
Elementary Analysis Math 140B|Winter 2007The Chain RuleTHEOREM Let g be a real valued fun
tion de�ned on an open interval 
ontaining a 2 R andsuppose that g is di�erentiable at a with derivative g0(a). Let f be a real valued fun
tion de�ned onan open interval 
ontaining g(a) and suppose that f is di�erentiable at g(a) with derivative f 0(g(a)).Then f Æ g is di�erentiable at a with derivative(f Æ g)0(a) = f 0(g(a)) g0(a): (1)PROOF:Step 1. g0(a) exists Hen
e 8�0 > 0; 9Æ0 > 0 su
h thatjg(x)� g(a)� g0(a)(x � a)j < �0jx� aj if jx� aj < Æ0: (2)Step 2. f 0(g(a)) exists Hen
e 8�00 > 0; 9Æ00 > 0 su
h thatjf(y)� f(g(a))� f 0(g(a))(y � g(a))j < �00jy � g(a)j if jy � g(a)j < Æ00: (3)Step 3. Wish to show 8� > 0; 9Æ > 0 su
h thatjf(g(x))� f(g(a))� f 0(g(a))g0(a)(x � a)j < �jx� aj if jx� aj < Æ: (4)Step 4. g is 
ontinuous at a Hen
e 9Æ
 > 0 su
h thatjg(x)� g(a)j < Æ00 if jx� aj < Æ
: (5)Step 5. Substitute Step 4 in Step 2 Using (5), repla
e y in (3) by g(x) to obtainjf(g(x))� f(g(a))� f 0(g(a))(g(x) � g(a))j < �00jg(x)� g(a)j if jx� aj < Æ
: (6)Step 6. Rewrite Step 1 Set �(x) := g(x)� g(a)� g0(a)(x� a) so thatg(x)� g(a) = g0(a)(x� a) + �(x) (7)and by (2), j�(x)j < �0jx� aj if jx� aj < Æ0: (8)Step 7. Substitute Step 6 in Step 5 Putting (7) into (6) (in two pla
es!) and settingA(x) := f(g(x)) � f(g(a))� f 0(g(a))[g0(a)(x� a) + �(x)℄ (9)we obtain from (6) jA(x)j < �00jg0(a)(x � a) + �(x)j if jx� aj < Æ
: (10)Step 8. Prove Step 3 Given �, 
hoose �0 and �00 su
h that�00�0 + �00jg0(a)j+ jf 0(g(a))j�0 < �: (11)Then 
hoose Æ0, Æ00, and Æ
 as in Steps 1, 2 and 4, and set Æ = min(Æ
; Æ0). If jx � aj < Æ, wehave, jf(g(x)) � f(g(a))� f 0(g(a))g0(a)(x� a)j= jA(x) + f 0(g(a))�(x)j (by (9))� jA(x)j + jf 0(g(a))�(x)j� �00jg0(a)jjx� aj+ �00j�(x)j + jf 0(g(a))jj�(x)j (by (10))� [�00jg0(a)j+ �00�0 + jf 0(g(a))j�0℄jx� aj (by (8))< �jx� aj (by (11):This proves (4). 21


