e,
in [eq42,€nt1]s [€n+2, €nt2]. We obtain the algebra g,42,1. To summarize, we formulate the
following theorem:

Theorem 5.4. There is one solvable indecomposable right Leibniz algebra up to isomorphism with a
codimension two nilradical Ny, 13, (n > 4), which is given below:

Ont2,1 : Leir ent1] = e, [ent1, €] = —ei, 1<i<n-=2),
lej, ent1] = 2e), (n—1<j=<mn),
lent1sen—1] = —2en—1, lewent2l =er, lent2. ekl = —€r, Q2 <k<n-1),

len, eni2]l =264, DS=[n+2,n2,0], LS=[n+2,nn,...]

6. Classification of solvable indecomposable left Leibniz algebras with a nilradical N 1
6.1. Solvable indecomposable left Leibniz algebras with a codimension one nilradical Np,1g

Classification of one-dimensional left solvable extensions of Ny, 13, (n > 4) follows the same steps as
we used for the right solvable Leibniz algebras. We consider the same equation (5.1) and we have the
following theorem:

Theorem 6.1. Set ay, := a in (5.1). To satisfy the left Leibniz identity, there are the following cases based
on the conditions involving parameters, each gives a continuous family of solvable Leibniz algebras.
(1) Ifa#0,a1,1 +a#0,2a—ay; #0, then

n
ar1bu1
ler, ent1]l = arie1 + an—1,1€n—1 + ———en, lei,ent1] = a1e1 + ae; + E ag.ieks
2a —ap
’ k=n—1
len—1,enr1]l = (@a+ar)en—1, lent1-ent1] = anntien,  leny1.e1] = —aier —ap—11€0-1
2a12b4,1 .
+buien lent1,6i] = —arper —aei — ap_yiep—1 + | api— ——— |es, 2 <i<n-—-2),
2a — ail
lent1en—1] = (—a — ai1)en—1,[ent1, en] = —2aey.
(2) If a1,1 := —a, a # 0, then the brackets for the algebra are
n
le1, ent1] = —aer + an—1,1€n—1 + an1€n, lei ent1] = a12e1 + ae; + E ak,i€k
k=n—1
len+1>en+1] = an—1n+18n—1 + Anntien [en+1,e1] = aey — ap—1,1€n—1 — 3an,1€n
2a1,204,1 .
lent1, el = —aiper —aej —ay_1ep—1 + | ani + —)ew 2=<i<n-2),
lent1,en]l = —2aey.

(3) Ifa=0, a1,1 # 0, then
le1,ent1]l = arye1 +an—1,1€n—1 + anen,  leient1] = arper +an—1,i€n—1 + anien,
len—1,ent1]l = aren—1,  lent1>€nt1] = annr1en,  [eny1.e1] = —ai1e1 — an—1,1€p—1 — an,1€p,

lent1, 6] = —aiper — an—1ien—1 + bujen, Q2 <i<n-—-2), [est1,en—1]= —aii1€n—1.
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Remark 6.1. This algebra is the same as the right Leibniz algebra in case (3) in Theorem 5.1.

(4) Ifa1,1 == 2a, a # 0, then

n
le1, ent1] = 2ae1 + an—1,1€n—1 + an,1n, lei» ent1] = arner + aei + Z Ak,i€k>
k=n—1
len—1,ent1] = 3ae,—1, [ent+1>ent1] = annt1en, lent1,e1] = —2ae; — an—11€n—1,
a1,2an,1 .

lenti1, el = —aipe) — ae; — ay_1iep—1 + | ani — ens 2=<i<n-2),

len+1, en—1] = —3aey—1, [en+1, en] = —2aey.
Proof.
(1) Supposea # 0, aj;; +a # 0, 2a — ay,; # 0. The proof of this case could be found in Table 2.
(2) Supposeay,; := —a, a # 0. Considering the same left Leibniz identities as in the generic case, where

the identity in step (19) does not give any extra conditions on the parameters, we prove the result.
(3) Supposea =0, aj,; # 0. We apply steps (1)-(19) of case (1) and for the last two steps (20) and (21),
we consider the identities: L., ([ent1, ent11) = [Le; (én+1)> ent1] + [ent1, Le; (ent1)]s Llei ent1] =
[L(ei), ent1] + [eis L(ent1)], R <i<n—2).
(4) Suppose ay,; := 2a, a # 0. We repeat steps (1)-(20) of the generic case and derive the result.
O

Theorem 6.2. Applying the technique of “absorption” (see Section 3.2), we can further simplify the algebras
given in Theorem 6.1 as follows:
(1) Supposea # 0, a1 +a # 0, 2a — ay,; # 0. We have

ai,1ba,1
ler,ent1] = arne1 + ——en,[e2,ent1] = a12e1 + aex + ap—12€4—1 + anpey,
2a — al
lei ent1] = aipe1 + ae; + an—1ien—1, [en—2, ent1] = a12e1 + aen—2, [en—1, €nt1]
= (a+ar1)en—1,[ent1,e1] = —ay1e1 + bpieq, [ent1, 2] = —aiper —aex — ay_12€,-1
2a12b4,1 2a12b,16,
+\an2 — ——— ) en.lens1,6]l = —aipe1 —ae; —ay_1ep-1 — ———,
2a —ay; 2a — a1,
. 2a1,2bu1
B =<i<n-3),lens1,en2] = —aipe; —ae,_ — ———ey,
2a — a1
lent1,en—1] = (—a — ar1)en—1, [ent1, en] = —2aey.

(2) Suppose a1 :== —a, a # 0. Then the brackets for the algebra are

le1, ent1] = —aer + an1en, [€2, ent1] = arpe1 + aex + an—12€4—1 + an2en,

lei, entr1] = aiper + ae;i + an—1i€n—1,[en—2, ent1] = a12e1 + aey—2,

[en+1> ent1] = An—1nt1€n—1, [ent1, €1] = aer — 3an1en, [ent1, 2] = —aize; — ae;

2a1,20n,1 2a12an,1€n
—ap-12ep—1 + (an,z + — . )ew [eny1,e] = —aize1 — ae; — ay—1iep—1 + —

a1,2an,1

, 2
(B <i<n-—23)lent1,en—2] = —aize1 —ae,—2 + en> ent 1, en] = —2aey,.
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Table 2. Left Leibniz identities in the generic case in Theorem 6.1.

Steps Ordered triple Result
1. Le, (Ie2,ent1]) agp—1 =0, 1 <k <n—2),app_1 = —ay1,
-2
dp—1pn-1:=0a11+ad+ 22:3 k) —
-2
len—1,en+1] = (01,1 +a+ 303 Gk,z) en—1 — dy1€n.
2, Le, (le2,en41]) lenent1]1 =0 = an =0, (1 <k <n).
3. Lleny1,€] a1 = p1 =0 = [eny1.ent1] = D }_3 Ak nr18k-
4 Llent1.6il int1=0,3<i<n-2) =
len+1.en+1] = An—1,n+1€n—1 + annt1en.
5. Le, ([e,~, en+1]) g1 :=a1,35i<n-2) =
-2
ler,eny1] = arner + Y p_5 a21€k + dn_1,1€n—1 + dn,1€n.
6. Le, , (leient1]) a1, = a1k Gj—gj = djji—k Q+k<i<n—2,1<k<n—4),wherek
isfixed = [ey,ent1] = ar2e1 +aey + Y m_3 dm2em, (g eny1] =
i—1 )
ae + ij:z ajmem + ajjej + Z?n:ﬂ-] amjem, 3 <j<n—2).
7. Lley, e] bn—1 =0 (1<k=<n-2),bpp_1:=0bz1,
-2
bn—tn—1:=b11 +by2+ Yy bk =
-2
len1,en—11 = (bu +b22+ Y% bk,z) en—1 +by1en.
8. Lley, €3] [ent1,enl = 2by2en = by =0, (1 <k <n—1), byp:=2by,.
-2
9. Le, ([en+1.€1]) b1 =0 = [ent1.en—1]1= (bu +b22+ Y % bk,z) en—1
lent1,e1] = brjer + Y p_3 by ek
10. Le; (len+1.€1]) bj1 =0, 3<i<n—2) = [ept1,e1]1 =b11€1 +bp_1,1€0—1 + bp,1€n.
1. Le; (leny1.€il) bj=—a12, (2<i<n=2), b, :=2—a, bjj:==ajj—2a, 3=<j<n-2)
= bpn1:=b1—a+ Y 5byrand
lent1.en—11= (b1 —a+ Zz;g bk2)en—1.[ent1,en] = —2aep.
12. Le; ([en+1.€1]) a1 =0 = [e1,epr1] =a11€1 +dp—1,1€n—1 + dn1€n, [en—1,€n+1]1 =
-2
((11,1 +a+ 2223 aklz) en—1.
13. Llej, exl bk == —byj, 2 <i<n-3,14+i<k<=<n-—2),whereiisfixed.
14. Llej, ej] gij==0a, 3<i<n-2) =
j—1
lent1.€] = —ae1 — Yk, bjxex — aej + D k=j+1 Okjek [ enia] =
j—1 )
ar261 + Y, Gikek + agj + Y kej1 Okjeks @ <j=n—2).
15. Le; (len+1.ex]) byj = —aj, Q<i<n—3,14i<k<n—2),whereiisfixed =
-2
bn—1n—1:=bi1—a— Y5 amaand
-2
lent1,en—1] = (bl,l —a— 227=3 am,Z) en—1,
1 5
leny1.¢] = —a12e1 + 3, ajmem — agj — an:j-m am,jem +
Y men_1 bmjem, 2 <j<n-2).
16. Ley, ([en+1,e,~]) ag; =0, 2<i<n-31+i<k<n-—2),wherejisfixed =
lej eny1] = arper +aej + X g1 dmjem, leny1, 6] =
—arper —agj+ Y ;1 bmjem, Q<j<n-2),
len—1.ent1] = (a1,1 +a) en—1, [ent1,en—11 = (b1,1 — a) ep_1.
17. £e1 ([en+1,€2]) bH =—a1,1 = lepy1.€1] = —ay1e1 +
bp_1,1n—1 + bn,1en, leny1,en—11 = (—a1,1 —a) ep_1.
aj1b
18. Lley, eny1] bp—1,1 = —dn—1,1,0an1 = 2:,1,,"1’11 =
lent1.€1]1 = —a1,1€1 — dp—1,1€n—1 + bp,1€n,
_ a1,1bn,1
[e1.ent1] = a1,1€1 +dp—1,16p—1 + Ja=ay 1 -
19. Lleny1,eny1l Gn—1n+1 =0 = [ent1,ent1] = dnnyien.
. . 2a1,bn,1
20. Le; (Ient1.€n+11) bp—1,j = —n_1,j, bnj = anj — 55" = leny1,€¢] =
. ) . 2(11(2[7,7'1 .
—a1,2€1 — aéj — dp—1i€n—1 + (an,l - W) en, 2<i<n-2).
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(3) Ifa=0, a1, # 0, then

[e1, ent1] = ar1e1 + anien, (€2, eny1] = a1pe1 + an—12en—1 + anen [ei, eny1] = aiper

+an_1,ien—1 B3=<i<n-3), [en—2,ent1] = aier, [en—1,ent1] = ar1en—1,
[en+1>ent1] = anntiens lent1, €11 = —ay1er — anen, lent1, €] = —aiper — an—1jen—1
+bpjen, (2 <j<n-—3),[entr1,en—2] = —aizer + bun—en [ent1,en—1] = —arie,—1.

Remark 6.2. A continuous family of solvable Leibniz algebras is left and right at the same time,
because it is the same as in case (3) in Theorem 5.2.

(4) If a1,1 == 2a, a # 0, then the brackets for the solvable Leibniz algebra are
lers ent1] = 2ae1 + apnen; (€2, ent1] = a1e1 + aez + an—1,06n—1 + anoen

lei enr1] = a1per +aei +an—1en—1, [en—2,enr1]l = aiper +aeyn—2, [en—1,ent1] = 3ae, 1,

ai,20n,1
lent1,e1]l = —2aey, [ent1, 2] = —aiper —aex — ay—12en—1 + (an2 — . ens
ai1,2an,1 .
lent1, el = —aipe) — ae; — ay_1iep—1 — — e B3=<i<n-3),
a1,20n,1
lent1,en—2] = —aie; —ae,—3 — en lent1,en—1]1 = —3ae, 1, [ent1,en] = —2ae,.

Proof. As for the right Leibniz algebras, once we know how to prove a generic case, we could prove other
cases by applying applicable transformations. It turned out that the proof repeats case (1) in Theorem 5.2,
except for the last transformation, where we apply instead ¢} = ¢;, (1 <i < n), €, = enq1 + “4te,
to remove a, 41 in the bracket [e,+1, €,41]-

Theorem 6.3. There are four solvable indecomposable left Leibniz algebras up to isomorphism with a
codimension one nilradical Ny, 13, (n > 4), which are given below:

@) Liyi1 : [eny1,e1] = e1, [er, eny1] = —er, [ent1, 1] = —eis [ei, ent1] = e,
2<i<n-=-2), [ent1>en]l = —2epn, [ent1>€nt1] = €41,

DS=[n+1,n,?2,0] LS=[n+1,n,mn,...]

(ii) Ont12 ¢ [ent1, 6] = —ejs [eeny1] = €, (=1, n — 1), [e2, enq1] = €€y, (€ = 0, 1),
lent1,6] = aj—1en, (2 <j<n—2), lexs en+1] = ben, B=<k=n-2),
[ent1>€nt1] = cep,
lam—1| < laml, B =m=n-=3),
DS=[n+1,3,0], LS=[n+1,3,22,...]
Remark 6.3. To guarantee a continuous family of algebras is unique within its class, when ¢ = 0 and

b = 0, we may assume that |a;| < |ax—1|,(3 <k <n—2).Ife =1,b = 1,(n > 6), then we have as
well that |a1]| < |ax_1|,(3 <k <n—2).Ife =1,b # 0 and n = 5, then either |b| < 1 or |a;| < |ay|.
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(iii) Iny13 ¢ lent1,e1] = —aeq, [e1, enq1] = aeq, lent1s el = —ei [ei ent1] = e,
2=<i<n-2), [en—1, en—H] = (a+ Dey—1,
lent1,en—1] = (—a — Dey—1, [eny1, eq] = —2ey,

DS=[n+1,n2,0] LS=[n+1,nmn,...],

(iv)  lit14: [ens1,e1] = —er, [e1, enp1] = 61, lent1,ei]l = —e1 — e, leiens1] =e1 + e,
(2 E i E n— 2)) [e?’lflx en+1] = 26?’171) [en+l’ e]] = —26]‘, (l’l -1 E] S 1’[),
DS=[n+1,n 2,0], LS=[n+1,nmn,...].

Proof. The idea and the cases are the same as in Theorem 5.3. However there is a slight difference in

the transformations. In order to have an insight of that difference, we only show a generic case (1)1. in

details.

(1) Supposea # 0, a1 +a # 0, 2a—ay,; # 0. We have the left (derivation) and right (not a derivation)
multiplication operators restricted to the nilradical

—ai ) —ai —ayz -+ —aip —ai 0 0 7
0 —a 0 0 e 0 0 0 0
0 —a 0 0 0 0 0
0 0 —a e 0 0 0 0
0 0 0 0 0 0
‘CenJrl = . . . . . . . . . >
0 0 0 0 - —a 0 0 0
0 0 0 0 e 0 —a 0 0
0 —an—1,2 —0n—13 —An-14 **° —On—1,n—3 0 —a—a;; 0
2a10bn1  2a12by, 2a12bn) 2a12bn,1 2a12bn1
L bn>1 an2 — 2a—ay; 2a—a1,11 " 2a—a;; " T 2a—a;; ~ 2a—an 0 —2(1_
T a1 @y a1 aix a4 - a1 dip 0 07
0 a 0 0 0 0 0 0 0
0 a 0 0 0 0 0 0
0 0 a 0 0 0 0 0
0 0 a 0 0 0 0
Ren+1 =
0 0 0 0 o --- a 0 0 0
0 0 0 0 o .- 0 a 0 0
0 ap-12an-13 an-14 An-15 " n—1n-3 0 a+a;1 0
ar1buy
[t @ 0O 0 0 - 0 0 0 0]
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1. Supposeaj; # a.
N . a .
« We consider the transformation €] = e, ¢, = ¢ + a_lfllel, 2 <i<n-=2), e} =
e, (n—1 < j < n+1)toremove ay, in R, , and —aj; in L., ,, from the entries in

the (1,2), (1,3),...,(1,n — 2) positions, respectively, but other entries are affected as well.

nd . a1,2a1,1bp,1
As the result we change the (n,2)" entryin R,,,, and L., | to a,» + @=arDGa—aiD and call
o - . a1281,1bn,1
the entries in the (1, 3), (n,4),...,(n,n—2) positionsin R,,,, and L,,,, by @arDCea
o Applying the transformation ¢} = e; + Zubf—'uluen, €, = e — %en—l, 2<i<n-—
3), eJ’- = ¢, (n—2 =< j =< n+ 1), we remove dy—1,2, dp—13>--->n—1,n—3 i Re,,, and
. apiba

—Ap_12> —On—13>--+>—0p—14—3 in L from the (n, 1) entry in Re,.; and by

ent+1> 2a—ay

from the (n,1)* entry in L., ,, without affecting other entries.

€n+1

+ We apply the transformation ¢] = ej, ¢, = e, + (H"TZ + %) en € = e +
a1,281,1bu,1
a(a—ay,1)(2a—a,)

aipai1ba nd : i a12a1,1bn1 ~th
@arnGaaD from the (n,2)" entry in R, ,, and L., ; @arnGamaD from the (n, 1)
ent1 and £3n+1'
€n

entries in R
+ Finally we apply the transformation ¢} = ¢;, (1 < i < n), e, ; = “ to scale a to unity. We
also rename “L by a;,; and obtain a Leibniz algebra

ens 3 < i< n-—2),¢€ =e, (n—1=<k =< n+1)toremove a,y +

le1, ent1] = ayier,[eir ent1] = eis [en—1,ent1] = (a1 + Dey—1,
lent1,e1] = —ar,1e1, [ent1, €] = —ei, [ent1, en—1]1 = (—ai,1 — ey—1, (6.1)

lent1,en]l = =264, 2 <i<n—2,a1;1 # Lay,1 # —1,a11 # 2).
2. Ifa;; = a, a # 0, then we obtain

[et,enr1]l =e1, leseny1] = aiper +e,

len—1,ent1] = 2en—1,  lent1,€1]1 = —er,
[ent1, €]l = —aiper —e, (2 <i<n-—2),
lent1>en—1] = —2en—1,[ent1,€n] = —2ey.

If a1» = 0, then we have a limiting case of (6.1) with a;; = 1. If a; 5 # 0, then we scale it to
unity and obtain a Leibniz algebra [, 11 4.

(2) Suppose ai,1 := —a, a # 0. In this case we have
le1, ent1] = —ey, lei ent1] = ei,
[en+1>ent1] = an—1,n+1€n—1, [ent1,e1] = e1,
lent1, €] = —eis [ent1, en] = —2en, 2=i=n-2).
If ay—1,n+1 = 0, then we have a limiting case of (6.1) with a1} = —1.If a,_; n41 # 0, then we scale

it to unity and it gives us a Leibniz algebra [,,11;.
(3) Supposea = 0anda;; # 0.

Remark 6.4. This case is identically the same as case (3) in Theorem 5.3 and gives us again a solvable
Leibniz algebra g,41,2.

(4) Suppose a1,;; = 2a,a # 0. In this case we obtain a limiting case of (6.1) with a;; = 2.
Altogether (6.1) and all its limiting cases after replacing a;,; with a give us a Leibniz algebra ;41 3.
O



Downloaded by [The UC Irvine Libraries] at 11:55 29 September 2017

2656 A. SHABANSKAYA

6.2. Solvable indecomposable left Leibniz algebras with a codimension two nilradical Ny, 15
The non-zero inner derivations of Ny, 13, (n > 4) are given by

[00000---000]
00000---000

n—2
PO < LR RS
“ ; " 100000---000

01111---100
00000---000

Eei =—-E, 11+E;;, Q=<i<n-—2).

Following the same argument as in Section 5.2, we have at most two outer derivations £,,,, and L, ,

given in the proof of Theorem 6.3 with (a;‘l ) = ( i ) and (a;’l ) = <(1)> , respectively. We apply the
same steps, but with the right Leibniz identity replaced by left and (or) the right multiplication operator
replaced by left.

(i) One could find that

Liciens] = Lep (1 =i<n—2), Lige1=0n—-1=j<n+1),
n—2
Lieyirensa) = (4= mapbn1 Ly + 12bp,1 Z Le | >
j=3
L[el,en+z] =0,
L[ek,eV,Jrz] =a1pLle + Eek’ Q2<k<n-2),
ﬁ[em)enJrz] = 0’ (7’1 -1 =m= f’l),
n—2
Lieyiren] = 1 — Doy abp1Le, — a12by1 Zﬁej ,
=3
‘C[@n+2,€n+2] =0.

At the same time we obtain that a;, = 0, 8,1 := 2by1, @2 = ap2 + (0 — 31 2by1,000—1,i =
0,(2 < i < n — 3) and the outer derivations become

M—1 0 0 0 s 0 0 0 07
0 —1 0 0 0 0 0 O
0 -1 0 0 0 0 O
0 0 -1 0 0 0 O
0 0 0 0 0 O

Loy = . . . . . . R B

0 0 0 0 cee —1 0 0 O
0 0 0 0 cee 0 -1 0 O
0 —ap—12 —an-13 —an-14 - —An-1n-3 0 —2 0

Lbn1  an2 0 0o - 0 0 0 —2
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-1 —a12 -1 o —0) —a12 0 0
0 —1 0 0 e 0 0 0 0
0 —1 0 0 0 0 0
0 0 —1 e 0 0 0 0
0 0 0 0 0
‘Cen+2 =
0 0 0 0 e —1 0
0 0 0 0 e 0 —1 0 O
0 0 0 0 e 0 0 -1 0
| 2bn1 anp + (n — 5)a12bp1 —20012by,1 —20012by1 - - —2a12by1 —2a12bp1 0 =2 ]

(ii) We include a linear combination of e,—; and e, to have the following brackets:

[eient1] = ei + cn—1i€n—1 + cnjjen, (1 <i<n-—2), [epent1]= cn_1k€n—1+ Cpien
n—2
(n—1<k<n+1)lenr2en1] = (n— Darobnier — Y 12bn1€j + cntni2en—1
j=3
+ cnnr2en [e1, ent2] = dn—1,1€n—1 + du1€n, [em ent2]
= a6 +em + dn—l,men—l + dn,mem 2<m=<n-2),
[en—1, en+2] = dn—l,n—len—l + dn,n—lem
lens enia]l = du—1,nen—1 + dunen
n—2
lent1s eni2] = (4 — maiobuier + Y @12bu1ej + du-tutien 1 + dnntien,
j=3
lent2, ent2] = dn_1n28n—1 + dppni2en.
(iii) We notice that L, and £
brackets are given below.

es, Testricted to the nilradical do not change, but the remaining

le1, ent1]l = e1 + bpien, [e2, enp1] = €2 + an_12€n—1 + anen, [eis eny1]l = € + an_1i€n—1,
B<i<n-—3)l[en—2, en+1] =ey—2,[en—1, en+1] =2ey—1, [en+1aen+l] = Cn,n+1€n>
n—2
lent2s ent1] = (n — a1 by 162 — Zal,zbn,lej + cn—1n+2€n—1 + (Cunt+1
=3
+(n—Darpbuian2)en €2, ent2] = arpe1 +ex + (anz + (n — 31 2by1)en,
[ei, en2] = a12e1 + €, (3 <i < n—2),[en—1,en42] = €n—1,
n—2
lent1> ent2] = (4 — mai2bpe2 + Zal,zbn,lej — Cn—1,n426n—1 + dnpy16n,
=3
2
lent2, ent2] = (dn,n+1 + (n — Ha12by1an2 + (n — 4)(n — 3) (a1,2bn,1) ) en.

(iv) We apply the following change of basis transformations:
« Applying the transformation ¢ = e, e = ¢ + ajpe, 2 < i < n — 2), e]/» =
e, (n—1 < j < n+2),weremove o> in R, ,, and —ay, in L, , from the entries in
the (1,2), (1,3),...,(1,n — 2) positions, respectively. In L., , the transformation removes
—20a12by,1 from the entries in the (n,3), (n,4),..., (n,n — 2) positions, and we rename the

(n,2)™ entry by a, 2 + (n — 3)a1,2bp,1 there. This transformation affects other entries as well.
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InR.,,, and L, ,
and rename the entry in the (, 2)nd position by a,2 + @12b,,1.

+ Considering the transformation ¢} = e, ¢, = ¢ — ay_1e,-1, 2 < i < n —
3), e]’- =¢,(n—2 < j < n-+2),weremove ay—12, Ay—1,3 - - ->p—1,n—3 il R and

we call the entries in the (1, 3), (n,4),. .., (n,n — 2) positions by a12b,,1

€n+1

ens1- This transformation affects the coefficients in front
of ey—1 in [en+1, €nt+2] and [ey42, eqt1], which we change back to —c,—1,442 and c,—1 442,
respectively.

o The transformation ¢] = e; + by1en, €, = e + (an,z + (n— 3)0{1,219",1) ens €, = e +
a12bp1en, 3 < i < n—2), e;C = ¢, (n—1 < k < n+ 2) removes the element
from the (1, 1)" position in Re,,,, Le,,, and L, ,, removes a,> + (1 — 3)a1 by, from
the (n,2)" position in Re,,, and Le,,,. This transformation affects the (11,2)" entries in
Re,., and L., ,, so we change them to (4 — n)ay2by,,1. It also removes the elements from
the (n, i)th positions in R,,,, and L., ,, but introduces —o by in Re,,, and L, ., in
those positions. It changes the coefficients in front of e, in [ey+1, en+2] and [e,42, €n+1] to
A1+ (=D by 152+ (n—4)2 (m,zbn,l)z and ¢y pq1—(n—4)? (al,zbn,l)z , respectively.

« We apply the transformation ¢} = ey, €, = ey + (4 — maipbpien € = €, (3 < i <
n + 2) to remove the element from the (12,2)" position in L,,,, and R.,,,, but it introduces
(n — 4)a12by,,1 in the same position in L,,,, and R, ,. This transformation also changes the
coefficient in front of e, in [ey+1,e4+2] and [en42, ep41] to dypy1 + (n — 41 2bp,1a, and
Cnn+1, Tespectively.

We finish with carrying out the technique of “absorption.”
« Applying the transformation ¢; = e;, (1 < i < n+1), €, = eny2 + (4 — nar2by1e2 +

—Ap-12> —An-13>--->—An—1,n—3 10 L

Z}‘:}Z a1,2by,1€j, we remove the elements from the (1, 2), (1, 3), . . ., (1, n—2) positionsin L., ,
and R.,,,. It also removes the coefficients in front of ey, e3, e4,...,e,—2 in [eyy2,€441] and
[en+1,en+2] as well. This transformation changes the coefficient in front of e, in [e4+2, €n+2]
to dyppy1 + (n — Do by1an.

+ The transformation ¢; = ¢;, (1 < i < n+1),¢,,, = ex2 — C”’lz’”“ e,—1 removes the
coeflicients ¢,—1 42 and —c,—1,442 from e, 1 in [e442, eny1] and [en1, e442], respectively.

+ Finally applying the transformation ¢; = e;, (1 < i < n), €| = enp1 + C””’T“en, €y =

d, —4 b . . .
enta + nnt1 H( 2)0“’2 nlfn2 o we remove the coefficient ¢, 1 in front of e, in [e,11, ent1]

and [e,42, en+1], the coefficient dy, 41 + (n — 4)t1 265,142 in front of e, in [ey+1, en42] and
[en+2, en+2] and obtain the algebra [,,1 5 ;. This proves the following:

Theorem 6.4. There is one solvable indecomposable left Leibniz algebra up to isomorphism with a
codimension two nilradical Ny 13, (n > 4), which is given below:

Lnt21 : leient1]l =€, [eny1,6i] = —ej, (I<i<n-2),

len—1,ent1] = 2en—1,

[en—i-l’ e]] - _zej; (11 —1 S] < TZ), [ek, ei’H‘Z] = ek,
lent2, ex] = —ex, Q<k<n-1),
[ent2, en]l = —2ey,

DS=[n+2,mn2,0] LS=[n+2,nmn,...].
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