Elementary Analysis Math 140B—Winter 2007
Homework answers—Assignment 1; January 17, 2007

Exercise 23.4, page 176
nln
For n=0,1,..., let a, = [M]

5
(a) Find limsup ar/ " liminf an/ limsup [“2£| and lim inf | #2
Solution:
o {al/n}—{g,%,g,5, .}, so lim sup ay/ " =6/5 and lim inf a/ " =2/5.
2 3 4 . k+1 .
° {%} = {%,62 ,é—z,%,...} and hmZGTk = 0 and hngk—_l = +o0o. Thus
lim sup aZ:1 = +o0 and lim inf | “44| = 0.

(b) Do the series Y a, and Y (—1)"a, converge?

Solution:

e The series Y a, diverges by the root test (Theorem 14.9, page 94). Alter-
natively, it diverges since the general term does not converge to 0: {a,} =

{1a 5 (7) ) (g)gv (g)4> (%)5’ (2)67 o }

e The series Y (—1)"a,, diverges for exactly the same reasons as _ a, does.

(c) Find the radius of convergence and determine the interval of convergence for the series
> anz™.

Solution:
e 3 =limsup|a,|'” =6/5, so R=1/8 = 5/6 is the radius of convergence.
e o = 6/5, we have Ya, ()" =14 2-24 (8)7(2) + (2)°(2) + - =
1+%+1+(%)3+1+~~-diverges.

o If x = —6/5, wehaveZan(—g) —1—7+1—(%) 4+ 1+ --- diverges.
1(—5/6,5/6).

e So the interval of convergence is the open interva
Exercise 23.5, page 176
Consider a power series Y a,x™ with radius of convergence R.

(a) Prove that if all the coefficients a,, are integers and if infinitely many are non zero, then
R<1

Solution: There is a subsequence a,, such that |a,,| > 1, so that ]ank|1/”k > 1 and
6= limsup\an\l/” > lim supy, ]ank|1/”k > 1. Hence R=1/p < 1.

(b) Prove that if limsup|a,| > 0, then R < 1.

Solution: Let ¢ be any number between 0 and limsup |a,|. There is a subsequence
|an, | converging to limsup |a,| and so |a,,| > c for all sufficiently large k. Then
|, |V > /7 and lim supy, |an, [V > limg ¢'/™ = 1. Hence § = limsup |a,|"/™ >
lim supy, [an, |*/™ >1and R=1/3 < 1.



