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Abstract

This paper is devoted to the description of complex finite-dimensional algebras of level two.
We obtain the classification of algebras of level two in the variety of Leibniz algebras. It is
shown that, up to isomorphism, there exist three Leibniz algebras of level two, one of which
is solvable, and two of which are nilpotent. Moreover we describe all algebras of level two in
the variety of nilpotent algebras.
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1 Introduction and Background

The theory of deformations and degenerations of algebras has its origins in certain formal relations
between physical theories, and has become a lively subject in algebraic and differential geometry,
as well as noncommutative and nonassociative algebra. It was a very influential precept of Niels
Bohr that a new physical theory, which is supposed to ontologically overlap with a previously
accepted theory, should somehow yield the old theory as a limiting or special case [19]. This is a
statement of his “correspondence principle”, which is realized in quantum mechanics via the limit
of the Moyal bracket:

[f.g] = {f.g} + O(h?)

as h — 0. Here the bracket { , } = 9'9; — ;0" is the Poisson bracket of classical mechanics, being a
sum of commutators for first-order differential operators. In this way classical mechanics emerges,
as a limiting case, from quantum mechanics for small values of 4. This realization motivated the
modern deformation theory of algebras, which originated with Gerstenhaber [9] and others. This
theory has powerful applications in the classification of algebraic varieties and the quantization
theory of Poisson manifolds, where the physical meaning of deformation remains especially explicit
[3.20]. There we have a manifold with tangent space V equipped with a Poisson bivector p € VAV*,
and an algebra of observables f,g € C°°(V). We then define a product of these observables as a
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power series in a parameter h:

of oy
ot 0z

— i 1, i O0°f 0%
(f*9)(p) == f g+ hp! T SR Gk o B0,

where we have made use of the summation convention. Defining the bracket

[f.g] :=—ih ' (fxg—gxf),

in the ordinary quantum mechanical case for a single state (i.e. where all differential operators
are first-order) we recover the above limit, relating the Moyal to the Poisson bracket. The full
higher-order approach is currently being used in the study of formal quantum field theory [7, 8], a
version of Hilbert’s 6th problem [12].

For this paper, we consider the case of a finite-dimensional algebra over a closed field k, with
k = C being of special focus. In general, an algebra over k can be considered as an element
@ € Hom(V ® V, V), where V is an n-dimensional k-vector space. Thus, in the purely abstract
deformation theory we consider algebras (A, u), (A, pe) € V ® k[[t]] related by a formal power
series:

o0
e = p+ Ztigoi where ; € Hom(V @ V, V)

i=1
so that in the linear case p1 = p + tp1 we study algebras with multiplication differing by a
2-coboundaryE Kodaira and Spencer gave the original idea of infinitesimal deformations for com-
plex analytic manifolds [16]. Most notably, they proved that infinitesimal deformations can be
parametrized by a related cohomology group. In fact, cohomology detects deformation at all or-
ders, and it is therefore unsurprising that one can develop the deformation theory in any abelian
category [18].

Prior to the development of deformation theory, it had already been realized that the space and
time symmetries of Newtonian mechanics were recovered in the ¢ — oo limit of special relativity,
were c is the speed of light. In that case the Lie algebra of the Poincare group degenerates to the
Lie algebra of the Galilean group, an observation first made by Wigner and Inénii in [21]. This is
a geometric process, and can be defined purely in terms of the Zariski topology on Hom(V @V, V).

In the finite-dimensional case over a field of characteristic zero, such degenerations can be described
directly in terms of the singular limit of a linear group action. Let Alg, (k) be the variety of n-
dimensional algebras over k, and let (A, ), (A, p) € Alg, (k). Define an action on Alg, (k) by
means of

(g% m)(z,y) == g(Ag~ ' (2),97"(y))) where g€ GL,(k), z,y€ A

which just represents a change of basis for A as an algebra. Thus the orbit of the algebra (4, \)
under this action is given by

Orb(A) :={L € Alg, (k) | L ~ A}.

Definition 1. An algebra (A, ) is said to degenerate to the algebra (A, ) if Orb(A, ) € Orb(A, ).
We write A — u to denote this degeneration.

In the case k = C, we have that A — p if and only if there is a g, € GL,,(C(¢)) such that Vz,y € A,

p(x,y) = lim g (A(gy " (2). 977 (1)))-

1An abstract “Poisson bracket” on an algebra is always available in the case of a linear deformation, since we
can define {z,y} := §(ue,1(z,y) — pr,1(y, 2)).



We call a degeneration A\ — p trivial if (A, \) ~ (A, u), and direct if it is non-trivial, and there is
no algebra (A4, v) such that A = v — p. If A — p, then X is a non-trivial deformation of u, thus it
is common to pass from the degeneration theory to the deformation theory.

It is clear that every non-abelian algebra in Alg,, (C) degenerates non-trivially to the abelian algebra
ab,,, but of course not all such degenerations will be direct; the distance of an algebra from ab,,,
in terms of the degeneration theory, is given by its level.

Definition 2. The level of an algebra A is the mazimum length of a chain of direct degenerations
to ab,,. We denote the level of an algebra by lev, (X).

Concerning algebras of level one, we have the following result proved by Khudoyberdiyev and
Omirov [13].

Theorem 1. Let A be an algebra of level one. Then A is isomorphic to one of the following
pairwise non-isomorphic algebras:

Dy, - eie; = €;, e;e1 = —e;, 2 <1< n;
ng @ ab,_3: eiley = eg, ese] = —eg;
A2 @ aby_g: eje; = es;
vp(Q) : ele; = ey, e1e; = ae;, ee1 = (1 — ey, 2<¢<n.

The level two case, within the varieties of Lie, Jordan, and associative algebras, has been resolved
by Khudoyberdiyev in [T4]. In particular, that paper provides the following theorem.

Theorem 2. Let G be a Lie algebra of level two. Then G is isomorphic to one of the following
pairwise non-isomorphic algebras:

N5 @ aby_5 ¢ eies = es, esey4 = es, 2<i<m
ng2 O aby_5 : e1ex = ey, ejes = es;
ro @ ab,_o : eje1 = eg;
gna(a) : e1ey = aea, ere; = e;, 3<i<n,acC/{0,1};
gn,2 ! eies = eg + e3, e1é;, 3<i1<n.

It is still desirable to obtain a complete classification of level two algebras. One step is to ask
about the existence of level two algebras in other varieties. Since ns; and ns are Lie, we may
well ask if there are any non-Lie Leibniz algebras of level two.

Definition 3. [17] A (right) Leibniz algebra is an non-associative algebra such that for all x,y, z €
L, the following identity holds:

x(yz) = (zy)z — (z2)y.

This is a natural generalization of Lie algebras, in that an antisymmetric Leibniz algebra is Lie.
Note that a left Leibniz algebra is defined by identity (xy)z = z(yz) — y(z=z).

Degenerations of Lie and Leibniz algebras were the subject of numerous papers, see for instance
[1, [ @ B, 10, [11] and references given therein, and their research continues actively. In particular,
in [6l I5] some irreducible components of Leibniz algebras are found.

In this paper, we extend Theorem 2] to identify all non-Lie Leibniz algebras of level two; we find
that two of these are nilpotent and one is solvable. We then proceed to classify all n-dimensional
nilpotent algebras of level two, and find that these are all Leibniz.



2 Main Results

Our first main result is the classification of Leibniz algebras of level two.

Theorem 3. Let L be a n-dimensional non-Lie Leibniz algebra of level two. Then L is isomorphic
one of the following three algebras:

Ly(a) ® an—3: ere; = es, ese] = e3, €263 = Qes;
Ls®an—3: ere; = ez, erez = e3, eze1 = e3;
Tp - eje1 = €, 2<1<n.

Together with the nilpotent Lie algebras of level two identified in [I4], our other main result
identifies these four algebras as the only nilpotent algebras of level two.

Theorem 4. Any finite-dimensional nilpotent algebra of level two is isomorphic to one of the
following algebras:

ns51 D an—5: ei1e3 =e5, €201 = €5}

ns2@an—5: €162 =e€4, €163 = €5}
Li(a)®an—3: ele; =e3, egses =aez, €€ = es;
Ls®a, 3: ee; =e3, ejes=esz, eg€e1 = es3.

It is now natural to ask if any algebra of level two is a direct sum of two level one algebras. The
following examples gives us a negative answer to this question.

Example 1. The algebras

Ny ® Ay = {21, 22,73, 04,5} 1 T1X1 = X2, T3Ty = T5, T4T3 = —Ts;
Ao @ Ay = {1, 22,23, 24} 1 T 121 = T2, T3T3 = T4;
Ao @ p, ={x1,22,23,%4,...,Tn}: T1TL = T2, LT3 =T Tax; = —T;, 4<i< n.

via the family of matrices

g (1) = t(a1 + x3), -1 g (1) = t(z1 + 24),
—1 9; (1) = tan, — 1
9y (#2) = 5(21 + 74), “1 Y 9y (w2) = t(z21 + 33),
1 ) 9 (x2) = t(x1 + w3), 1 2
9y (w3) =t a2, a0 g; (x3) =tx2,
~1 _ 42 9; (w3) = t°22, — _
9y (x4) = t721, vl 9r (#4) = (x4 + 572),
“ Y 9y (w4) = t(wa + 24), “1 N
gr (z5) = t(xs + x2), gr (z;) = tay, 5<i<n,

degenerate to the algebras L4(%) @ ao, Ls P ay and L4(%) @ an—3 respectively.

Since the algebras Ls(a) and Ls are not algebras of level one, we deduce that the level of the
algebras ny @ A2, A2 @ A2 and Ay @ p,, must be greater than two.

Now let L be a n-dimensional complex algebra and {e1,ea,...,e,} be a basis of L. The multipli-
cation on the algebra L is defined by the products of the basis elements; namely, by the products

n
eiej = 'yi)jek,
k=1

where %1“7 ; are the structural constants.

We first prove a very useful lemma, which will allow us to immediately conclude a degeneration to
either Ly(a) or Ls based on a multiplication table of a certain form.



Lemma 1. Suppose L is an n-dimensonal algebra and let {eq,ea, ... ,en} be a basis of L. If there
exist distinct i, j, k such that

2
(7§z=7£ga%k,m%kd) ¢ {(0767 _ﬁ70)7 (67ﬁ7ﬁ7 %

then L — Ly(a) or L — Ls.

)} where § £ 0,

Proof. Without loss of generality, we may assume ¢ = 1, j = 2, and k = 3. We see that if we take
the degeneration

giler) =t "er, giea) =t lea, giles) =t %e; 3<i<m,
then we have following nontrivial products

n n
_ A3 s _ 3 s
e1e1 = 1,163 + 71,1655 €1ez = Yy 963 + 71,26s)
s=4 s=4

n n
e2e1 =75 1e3+ 3 V3 1€s, €262 = 73063+ 3 Vi o€
s=4 s=4
Furthermore, if we take the additional degeneration
giler) =t er, gilea) =t 'ea, giles) =t 2es, gile)) =t"'e; 4<i<n,

then we have an algebra with the following multiplication

3 3 3 3
€1€1 = 71,163, €162 = 7] 9€3, €2€1 = 75163, €262 = Y3 9€3.

We see that this algebra is nilpotent and also non-Lie as (v} 1,77 2,751.732) # (0,8,—5,0).

Moreover, since (V¢ 1,74 2,73.1,75.2) # (6,5, 5, %2), we conclude that L is not isomorphic to the
algebra A2. Due to the classification of three dimensional nilpotent Leibniz algebras [2], we conclude
that this algebra is isomorphic to either L4(c) or Ls. O

2.1 Classification of algebras of level two in the variety of Leibniz alge-
bras

Let L be a Leibniz algebra and let x € L. We define ¢, : L — L to be the linear operator where
vz (y) = yx + xy. We see that by applying the Leibniz identity we get the following two equations:

2pa(y) = 2(yz + 2y) = 2(yz) + 2(2y) = (2y)z — (z2)y + (22)y — (2y)r =0,
z(xx) = (zx)x — (zz)x = 0.
This proves that both ¢,(y) and zz are in the right annihilator for any = € L.

In this section we will examine the matrix representation of ¢, on a case-by-case basis in order to
prove Theorem

Proposition 1. Let L be a n-dimensional non-Lie Leibniz algebra which is not of level one (i.e.
L £ Xy). Then L degenerates to one of the following three algebras:

Ly(a) ® an—3: ere; = es, ese = e3, €263 = Qes;
Ls®a, 3: ere; = es, e1ex = e3, €261 = €3;
Tp - eje1 = €, 2<1<n.



Proof. Since L is a non-Lie Leibniz algebra, we know that there exists an element « € L such that
xx # 0. Suppose that zz = ax for some constant «. Then, by the Leibniz identity, we have that

o’r = azr = z(ax) = z(rx) = (zx)z — (22)r =0

which means that o = 0. This is a contradiction, though, as zz # 0. Thus, it must be that zz is
linearly independent from z. Using this, we can form a basis {e1,ea,...,e,}, where e; = z and
ey = TT.

We define the linear operator ¢ = ¢, and let (o, ;) be its matrix form. Thus, we have that

0 aq.2 a3 aq 4 N Q1 n
2 a2 2 Q23 Q24 e Q2 n
0 a3 a3z @34 ... Q3p
=10 Qg 2 Q4.3 Qg 4 BN (677
10 an2 @n3 apa ... Qun|

Suppose that a; ; # 0 for some 1, j, k distinct and £ > 3. This means that we have the following
products

n
_ _ _k s
ere; = e, €jej =j ek + V5,565
s=1,s#k

n n
k k
€165 = 71,;€k + E /Yijesu €;€1 = (aj,k - ’717j)€k7 + E '7;‘7165-
s=1,s#k s=1,s#£k

Since 7{“)1 =0 and ij # —(ajr — ij), we can apply Lemma [I] on the indices 1, 7, k to see that
L — Ly(a) or Ls. Now we focus the case where o, = 0 for 1, j, k distinct and & > 3 . This gives
us the following matrix representation of ¢:

) Q12 G013 Q14 ... O1n
2 Q29 Q23 Q24 e Q2 n
0 0 Qa3 3 0 NN 0

=10 0 0 a4 ... O
0 0 0 0 ... ann

Suppose that as; # 0 for some 7 # 1,2. Without loss of generality, let i = 3. Then if we take the
change of basis e}, = e; — %63, we have that

2 2 2
p(es) = pler — ——e3) = p(e1) — ——p(ez) = 2ea — ——(a1,3e1 + 2 3€2 + a3 3e3)
Q23 Q23 Q2
. 2(1173 2(1373 . 2(1173 N 20(1)3 /
=— el — es = — e1 —ags(e —ef) = — — Q3,3 | €1 + a3 3es.
Q23 Q23 Q23 Q23

Thus, we may assume that ap 3 = 0. Since i = 3 was arbitrary, we can therefore assume that



ag; =0 for 3 <7 <n. This means that the matrix representation of ¢ has the form:

0 a2 a3 oaun Q1in

2 922 0 0 0

0 0 Q33 0 0
¥Y=10 0 0 Q44 0

0 0 0 0 ... o

Now suppose there exists j > 3 such that as 2 # «a; ;. Then we see that if we take the basis change
e, = ez + e, we have that

!/

p(e)) = ple2) + p(ej) = (1,2 + a1 j)e1 + az 2e2 + aj je;
= (041,2 + ozlﬁj)el + (a2)2 — Oéjﬁj)EQ + Ozj,je;»
By reapplying our previous argument, we see that it must be that either L — Ly(«), L5 or g2 —
a;; = 0. Thus, we have that o« = a2 = ;; for 3 <7 < n.

Now suppose that oz # 0. We can then take the basis change €] = ¢(e;) for 2 <i < n. This means
that es, es,...,e, € Anng(L) and thus that ¢(e;) = e;eq for 2 < i < n. Moreover, if oy ; # 0 for
some 2 < i < n, then we’d have that

arier = o(e;) — ae; € Anng(L)

which is a contradiction to the fact that eje; = es. Therefore, we have an algebra L with the
following multiplication table:

e1e; = ea, e;e1 = aey, (a#0), 2<i<n.

If we then take the basis transformation e} = é(el — éeg), we see that this is exactly the algebra
Tn.

Suppose then that & = 0. Again, we see that if a;; # 0 for some 2 < ¢ < n, then we’d have that
age1 = p(e;) € Anng(L), which is a contradiction. This means that ¢ has the following matrix
representation:

000 0 0
2.0 00 0
000 0 0
»=10 0 0 0 0
0 000 0]

We now consider following products

n n
2 3 2 3
ezey =0, ezea =0, eze3 =733e2+753€3+ E V3,365, €3€3 = V3 3€2 + 73 3€3 + E V3,3€s-
s=4 s=4

If there exist 75 3 # 0, for some 4 < s < n, then by Lemma [l we have that L — Ly(a), Ls. Thus,
we assume that 5 3 = 0 for 4 < s < n. Therefore, ezes = 73 3e2 + 73 3e3. If 43 5 # 0, then we have
that 735 ze3 = ezes — 73 3e2 € Anng(L). This means that ezez = 0, a contradiction as 73 5 # 0.
Hence, ege3 = 7227362.



Assume that 72273 # 0. If we take the change of basis e}, = es — Aey, then we have that
eheh = (ex — Aep)(eq — Aey) = Aeje; = A%ey = Adey + A%é),

n
ches = (€2 — Aer)es =75 565 — Aeres = A(V3 5 — 15 — Avig)er + (Va3 — Arig)eh — A i ges,
s=3

n
eseh = es(ez — Aer) = Aeres = A(7] 3 + Avig)er + Avigeh + A i ges,
s=3

n
1 2 s
€se3 = Y3361 + Y3361 + E V3,3€s-
s=3

Since 72273 # 0, we see that we can always choose A so that 72273 —7%73 — Awfg #+ 7%73 +A71273. Hence,
using Lemma [Tl we obtain that L — L4(«), Ls. Thus, it must be that 72273 = 0, which means that
esez = 0. Since eg was arbitrary, we may assume that ese; = 0 for ¢ # 1,2 and thus we have that
ez € Ann(L).

Therefore, we have the following multiplcation table

ejer = ez, exe; =eiep =0, 1<i<n,

n
s )
e1e; = —e;e1 = E M,i€ss 3<1<n,

s=1

n
eej = Z’yf)jes, 3<i,7<n.

s=1

Using the Leibniz identity

n n
0= (ere1)e; — (er€i)er +er(eser) = eae; — (Z Wf,i€s> €1 — €1 (Z Wf,i€s> = —27] je2
s=1 s=1

we obtain that 7 ; = 0 for 3 < i < n. Furthermore, if 47 ; # 0 or 77, # 0 for some 3 < i < n, then
by Lemma [I we have that L — L4(a), Ls. Therefore, we may assume 77, = 0 and »7; = 0 for
any 3 <1 <n.

Moreover, if %‘2,;' # 0 for some 4, j then taking the basis change ¢] = e1 + ¢;, we obtain that

n n
ejer = ez + Z(*)ei, €ier = ”Yi2,j62 + Z(*)ei,
i=3 i=3

n
ee1 = %2,1‘@2 + Z(*)Gu €;6; = Z(*)ei-
i=3 i=3

If we apply Lemma [l on the indices 1,4,2, we see that L — L4(a), Ls. Therefore we can suppose
77 ;=0 for any 3 <i,j <n.

By applying the Leibniz identity once again we see that

n
0= (eiej)el — (eiel)ej — ei(ejel) = 'Yil)j€2 + Z (*)ei,
i=1,i#2



which means that %‘1,3‘ =0for3<i,j<n.

Therefore, we obtain that any Leibniz algebras L either degenerates to Ls(«), Ls or 1, or is a
decomposed algebra with ideals M7 = {e1,e2} and My = {es, e4,...,e,}. If M were trivial, then
our only nontrivial multiplication would be eje; = es. This is a contradiction, as we assumed that
L % Ay. Thus, M, is not trivial, and therefore M, degenerates to an algebra of level one: Aa, ng
or p,, . This means that L degenerates to Ao ® A2, Ao ®ng, or Ao ®p;,. By Example[I] we conclude
that L degenerates to either Ly(a) or Ls. (]

Theorem 5. Let L be an n-dimensional Leibniz algebra of level two. Then L is isomorphic to one
of the following pairwise non-isomorphic algebras:

Ly(a) ® an-3, Ls®an-3, 1, a€C

Proof. Due to Theorem Bl it is sufficient to prove that these algebras do not degenerate to each
other. To facilitate this, we compute the dimensions of right annihilator and derivations of these
algebras and we call upon the following table:

dim Anng(Ls) =n — 2, dim Der(L4(0)) = n? — 3n + 4,

dim Anng(Ls(a)) =n — 2, a #0, dimDer(r,) = (n —1)2 =n? —2n+1,

dim Anng(r,) =n — 1.
We first note that L4(«) and Ly cannot degenerate to r,, as L4(a) and Ly are nilpotent and
rn is not. We also see that r, does not degenerate to Ls(a) (a # 0) or Ls, as dimension of
right annihilator of r,, is more than dimensions of right annihilators of L4(«) (o # 0) and Ls.
Additionally, since for n > 4, the dimension of derivations of r, is more than the dimension

of derivations of L4(0), we have that r, /4 L4(0). Lastly, we see that Ls(a) 4 Ls and that
L5 / L4(a) by the following paper [1]. O

Remark 1. We note that in the context of left Leibniz algebras, the following algebra replaces the
algebra r,, as a Leibniz algebra of level two:

by : ere; = ¢€;, 2<i<n.

2.2 Nilpotent algebras of level two
Working in the variety of n-dimensional nilpotent algebras Nil,, (C) will allow us to exclude certain
products from our multiplication tables, in particular all products of the form xy = =z.

Theorem 6. Any n-dimensional (n > 5) nilpotent algebra of level two is isomorphic to one of the
following algebras:

Ns1: €12 = €5, €364 = €5, €2€1 = —€5, €4€3 = —€5;

Ns2: €162 = €4, €163 = €5, €2€1 = —€4, €361 = —€5;
Ly(a) : eje; =e3, eseqg = aes, ejeg = e3;
L5 . e1e1 = €3, €19 = €3, €9€1 — €3.

Proof. Our overall strategy is to look separately at antisymmetric and non-antisymmetric cases,
and then at the way products fall into the square of the algebra A2.

Case 1. First we assume that A € Nil,,(C) is non-antisymmetric.



Case 1.1. Assume that dimA4? = 1, then we assume that A% = {e,} and have the following
multiplication
) eirer = ey, eej = o jen, 2<1,7<n-—1,
e1ej = aq jen, €je1 =Qji1e,, 2<j<n-—1

If there exist ¢ such that |a1; — ay1] + | — @141 # 0, then by Lemma [Il we obtain that L
degenerates to La(a) or Ls.
Now let |aq; — 1| + o — g1 = 0 for 1 <4 < n. Making the change of basis
el =e, €, =e;+aje, 2<i<n-—1
the multiplication of A simply becomes
(x)  ere1 =en, e1e; =ee1 =ee; =0, eej = jen, 2<i,j<n-—1.

We consider now the subalgebra M : {eg, ...,e,}. Note that M cannot be abelian, since otherwise
(*) becomes an algebra Ao, which is level one. Thus we have the following two subcases, which
will complete the case dimA? = 1.

Case 1.1.1. Assume that M is Lie. Since M is also not abelian, we are free to choose as 3 = 1,
ag o = —1. Taking the degeneration

gi(er) = t72e,, gi(e2) =2t les — t72e,,
gi(es) =t ter —t7%e,, gi(en) =t 2es,
gi(ei) =t 2e;, 4<i<n—-1,

we obtain that A degenerates to L4(%).

Case 1.1.2. Assume that M is non-Lie. Then we may assume eses # 0, moreover eses = €.
Taking the degeneration

gt(€1> = €1, gt(e2) = €2, gt(en) = €n, gt(e’i) = tileia 3 S 1 S n— 17
we obtain that A degenerates to Ls.

Case 1.2. We now assume that dimA42 > 2. Let A = {e1,...,e,}, and A% = {efy1,...,en}. We
consider five logically exhaustive cases in which the products e;e, eje; fall in the square A? in
different ways. It is obvious that we may always assume eje; = €gq1.

Case 1.2.1. Assume e;e; € spanf{egy1} for 1 <i < k, and let ejea ¢ span{eii1}, so that we have
the multiplication:

k+1 .
e1€1 = epy1, €1y = €pyo, €ie1 =71 erp1, 2<i <Kk,

n
i .o
€iej = Z Vi, €05 2<4, j<k.
f=k+1

Applying the Lemma [I] for the elements (”yf’lw,7{“7452,75)?2,7532) = (0,0, 1,7532) we obtain that
A degenerates to Ly(a) or Ls.

Case 1.2.2. Let there exist ¢ such that e;e; ¢ span{exy1}. Without loss of generality, we may
put eze; = ex+2, so that our products are

n
4 .
€161 = €p41, €201 = €2, €€ = 5 Yiree, 3<i<k,
l=k+1

10



n n
eje; = Z ’}/fieg, 2 <<k, eiej = Z vf)jeg, 2<4, j<k.

0=kt 1 (=kt1
If 7{“7‘52 # —1, then applying the Lemma [ for the (vsz, vffgz, 75){2, 75)52) = (0, 7{“352, 1, 75)52) we

obtain that L degenerates to Ls(a) or Ls.
If *yfzz = —1, then taking the change of basis

ey = €a+ 1€, €y = Chya+ Nert1, € =€, 1 <i(i# 2,k+2) <n,
we obtain that

n
!’ 1 I k41N 7/ / Y
€161 = €415 €261 = €2 €169 = (277+’71,2 )€k+1 — Chya T E V1,:€0
0=k+3

n n
o YN 1 2N .
€61 = E Yi,1€¢5 €16; = E 71,i€¢5 3<i<k,
l=k+1 I=k+1

Taking the value of 1 such that 7{“7'51/ =2n+ ngl # 0 we apply the Lemma [ for the elements

(”yfjl/,*yle,75)4{1/,7552/) = (l,ylel, 0,75)"2’2/) and obtain that A degenerates to Li(a) or Ls.

Case 1.2.3. Now suppose that e;e1,ere; € span{eg41} for 1 < i < k and there exist j such that
eje; ¢ span{ery1}. In this case without loss of generality, we may suppose ezes = ex42, so that
our multiplication becomes

- _ k1 k41 .
€1€1 = €41, €262 = Chy2, €€1 =71 €kil, €16 =7y, €ry1, 21 <k,

n
Vi . .
€iej = Z Yijee, 3<i, j<k.
t=k+1

If (v§5,757%) # (0,0) then applying the Lemma[llfor the (v, 774!, 741, 7531 = (1,745 441,

we obtain that A degenerates to L4(«) or Ls.

If Wférl = 757‘;1 = 0, then taking the degeneration

giler) =t""er, gilea) =t "es, gi(e;) =t"%e;, 3<i<n,
we degenerate to the algebra
A2 @ Az :erer = epy1, €282 = epyo.

By Example [l we obtain that algebra Ao ® Ao degenerates to the algebra Ls.

Case 1.2.4. Now we suppose that e;e;, ere;, e;e; € span{egi1} for 1 < i < k. Let there exist
1,7 (2 < 4,5 < k) such that e;e; ¢ span{ery1}. Without loss of generality we can suppose
1 = 2,7 = 3 moreover, if eses + ezea # 0, then taking e} = e + e3, we get that ehe) = eqeq +
eses + eses + eges & {eg41} which have the situation of Case 1.2.3. Therefore, we may suppose

€1€1 = €41, €162 = (1 2€k41, €2€1 = (2 1€k41, €2€2 = (V2 2€k41,

11
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€1€3 = (1 3€k+1, €361 = (3 1€k+1, €3€3 = (3 3Ck+1,
€2€3 = €f42, €362 = —€k42.
Now applying the degeneration
—2 -3
gi(er) =t %e1, gi(ea) =t ez,
_4-3 -
gi(es) =t es, gileny1) =t *epq1,
gi(e;) =t %e;, 4<i<n.

we obtain the products
€1€1 = €41, €203 = €42, €362 = —€f42.
which by Example [I] degenerates to the algebra L.
Case 1.2.5. Now we suppose that e;e; € span{eg1} for all 4,5 (1 <4,j < k). Thus we have

€161 = €k+1, €i€j = Qj j€k41.

Since dimA? > 2, then we have that there exist i (2 <i < k), such that e;ep41 or exyie; is non
zero, which we can suppose as ej42.

Let i = 1, then we have eje; = egy1 , €1€k+1 = €xt2.

If epr1e1 + erexr1 # 0, then using the Lemma [ for the basis elements {e1, ex11,€x+2} we have
that A degenerates to the algebra Ly(«a) or Ls.

If exy161 = —e1ep41 = —epyo then making the change e;H = ep+1 — ek+2, we have that

€11 = €g+1 + €xt2, €1€ky1 = €kt2, Ek41€1 = —€ky2.

Again applying the Lemmal[Il for the basis elements {e1, ex11, €xi2}, i.e. (*yﬁrQ, 'Vf,ﬁ-l , 715112,17 715112,194-1) =

(1,1,-1, ”ylljif r+1) We have that A degenerates to the algebra Ly(a) or Ls.
Let ¢ # 1, then we can suppose i = 2 and we have eje; = epy1 , €a2€k11 = €k12.

Similarly to the case i = 1 if exy1e2 + esexy1 # 0, then using the Lemma [Tl for the basis elements
{e2, ext1, ex+2} we have that A degenerates to the algebra L4(«) or Ls.

If ex4162 = —ezer41 = —ep+2 then making the change e;H = ep+1 — €x+2, we have that

€11 = €g+1 + €xt2, €1€ky1 = €kt2, Ek41€1 = —€ky2.

Again applying the Lemmal[Il for the basis elements {e1, ex11, €xi2}, i.e. (*yﬁrQ, fyf)ﬁ_l , 715112,17 715112,194-1) =

(1,1,-1, ”ylgif r+1) We have that A degenerates to the algebra Ly(a) or Ls.
Case 2. Let A € Nil,,(C) be antisymmetric. It should be noted that if dimA? = 1, then we have

that A3 = 0. Thus, A is a Lie algebra. In [14] it is shown that any nilpotent Lie algebra with
condition dimA? =1, A3 = 0 degenerate to algebra nj ;.

Therefore we consider case dim A% > 2. Assume that {e1,ez,..., €k, €ri1,--.,en} be a basis of 4,
and {ex41,€k12,---,€n} be a basis of A%
Then, without loss of generality, we can assume ejeq = €41, €261 = —€g11.

Below, we show that it may always be assumed

€1€2 = €4, €1€3 = €5.

12



e Let there exists ¢y such that eje;, ¢ span{zii+1). Then taking
! !’ ! !/ !
61 = €1, 62 = €2, 63 = 61'0, 64 = €k+1, 65 = 6161'0
: 2PN N | PN N |
we obtain eje5 =€), efes = ex.

o Leteje; € span{ert1} for all 3 <4 < k and there exists some i such that exe;, ¢ span{xpi1).
Due to symmetrically of e; and es, similarly to the previous case we can choose a basis
{el,eh, ..., e} with condition efe) =€), el = ef.

o Let x1x;, wox; € span{ery1} for all 3 < i < k. We set ere; = ajexq1 and ese; = Bixpy1.
Let e;, and ej, be generators of A such that e;,e;, ¢ span{exi1}. Since dimA? > 2 one can
assuIme €;,€;5, = €g42.

Putting
/ / / / /
el =e1+ Ae;,, €5 =e9, e5 =ej,, €4 = (1 — ABiy)ery1, e5 = Aepyo + aypert1

with A(1 — AB,,) # 0, we deduce e}e) = ¢, €ejes = ef.

o Let e;ej € span{erq1} for all 1 < 4,5 < k. Then for some iy we have e; ep1 # 0. Without
loss of generality, one can assume ejex+1 = €x42.

— If k > 3, then setting
!’ /o ! I !
€1 = €1, €y = €2, €3 = €3+ €k41, €4 = Cky1, €5 = €42 + Q1 3€k41,
: (2PN A | 0 )
we obtain eje; = e}, ejes = ex.

— If k = 2, then we have ejeq = e3, ejes = e4. It is not difficult to obtain that ejeq = e5
or eses = ey (because of n > 5). Indeed, taking

/ / / / /
€1 = €1, €9 = €2, €3 = €4, €4 = €3, €5 = €5
in the case of ejeq = e5 and
! / / ! /
€1 = —€3, €5 = €1, €3 = €4, €4 = €32, €5 = €5

in the case of eses = e, we derive the products ejes = e4, e1e3 = e5.

Thus, there exists a basis {e1,ez2,e3,...,e,} of A with the products

€1€2 = €4, €1€3 = €5.

Note that A degenerates to the algebra with multiplication:
€162 = €4, €1€3 = €5, €23 = Y4T4 + V4Ts5
via the following degeneration:

g : gi(er) =t72er, gilea) =t 2ea, gi(es) =t 2es,
" gi(es) =tTtes, giles) =t tes, gi(ei) =t3e;, 6<i<nm.

From the change of basis e}, = e2 — y5€1, €5 = eg + yae1, we obtain that this algebra is isomorphic
to ns5.2 D an_s. O
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