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§ 1. INTRODUCTION.

Two classes of linear algebras, generally non-associative, are %mmma.m:
§ 3 (baric algebras) and § 4 (¢rain algebras), naa.:a nqonomm mm &x%ﬂn&&:
of a lincar algebra in § 5. These concepts, e,.;:n: will Go.a_mocm..mn more
fully elsewhere, arise naturally in the symbolism of genctics, as mroés. 5‘
§§ 6-15. Many of their properties express facts well @oén in mnsm_:nm_
and the processes of calculation which are E:a_w:.go::ﬂ_. in many problems
of population genetics can be nxvqnmmam as Bm?ﬁ:_w:o:m in the mgﬂcn
algebras. In cases where E:Q:m:nm._m of a simple type (e.- §§ Hﬂwﬁﬁwm
15) this constitutes a new point of view, but _vo}.m_cm E.do.:znm ﬂor—m
more than a change of notation as compared 2__:. .nxassm.aﬁ 0 Mn_
§ 14, however, indicates QM gmmm_uzzw Mm generalisations which woul
¢ impossible by ordinary methods. :
maa_wmhm Mnncnm,,znn of the genctic algebras may be acmn_”:uam in general
terms as follows, The mechanism of chromosome mzrm:nms.na., in so mﬁ
as it determines the probability distributions of genetic types in FBM..&.“
and filial gencrations, and expresses itself through ”r.o:. ?mn.:n:ou\w M—
tributions, may be represented conveniently by u_mﬁ:m_n symbols. —.“&
a symbolism s described, for instance, by Jennings (1935, chap. 1
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many applications are given by Geppert and Koller (1938). It is shown
in the present paper that the symbolism is equivalent to the use of a
system of related linear algebras, in which multiplication (equivalent to
the procedure of “/chessboard diagrams”) is commutative (PQ=QP) but
non-associative (PQ.R=#P.QR). A population (7.e. a distribution of
genetic types) is represented by a normalised hypercomplex number in one
or other algebra, according to the point of view from which it is specified,
If P, Q are populations, the filial generation P xQ (.. the statistical
population of offspring resulting from the random mating of individuals of
P with individuals of Q) is obtained by multiplying two ooﬁm%o,:&:m
representations of P and Q; and from this requirement of the symbolism
it will be obvious why multiplication must be non-associative. It must be
understood that a population may mean a single individual, or rather
the information which we may have concerning him in the form of a
probability distribution.

Inheritance will be called symmetrical if the sex of a parent does not
affect the distribution of gametic types produced. *Paying attention only
to the inheritance of gene differences (not of phenotypes), every regular
mode of symmetrical inheritance in theoretical genetics has its funda-
mental gametic algebra, from which other algebras (zygotic, etc.) are
deduced by duplication. From the nature of the symbolism these are of
necessity baric algebras; but it appears on closer examination that they
belong in all cases to the narrower category of train algebras,

(The fundamental algebras can be modified to take account of various
kinds of sclection. They are then no longer train algebras, although
the baric property and the relation of duplication sometimes persist.)

Symmetry of inheritance may be disturbed by unequal crossing over in
male and female, by sex linkage, or by gametic selection. These cases
are not discussed at all in the present paper; but it may be stated briefly
that in the absence of selection the corresponding genetic algebras (of
order 7, say) possess train subalgebras (of order 2 —~ 1).

The occurrence of a non-associative linear algebra in the simplest case
of Mendelian inheritance was pointed out by Glivenko (1936).

§ 2. NOTATION.

By principal powers in a non-associative algebra, I mean powers in
which the factors are absorbed one at a time always on the right or always
on the left (see (3.6)). Otherwise, for the notation and nomenclature for
non-associative products and powers, sce my paper “‘On Non-Associative
.noBE:u.:o:m: (1939). The word pedigree which occurs there can now be
Interpreted almost in its ordinary biological sense.
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< § 3. BARIC ALGEBRAS.
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§ 4. TRAIN ALGEBRAS.
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be sufficiently extended, e.g., to include complex numbers) the rank
equation can be factorised:
f(x) =a(x - -MOE-Af) . . - =0 . . C:v
(It is implied that when the left side is expanded, powers of are inter-
preted as principal powers,) The aumbers 1, Ag, Ay . . . are the principal
train roots of the algebra.
For a normalised element (3.7) becomes

S =X +0, X1 40, X 2+ L L +0, ,X=0, - . (4.2)
where now the 8's are constant (Z.e. independent of X); and (4-1) becomes
fX)= XX - (X - - A . ..=0.. N (%))

Since (4.2) can be multiplied by X any number of zBm.m. it can be B.mm&&
as a linear recurrence equation with constant coefficients no:nnom_nm the
principal powers of the general normalised element X.. Solving the
recurrence relation for Xm(m > #)in the usual way, we obtain 1, Ay, Az« « .
as the roots of the auxiliary equation; hence a formula for X™ can be
written down in terms of X, X2, . . . Xr-1, Hence also for :E.ma:o_.w_
non-nil element z= ¢X, the value of am=£nX™ is known; while for a
i u, um=0(m > 7).
= %ﬂ”o“wommq:nm om ﬁmmsv algebras will be studied elsewhere, and the
ing theorem proved :—

ﬁozwvzmrﬁmv X is a WQ}« algebra; (2) its mil subalgebra U is nilpotent
(Wedderburn, 1908 @, p. 111); @3) for m=1, 2, 3, s the subalgebra
U'm, comsisting of all products of altitude m (Etherington, _.cmo. p- &.@
formed from nil elements is an invariant subalgebra of X (as it necessarily
is of U); then X is a train algebra. . -

For train algebras of rank r=2 or 3, provided that the principal
train roots do not include 4, the conditions are necessary as well as
sufficient; but I cannot say whether this converse holds more mn:ma.mzw
or not. I will call X a special train algebra if it satisfies the conditions
(1), (2), (3). Insuch algebras it can be shown that there are many oﬁ.vaﬂ
sequences which have properties like those of the sequence of principa
powers; f.e. sequences of elements derived from the mn:o._\& &aB.n:r
which satisfy linear recurrence equations whose oogmmmmam. being functions
of the weight only, become constants on normalisation. Such sequences
will be called t7ains. For example, the sequence of plenary powers

x, a2, 22, a»u. e i A i . (49)

and the sequence of primary products
%, Yz, ¥.Yx, Y: Y. Yx,. . . . . (4.5

form trains in a special train algebra.
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It is convenient to denote the mth element of a train as 2™, and to
regard it as a symbolic ath power of x. Let the normalised recurrence
equation, or train equation, be '

glX] = XW 4§ XU g, X004 | gy X =0, . )
where the ¢'s are numerical constants. It is implied that the equation

may be symbolically ‘ multiplied all through by X any number of times.
It may also be symbolically factorised:

gX)= XX -1)X-mlX -] . .. =0. . . @D
The square brackets indicate that:after expansion powers of X are to be
interpreted as symbolic powers. The expansion being performed as in
ordinary algebra, multiplication of the symbolic factors is commutative
and associative. Extra factors may be introduced without destroying
the validity of the train equation; but assuming that all superfluous
factors have been removed, s is the 7ank of the train, and the numbers
1, py, Mo - + - are the train roots, by means of which a formula for Xt
(7 > 5) can be written down. ,

In the applications to genetics, it will be found that all the funda-
mental symmetrical genetic algebras are special train algebras. Various
trains have genetical significance; the X™ represent successive discrete
generations of an evolving population or breeding experiment, and the
train equation is the recurrence equation which connects them.

Thus, for example, plenary powers (4.4) refer to a population with
random mating; principal powers (3.6) to a mating system in which each
generation is mated back to one original ancestor or ancestral population ;
and the primary products (4.5) to the déscendants of a single individual
or subpopulation X mating at random within a population Y. Other
mating systems are described by other sequences, and in various well-
known cases these have the train property—that is, the determina-
tion of the mth generation depends ultimately on a linear recurrence
equation with constant coefficients. It usually happens that the train
roots are real, distinct, and not exceeding unity. Hence it may be shown
that X tends to equilibrium with increasing #2; the rate of approach
to equilibrium is ultimately that of a geometrical progression with common
ratio equal to the largest train root excluding unity; but it may be some
generations (depending on the number of train roots) before this rate of
approach is manifest.

Train roots may be described as the eigen-values of the operation of
symbolic multiplication by X, or in genetic language, the operation of
passing from one generation to the next.

Train algebras of (principal) rank 3, which occur in several contexts
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in genetics, have certain special properties. For example, #f NM& NSN”x
equation for principal powers is X(X-1)(X-2A)=o, QM: N. e train
equation for plenary powers is X[X -1][X —2X]=0; and vice versa,
Examples may be seen below in (10.12), (12.4, 5), (15.3), where respectively

A=o, WQ Ie:y w

§ 5. DUPLICATION.

7 a*a’ =2Zya’ . : : : . (50)
be the multiplication table of a linear algebra X with basis a*
(u=1, . .., n). Then

a*a" . da®=Tyta’ . Ty
éﬂ;uﬂm QFD:"QE.W v . . y ) AMNV

this becomes 0% = S, : e . (5.3

which may be regarded as the multiplication .ﬁ.wd_n of .m:oﬂrow m:.ﬁ:‘
algebra, isomorphic with the totality of quadratic forms in the .oEmmz&
algebra. It will be called the duplicate of .X. and ao:nﬁoa X' Itis
commutative and of order n(z+1) if X is 833:?.;29 non-com-
mutative and of order #* if X is non-commutative. It is mo:onw.:% non-
associative, even if X is associative. It is not to be confused with what
may be called the direct square of X, or direct product 0».»2,6 m._mgnmm
isomorphic with X: this would be an algebra of order #? having the

iplication table
multiplication ta &E&&HM&&&?SV ; . R . (5.9)

differing from (5.3) in the arrangement of indices. :

Some theorems on duplication will be proved elsewhere. It w _: be
shown that the duplicates (i) of a linear transform of an m_mmwﬁr Oo of
the direct product of two algebras, (iii) of a wa_n w_mmv._.m with ém_mwn
vector &+, (iv) of a train algebra with principal Q‘M::. roots 1, A,
, - - -, are respectively (i) a linear transform of the 9%:88 m_mavwﬂ
(ii) the direct product of the duplicates, (iii) a vmn._o m_mnc.nm wit
weight vector &€, (iv) a train algebra with principal .ﬁ._.‘m_m 3.03
1,0, A, 4, - . - These theorems are relevant as m.ozos‘m” (iii) in ﬁQM
of §§ 7, 8; (ii) in view of § 9; (i) in connection with the method use
in § 14; (iv) in deriving equations such as Qo.:.uv_ (12.6). .

Duplication of an algebra may be compared with the process of forming
the second induced matrix of a given matrix (Aitken, 1935; ¢f. also
Wedderburn, 1908 4).
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§ 6. GAMETIC ALGEBRAS.

Consider the inheritance of characters depending on any number of
gene differences at any number of loci on any number of chromosomes in
a diploid or generally autopolyploid species. Assume that inheritance is
symmetrical in the sexes: the sex chromosomes are thus excluded, and
crossing over if present must be equal in male and female.

Let G, G?, . . ., G" denote the set of gametic types determined by
these gene differences. Then there will be

m=34n(n+1) s 3 2 . (6.1)

zygotic types G*G'(=G"G*). The formulz giving the series of gametic

types produced by each type of individual, and their relative frequencies,
may be written

G*G’ =Tyt G,

with the normalising conditions

s ¢ : . (6.2)

uv.oo_ .
Ty’ =1, :

- {6:3)
y4" is then the probability that an arbitrary gamete produced by an
individual of zygotic type G*G* is of type G°.

(I speak of zygotic types—individuals distinguished by the gametes
from which they were formed—rather than genotypes—individuals dis-
tinguished by the gametes which they produce—because the G*G* are
not all distinct genotypes if more than one chromosome is involved: the
zygotic algebra, § 7, will have the same train equation if genotypes are
used, but will then not be a duplicate algebra.)

. A population P which produces gametes G* in proportions a, may be
represented by writing

P=3a,G*. S e
Imposing the normalising condition
Za,b=1, . : . : . (6.5)

a, denotes the probability that an arbitrary gamete produced by an
arbitrary individual of P is of type G*.

A population may also be described by the proportions of the zygotic
types G*G” which it contains; thus we may write
PaSa Gher i e L g,

with the normalising condition
Za,, 11" =1, : : 5 . (6.%)
and a similar probability interpretation. We may suppose without loss

of generality that a,,=a,, so that in (6.6) the coefficient of G*G* is
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2a,, if p#v. The two representations are no::wnﬁo& by the .mm:.-amn
series formula (6.2); that is to say, from the zygotic representation 6.6)
follows the gametic representation
P=Xa,ys G’ : . . (6.8)
If two populations P, Q intermate at random, _.o?‘nmoswmmo:m of the
first filial generation are obtained by multiplying the gametic representa-
tions of P and Q; i.e. if

pude Gh Q=BG . o e (6.9)

the population of offspring is
PQ =%, B,G'G" - . . ] . (6.10)
=%a,ByG - : : . . (6.11)

In particular, the population of offspring of random mating of P within
itself is given by P2 . :

We may now view the situation abstractly. The mme:o. series .no.nv
form the multiplication table of a commutative non-associative rzmw._.
algebra with basis GHp=1,. .., 7). It will be called the gametic
algebra for the type of inheritance considered, and denoted G. The
equations (6.3) show that G is a baric algebra with weight vector

=1t i . . : . (6.12)
With regard to its gametic type frequencies, a population is _‘mvn.mmom;na by
a normalised element (6.4) of G. Multiplication in G has the significance
described in § 1, and it follows from the multiplicative ?\ownﬁ.% of .nrn
weight in a baric algebra that PQ will be automatically normalised if P
and Q are.
§ 7. ZYGOTIC ALGEBRAS.

When individuals of types G*G", G°G* mate, the wno_umv:#u\ .&m-
tribution of zygotic types in their offspring can be obtained by B:F.G_SMN
the gametic representations (given by (6.2)) nomn.a:uu and leaving the
product in quadratic form (as in (6.10)). We obtain

GHG” . GPG* =Ty G°GT;
or, writing 7m = GG ) : ; . . G.&
to emphasise the union of paired gametes into single individuals,
gz stz . . . - (@)

These ym(m+1) equations, then, are the formule giving the m@”mm Mm
zygotic types produced by the mating type or couple Zw x 2%, the
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probability of Z°" being the corresponding coefficient y#7y% 4 2% (if
o#T) or y&'y% (if o=17).

The linear algebra with basis Z* and multiplication table (7.2) will
be called the zygotic algebra for the type of inheritance considered. Itis

a baric algebra with weight vector 1*1*, the duplicate of the gametic
algebra G, and will be denoted

Z-G. el O

A population, regarded as a distribution of zygotic types, is represented
by a normalised element

P=Xa,Z", where ZXa,r1*1"=r1;

and multiplication in Z, as in G, has the significance described in §1.
A product left in quadratic form in the Z’s gives now the probability
distribution of couples Z*'Z° among the parents; or, as I shall call it,
the copular representation of the population of offspring.

§ 8. FURTHER DUPLICATE GENETIC ALGEBRAS.

The process of duplication can be applied

repeatedly. Thus the
dm(m + 1) types of paired zygotes, or couples,

Hﬁte.e&" NteNaﬂ . . . AMHV

can be taken as the basis of a new linear algebra

Kegiagn o o o0 W)

Call it the copular algebra. A normalised element with positive

coefficients
P=2a,, ;K% where Za,, 611 1°1* =1,

is the copular representation of a population—the probability distribution

of couples in the parents of the individuals comprised in the population.

Similarly, in the next duplicate algebra K’, the basic symbols would
classify tetrads of grandparents.

In all these algebras, multiplication has the significance described
in§ 1.
§ 9. COMBINATION OF GENETIC ALGEBRAS.

Consider two distinct genetic classifications referring to the same
population P, firstly into a set of » genetic types
AL, AT . AW

secondly into a set of 7 genetic types

Bi, B%,.. . B®
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of the same kind (gametic, zygotic, etc.). Let the corresponding genetic
algebras be A, B with multiplication tables

AFAT=ZyAY,  BBP=E3YBT.

By taking account of both classifications at once, we obtain a third
classification which may be called their product, into mn genetic types

C*=A"B°.

The type C** comprises all individuals (gametes, zygotes, etc.) who are
of type A* in the first classification, Bf in the second.

If the characters of the two classifications are inherited independently,
i.e. if they involve two quite distinct sets of chromosomes, then the prob-
abilities y**, 8% refer to independent events. Hence the genetic algebra
with basis C* is the direct product

C=AB;
i.e. its multiplication table is

CreC = Ty 8% C.

It follows that a genetic algebra which depends on several autosomal
linkage groups must be a direct product ABC . . . of genetic algebras,
one factor algebra for each linkage group.

If, however, the A and B classifications are independent but genetically
linked, Z.e. if they involve two quite distinct sets of gene loci but not
distinct sets of chromosomes, then the probabilities y5”, 8% are not
independent. Regarded as a linear set, C is still the product of the linear
sets A and B; but the algebra C will not be the direct product of the
algebras A and B (except in the very exceptional case when all crossing
over values between A and B are precisely 50 per cent.). It is, however,
still the case that C contains subalgebras isomorphic with A and B. For
example, if these algebras are gametic, and if we keep the first index of
C* constant, we are virtually disregarding all the A-loci, so we obtain a
subalgebra isomorphic with B; and this can be done in 7z ways.

Hence a genetic algebra based on the allelomorphs of several auto-
somal loci possesses numerous automorphisms.

It will be shown in § 14 that even when linkage is involved the gametic
algebra can be symbolically factorised, and regarded as a symbolic direct
product of non-commutative factor algebras, one for each locus (see (14.12))-

§§ 10-15. EXAMPLES OF SYMMETRICAL GENETIC ALGEBRAS.

A more detailed description of practical applications will be given
elsewhere. My object here is simply to show that the genetic algebras are
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. . : .m give in each case the principal and plenary train equa-
tions, Z.e. the .am.sr:mm of lowest degree connecting respectively the
sequences of principal and plenary powers of a normalised element. As

xplained i
e v_. d E.m 4, these are really recurrence equations, and have a special
significance in genetics. 7

train algebras.

§ 10. SIMPLE MENDELIAN INHERITANCE.

For a single autosomal i i
Wi gene difference (D, R), the gametic multiplica-

e DD=D, DR={D+}R, RR=R. . . (101
DL A=DD, B=DR, C=RR, G ey
B2=(}D +4R)*=1A +1B +}C.

Hence and similarly the zygotic multiplication table is

A=A, BZ=1A +4B +1C, C:=C,

BC=4B+1C, CA=B, AB=3A+iB. . . (r0.3)
Call these two algebras Gy, Z, (Z,=G,’), and denote their general elements
G,: x=38D +pR, . . . i . (10.9)
Z,: x=aA +28B +yC. . . : . (10.5)
The principal rank equations are
G,: x22—@+p)x=o0, . 5 : . (10.6)
Z,: 23— (a+2B+y)a%=0; . i . . (10.9)

and the plenary rank e i i iti
quations (or identities of lowest de i
Plenary powers of the general elements) are (10.6) and = =

Z,: 2
9 222 —(a+2B+y)xt=o0. . : . . (10.8)

A population P-is re
. presented by an element of uni i in ei
algebra, z.e. (10.4) or (10.5) with i

S+p=1, a+2B+y=1,

»?m H . . . 1vi

. o_.mn:”,..m py e 2B : y giving the relative frequencies of the gametic

Qc M which it produces or genotypes which it contains.
0.6), (10.7), (10.8) become the train equations

an : W»HHV«

In this case

. . . . (x0.9)

P3_p2 2.2 _
P2 P22=p2 . ) ) . (10.10)
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expressing facts well known in genetics. It is convenient to write these
equations in the form (¢f. 4.7)

G,: P(P-1)=0, - . s : - (10.11)
Zy: P%P-1)=0, PP -1]=o. 2 : . (10.12)

§ 11. MULTIPLE ALLELOMORPHS.

For » allelomorphs G*(g=1, . . - n), the gametic and zygotic

multiplication tables are
G*G’=1G* +3G", 2 p ; . (i)

NEN&H»N&+wN§.+wN&+wNéV ; : . (112)
where Z#=G*G". The algebras Gn, Zn SO determined reduce to Gy, Z,
when #=2; and they have in general the same train equations (10.11),
(10.12). ,

§ 12. LINKED ALLELOMORPHS.

For two linked series of multiple allelomorphs, respectively 7 and »
in number, with crossing over probability o, the gametic multiplication
table is ; )
Oiminw?lEVAQa+O.\J+wSAO§+Q Y, - . (12.1)
where G*(u=1, . . ., m; -a=L . .. ) are the mn gametic types.
Denote this gametic algebra Gun(w). The principal and plenary rank
equations are
awlwalevm%n+w?..SvmnuﬁﬂoN . : . (12.2)

222 — (2 —w)E:x2+(1 —w)fPx=o0, . - . (12.3)

giving for a normalised element P the train equations

PP -3(3 - w)P2+3(1 —w)P=P®P- &\Cu - “Svno“ . (12.9)

P22 (2 —w)P2+(1-w)P = P[P - 1][P - (1 ~w)] =0 . (12.5)

In the duplicate algebra Z p(w) =Gpn(w)' the corresponding equations

are
I-w

P2(P — cf, - vuov PP —1)[P-(1-w)]=0. . (126)

\

2

§ 13. INDEPENDENT ALLELOMORPHS.

Consider two series of multiple allelomorphs in separate mc8m0=.5_
linkage groups. This being indistinguishable from the case of § 12 with
w=1, the gametic algebra is Gua(3). Asin§o, it may also be expressed
as the direct product G,Ga. !
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§ 14. LINKAGE GROUP.

I will first rewrite equations (12.1) with a change of notation. I will
then write down the analogous equations for the case of three linked loci
and examine the structure of the corresponding algebra. This will vm
a sufficient indication of the procedure which can be followed out quite
generally for a complete linkage group comprising any number of loci on
one autosome, with any number of allelomorphs at each locus. The
method may be extended to include any number of linkage mao_%m.

Equations (12.1) may be written .

AB.A'B =}(1-w)(AB+A'B) +}w(AB'+A'B). . . (14.1)
Here A and B refer to the two gene loci. A*“B* would mean the same
as G**—a gamete with the uth allelomorph at the A-locus and the ath

at B; but dropping the indices AB and A’B’ stand for any particular
gametic types, the same or different.

(14.1) may again be rewritten

AB.A'B'=1o(A+xA)B+xB), . . . (149

where @=1-w and x is an operator which interchanges w and @, so
that x2=1 and oy = w. ‘

Now consider the case of three loci A, B, C, having respectively , 7, r
w:n_oﬁ._o%rm, and crossing over probabilities wyp, wpg, W _\—,.ro
gametic algebra may be symbolised conveniently as G,n{w), where o
is the symmetrical matrix of the crossing over values, with diagonal zeros
Its multiplication table, comprising {mnr(smnr + 1) formule, is
ABC.A'B'C'={AMABC+A'B'C") +}u(A'BC + AB'C’)

where +(AB'C+A'BC) + 3p(ABC’ +A'B'C), (14.3)

Atu+v+p=1, . . - e

HEV=wpp, Vip=wps ptEp=wae - - (14.9)

The «'s are not independent, but are con
. nected only b i i
(Haldane, 1918): film i

Wpp=wWyp +Wpe —Kw,pwpg, Where o<<w <2, . . (14.6)
from which may be deduced ,
mp 2 va. . . s . . (14.7)
Now introduce the following operators:—
X1 interchanges A with g, v with p,
X2 » A, o, P M - (149
X3 W A, op B’ v
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Together with 1, they form an Abelian group, having the relations

x%ux:xux_nxw x_xnnxev ...E.@
xa?=xe" =X3%=X1X2X3 =1
itten:
(14.3) may then be rewri . \
ABC.A'B'C' =1XA +x:A)(B +x:B)(C +x3C)- - . (14.10)
i i ith considerable freedom. For
i mbolism can be manipulated wit ; .
b mWn an expression such as (eABC + BA BC) can Wo .ézzms
meB.WnVJwO. and when two such expressions are :‘E:_vrmm‘ the
Mﬁwmnadi?w _m.é works. The interchange symbols co-operate 1n the
same way. L n
(14.10) may again be rewrl en . \
ABC . A'B'C' =(xoA +x,A) (B +x2B)(xeC + x3C", . (14.11)
where xo=1, and the operand }A is implied. Finally, (14.11) may be
o—
analysed into : \
AA' =xoA +x14A", BB’ =xoB +x:B", CC =xoC+xsC'- (14.12)
This separation of the symbols, or factorisation of the algebra c@\ Msa
i i i i Its, provided that after recombination
f § g), will evidently yield valid results,
MBW NW%:anos of (14.9), Xo 18 interpreted as }A, x1as wt. _“A.» as v, Xs mMWM.
ls when separated in this way are -
It must be noted that the symbo ! shida -
commutative; e.g- AA’=A’A, since ABC. A'B O £A'BC . AB'C.
Select a particular gametic type ABC, and write ;
A-A=u B-B=yv, C-C=uw, ; . (14.13)
here A+A, B=B, C«C. Thus the symbols %, v, w ar¢ nil elements
Mw»ﬂ:m _.mmﬁn.on?&% m—1, n—1, r—1 possible values. We have from

(14.12):
>n“0m +Xuv>v
Au H>MI>> =(xo+ XA~ (ot +X—Ww =Xxi%
—AZ— AA = (o + XA — (oA +X15) = X0 -
§“WH>~|>>(Wa>+~w~HQe+x~v>|Qe>+xﬂ>v ..OQ>+X~>V+O?+X~V> o,

and eight similar equations.

Now write .
ABC=], uBC =%, >e0"~w| >mSu&m.,|V aad)
Avw =7w, «Bw=mwn, wC=uv, wvw=uvw.

s mad : : i
The symbols I, %, 7, @, TW, Wik, UV, VW thus introduced are ::Mm: w

. i : i er is
linearly independent in the gametic type symbols; and their num

it - —1)(n—1)
H+A§|Hv+A§..&+¢|_V+A§|~X\|~V+A ~VA§+MW»N+|ANWA§HIVAMW¢MHv.nﬁa}
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which is equal to the number of gametic type symbols. They may thus
be taken as a new basis for the gametic algebra. The transformed
multiplication table is then easily deduced. We find, for example,

Bl

Tit =Az . B2 . C2=y,(xo +x2)(Xo + Xa)Z = (Xo + X1 + X2 + X2)% =11,
since Xo+ X1+ Xz+ X3 is to be interpreted as 3A+diu+iv+3p=1.
Similarly:

15% = Y\ + )i,  liww = yhuvw,

45 = }(v + p)iev, #vw = pavw, 2% = 7110 = Uwvw =o.

These results are typical, all other products in the transformed multiplica-
tion table being obtainable from them by cyclic permutation of =, v, w
and g, v, pand 1, 2, 3.

It is now readily verifiable that the algebra has the structure of a special
train algebra as defined in § 4, with

U=, 3, &, 5w, o5, wv, wow), UW=(7m, s, i, www),
U = (o), U®=o.

Many of its properties can be most easily deduced from this transformed

form. It can be shown that its principal and plenary train roots, other
than unity, are the results of

Xos Xot X1 Xo t Xo Xo+Xa»

operating respectively on A and A. Further details are postponed until
the properties of special train algebras have been studied elsewhere.

§ 15. POLYPLOIDY.

A single example—the simplest possible—will illustrate the occurrence
of special train algebras in this connection.

The gametic algebra with
multiplication table

>~u>,w~u>ouw>+mw+wo‘ Av
C:=C, BC=1B+}C, AB=}A+}B, gt

refers to the inheritance of a single autosomal gene difference in auto-

tetraploids. (Cf. Haldane, 1930, the case m =2, with A, B, C written for
A2 Ag, a?)

This is a special train algebra, as may be seen by performing the
transformation

A=K - A-B=k TA—iB4+C=p. (15.2)
It has the principal and plenary train equations
P(P-1)(P-})=0, P[P-1][P-4]=o. - (15.3)

P.R.S.E.—VOL. LIX, 1938-39, PART IiI. 17
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SUMMARY.

V population can be classified Wosmmnm_.q m.ﬂ various _miw_mw,n Mnomoam:.m
to the frequencies of the gametic mem which it ?‘om:na‘? o Mm Wsmoﬁﬂn
types of individuals which it contains, of types of Emras.m %mv e e
preceding generation, and so on. It is represented M.»ooonm n_:m M M— mMm:m
of hypercomplex numbers in one or other of a m@:.om of inear Em én.wm
(gametic, zygotic, copular, . . .), each algebra being -moﬂonwm mxw.
the quadratic forms of the ?.monnmsm. m_.m@g‘w. m:nrrm Mm.zom B:M:.m NM
algebras exists for any mode of genetic _:Um:ﬁw.:om .i _n. is sy _ _.nm
in the sexes. (Genetic algebras for c:mwaﬁon:nw_ ._:rm:"m:.om Mmo nx._mr_
but are not considered here.) Many om_nc_mzw:m.ir_or occur in theoretica
genetics can be expressed as manipulations within these algebras. .

The algebras which arise in this way are m.: commutative Mo:.-
inear algebras of a special kind. Firstly, they are baric
possess a scalar representation; mono:&v.& they are
e rank equation of a suitably normalised rﬁu.mn-
Some theorems concerning

associative 1
algebras, i.e. they
train algebras, i.e. th .
complex number has constant coefficients.
such algebras are enunciated.
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OBITUARY NOTICES.

Henry Edward Armstrong, Ph.D., LL.D., F.R.S., Hon. F.RS.E.

HENRY EDWARD ARMSTRONG, who was elected an Honorary Fellow in
1934, died on July 13, 1937, in his ninetieth year. Although his con-
nection with our Society was brief, he had been a Fellow of the Chemical
Society since 1870 and of the Royal Society of London since 1876. For
many years, indeed, he had been recognised as the ‘“‘grand old man”’ of
British Chemistry.

He first studied chemistry under Hoffmann at the Royal College of
Chemistry in 1865; Tyndall and Huxley were also his scientific instructors.
In 1868 he left the private laboratory of Frankland to obtain his Ph.D.
degree with Kolbe at Leipzig. He inherited there Kolbe’s gift of provo-
cative criticism, for the skilful employment of which he will always be
remembered.

There followed a long teaching and research career at the London
Institution, Finsbury Square, and at the City and Guilds College, South
Kensington. As a teacher, Armstrong was characteristically unorthodox,
and he disturbed his complacent colleagues for decades by his constant
advocacy of what became known as the “neuristic method” of presenting
science experimentally in schools, as opposed to the traditional “didactic
method.” In research Armstrong was pre-eminent in organic chemistry,
and his inspiration is evident by the large number of research students
who worked under his direction and later became leaders in chemical
industry or education.

As a controversialist, Armstrong knew no equal. For fifty years he
never ceased to attack the Arrhenius theory of ionization in solution with
almost religious fervour. He had himself carried out a most extensive
study of the physical properties of sulphuric acid just before the ionic
hypothesis came into prominence, and his communications frequently
read as if he were still dipping his pen into that liquid. Never, however,
was there any personal rancour in his polemics; he could be just as genial
in conversation as vituperative in writing.

There can be no doubt that as laudator temporis acti he frequently
failed to appreciate the significance of new lines of chemical advance,
but there can also be no doubt that he frequently acted as a most efficient
and salutary brake on over-fanciful speculations.

J. K.



