The JOHNS HOPKINS

UNIVERSITY PRESS

Semi-Simple Algebras and Generalized Derivations

Author(s): G. Hochschild

Reviewed work(s):

Source: American Journal of Mathematics, Vol. 64, No. 1 (1942), pp- 677-694
Published by: The Johns Hopkins University Press

Stable URL: http://www.|stor.org/stable/2371713

Accessed: 28/09/2012 14:45

Y our use of the JSTOR archive indicates your acceptance of the Terms & Conditions of Use, available at
http://www.jstor.org/page/info/about/policies/terms.jsp

JSTOR is anot-for-profit service that helps scholars, researchers, and students discover, use, and build upon a wide range of
content in atrusted digital archive. We use information technology and tools to increase productivity and facilitate new forms
of scholarship. For more information about JSTOR, please contact support@jstor.org.

The Johns Hopkins University Pressis collaborating with JSTOR to digitize, preserve and extend access to
American Journal of Mathematics.

http://www.jstor.org


http://www.jstor.org/action/showPublisher?publisherCode=jhup
http://www.jstor.org/stable/2371713?origin=JSTOR-pdf
http://www.jstor.org/page/info/about/policies/terms.jsp

SEMI-SIMPLE ALGEBRAS AND GENERALIZED DERIVATIONS.*

By G. HocHSCHILD.

Introduction. Roughly speaking, a derivation of an algebra is the infini-
tesimal operation corresponding to an automorphism. This notion plays an
important part in the study of the structure of Lie algebras and associative
algebras, and its structural significance will be understood best by first recalling
the connections between derivations and automorphisms in general.

The term “ algebra ” will be used to denote a linear set (not necessarily of
finite dimension) over a field, in which an operation of “multiplication ” is
defined as usual, except that we do not require associativity. By a derivation
of such an algebra we shall mean a linear mapping of the algebra into itself
which possesses the formal properties of ordinary differentiation, i.e. a linear
mapping @ — D(a) of an algebra ¥ into itself such that for any z, y ¢ 9 we
have D(z-y) = D(z) -y + «- D(y), where the dot indicates the operation
of “multiplication ” in 9.

A simple example is given by the ring of all polynomials (with real
coefficients) in one variable. We may regard this ring as an algebra (in the
above general sense) over the field of real numbers. The mapping which sends
every polynomial P(z) into its derivative D, (P) is clearly a derivation in the
above sense. Consider now the operator T';, depending on the real parameter £,
which is defined by the formula

Ti=14tDy + (1/2)82D,% + - - - = exp (tDa).

Then, if P(z) is any polynomial, we clearly have T (P(z)) = P(z 4 ¢), and
the family of mappings {T':} constitutes a continuous one parameter group of
automorphisms.

Let us now consider a more general situation: Let % be an arbitrary
algebra of finite dimension over the field of the real numbers. The set of all
non singular linear transformations of 9 into itself can be given the structure
of a Lie group G. The corresponding Lie algebra, &, is the set of all linear
trangformations of U, commutation being defined by the formula T 0T,
=TT, —T.T,. If T is any element of &, we obtain a one parameter sub-

* Received May 1, 1941.

1 This definition and the elementary theory of derivations will be found in N.
Jacobson, “ Abstract derivation and Lie algebras,” Transactions of the American Mathe-
matical Society, vol. 42 (1937), p. 206.
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678 G. HOCHSCHILD.

group ¢ = {g:} of G, whose tangent at the identity F of G is T, if we define
gr=E+t-TH4 (1/21)¢2-T?>+ - - - =exp(¢-T). Since the condition that
a transformation g € G be an automorphism can be expressed by a finite number
of analytic equations in the coefficients of the matrix representing the element
¢, it is clear that the automorphisms of U constitute a Lie-subgroup (i.e. a
closed subgroup) H of G.

On the other hand, the derivations of 9 constitute a subalgebra D of ;
for, if D,, D, are any two derivations of %, so is D, © D,. We shall show that
D is the subalgebra of & which corresponds to the subgroup H of G-

Let h = (h¢) be a one parameter subgroup of H which passes through the
identify F for t = 0, and let L ¢  be its tangent at £, i.e. L =tlim (he—E) /t.

—0

If z, y are arbitrary elements of %, we have k¢ (2 y) = h¢(z) - ht(y), which
is easily seen to imply that L(z-y) = L(z) -y + = - L(y), i.e. that L is a
derivation, or L e <.

Conversely, let D e T; the corresponding one parameter subgroup of G is
given by g:=exp(t-D), and a direct computation shows that g:(z-y)
= g:(z) - g(y), i. e. that g: e H. This proves our assertion.

Let U be an associative algebra with a unity element. If ¢ is any regular
element of %, the automorphism @ — ¢. a. ¢ is called an inner automorphism.
Algebraically, the inner automorphisms constitute an invariant subgroup K
of the group H of all automorphisms of %M. Although we cannot say in general
that K is also a topological (Lie-) subgroup of H, it is evident that we can
define a topology in K such that it becomes a Lie group K* which is locally
isomorphic with the group K, regarded as a subspace of H. It follows that
there corresponds to K a certain ideal ¥ of the Lie algebra © of H. In fact,
the elements of ¥ are the tangents at E of those one parameter subgroups of H
which are contained in K, and if k: is such a subgroup the corresponding
element I €y is given by the equation I = }1111 (k: — E)/t, so that we have

—>

ki(a) =a+t-I(a) + o(t), for every element a e A.

The group constituteéd by the regular elements of % can be given the struc-
ture of a Lie group, and it can be shown that the one parameter subgroups, in a
sufficiently small neighborhood of the identity e, are of the form a; — exp (ta0),
where a, is an element of %. Furthermore, it is easily seen that we can find
an analytic mapping k: — a: of any given one parameter subgroup of K onto
a one parameter subgroup through e of the group of regular elements of % such
that k:(a) = a:-a-as™ for every ae¥. For sufficiently small ¢ we have
therefore k:(a) — exp (fa,) -a-exp (—ta) =—a+ t(a-a—a-a) + o(t),
and a comparison of this with the expression above shows that we have
I(a) =ao-a-—a-a. Derivations of this form are called inner derivations.
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Suppose that I is any given inner derivation, i.e. I(a) = do-a—a " a;
the corresponding one parameter group of automorphisms is given by
ke =exp (tI). A straightforward computation shows that k:(¢) = a:-a - as™?,
where a; — exp (ta,), i.e. the automorphisms corresponding to the inner
derivations are the inner automorphisms. We have shown, therefore, that
is the set of inner derivations of .

We have a similar situation in the case of a Lie algebra. Let { be any
Lie algebra over the field of real numbers and let T' be a connected and simply
connected Lie group whose Lie algebra is & An automorphism of T will
induce an automorphism of &, and conversely. An automorphism of & will be .
called an inner automorphism if it corresponds to an inner automorphism of T.
As in the case of an associative algebra, it can be shown that to the invariant
subgroup of the group of automorphisms which consists of the inner auto-
morphisms there corresponds an ideal of the Lie algebra of the derivations of {,
whose elements will be called inner derivations. A derivation D of the Lie
algebra & is an inner derivation if and only if there exists an element I, e R
such that D(I) =101, for every le&. In the case of a general groundfield
this is taken as the definition of an inner derivation.

We shall be concerned with the study of the behavior of Lie algebras and
associative algebras with regard to linear mappings of the derivational type
which map a given algebra %, not necessarily into itself, but, more generally,
into some algebra B containing 9 as a subalgebra. These ¢ generalized deriva-
tions,” as we should expect from the above considerations, are found to be
significant for the structure of an algebra. In fact, we shall obtain a charac-
terization of semi-simple Lie algebras and semi-simple associative algebras
(over a non-modular field) in terms of their generalized derivations. In this
respect there is a very close analogy between Lie algebras and associative
algebras, which we shall exhibit by treating the two cases side by side.

I have found it necessary to include proofs of a number of known results
on representations of semi-simple Lie algebras, some of which (like the proofs
of Whitehead’s lemmas) cannot be found in the literature. For these proofs,
which served me as a guide in the present investigation, I am indebted to
Professor C. Chevalley of Princeton University.

1. Representations. For the sake of future reference we briefly review
some fundamental results of the theory of representations of associative and
Lie algebras.

Definition 1.1. A representation is said to be completely decomposable
if the corresponding representation space is the direct sum of irreducible in-
variant subspaces.



680 G. HOCHSCHILD.

Proposition 1.1. A representation, with the representation space %, is
completely decomposable if and only if for every invariant subspace Q. of P
there exists another invariant subspace £’ such that §§ is the direct sum of

& and .

The proof of this proposition is very easy and may be omitted here.

THEOREM 1. 1. The necessary and sufficient condition for an associative al-
gebra to be semi-simple is that every representation be completely decomposable.

This result is classical, and no proof need be given here.

THaEOREM 1.R2. A sufficient condition for o Lie algebra to be semi-simple
is that every representation be completely decomposable.

Proof. We must show that a Lie algebra  satisfying this condition can-
not possess a (non zero) solvable ideal.

Let & be any solvable ideal of . Since in particular the adjoint repre-
sentation of { is completely decomposable we can find another ideal §* of
such that & is the direct sum of § and $*. Hence it is clear that every
representation of § can be extended to a representation of & by representing
the elements of §* by zero matrices. It follows that & still has the property
that all representations are completely decomposable. Hence it will suffice to
show that every solvable Lie algebra § of dimension d > 0 possesses a repre-
sentation which is not completely decomposable.

Now, if § is solvable it contains an ideal §* of dimension d — 1. Let 5,
be an element of & which does not belong to §*; then every element % ¢ § can
be written in the form A = «(h)h,; 4+ h*, where (k) is a linear function on §
(with values in the groundfield) and A* € §*. Let B be a linear space of

dimension 2 over the groundfield, and let the vectors —e:, 22 constitute a basis

for PB.

It we write Pi(e;) — a(h)er; Pu(es) = a(h) (2 + e2), the mapping
h — Py is clearly a representation of § in which $* is annulled. The subspace

spanned by Zl is invariant, but it is clearly the only invariant subspace of
dimension 1. It follows that the representation P is not completely decom-
posable. This completes the proof.

TaeoreM 1.3. (Cartan). Let & be a Lie algebra over a field of charac-
teristic zero. If there exists a faithful representation 1 — Py of &, such that
Sp(P:%) = 0 for every 1R, (where Sp(A) denotes the trace of the matriz
A), then & is solvable.
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TaeorEM 1.4. (Cartan). Let & be a semi-simple Lie algebra over a
field of characteristic zero. Let k — Py be a faithful representation of &, and
suppose that ki, ks, -« -, kn constitute a basis for R Then the determinant

l SP(PMPM) I 0.
Both these results are well known.

THEOREM 1.5. If & is a semi-simple Lie algebra over a field of charac-
teristic 0, the adjoint representation A of & s completely decomposable.

Proof. Let § be any ideal of Q. We have to show that there exists
another ideal §* of & such that & is the direct sum of § and H*. Let $* be
the set of all elements A* of & such that Sp(4xds*) =0 for all he$. H* is
an ideal of &, and since the adjoint representation of a semi-simple Lie algebra
is faithful we may conclude from Theorem 1. 8 that §* n § is a solvable ideal.
Hence we must have §*n $ = {0}. A dimension argument now shows that
R is the direct sum of § and $*.

THEOREM 1.6. Let U be a semi-simple associative algebra over a field of
characteristic 0. Let (ay, @z, + *,an) be a basis of N, and suppose that
Py, Poy, + + -, Po, are the matrices corresponding to the elements a; of this basis
in a faithful representation P of A. Then | Sp(Pq,Pa,)| 5= 0.

Proof. Let us write U as a direct sum of two sided simple ideals, say
A=W+ Ao+ - -+ Ar. We have then k sets of indices, I, I, - - -, I
such that a; e Ay for 1ely. Now Py, Py, — 0 if 7 and § do not belong to the
same set Iy, whence it is clear that

k
| Sp(PaiPa)) |ci,i1,2..m = Hl | 8p(Pa.Pa;) | civiery.

Every irreducible representation of an algebra is equivalent to an irreducible
representation contained in the adjoint representation, and a simple algebra
possesses only one irreducible representation (to within equivalence). Hence,
if we denote the matrices in the adjoint representation by 4, we have, for
1, j € Iv, Sp(Pa,Pa;) = rv- Sp(Aq,Aa;), Where 7v is a positive rational number
depending only on v. It follows that | Sp(Ps,Pys,)| is & (non zero) multiple of
| Sp(4q,4q,)|, which is known to be different from zero for a semi-simple
algebra. (Cf. Deuring, “Algebren,” Ergebnisse der Mathematik, vol. 4, part 1,
pp. 33-34).

TrreorEM 1.%7. (Casimir). Let & be a semi-simple Lie algebra over a
field of characteristic zero. Let P be any (non null) representation of L, and
let $* bethe kernel of this representation (i. e. the ideal of & which is annulled
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in the representation P). Let § be another ideal such that & is the direct sum
of & and &*; (O exists, by Theorem 1.5). If (hy, hey- -+, hi) is any basis
of © there exists a dual basis (ﬁl “hoy }_bk) of & such that Sp (Pu Pi;) = 8j,
where 8;; is the Kronecker symbol (=0 for i~ j, and =1 for i = ).

& -
Then, if 1 is any element of R, and h;°l=2 vyijh;, we have [©h;
j=1

koo k

= D vyijihj. If we define a transformation T by the equation T = 3 Py Ph,,
j=1 i=1

we have TPy = PiT for every le R,

Proof. The existence of the dual basis (h;) follows immediately from

&
Theorem 1. 4 since P gives a faithful representation of ©. If h;0l= 3 vi;h;
i

and
- k -
10 hj= X eijhi, we have yij = Sp (Pu,01P3;) = Sp(Pn,Proi,) = €. Finally,
by

k k
TP, — Pit' = 3 (P, PiPr— PP, Pr,) = 2 (PwPron, — Pn,oiFPr,)
=1

=1

k k
= 2 2 ('Y}'iPMP;bi _')”UP’LJPh.t) =0.

=1 j=1

THEOREM 1.8. Let U be a semi-simple associative ulgebra over a field of
characteristic zero. Let P be any (non null) represéntation of A, and let *
be the kernel of this representation. £% is a two sided ideal of N, and there
exists another two sided ideal § such that A is the direct sum of & and OF.

To any basis. (hy, ho, - -, hi) of § we can find a dual basis (b, hay* -+ 5 i)
k

such that Sp(Pu P3,) = 8. If a is any element of A, and hi- a = X yiih;,
j=1

- B -
we have a - hy = X, yjshj. The transformation T = Pn, where h — 3\ hih,, com-
J=1

mutes with all the transformations of the representation P.

Proof. The existence of the dual basis follows from Theorem 1.6. The
remaining relations are easily verified as in the proof of Theorem 1. 7.

2. Whitehead’s lemmas and their analogues for associative algebras.
It is known that every representation of a semi-simple Lie algebra over a field
of characteristic zero is completely decomposable. This result follows from a
lemma of Whitehead’s which can be stated as follows:

THEOREM 2.1. Let & be a semi-simple Lie algebra over a field of charac-
teristic zero. Let B be a representation module of X, and denote the transform
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of a vector ¢ e P by the transformation corresponding to an element 1 ¢ by 1 e
Suppose we have a linear mapping 1 —>-g(l) of  into P such that Z(l °m)
=m- Z(l) —1- ;(m) foralll, m e Q. Then there exists o fized vector oo in B
such that Z(Z) =1 ~_Zo for every 1 e .

Proof. If % is annulled by & we may take Zo = 0, and there is nothing to
prove. If not, we employ the notations and results of Theorem 1.7 and define
a vector ?0 = § hs -:(7@). We have then

k

U fom S0 (b 6(h) = 3 [0 ) - o) + b (-e()]
— S 200 + e (@ 0(R)] =S he- (e o) =TED),

=1

?,.T

We are now in a position to prove our theorem by an induction on the
dimension d of the representation space 8. By the remark made at the .outset
we may suppose that d > 0, and that the theorem holds for every representation
space of dimension < d. If our representation is not the null representation
(which we may suppose), we have Sp(T') = k=% 0, since the groundfield is of
characteristic 0. Hence I' 5% 0 ; therefore, if Q is the linear subspace formed

by the vectors ?e B such that I‘(f_s =0, wehave Q%= P. It Q={0},Tisa
linear isomorphism of B and therefore possesses an inverse I'™* which also com-
mutes with all the transformations of our representation. Hence, if we put

oo —=T"1(f2), we have 1- 6o =1 {T*(Fo)} = T-*(I- fo) — e(1), as required by
the theorem. We may therefore suppose that Q = {0}. Now &£ is an invariant

subspace of ¥ since 1‘(]7) =0 implies that I'(! _f) =1 I‘(F) = 0. .Hence our
representation in $§ induces a representation in /8L, and, if B (1) denotes the

coset, modulo £, of Z(l), the mapping I — Vi (1) of & into Q/P still satisfies the
conditions of our theorem. Since /L is of dimension < d, it follows from

our inductive hypothesis that there exists an element ﬁl e P/9 such that
B () =1 ﬁl for every le&. Let _e)l be any vector in this coset ﬁl 5 if we put
?(l) ———~Z(l) —l-—e)l, the mapping Z—>]?(l) is a linear mapping of L into
such that ]_")(ZO m) =m ';“)(l) ——l~?(m). Since Q is also of dimension < d
there exists a vector _;2 €2 such that ?(l) =1 '_22 for all 1eQ. The vector

- - . > . .
eo — 6, + e, will be the required vector, and our theorem is proved.
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Before stating the analogue of Theorem 2.1 for associative algebras we
make the following definition:

Definition 2.1. Let % be an associative algebra over a field §. Let B be
a linear set over & which is at the same time an ¥-right and an A-left module,
the operations being such that (apart from the usual associativity requirements

for one sided modules) we have a - (; b) = (a- Z) - b for all @, b ¢ A and every

e PB. Then P is called a two sided H-module.

THEOREM 2.R2. Let U be a semi-simple associative algebra over a field §
of characteristic 0. Let B be a two sided N-module over F, and suppose we have

a linear mapping a — Z(a) of A into P such that?(a' b) =a -Z(b) +z(a) - b.
Then there exists 30 eP such that 2(@) =aq °Zo — Zo - a.

Proof. In the notation of Theorem 1.8 we have:
-> k . - k - - =
h-e(a) =23 hihi-e(a) =X hi- [e(hia) — e(h;) - a]
=1 i=1

k - - k. - - -
= ahi-e(hi) _Z,hi‘e(hi) ra=afo—fo-a,
=1 =]

- k _ -
where fo = X hi - e(hi).
7=1
The proof now runs like that of Theorem 2.1; we may assume that the

left representation in B is not null, for otherwise we could operate in the same
manner from the right, while——if both the left and the right representations

were null—we could take Z, = 0.. The subspace £, defined as before, is invari-
ant for both the right and the left representation, and the induction goes
exactly as before.

An interesting application of Theorem R.2 is the following: Let P.
be the algebra of all matrices of order n over a field P of characteristic 0. Let
9 be a semi-simple subalgebra and U an arbitrary matrix of P,. The elements
of the form UA — AU, where A e, together with all products of such
elements by elements of %, span a certain linear subspace of P,, which we may
regard as a two sided -module; M, say. It is easily verified that the mapping
A—>UA—AU of U into M satisfies the conditions of Theorem R.2. It
follows that there exists a matrix M e« M such that U — M commutes with all
the matrices of 9.

THEOREM 2.3. If an associative algebra U possesses the property of
Theorem 2. 2 then every representation of U is completely decomposable.
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Proof. Let B be the representation space of a representation P of . If
€ is any invariant subspace of ¥ we have to show that there exists another
invariant subspace 3 such that § = + R. Let us choose a linear subspace
T (not necessarily invariant, of course) such that B = Q + Z. Let P, be the

transformation of 9§ which corresponds to the element a of . Let 7 denote an
arbitrary vector in . According to the decomposition P = Q + T we write:

Pa(@) = Qu(t) + Ta(?), where Qu(f) ¢9, Ta(f) . It is clear that the
mapping [N Q,,(—t)) is a linear mapping of T into QO and the mapping

T T, (7) a linear mapping of & into itself. From the fact that P is a repre-
sentation we obtain the following relations:

Pu(?) = Qu() + Ta()) = PPs() = Pa(@(D) + To(H))
— (Pu@o(D) + QuTo(D) + ToTs ().
Since the sum & 4 ¥ is direct it follows that we must have
Qav = PoQv + QaTv; T = ToTh.

The set of all linear mappings @ of T into Q forms a linear space over our
groundfield : we denote this linear space by &. Now we may regard & as a
two-sided ¥-module if we define the operations by elements a e % on elements
Q¢S by the formulae: a-Q = P.Q, @ -a=QT, Consider the linear
mapping & = @, of U into &. We have Quy = Pu@v + QuTs = a- Qv -+ Qo b.
Now, since U possesses the property of Theorem 2.2, there exists an element
Qo € @‘Such that Qq, = QoTa, -_— Pq,Qo.

Consider now the mapping T 7—}- Qo (?) of ¥ into P. This maps T onto
some linear subspace i of B. We have Pa(t_)—l- QO(T)) = Pa(z)) + PaQo(?)
— Po(?) 4 QoTa() — Qu(?) = Tu(?) + QoTa(?), which shows that % is an
invariant subspace of 8. Furthermore, ?—l— Qo (Z)) = ( only if f— 0, so that
our mapping PN ?—l— Qo (?) is a linear isomorphism, whence we have that dim.
% — dim. . Finally, if ceQoR, i e. if 0D, and ¢ =1 4 Qo(?) for some
Te €, we must have = 0, and hence also ¢ — 0, whence Q n Rt = {0}. It
follows that B is the direct sum of & and R, and our theorem is proved.

The proof of Theorem 2. 3 we have just given is the precise analogue of a
known proof for Theorem 2. 4 below:

TaEOREM 2.4. If a Lie algebra  possesses the property of Theorem 2.1
then every representation of R is completely decomposable.
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By Theorems 2.1, 2. 4, and 1. 2 we have now:

THEOREM 2.5. The necessary and sufficient condition for a Lie algebra
L over a field of characteristic zero lo be semi-simple 1s that every representalion
of & be completely decomposable.

We shall pursue the analogy between Lie algebras and associative algebras
a little further: another lemma of Whitehead, which is used in the proof of
Levi’s theorem on the decomposition of a Lie algebra into the direct sum of
its maximal solvable ideal and a semi-simple subalgebra, can be stated as
follows:

THEOREM 2.6. Let B be a representation space of a semi-simple Lae
algebra & over a field of characteristic 0. Suppose we have a bilinear mapping

(=, 9) > ]?(x, y) of L X & into B such that

1) -];)(:E, y) +?(.7/: x) =0:
2) o f(12) +y Hzma) 4+ 2 F(@y) —[(yow2) + F(z0y, )
+?(fv°z;y)-

Then there exists a linear mapping a:—)Z(x) of & into P such .thal
-

- - -

f(@,y) =z-e(y) —y-e(@) +e(z°y).
We shall not write out the proof of this theorem. It is very similar to
that of Theorem 2.7 below and requires the same methods we have employed

already in the proof of Theorem 2. 1.
There is an interesting analogue of this theorem for associative algebras;

it is as follows:

THEOREM 2.7. Let U be a semi-simple associative algebra over a field of
characteristic 0. Let B be a two-sided N-module and suppose we have a bi-

linear mapping (a,b) -—>?(a, b) of A XN into B such that a- ]?(b, c)

—|——)f(a, be) =F(a, b) ¢+ ]?(ab, ¢). Then there exists a linear mapping

0 — o(a) of % into B such that F(a,b) —a - e(b) + e(a) - b— e(ab).
Proof. In the notation of Theorem 1.8 we have: h-?(a,b) =g7uh,-

F(ab) = S o) -+ Fhaa b) —Flho,a8)) = ea(a) -b— 21 (ab)

k- - e d K - -
+ X hi - f(hia, b), where we have put e;(a) = X hi - f(hi,a). Now, as a con-
=1 =1
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sequence of the properties of the bases (h;) and (%), We have éfm ?( hia, b)
=§a7bi F(hib) —a-e(d).  Hence h-f(a,b) —a-eu(b) + en(a) - b
— e (ab).

Let now £ be the linear subspace of P formed by those elements ;]) for
which 7% - g_])= 0. Suppose first that Q — {0}. Then the mapping e—h-e

= P(Z) possesses an inverse I'™', which commutes with all the elements of 9,

regarded as operators on B, and we may then take g(a) = I“I{Z(a) }
Next, let us suppose that both the left representation and the right

representation are null. Our condition on the mapping ]?then becomes :

]?(a, be) =?(a,b, c). Let (U, P) denote the direct sum of the linear spaces
9 and PB. To every element ¢ of A we have a transformation of (2, P) which

is defined by the formula (b,2) —>a- (b, ¢) — (ab, f(a,b)); it is easily
verified that this defines a representation of 9 with (2, ) as representation
space. The subspace. (0,%) is clearly an invariant subspace. Since every
representation of is completely decomposable there must exist another invariant
subspace Q% of (%, PB) such that (A, P) is the direct sum of (0, P) and O*.

Let us write, according to this decomposition, (a, 0) = (0, ;(a)) + g*(a).
We have then

b (2,0) =b- (0,e(a)) +b-q*(a), i.e. (ba,f(b,a)) —b-g*(a) eD*.
On the other hand, we have

(ba, 7(b,0)) = (ba, 0) + (0,7(5,@)) = (0, ¢(ba)) + g*(ba) + (0,F(b,a)).
It follows that (0, (ba)) -+ (0,F(b,a)) = 0; the mapping « — — e(a) is a

linear mapping of ¥ into P such that ?(a,, b) =— ;(ab), and our theorem is
verified for this case. The theorem is trivial if P is of dimension 0, and we
can now proceed by induction as in the proof of Theorem 2.1, since we shall
have Q 4 P for either the left representation or for the right representation,
unless we have the case just disposed of. As an application of Theorem 2.4
we give a proof of the well-known result that every associative algebra over a
field of characteristic zero can be represented as the direct sum of its radical
and a semi-simple subalgebra.?

2J. H. C. Whitehead has communicated a proof of this result to N. Jacobson, which
utilizes the same ideas as the proof given here.
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Let U be any associative algebra over a field of characteristic zero, and let
R denote the radical of A. We may clearly suppose that R == {0}. If we
have R2== {0}, A/R? is of smaller dimension than A. Hence, if we suppose
that the result has already been proved for all algebras of smaller dimension
than 9 (it is obvious for dimension one), we have that A/R> — S* - A*,,
where &* is the radical of A/R> and A*, is a semi-simple subalgebra of A/R?
which is isomorphic with (/%2)/&*. But it is clear that €* = R/R?, and
hence that %*, is isomorphic with %/R. Now, there clearly exists a subalgebra
9, of A such that A*, — A, /N2, and we have then A/R? =R/ R* + A, /R
Since R/R2 =~ {0}, we have dim. A, < dim. ¥. Hence there exists a sub-
algebra U, of Uy, i.e. also of o, which is isomorphic with %;/%R?, and hence
also with /R, such that A, = R + A, and we have A =R 4 As.

The only difficulty arises if %2 = {0}. In this case we note that &} may
be regarded as a two-sided %/R-module, the operation with elements of A/R
on R being that of multiplication of the elements of $# by an arbitrary repre-
sentant in U of an element of A/R. (Since R* — {0}, all representants of a
given coset, modulo R, will induce the same transformation of ®.)

Let us choose a linear subspace & of ¥ such that M =N 4+ S. We have
then a one to one correspondence a <> a* between the elements a of %/R and
the elements a* of &. Set f(a,b) — (ab)* —a*b*. Then f(a,b) ¢ R for
any a, b «%/R and gives a bi-linear mapping of A/R X A/R into R. Now,
we have f(a,D) ¢+ f(ab,c) = ((ab)* — a*b*) - ¢+ (abe)* — (ab)*c*,
a-f(b,c) + f(ab,¢c) —a- ((be)* —Db*c*) + (abc)* —a*(be)*.  But if
aed/R, 7eR, we have a-F—a*r. Hence we have f(a,b) ¢+ f(ab, ¢)
— (abo)* — a*b*c* — a- f(b,¢) + f(a, be), i.e. f satisfies the conditions of
Theorem 2.4. It follows that there exists a mapping a —> @ of %/R into R,
such that f(a, b) = a*b 4 ab* —ab, i.e. (ab)* — a*b* — a*b + ab* — ab.
If we set @ =a* 4+ @ we have, therefore, ab = a*b* + a*b + ab* = (ab)*

+ ab — ab, whence our result follows immediately.

3. Derivations.

Definition 3.1. Let % be any algebra (not necessarily associative) ; let B
be another algebra (of the same kind) which contains % as a subalgebra. A
linear mapping @ — D(a) of ¥ into B such that, for any elements z,y ¥,
we have D(z-y) = D(z) -y + - D(y) is called a derivation of ¥ into B.
A derivation of ¥ into itself will sometimes be simply called a derivation of 9.

If 9 is an associative algebra contained in another associative algebra B,
it is easy to verify that the mapping « — ba — ab, where b is any fixed element
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of B, is a derivation of ¥ into B. This derivation can trivially be extended to
a derivation of 9B into itself.

Similarly, if & is a Lie algebra contained in another Lie algebra &, we see
from Jacobi’s identity that the mapping I — 10 k, where % is any fixed element
of &, is a derivation of & into & which can be extended to a derivation of &
into itself.

Definition 3.2. If U is an associative algebra, the derivation a— .
— aa,, where a, is any fixed element of ¥, is called an inner derivation of .

If is a Lie algebra, the derivation I — 70 {,, where [, is any fixed element
of &, is called an inner derivation of &.

It is known that a semi-simple Lie algebra possesses only inner derivations.?

For associative algebras it has been shown* that, if % is a semi-simple
subalgebra of a normal simple algebra R, any derivation of 9 into itself can
be extended to an inner derivation of %.

Before we generalize these results we make the following definition :

Definition 3.3. Let % be an associative algebra, or a Lie algebra. U is
said to be reflexive if every derivation of 9 into an arbitrary algebra 8 2 U
can be extended to an inner derivation of 9B.

THEOREM 3.1. A Lie algebra is reflexive if and only if it possesses the
property of Theorem 2. 1.

Proof. 1). Suppose that a Lie algebra R satisfies the condition of
Theorem 2.1. If & is any Lie algebra containing &, we may regard it as a
representation space of &, the transformation of & corresponding to an element
€ being the mapping k¥ —kol. If now D is any derivation of & into &
we have D(lom)=D({)om-+10oD(m)=D()°om—D(m)ol, which
shows that the mapping I—> D () satisfies the conditions of Theorem 2. 1.
Hence there exists an element %k, e & such that D(I1) ==k, ©1, whence we see
that  is reflexive. 2). Suppose that Q is reflexive. Let 8 be a representation
space of & We define a Lie algebra & whose underlying space is & X B by

the commutation rule (I, 2) © (m,f) = (10m, m-o—1-f). (It is easy to
verify that Jacobi’s identity is satisfied). R contains (R, 0) as a subalgebra
isomorphic with Q.

3K. Yosida, “ A characterization of the adjoint representations of the semi-simple
Lie i'ings,” Japanese Journal of Mathematics, vol. 14 (1938), p. 170.

¢ Cf. N. Jacobson, “ Abstract derivation and Lie algebras,” Transactions of the
American Mathematical Society, vol. 42 (1937), p. 214.
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Suppose now we have a mapping 7 — ;(l) of & into P, as is considered in
Theorem 2. 1. This gives a mapping (1, 0) — ( 0,_;(1)) of (2, 0) into & which
is a derivation since (0,6(10m)) — (0,m-o(l) —1-o(m)) — (0, o(1))
o (m,0) 4 (1,0)°(0, e(m)). But (L,0), being isomorphic with £, is reflexive,
and hence there exists an element (I, e_;) €® such that (O, ;( ) =(,0)

0 (I, Zo), which implies that ;(l) =1 (— Zo), as required in Theorem 2. 1.
This completes the proof.

THEOREM 3.R. An associative algebra is reflexive if and only if
possesses the property of Theorem 2. 2.

Proof. 1). If B is any associative algebra containing 9 we may regard
B as a two-sided A-module. A derivation D of U into B is a mapping of the
type considered in Theorem 2.2. The conclusion of Theorem 2.2 becomes
the statement that D is an inner derivation of €. Hence if ¥ has the property
of Theorem 2.2 then it is reflexive. 2). Suppose that % is reflexive and let
B be a two-sided ¥-module. We construct an algebra B over the linear space

U X P by defining multiplication as follows: (a, ¢) - (b, ) = (ab, a- j? + Pt b).
The rest of the proof is the same as the corresponding part of the proof of
Theorem 3. 1.

From Theorems 3.1, 2.4, 2.1, 1.2 and 3.2, 2.3, 2.2, we have now:

TueorEM 3.3. If an algebra (Lie or associalive) is reflexive then every
representation of it is completely decomposable.

THEOREM 3.4. An algebra over a field of characteristic zero is semi-
simple if and only if it is reflexive.

Remarks. 1). We have shown without any assumption on the ground-
field that if an algebra is reflexive then it is semi-simple. The converse was
proved with the restriction that the groundfield be of characteristic zero. That
this restriction is necessary for associative algebras is seen from results of N.
Jacobson who considered:the derivation algebras of certain fields of charac-
teristic p. (Clearly, if a field were reflexive, its only derivation would be the
mapping which maps every element on 0; but this is not the case for charac-
teristic p). We refer to: N. Jacobson, “Abstract Derivation and Lie Algebras,”
Transactions of the American Mathematical Society, vol. 42 (1937), p. 21%,
for these results.

For Lie algebras, the necessity of our restriction is seen from the following
example :
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Let P be the field. of the integers mod. 2 and define a Lie .algebra of
dimension 3 over P by the following equations of structure (z,y, z is a basis
of the Lie algebra): zoy=2, y02=2, 202 =y. The Lie algebra thus
defined is clearly a simple Lie algebra. But the linear mapping D defined by
the equations D(x) ==, D(y) =y, D(z) =0 is a derivation which is not
inner.

2). It may be useful to point out that the condition that an algebra %
be reflexive is genuinely stronger than the condition that all derivations of %
into itself be inner.

In fact, consider the Lie algebra & of dimension 2 over (e.g.) the field
of the rational numbers, with generators z,y, where z 0y =a. It is easily
verified that every derivation I of { into itself is of the form D(z) = az,
D(y) = Bz. If we put z2==ay— Bz we have D(z) =2°2, D(y) =y©°z,
i.e. D is an inner derivation. But & cannot be reflexive, since it is solvable.

Similarly, the associative algebra of all matrices of the form (2; ), with
coefficients in the field of the rational numbers, is clearly not semi-simple and
hence cannot be reflexive; but it is easily seen that every derivation D of this
algebra into itself is of the form D(F,;) = aFs:, D(E:n) = BEs, D(E2»)
= — ally;, where we have written E,; for the matrix (;:), etc. Now, if
@y = alfs; + BE,., we D(a) = aot — aa, for every element a of this algebra,
i.e. D is an inner derivation.

4. Derivation algebras. If 9 is any algebra, the derivations D;, D», - - -
of A constitute a Lie algebra of linear transformations, commutation being
defined by the formula D, © Dy = D,Dy — D,D,. The Lie algebra thus ob-
tained is called the derivation algebra of . We propose to study the structure
of derivation algebras.

Definition 4.1. A subset ¥ of an algebra (Lie or éssociative) is called
characteristic if D(J) C I for every derivation D of the algebra.

For example, it is easy to verify that the center of a Lie algebra is always
a characteristic ideal. Similarly, the center of an associative algebra is always
a characteristic subalgebra.

We shall require the following:

TrEOREM 4.1.° Let & be a Lie algebra over a field of characteristic 0;
let & be its radical (the mazximal solvable ideal). Then & is a characteristic
ideal.

® This was first proved by H. Zassenhaus, Hamb. Abhandlungen, Band. 13 (1940),
p- 79.
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Proof. Let § DHM D H® DO - - - @1 — {0} be the sequence of the
successive derived algebras of §. Let D be any derivation of &. Suppose that
Di(H®*)) C § for all §=1,2,- - - ; (this holds trivially for ¥ = p). Then
we shall show that Di($®) C §;i1=1,2, - -.

Since §™® is an ideal of R it is easy to see that the set [§ + D(H™)] of
all elements of the form % -+ D(h’), where h e and 2’ e §® constitutes an
ideal in & If Ay, ke @ we have 2 D(hy) © D(hy) = D?*(hy© hy) mod. 9,
and it follows from our inductive hypothesis that D (%) © D(h:) €$.

Hence the derived algebra [ -+ D($®)]” is contained in §:
[© + D(&™] is therefore a solvable ideal of &, and since § is maximal we
must have D(H®) C §.

Suppose we have already proved that Di($@) C . for all ¢ < n. Then
[$ + D*($®)] is an ideal in &, for Dn(h) o x=Dn(h°=z) mod. § for all
he®® and 2 e The derived algebra [§ -+ D*(H™ )]’ consists of sums of
elements of § and elements of the form D*(h,) © D"(h.), with hy, hy e §®,
But D"(hy) © D*(hy) =1/2Cn - D**(hy© hy) mod. ©, whence we may con-
clude, as before, that we must have D*(§®) C §. Thus we have shown that,
if DI(§®VY C & for all 4, then also D*(H® ) C & for all 4, and our theorem
follows by induction on %.

In exactly the same manner we can prove:

THEOREM 4.2. The radical of an associative algebra over o field of
characteristic 0 is o characteristic ideal.

Let now ¥ be a Lie algebra or an associative algebra over a field of charac-
teristic 0. In either case we may write & = § -+ &, where § is the radical of
9 and & is a semi-simple subalgebra. If D is any derivation of % we have
D($) € H. On the other hand we know that there exists an element ao e ¥
such that D (k) =k©°a, for every keR. (In the associative case, & © a, will
stand for the expression aok — kao). Let De, denote the inmer derivation
effected by a,. If we put D’ = D — Dy, we have D’(®) — {0}. We have, then,
D’'(hok) =D'(h) ok (for Lie algebras) or

g D'(kh) =kD'(R) \ ... 4)
D’ (hk) = D’(h)k § (for associative algebras).

Conversely, any derivation of § satisfying the condition (A4) gives a
derivation of 9 if we define D(k) = 0 for every k ¢ R. Hence we have:

TuEOREM 4.3. Every derwation of % is the sum of an inner derivation
and a derivation which annuls K.

A derivation of § can be extended to a derivation of ¥ if and only if it
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is the sum of an inner derivation (by means of an element of 9, not necessarily
of ) and a derivation with the property (4).
We are now in a position to prove the following result:

TuEOREM 4. 4. The derwation algebra D of a Lie algebra & over o field
of characteristic 0 is semi-simple if and only if R 1is semi-simple.

Proof. If & is semi-simple, D consists only of inner derivations. More-
over, since the center of & reduces to {0}, D is isomorphic with & and hence
is semi-simple. :

Suppose now that D is semi-simple. Let us write @ — § - R, as before.
Denote by Dg the set of the inner derivations of & which are effected by the
elements of . If Dy is such a derivation, and D is any other derivation of &
we have Dy © D = Dp(,,, whence it is clear that D $ is an ideal in ®. Since
& is solvable, it follows moreover that © $ ig solvable, and hence must reduce
to {0}. This means that § is the center of & Since every derivation is inner
as far as & is concerned, this implies that every derivation' maps & into itself.
Finally, every derivation of the center § can be extended to a derivation of {
which annuls &, and the same statement is true if § and & ave interchanged.
Every derivation is the sum of derivations obtained in this manner; in fact,
9D is isomorphic with the direct sum of the derivation- algebra of & and the
derivation algebra of & Since § is abelian, its derivation algebra is the Lie
algebra of all linear transformations of §, and this is clearly not semi-simple
unless = {0}. This completes the proof.

With regard to associative algebras it is known that the derivation algebra
of a normal simple algebra is simple (N. Jacobson, “Abstract Derivation and
Lie Algebras,” Transactions of the American Mathematical Society, vol. 42).
We shall prove:

THEOREM 4.5. Let A be an associative algebra over o field of charac-
teristic 0, and let D be the derivation algebra of N. Then D is semi-simple
or {0} if and only +f A is semi-simple.

Proof. Tf U is semi-simple its derivation algebra consists only of inner
derivations. Let us denote by ; the Lie algebra obtained from 9 by defining
the commutator of two elements as @ © b = ba — ab. Then it is clear that the
derivation algebra of U is isomorphic with 9;/83, where 3 is the center of 9[;.
Now, it is known that the derived algebra ’; of ; is semi-simple or {0}.¢

8 W. Landherr, “ Uber einfache Lie-sche Ringe,” Hamb. Abhandlungen, Band 11
(1935), pp. 41-64. N. Jacobson, “ Simple Lie algebras over a field of characteristic 0,”
Duke Mathematical Journal, vol. 4 (1938), p. 536.

6
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Let & be the radical of ;. Then § © A; is a solvable ideal in 9’; and hence
90U, = {0}. But this means that § C 3 (in fact & — 8). Hence A;/3
is semi-simple or {0}, which proves the first part of our theorem.

Suppose now that D is semi-simple or {0}. Write % — R 4 &, where &
is a semi-simple subalgebra and R the radical of 9. It follows, then, as in the
proof of Theorem 4. 4, that R is contained in the center of ¥ and hence that &
is mapped into itself by every derivation of %. Let RD R2D - - - D R* — {0}
be the series of the successive powers of ®. It is easily seen by an induction
on the exponent 7 that every R is a characteristic ideal of %. Suppose that
=< {0},

If f2 = {0} we can define a derivation D of U as follows:

D(ry—r it reR; D(k) =0 if ke®.

It is clear that D is really a derivation of 9. If D* is any other derivation of
A we have

(DoD*)(r) = (D*D — DD*) (r) = D*(r) — D(D*(r)) =0 if reR
(since D*(r) eR)
and (DoD¥) (k) = ................ =—D(D*(k)) =0if keR
(since D*(k) e R).
Hence D o D* = 0 for every D* e D, which contradicts the hypothesis that ©

is semi-simple or {0}. THence R? =« {0}, and so, in the series above, k > 2.
If 7o e W2 we can define a derivation D,, of % as follows:

Di(r) =1 -r if ref; D,(k) =0 if keQ.

(Again, the verification that this is really a derivation is trivial.)
If D is any other derivation of % we have

(Dryo D) (r) =D (rgr) — 1o D(r) =D(ro) " 1 if refR,
(since D (r) eR)
and (Dr,© D) (k) = — Dyo(D(k)) =0 if keQ, (since D (k) e R).
Hence D,,© D = Dp,, which shows that the derivations of the form
Dy, 70 € RE2, congtitute an ideal in ©. Since there is at least one non-zero
derivation of this type (otherwise we should have #*-* = {0} ), and since the

ideal just defined is clearly abelian, we have again reached a contradiction.
Hence :t = {0} and U is semi-simple.

PRINCETON UNIVERSITY.
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