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§ 1. INTRODUCTION.

Twa classes of linear algebras, generally non-associative, are defined in

§ 3 (baric algebras) and § 4 (train algebras), and the process of duplication

of a lincar algebra in § 5. These concepts, which will be discussed more

fully elsewhere, arise naturally in the symbolism of genctics, as shown in

§§ 6-15. Many of their propertics cXpress facts well known in genetics;

and the processes of calcutation which are fundamental in many problems
in the genetic
In cases where inheritance is of a simple type (e.g- §§ 10-13,
to little
as compared with existing methods.
however, indicates the possibility of generalisations which would

of population genetics can be expressed as manipulations

algebras.
15) this constitutes
more than a change of notation
§ 14,
seem to be impossible by ordinary methods.

The occurrence of the genetic algebras may be described
terms as follows. The hanism of <t inherit:

a new poiat of view, but perhaps amounts

and filial gencrations,
tributions, may be represented conveniently by algebraic symbols.
a symbolism is described, for instance,
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percomplex aumbers) will be
iy small (@, by

be denoted |

denote
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Elements of a lineat algebra (e hy)
in letters, genera
called elements and denoted by Latin rs, g !
but normalised elements, i.¢. elements of unit weight (§ 3), will
by Latin capitals (A, B,...»r The letters #2, # 71 however,
itive integers. . i !
pos‘El‘;mcnsgof the field F over which a linear algebra 13 defined w’?‘l‘be
called mumbers and denoted by small Greek letters o By ) X u:,
is determined by its coefficients, which are numb:r;’. n _;he
genetical applications, F may be taken a5 the f{eld of real numbers. : e
enumerating indices (subscripts and superscripts) take positive integer
values, either 1 10 7 1ton,or 1107 according 10 the context.

; i Igebras.
Block capitals ", B, . - B} denol.c algel o
The symbol indicates summation with xcspcdcl t? r(cpt;(ed indices,

i i n (5.3)
. with ¢ to o in (3.3), With respect to @ and 77
“ ';Ik:te 5;:!;’6:1 1+ stands for a set of 1's. Thus the formula (6.3) means
the same as .
Z’,:'sx.

=

an element

retain their form

such formulm
1 being -

advantage of this notatien is that :
The 8 s of a genetic algebr

under lincar transformations of the basi
replaced by the vector & (¢ 6-12)-

- § 3. BariC ALGEBRAS.

own that a linear associative algebra posscsses 3 matrix
1 do not, but may-

bras in generd B
rescntation on the

Non-associative alge
ation would be a scalar reps oo
d. A tinear algebra X, assoctative
n of this kind, will be

It is well ks
::prescnlztion.
The simplest such represent:
field F over which the algebra is definc 3
or not, which possesses & non-trivial represeatatio’
called baric.

The definition means that
number &) of F, not identically zero, such that

£z +7)=E@) +EOD fo)—atl), E@) =£=E0)
#(x) will be called the weight of %

x can be normalised—hat is, replaced by the element
X ==f£(=)

to any clement * of X there correspends 2

(£, <X, a<F) G

of unit weight. Elements of zero weight w.i“ be
The set U of all nil elements is evidently an invaran
ie. XU €U: it will be calied the nil subalgebra.

in general
e, in so far
as it determines the probability distributions of genetic types in families

and expresses itself through their frequency dis- 3
Such

Ly Jennings (1035, chap: ix); |

or the weight  function ofX. I HA)y#0

(3.1)‘ 3

called nel elemmll.
¢ subalgebra of Xi%
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mﬂﬂ;’ applications are given by Geppert and Koller (1938). It is shown
jn the pr{sem paper that the symbolism is cquivalent to the use of a
system ©f related linear algebras, in which multiplication (equivalent to

the p of ““chessboard di Y is

procedar (PQ=QP) but
non-associative (PQ-R+#P.QR). A population (ic. a distribution of
genetic types) is dbya lised hyp lex number in one

or other algebra, according to the point of view from which it is specified
If P, Q are populations, the filial g ion PxQ (e the statistical
pqpaf]atlcn of offspring resulting from the random mating of individuals of
P with individuals of Q) is obtained by multiplying two correspondi
represcntations of P and Q; and from this requirement of the s hol'mg
it will be obvious why multiplication must be 3 !{1:1 :5‘:“
;ndcrsfmod t.hat ahpo:ulation may mean a single individual, or :las(hei
e information which we ma i im i
hurmingne x e y have concerning him in the form of a
hy e will be called sy 2 if the
aﬁc;lz the distribution of gametic types pmduc;?cxPoa;;:a:;;t?::So?;;
to the i
mode of ;ff‘gf e in Aoy
mental gametic algebra, from which other algciras (ay;::':“itrund&
deduced by duplication. From the nature of the symbolism ﬂ;csec) o
necessity baric algebras; but it appears on closer examination th: : ’eh"[
belong in all cases to the narrower category of train algebras. e
. (The fundar!lcntal algebras can be modificd to take accoun‘l of vario
kinds o.f sclection. They are then no longer train algebras, althou “;
the baric property and the relation of duplication sometimes pt.:rsist) )
Symmetry of inheritance may be disturbed by unequal crossin, o’vcr i
male and female, by sex linkage, or by gametic selection. Thfsc ca 4
are n?t discussed at all in the present paper; but it may be stated b '5;5
that in the absence of selection the corresponding genetic algebs - (of
order #, say) possess train subalgebras (of order # - ). e
The occurrence of a non-associative lincar algebra in the simplest
of Mendclian inheritance was pointed out by Glivenko (1936). it

(not of ph

§2. NoTATION.
Whif;r tﬁ:}x:{al powers in a non-asmc{aﬁve algebra, T mean powers in
Thihthe, (c ors are absorbed one at a time always on the right or always
bl :cc (3;2). Othervwise, for the notation and nomenclature for
thi." M.a ive products and powers, sece my paper **On Non-Associative
b ions (lgrgg): Thé word pedigree which accurs there can now b
rpreted almost in its ordinary biological sense. i
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Let the multiplication table of a linear algebra X be
aa" =Epa", (v, 0=1,.. 4% . (3.3)
and let the general element be denoted
z=Xaa". . . - G0

For X to be a baric algebra, it is necessary and sufficient thot the equations
(3-3), 7egarded as ordinary simu quations in F for the u‘ZmeBﬂ

a*, should possess a mom-null solution a*=¢*. For this is obviousl-t
necessary, %hc £ being the weights of the basic elements ¢*. Conversel :
if the condition is satisfied and we take : "

Hx)=Zaof" . S G5
then (3.1) are at once deducible. The basi: i
3 c weights £ f« th 7

qut{r o:'h X. Inthe genetical applications, £*= l".gh chmnew

/ et the right rank equation (Dickson, 1 i

914, § 19), or

degree connecting the right principal pf;wm, b e
At .,

A=y,

PR R 1
.48, _yx=0,
i S

bt or 6, is a s polynomial of degrce 1 in
s % cs @, of # Then f(z), being zero, is of zero weight
{ Hence the cquation is satisfied when we substitute £(x) for x; cons:qucml\;

{ z- &(x) must be a factor of
\] f f(x). Thi i
‘equation. Thus 7). e same is true for the left rank

\\' be
fE=a 402 T8 24 L L .2

i where each

£(x) is a root of the right and Yef? rank equations. 8

‘The wcig.ht function of an algebra is not necessarily unique. In fact,

a commutative associative lincar algebra for which the d;tcrmimm;

{ By | dc?cs not vanish has » independent weight functions; and its
rank equation s hence completely determined by (3.8) (Dicks:m 191

§ 55, and the references given there). o

§ 4. TRAIN ALGEBRAS.

: A b.azic algebra with the weight function £(x) and right rank equation
5 (3.7) will be called a right train algebre if the coefficients 0, in so far as
ﬂ éic;p;m.! on itlc clement x, depend only on £(z). A Lft train algebra

4 i For simplicity, suj iplicati i

y, sappose

o that we may drop “Ieft” and “right.”
i smc-c 0,, is homogencous of degree 7 in the co-ordinates of z, it must
in a train algebra be a numerical multiple of £z)™. Hence (if the ficld F
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be sufficiently cxtended, - t0 include complex numbers) the rank
equation can be factorised:

) =t =MD oo - 4D
(It is implied that when the left side is expanded, powers of # are inter-

preted as principal powers)) The numbers I, Ap Ay . - - arethe principal

train roots of the algebra.
For a normalised element (3.7) becomes

=X +0,X PR G )

where now the f's are constant (3.¢. independent of X); and (4.1) becomes

fX= KK ~E-MHK-A) oo “.3)

Since (4.2) can be multiplied by X any number of times, it can be regarded

quation with tant ing the

incar « i
:i:cli;m\ powers of the general normalised element X.. Solving the
recurrence relation for Xm(m > #)in the usual way, weobtain 1, Aphee v
as the roots of the auxiliary equation; hence a formula for X can be
written down in terms of X, X2, .. . Xt Hence also for the_general
non-nil element x=£X, the value of xm=gmX® is known; while for a

i nt %, w*=0(m > 7).
. fI[‘:-::‘cpmperti'zs c<f train) algebras will be studicd elsewhere, and the

i rem proved ==
(o‘l(}y‘?!g)(;eois a %aric algebra; (2) iis il subalgebra U is nilpotent
(chdcrbum, 1908 @, p. 11 1); @) for m=1,2, 3, s the subalgebra
U, consisting of all products of altitude m (Etherington, §93g, p- 1;6)
formed from nil elements is an invariant subalgebra of X (as it necessarily
is of U); then Xis a train algebra. . L

For train algebras of rauk r=2 or 3 provided that the principal
train roots do not include }, the conditions are necessary as well as
sufficient; but I cannot say Whether this converse holds more gen?z?lly
or not. I will call X a special train algebra if it satisfics the conditions
(@2, (3)- In such algebras it can be shown that there are many ot.her
sequences which have propertics Jike those of the sequence of principal
powers; f.6. Sequences of clements derived from the genf{ral elcm?n(,
which satisfy linear recurrence cq jons whose i being
of the weight only, become constants on normalisation. Such sequences
will be called zrains. For example, the sequence of plenary powers

P (4.4)
and the sequence of primary products
o Ve, ¥V YIYVE s o @3

form trains in a special train algebra.

1. M. H. Etheringtor,

in genctics, have certain special properties. For example, #f the train
equation for principal powers 7 X(X-)(X-X=0, then the train
equation for plenary powers s X[X - X —23}
Examples may be seen below in (10.12), {124, 3% (15-3) where respectively

; and vice versa.
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It is convenient to denote the mth element of a train as #'™, and to
regard it as a symbolic sth power of z. Let the normalised recurrence
equation, or &rain equation, be

SIX] = XX 4B 0 L 4gyXme, o - GO
where the ¢'s are numerical constants. It is implied that the equation
may be symbolically ““multiplied all through™ by X any number of times.
It may also be symbolically factorised:

X = XX~ [ X~p)X - g} . . - =0 RN (8]
The square X indicate th £t pansion powers of X are to be
interpreted bolic powers. The expansion being performed as in
ordinary algebra, iplication of the bolic factors is i
and associative. Extra factors may be introduced without destroying
the validity of the trzin equati but ing that all sup

factors have been removed, s is the rank of the train, and the numbers
1, iy Py - + - aTC the Zrain roots, by means of which a formula for X*?
(s> 5) can be written down. !

In the applications to genetics, it will be found that all the funda-
mental symmetrical genctic algebras are special train algebras. Various
trains have genetical significance; the X" represent successive discrete
generations of an evolving pop lation or breedi peri and the
train equation is the recurrence equation which connects them.

Thus, for cxample, plenary powers (4.4) refer to a population with
random mating; principal powers (3.6) to a mating system in which each
generation is mated back to one original ancestor or ancestral population ;
and the primary products (4.5) to the of a single individual
or subpopulation X mating at random within a population Y. Other
mating systems are described by other sequences, and in various well-
known cases these have the train property—that is, the determina-
tion of the mth generation depends ultimately on 2 linear recurrence
equation with constant coefficients. It usually happens that the train
roots are real, distinct, and not exceeding unity. Hence it may be shown
that X1 tends to equilibriom with increasing 7z; the rate of approach
to equilibrium is ultimately that of a geometrical progression with common
ratio equal to the largest train root excluding unity; but it may be some
generations (depending on the number of train roots) before this rate of
approach is manifest.

Train roots may be described as the eigen-values of the operation of
symbolic multiplication by X, or in genetic language, the operation of
passing from one generation to the next.

Train algebras of (principal) rank 3, which occur in several contexts
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§ 6. GAMETIC ALGEBRAS.
Consider the i heri of ch ds di

n on any number of
gene differences at any number of loci on any number of chromosomes in
2 diploid or generally autopolyploid species. Assume that inheritance is

symmetrical in the sexes: the sex are thus ded, and

crossing over if present must be equal in male and female.

Let G}, G2, . . ., G denote the set of gametic types determined by

these gene differences. Then there will be

m=latn+1) 3

% . {63}

zygotic types G*G(=G'G#). The formulz giving the series of gametic

=0, 3(1 -~ @), &
§ 5. DUPLICATION.
Let
Fa =y - - - . . (5)
be the multiplication table of a lincar algebra X with basis &
(p=1, - - - #). Then
. b =Epa B
Writing
da=ar, - - - - - 62
this becomes
STt . - - 63

which may be regarded as the multiplication table of another linear
algebra, isomorphic with the totality of quadratic forms in the original
algebra. It will be called the duplicate of X, and dcnc)xcd X' TItis
commutative and of order An(n+1) if X is commutative; non-com-
mutative and of order #* if X is ive. It is ily non-
associative, even if X is associative. It is not to be confused with what
may be called the direct square of X, or direct product of two algebras
jsomorphic with X: this would be an algebra of order 7%, having the
multiplication table

B o Sty .

differing from (5.3) in the arrangement of indices.

Some theorems on duplication will be proved elsewhere, It will be
shown that the duplicates (i) of a linear transform of an algebra, (ii) of
the direct product of two algebras, (iif) of a baric algebra with weight
vector £+, (iv) of a train algebra with principal train roots 1, A
Hy . - - 3TE respectively (i) a linear transform of the duplicate algebfa,
(i) the direct product of the duplicates, (i) a baric algebra with
weight vector £4€", (iv) a train algebra with principal train roofs
1,0, A f - - These theorems are relevant as follows: (iii) in view
of §§ 7, 8; (ii) in view of §9; (i) in connection with the method used
in § 14; (iv) in deriving. equations such as (10.10), (12.6). .

Duplication of an algebra may be compared with the process of forming
the second induced matrix of a given matrix (Aitken, 1935; of. also
Wedderburn, 1908 6).

types produced by each type of individual, and their relative frequencies,
may be written

GGT=ZyGY . . . . . (62)
with the normalising conditions

D ()
4% is then the probability that an arbitrary gamete produced by an
individual of zygotic type G*G” is of type G”.

(I speak of zygotic types—individuals distinguished by the gametes
from which they were formed—rather than gemotypes—indivi dis-
tinguished by the gametes which they produce—because the G*G* are
not all distinct genotypes if more than one chromosome is involved: the
zygotic algebra, § 7, will have the same train equation if genotypes are
used, but will then not be a duplicate algebra.)

A population P which produces gametes G* in proportions a, may be
represented by writing

PaXalrl . L with il (6E
posing the fisi diti

Za =1, . . 2 . (65)
a, denotes the probability that an arbitrary gamete produced by an
arbitrary individual of P is of type G&.
A population may also be described by the proportions of the zygotic
types G*G* which it contains; thus we may write
P=%a,G'G", . . . . - (69
with the normalising condition
o, 11 =1, - (69)

and a similar probability interpretation. We may suppose without loss

of generality that a,.=a.,, so that in (6.6) the coefficient of G*G* is
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2a,, if p#v. The two representations are connected by the gametic
series formulz (6.2); that is to say, from the zygotic representation (6.6)
follows the gametic representation
P=Zg G- - - - 7 ©.8)
If two populations P, Q intermate at random, representations of the

first filial generation are btained by ipl the gametic rep!
tions of P and Q; e if
P=3q, G, Q=2Z8C5 - - -~ (6.9)
the population of offspring is
PQ-SaBC*G" - - - - C (6.19)
—ZaBSG- - - - (6.xx)

In particular, the population of offspring of random mating of P within
jtself is given by P

We may now view the situation abstractly. The gametic series (6.2)
form the multiplication table of a commutative non-associative linear
algebra with basis Ge(u=1, - - - It will be called the gametic
algebra for the type of inheritance considered, and denoted G. The
equations (6.3) show that G is a baric algebra with weight vector

g=1" 5 . . - . (6.12)

With regard to its gametic type fred| ies, a population is rep ed by
2 normalised element (6.4) of G. Multiplication in G has the significance
described in § 1, and it follows from the multiplicative property of the
weight in a baric algebra that PQ will be automatically normalised if P
and Q are.

§ 7. ZYGOTIC ALGEBRAS.

When individuals of types G*G*, G°G* mate, the probability dis-
tribution of zygotic types in their offspring can be obtained by multiplying
and leaving the

the gametic xcpresentations (given by (6.2)) together,
product in quadratic form (as in (6.10). We obtain

GG . GUGP =Ty GG

or, writing
.- D

77 =G*G" . . -

to emphasise the union of paired gametes into single individuals,

L A A . G2

These m(m-+1) cquations, then, are the formulz giving the series of
e or couple 72 x 2%, the

zygotic types produced by the mating typ
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of the same kind (gametic, zygofic, etc). Let the corresponding genetic
algebras be A, B with multiplication tables
ARAY =Tos"A, BB = S5¥D
By taking account of both classifications at once, W€ obtain a third
dassification which may be called their product, into mn genetic types

C*=A"B".
The type C* pri all individuals (g zygotes, etc.) who are
of type A* in the first classification, B in the second.
If the cf of the two ifications are i ited independentl

;.. if they involve two quite distinct scts of chromosomes, then the prob-
abilities %7, 3% refer to independent events. Hence the genetic algebra
with basis C#* is the direct product
C=AB;
i.e. its multiplication table is
CroCrt = Sy s¥CT.

It follows that a genetic algebra which depends on several autosomal

linkage groups must be a direct product ABC . . - of genetic algebras,
one factor algebra for each linkage group-
If, however, the A and B classi jons are independent but g deall

linked, fe. if they involve two quite distinct sets of gene loci but not
distinct sets of chromosomes, then the probabilities 5", 5% are not
independent. Regarded as a linear set, G is still the product of the linear
sets A and B; but the algebra ¢ will not be the direct product of the
algebras A and B (except in the very exceptional case when all crossing
over values between A and B are precisely 50 per cent)). It is, however,
still the case that € contains subalgebras isomorphic with A and B. For
example, if these algebras arc gametic, and if we keep the first index of
C# constant, we are virtually disregarding all the A-loci, so we obtain 2
subalgebra isomorphic with B; and this can be done in 72 Ways.

Hence a genetic algebra based on the allelomorphs of several auto-
somal loci possesses numerous automorphisms.

It will be shown in § 14 that even when linkage is involved the gametic
algebra can be sy licail ised, and regarded as a sy bolic direct

product of ive factor algebras, one for each locus (see (14.12))-

§§ 10-15. EXAMPLES OF SYMMETRICAL GENETIC ALGEBRAS-

A more detailed description of practical applications will be givea
clsewhere. My object here is simply to shaw that the genetic algebras are ~
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probability of Z7 being the correspondin; i
g coefficient P (i
o7y or Yy (if o=7). e
The linear algebra with basis Z* and iplicati

t multiplication table (7.2) will

be '::ed ;h:b sygotic algebra for the type of inheritance considengd. )h is

a c algebra with weight vector 1*1”, the duplicat i
algebra G, and will be denoted : iy

Z=G".
A populati rded . : e e
ation, regas as a distribution of i i

by a normalised element b aabin s
P=3a,Z”, where Za,ir

and multiplicati_on in Z, as in G, has the significance described in §r
AA pl:odu.ct feft in quadratic form in the Z's gives now the probabilit; !
distribution of couples Z=Z*% among the parents; or, as I shall call ity
the copular representation of the population of offspring. :

1

§8. FURTHER DUPLICATE GENETIC ALGEBRAS.

The process of duplication can be appli
. pplied repeatedly. Th
4m(m + 1) types of paired zygotes, or couples, i e

Re®=ZrZ% . . . . . (81

can be taken as the basis of a new linear algebra
K=Z'=G". . . . . . (82)
Call it the copular algebra. A i i
Py lgebra. normalised element with positive
P=a, K%, where Za,, o"ri"1=1,
is the copular reg ion of a population—the probability distrit
P

of c;}:p!is :n the parents of the individuals comprised in the population.
imilarly, in the next duplicate algebra K", the i ?
classify tetrads of grandparents. & niEhesn s
In all these algeb ipli i i
wtr g ip has the sig

described

§9. COMBINATION OF GENETIC ALGEBRAS.
Consider two distinct i i i
s genetic classifications referring to th
population P, firstly into a set of 7 genctic types i o
Al A% . . LA™
secondly into a set of # genetic types
B, B%,..,B"

Genetic Algebras. dey

t?m algcbras. 'X giYe in each case the principal and plenary train equa-
tions, Z.e. the Alde‘nt\ues of Jowest degree connecting respectively the
sequences of principal and plenary powers of a normalised element. As

explained in § 4, these are really recurrence i g
significance in genetics. Y equations, and have a special

§ 10. SIMPLE MENDELIAN INHERITANCE.
ﬁmF:):b?::gle autosomnal gene difference (D, R), the gametic multiplica-
e DD-D, DR=ID+IR, RR=R. R 7Y
I A=DD, B=DR, C=RR, . . . (103

B=(I1D+}R)=JA+}B+}C.

Hence and sis ly the zygotic multiplication table is

A=A, B*=}A+iB+}C, C=C,

BC=iB+iC, CA=B, AB=3}A+iB. . . (103
Call these two algebras G, Z, (Z.=G’), and denote their general elements
G x=3D +pR, .. .. (09
2 x=ah +2BB +yC. .. e®
The principal rank equations are
G, #-{8+p)z=0, . . - . (10.6)
Zs Bo(@raBrpat=o; . . . . (0P

and the plenary rank equations (or identiti
entities of lowest degrec i
plenary powers of the general elements) are (10.6) and G e

Z,: Bi_(arafeyfi=0. . . . . (109)

A population Pis re
presented by an el i 1 in ef
P ot B s ement of unit weight in either
S+p=1, a+2B+y=1,
ra:o;i :h ipoat 28 : y giving the relative frequencies of the gametic

typ&(mﬁ it produces or genotypes which it contains. In this case

.6), (10.7), (10.8) become the train equations
Gy =
o . P2=P, . . . B . (r09)

: Pe—pz  P22=P . . . . {(1ox0)
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expressing facts well known in genetics. Itis convenient to write these
cquations in the form (/- 4.7)
G P@-n=c, - - - - - fGox)

Zs: pp-1)=e, PIP-i=o. - - (o)

§ 11. MULTIPLE ALLELOMORPHS.

For n allelomorphs GHp=1,- - 7 the gametic and zygotic

liiplication tables are

a Gror=1G*+1G', R 8

z-'z"=gz-’+§z-*+32"+{l", R (% 31

«where Z#=G*G". The algebras @,, Z. so determined reduce to G, Z,

when 7z=2; and they have in general the same train equations (10.11),

(10.12).

§ 12. LINKED ALLELOMORPHS.

For two linked series of multiple allclomorphs, rl'sp(’:cﬁvdy Am‘am:.i ”

in number, with crossing over probability @, the gametic multiplication

table is . »m)(c,_+c,,)+wcpl+(;—-), . . (52.3)

where G(g=1, « - - 7 @ . ., n) are the 7z gametic types.
Denofe this gametic algebra Gua(w). The principal and plenary rank

cquations are

B+l -wfE=e, - (12.3)
e ta-afx=o, - -« 2D

giving for 2 normalised clement P the train equations
for-o 12.4)
P’—l(s—w)?“—i(l—m)PEP(P—x)&P-——z—»):o, . (24
Prt (2 - )PP +(1 - w)P = PR - 1P —G-w)=o - (125
In the duplicate algebra Z n(@) =Gn(w)" the corresponding equations

are

P=(1>-x)(1=--l‘ﬂ>=o, PP [P —(1-w)]=0. - (12.6)
\ 2
§ 13. INDEPENDENT ALLELOMORPHS.

Consider two series of multiple allelomorphs in separate an.m:»son-_ﬂl.\1
linkage groups. This being indistinguishable fr?m the case of § 12 wx:d
w=1, the gametic algebra is Gma(3)- As in § 9, it may also be expresst
as the direct product GnGa-

7. M. H. Etherington,
th 1, they form an Abelian group, having the relations

X=Xy XaXiTXe x;x:ax;,}' L a9
K= X = X XXX = B

Together wil

(14.3) may then be rewritten: )

ABC. AB'C =}NA +x:A)38 SBYCHC)- - - (40
Jated with considerable freedom. ‘Fcr
as (aABC+BA'BC) can be written
arc multiplied, the

This symbolism can be manipu!

i h

example, an expression  Suc! .

h expressions

+BAHBC; and when fwo suc 5

E;iﬁribfd\?e jaw works. The interchange symbols co-operate in the
same Wway- .

(14.10) may again be rewritten )

ABC.ABC'= (B + X‘A')(x.B +x,B')(xaC +x:Ch

_1, and the operand 3 is implied. Finally, (14.11) may be

. (14.11)

where Xe
analysed into

AN =xoBb XA CC =xC+XC- (1452

BE =xoB +x:8',
This separation of the symbols, or facuorisftion of the a‘ge:):\ ,E?;:,:,
of §), will evidently yield valid results, provided tha; after :; e
and application of (14.9), Xo IS interpreted as I xaas ke ‘? = 3 a:e mz-
It must be noted that the symbols when, sepa’ra,!c? in ’t xé A;](} are
eg. AA’#A’A, since ABC.A'BC'=A BC. 2

utative; 3
e ABC, and write

Select a particular gametic type

A-A=x, B-B=7 C-C=w, . (14.13)
where A# 8, B=B, C=C. Thus the symbols %, 7, & are nil elem[axts
. : b ] ;
‘having respectively 72— 1, 7~ i, 71 possible values. We have from
(14.12):
Ar=(ro xR

Ay:ALAA=(x.,+xx)A~(xaA+xxg>=xxﬂ,
A AA = (xo+ XA — GroA + P =Xot ) _
“,?::::-AA_A;\+A2:(XO+X1)A—(x,A+x,A)—(x,A*rx;A)v(xo*x;)A o,

and cight similar equations.

Now write -
aBc-1,  «BC A3, } . (4
Avw=pw, #BW g = AT

v, 70, #ow thus introduced are linear and

The symbals 1, & B 5, 1 and their nurber i

linearly independent in the gametic type symbols;

—x)m ~ 1)
x+(m—x)+(ﬂ—x)+(r-l)+(m—1)(’*')+(' ’me,ZLJ'_(Tx,,X.)(;;(,I-;):mn,

Genetic Algebras.

§ 14. LINKAGE GROUP.

a sufficient indication of the proced

generally for 2 linkage group

method may be extended to include any number of linkage groups.
Equations (12.1) may be written

AB. A'B' =}(1 ~w)(AB+A'B) + Ju(AB' +A'B). .

gametic types, the same or different.
(14.1) may again be rewritten

that x3=1 and mx= .

table, comprising dmnr(mnr + 1) formulee, is
‘=}MABC+A'B'C)+3p(A’BC+ AB'C’)

255

T will first rewrite equations (12.1) with a change of notation. I will
¢hen write down the analogous equations for the case of three linked loc,
and examine the structure of the corresponding algebra. This will be

i which can be followed out quite
any number of loci on
one autosome, with any number of allelomorphs at each locus. The

(x4.1)
Here A and B refer to the two gene loci. A*B* would mean the same
as Gr—a gamete with the uth aildomorph at the A-locus and the ath
at B; but dropping the indices AB and A’B’ stand for any particular

AB.AB'=lo(A+xA)B+xB), . . . (4.2
where w=1 ~w and x is an operator which interchanges @ and , so
Now consider the case of three loci A, B, C, having respectively m, », r
allelomorphs, and crossing over probabilities wsp, wpe, wsc. The

gametic algebra may be symbolised conveniently as Ga{w), Where o
is the symmctrical matrix of the crossing over values, with diagonal zeros.

+MABC+A'BC) + 3p(ABC +A'B'0), (149

where
Atu+vip=1, . . e % . (14.4)
pAv=wgg,  vip=wg,  pEp=wpe . - (149
The o's are not ind d but are d only by an inequality
(Haldane, 1918):
Wy =top +Wpg —Kapwpe, Where o<k 2, . . (14.6)
from which may be deduced
wp P VA . . . z (4.7
Now introduce the following op: —
X1 interchanges A with g, v with p,
X » P ) . L (a8
Xs » L N e
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which is equal to the number of gametic type symbols. They may thus
be taken as a new basis for the gametic algebra. The transformed
multiplication table is then easily deduced. We find, for example,

7=i,

17 =An. B2 C2=y (o + X)0Xo + X2 = (X0 + X1 +Xe X =1,
since Xo+ Xz+ Xe+ Xa is to be interpreted as +ip+tiv+le=1
Similarly:

Yom =1 +mpw, Viww=1iww,
75 =Yy +p)E, B = b, =G = U =o.
These results are typical, all other prod in the d multiplica-

tion table being obtainable from them by cyclic permutation of %, v, 7
and g, v, pand 1,2, 3.

It is now readily verifiable that the algebra has the structure of a special
train algebra as defined in § 4, with
U=, 5, @, 75, 55, i, @), U =@, &%, i, &0),

U =), U@ =o.
Many of its properties can be most casily deduced from this transformed
form. It can be shown that its principal and plenary train roots, other
than unity, are the results of
Xe  XeFXu Xo*X»  Xa+Xam

operating respectively on 3A and A, Further details are postponed until
the properties of special train algebras have been studied elsewhere.

§ 15. POLYPLOIDY.
A single example—the simplest possibl ill il the ocs
of special train algebras in this connection. The gametic algebra with
multiplication table

A=A, B*=AC=1A+3B+IC,

G=C, BC-1B+iC, AB=}A+1B,
refers to the inheri of a single 1 gene difference in auto-
tetraploids. (Cf. Haldane, 1930, the case m =2, with A, B, C written for
At Ag, @)

This is a special train algebra, as may be seen by pesforming the
transformation

{15.1)

A=A, A-B=ux, A-2B+C=p. B . {15.2)
It has the principal and plenary train equations
PE-@P-H=-o, PR-P-H=o 5 . (5.3)
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SUMMARY.

.;\ population can be classified geneﬁca‘}y at various levdfs,d:cordin_g
to the frequencies of the gametic types which it pmduce_s, of th z?vgogc
types of individuals which it contains, of types of maudn'g Tau}:s in the
preceding generation, and so on. It is represented accordingly ylmz;an;
of hypercomplex numbers in one or other of a serics nf_ linear ;-g: ﬁ;
(gametic, zygotic, copular, - - .), each algebra being uor{!orpf:c wu.
the quadratic forms of the preceding‘ algebl?. Such a ;e‘ncs of g:eml
algebras exists for any mode of genetic inheritance Awhxc_ is syn;m rical
in the sexcs. (Genetic algebras for unsymr:?emcal »mhentsz:t ah 50 exist,
but are not considered here.) Manyalmla:\?nfwhxch occur in theoretical
genetics can be expressed as manipulations within these algebras.

The algebras which arise in this way are a‘]\ commutative Enon'.
associative linear algebras of a special kind. ‘Fxrstly, they a\: aric
algebras, ie. they possess a scalar representations scm“d?‘" c; ;y are
train algebras, i-e. the rank cquazioq of a s_unably normalis mﬂ\p:»
complex number has constant coefficients. bml-nc theorems con g
such algebras are enunciated.
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OBITUARY NOTICES.

Henry Edward Armstrong, Ph.D, LL.D,, F.R.S., Hon. FRSE.

HENRY EDWARD ARMSTRONG, who was elected an Honorary Fellow in
1934, died on July 13, 1937, in his ninetieth year. Although his con-
nection with our Society was brief, he had been a Fellow of the Chemical
Society since 1870 and of the Royal Society of Lendon since 1876. For
many years, indeed, he had been recognised as the ““grand oid man” of
British Chemistry.

He first studied chemistry under Hoffmann at the Royal College of
Chemistry in 1865; Tyndall and Huxley were also his scientific instructors.
In 1868 he left the private laboratory of Frankland to obtain his Ph.D.
degree with Kolbe at Leipzig. He inherited there Kolbe's gift of provo-
cative criticism, for the skilful employment of which he will always be
remembered.

There followed a long teaching and research carcer at the London
Institution, Finsbury Square, and at the City and Guilds College, South
Kensington. As a teacher, Armstrong was characteristically unorthodox,
and he disturbed his complacent colleagues for decades by his constant
advocacy of what became known as the “neuristic method™ of presenting
science experimentally in schools, as opposed to the traditional “didactic
method.” In research Armstrong was pre-cminent in organic chemistry,
and his inspiration is cvident by the large number of rescarch students
who worked under his direction and later became leaders in chemical
industry or education.

As a controversialist, Armstrong knew no cqual. For fifty years he
never ceased to attack the Arrhenius theory of ionization in solution with
almost religious fervour. He had himself carried out a most extensive
study of the physical properties of sulphuric acid just before the ionic
hypothesis came into promi and his ications fi Iy
read as if he were still dipping his pen into that liquid. Never, however,
was there any personal rancour in his polemics; he could be just as genial
in conversation as vituperative in writing.

There can be no doubt that as laudator temporis acti he frequently
failed 1o appreciate the significance of new lines of chemical advance,
but there can also be no doubt that he frequently acted as a most efficient
and salutary brake on over-fanciful speculations.

J. K.



