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SOLVING THE PROBLEM OF SIMULTANEOUS
DIAGONALIZATION OF COMPLEX SYMMETRIC MATRICES VIA
CONGRUENCE*
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Abstract. We provide a solution to the problem of simultaneous diagonalization via congruence
of a given set of m complex symmetric n X n matrices {A1,..., Am}, by showing that it can be
reduced to a possibly lower-dimensional problem where the question is rephrased in terms of the
classical problem of simultaneous diagonalization via similarity of a new related set of matrices. We
provide a procedure to determine in a finite number of steps whether or not a set of matrices is
simultaneously diagonalizable by congruence. This solves a long-standing problem in the complex
case.
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1. Introduction. The aim of this paper is to characterize when a given set of
n X n complex symmetric matrices, A1, ..., A,,, are simultaneously diagonalizable via
congruence (SDC), namely, when there exists a nonsingular n x n complex matrix P
such that

PTA,P is diagonal for all 1 <7 < m.

Since Weierstrass in 1868 [24] gave sufficient conditions for the simultaneous di-
agonalization by congruence of two real symmetric matrices, several authors [7, 9, 14]
have extended those results and there have been applications of the real results to
areas as diverse as quadratic programming [13, 27, 2], variational analysis [8], signal
processing [16, 20], and medical imaging analysis [1, 5, 17, 23], among others. In
the case of complex matrices, Hong, Horn, and Johnson laid the framework in the
1980s for the particular case of unitary transformations by proving [10, 11] that there
is a unitary U satisfying that U7 A;U is diagonal for all 4 if, and only if, the set
{A;A; :1<i,j <m} is a commuting family. In a more general case they solved the
problem for pairs of complex symmetric (or Hermitian) matrices with the restriction
that at least one of them be nonsingular. We provide a solution in the general case
of complex symmetric matrices by translating it into a simpler problem, at a possibly
reduced dimension, regarding simultaneous diagonalizability by similarity of a new
set of related matrices. We do this using the concept of matrix pencils so that the
general problem is reduced to (possibly) lower dimensions a priori by calculating the
intersection of the kernels of the matrices Ay, ..., A,,. Once this is done, reduced r x
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matrices (r < n) A; (Lemma 10 below) can be dealt with in a more standard manner,
thanks to the existence of a nonsingular matrix pencil. This allows us to obtain fairly
simple necessary and sufficient conditions for SDC in Theorem 14 below.

The authors were initially motivated to tackle SDC for complex symmetric ma-
trices by a problem that arose naturally in the area of evolution algebras.

We recall here that an evolution algebra is defined as a commutative algebra A
over C for which there exists a basis B = {¢; : ¢ € A} such that e;e; = 0, for every
1,7 € A with i # j. In other words, the multiplication table of A relative to B is
diagonal. Such a basis is called natural. Evolution algebras were introduced in [19]
and [18] in the study of non-Mendelian genetics and are, in general, not associative.
The problem concerning the authors was to determine when a given algebra A is an
evolution algebra. In other words, if B is a basis of A and the multiplication table
of A with respect to B is not diagonal, we established the conditions under which
there exists a natural basis B of A, giving A the structure of an evolution algebra. If
B={e,...,e,} and

n
(1.1) eie; :Zmijk er, 4,j=1,...,n,
k=1

we define the structure matrices of A with respect to B as the m X n matrices
My (B) = (mijk)1<ij<n for k =1,...,n. Notice that the structure matrices Mj(B)
are symmetric and complex because A is commutative and its base field is C. A main
result in [4] proves that A is an evolution algebra if, and only if, the complex symmetric
matrices Mi(B), ..., M,(B) are simultaneously diagonalizable via congruence.

There are other areas where the complex results might be applied. One of the
most important applications is in the area of signal processing, in particular in the
classical problem of blind source separation [3, 25, 26]. In its simplest form, and
appropriate to our notation, this problem amounts to finding a nonsingular complex
matrix @ relating n sets of measurements (denoted by the complex random vector
x of dimension n) and n statistically independent, but unknown, sources (denoted
by the complex random vector s of dimension n), via the linear relation x = @Q*s,
where Q* denotes the conjugate transpose of Q). To investigate how this relates to the
SDC problem we discuss a method introduced in [25]. Consider a generalized second
characteristic function, defined in terms of the = variables as

Pz (7) :=1n E[exp(TTE)], TeC",

where bar denotes complex conjugation and E denotes the expectation. In terms of
the s variables, this reads

Ua(T) = Elexp((QT)"5)] = (i), p=Qr.

Let us consider m so-called processing points 71, ..., 7(™) We now define the fol-
lowing complex symmetric matrices A1, ..., A, by their components:
09, (7)
A‘kf:zi ) k?£:17 -1, ]:17 M
( j) aTkaTg ——)
It is then easy to show
62
Aj:QTDjQ, (Dj)kEZZM 5 k,f:l,...,n, j:l,...,m7
OpkOpe |, pri
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where the matrices D; are diagonal, due to the statistical independence of the compo-
nents of s. This is, of course, the SDC problem, and its solution provides the complex
matrix @) that allows one to unveil the unknown independent sources starting from
an arbitrary set of measurements. In real-life applications, experimental or numerical
errors will lead to matrices Aq,..., A, that are not exactly SDC, so “approximate
joint diagonalization” is the correct concept, which consists of the variational prob-
lem of finding a complex nonsingular matrix P such that P7A;P is as diagonal as
possible, in some metric (see, for example, [3, 26]).

In summary, the solution to the SDC problem provided extends earlier results
from the 1980s, solves the initial motivating question for the authors related to evo-
lution algebras, and may have an impact on applications in optimization or signal
processing as described above.

In section 2 we provide notation and definitions. In section 3 we solve the SDC
problem in the case of complex symmetric matrices and present a finite step procedure
to determine whether a given set of matrices is SDC or not. In section 4 we discuss
possible avenues of further research.

2. Notation. Let M, ,,, denote all n x m matrices over C. Let M,, :== M,, ,,
let MS,, be all symmetric elements in M,,, and let GL, be all invertible elements
in M,,. A diagonal matrix in M,, with diagonal entries dy, ..., d, will be written as
D= diag(dl, cee dn). For A € M,, we denote its ij component by A;; or (A)ij and
the zero and identity element in M,, are denoted 0,, and I,,, respectively. We recall
that A € M,, is said to be orthogonal if AT = A~! (where AT denotes the usual
transpose of A) and is said to be unitary if AT = A~! (where A denotes the entrywise
complex conjugate of A); matrices A, B € M,, are said to be congruent if there exists
P € GL,, such that PTAP = B and are said to be similar if there exists P € GL,,
such that P~'AP = B. Congruent (or similar) matrices have the same rank. In fact,
A and B are congruent if, and only if, they have the same rank [12, Theorem 4.5.12],
and hence A similar to B implies A congruent to B but the converse does not hold.
We introduce the following definitions for a set of matrices in M,,.

DEFINITION 1. Let Aq,..., A, € M,. We say Ai,..., A, are SDC if there
exists P € GL,, and diagonal matrices D, ..., D,, € M, such that

PTA,;P=D;, j=1,...,m.

Of course, if A1, ..., Ay are SDC, then they are necessarily symmetric.

DEFINITION 2. Let Ly,...,L,, € M,. We say Li,...,Ly are simultaneously

diagonalizable via similarity (SDS) if there exists P € GL, and diagonal matrices
Dy, ...,D,, € My, such that

P'L,Pp=D;, j=1,....m.

It is important to remark that even when Ay, ..., A,, in Definition 1 or Ly, ..., L,,
in Definition 2 are real, the resulting matrices P and D; may have to be complex, as
illustrated in Example 16 below. The following result is well known (see, for instance,
[12, Theorems 1.3.12 and 1.3.21]) and means that SDS is easy to check in practice, in
contrast to SDC.

THEOREM 3. Let Ly, ..., L, € M,,. These matrices are SDS if, and only if, they
are all diagonalizable by similarity and they pairwise commute.
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3. Solving the SDC problem. Let S?"~! := {x € C™ : ||z|| = 1}, where |||
denotes the usual Euclidean norm. We use the standard concepts of linear pencil and
maximum pencil rank.

DEFINITION 4. Let Aq,..., A, € M,. Define the associated linear pencil to be
the map
m A1
A:C" — M, by AN = Z)\jAj, where A\ =1 : | € C™.
Jj=1 A

Since rankA(A) = rankA(3y), for A # 0, it follows that

sup rankA(A) = sup rankA(\).
xec™ Aes2m—t

In addition, since {rankA(\) : A € §?m~1} C {0,1,...,n}, it follows that the
above supremum must be achieved. In other words, there exists some Ay € §?™~1

such that
sup rankA(A) = sup rankA()\) =rankA(Xo).

AeC™ Aeg2m—1
DEFINITION 5. Let Ay, ..., Ay € My, The rank of the associated linear pencil is
7 := sup,cm rankA(X). We refer to v as the (mazimum pencil) rank of Ay, ..., Ap
and denote it as r = rank(A1, ..., An). In the case that r = n we say that the pencil is
nonsingular. From above, r = rank(Ay, ..., A,,) = rankA(\g) for some Ao € S?™~1.

The following simple lemma is important.

LEMMA 6. Let Ay,..., A, € M, and let r = rank(A4, ..., A,,) = rankA(\g) for
some \g € 8™ 1. Then

dim ( ﬂ kerAj> =n—r if, and only if, ﬂ kerA; = kerA(Xo).

j=1 j=1

Proof. Clearly (;_, kerA; C kerA(\) and hence

m
(3.1) dim ( ﬂ kerAj> < n —rankA()) for all A € C™.
j=1
In particular, for maximum pencil rank » = rank A(\g) we have ﬂjmzl kerA; C kerA(Xg),
and dim(kerA(\g)) = n — r then gives the result. |
We will see later that dim((j_, kerA;) = n — 7 is necessary for Ay,..., A, to

be SDC and, in this case, it follows from the above that the subspace kerA()\g) is
actually independent of the point Ag satisfying r = rankA()\g).

3.1. The SDC problem for n X n matrices with nonsingular pencils.
We now solve the SDC problem for symmetric matrices Ay, ..., 4,, € M,, in the
particular case that rank(Ay, ..., A,,) = n. The proof follows ideas from [12, Theorem
4.5.17], [14, Lemma 1], and [22, p. 230]. In particular, the simple observation that if
A(M) is invertible, then

(PTANP)(PYAN)tA;P) = PTA;P, for j =1,...,m, and any P € GL,

motivates our first main result and proves it in the obvious direction.
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THEOREM 7. Let Ay,..., A, € MS, have maximum pencil rank n. For any
Ao € C™ with rankA(N\g) = n then

Ay, ..., Ay are SDC if, and only if, A(\o) A1, ..., A(No) A, are SDS.

Proof. Let Ag € C™ satisfy rankA(\g) = n. In the forward direction, we assume
that Ay,..., A, are SDC and let P € GL,, satisfy that PTA;P is diagonal for j =
1,...,m. Then PTA()\)P is diagonal and invertible giving that

P A(N) T AP = (PTA(No)P) ! (PT A, P)

is diagonal for 1 < 7 < m and we are done.

In the opposite direction, assume that A(Xg) tAy,..., A(Ng) 14, are SDS and
let P € GL, satisfy that D) .= P71A(\o)"'A,P is diagonal for j = 1,...,m. We
define symmetric matrices Bj := PTA; P and B(\g) := PTA(\g)P to give

(3.2) B; = B(\)DY), j=1,....,m.

Taking the transpose of this latter equation implies that B(\g) commutes with D)
for 5 =1,...,m. Componentwise, this means that for all 1 < k,[l < n,

(B(\)),, (DY), = (DY), (B(Xo)),, forall j =1,...,m.
In particular, for all 1 < k,l < n,
(3.3) (B()\()))k[ =0 if (D(j))kk =+ (D(j))ﬂ for any 7 =1,...,m.
Write D) = diag(ad,...,ad), for 1 < j < m, and let p; satisfy

(p; is the length of the first run of identical diagonals in DU)) and define n; :=

mini <j<m p;. Define agj) = o and agj) = O‘{zﬁ-l so that
agj) =al =..=al forall 1<j<m,
and we may write
DY) = cygj)In1 P diag(agj),ailw, .ad)forall 1<j<m,
and there is some j € {1,...,m} for which agj) # aéj) (I, denotes the n x n identity
matrix). We repeat a similar process twice more on diag(agj), ol Loy 0d) to find
ny, ns, and af) = @), 4nyy1 SO that, for all 1 < j <m,
DU = oéj)In1 @ agj)Im ® ozéj)In3 ® diag(aflﬁnﬁnﬁl, ),

while there is some j for which aﬁj ) 4 agj ) and some k for which aék) # ozgk).

If now agj) = aéj) for all 1 < j < m, then we may reorder the diagonal entries to
amalgamate agj )In1 and agj )Ing, namely, there is an orthogonal permutation matrix
R € GL,, with

RTDYR = R'DIR = a1 1y ® 0§ 1, @ diag(ad 4 ini1s--r0d)

forall 1 <7 <m.
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We continue this process of finding al(j)s for diag(a{lﬁnﬁngﬂ, ...,ad). We amal-
gamate, as described above, where necessary so that for some orthogonal U € M,
and all 1 < j < m we have

(3.4) UTDOU =1, & @ al1,,

subject to the condition that for 1 < a < b < d, there is some j € {1,...,m} with
ol #* ozl()j ). of course, d < n and d is as small as possible satisfying the above.

We now write UT B(A\g)U as a d x d block matrix, whose (a, b) sub-block, denoted
here [UT B(\g)U]ap, is of size n, x np for 1 < a,b < d. Then UTB(\g)U commutes
with UTDOU for all 1 < j < m, since B(Xg) commutes with DU forall1 <j<m,
and U is orthogonal. This commutativity then yields a block version of (3.3).

Specifically, since

[UTD(j)U]aa — agj)]na

and we have from (3.4) that if a < b, then ol + al()j), we get
(3.5) [UTBX\o)Ulap = 0if a #b.

In other words, we have a block diagonal decomposition

(3.6) U'BA)U =C1 @+ @ Cy,

where C, € MS,,,, a=1,...,d. As each (', must be symmetric, we can diagonalize
it via a unitary transformation, as in [12, Corollary 2.6.6(a)]. In other words, for each
a =1,...,d there exists V, € GL,, unitary and D, a nonnegative diagonal matrix
such that

(3.7) vIic,V,=D,, 1<a<d.

that the diagonal entries of D, are the singular values of C,.
Defining V.=V ®---®Vgand D := Dy & --- ® Dy (diagonal) then (3.6) and
(3.7) give

(3.8) VI(UTB(X)U)V = D.
Defining now Q = PUV, and since B(A\g) = PTA(A\o)P, (3.8) implies QT A(X\o)Q =
D. In addition,
QT A;Q =VTUT(PTA;PUV =VT(UTB;U)V
=VT(WUTB(A\)DYU)V from (3.2)
=VTWUTBM)U)UTDYWU)V, since U is orthogonal
= (VI(UTBMX)U)V)(UTDYU), as V commutes with UTDUU by (3.4),
= DWUTDYVU) from (3.8)
= D(agj)Ip1 oD agj)Ipd) from (3.4),
which is clearly diagonal for all j =1,...,m. O

We recall from Theorem 3 that A(X\g)"1Ay,..., A(\g) A, are SDS if, and only
if, they are all diagonalizable by similarity and they pairwise commute. It follows
now from Theorem 7 that property SDS of the matrices A(\g) 1A1,..., A(N\o) 14
is independent of the particular Ay chosen.
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3.2. The SDC problem for n X n matrices with arbitrary pencil rank.

3.2.1. Preliminaries: Diagonal matrices.

LEMMA 8. Let Dy, ..., D,, be diagonal matrices in M.,,, D be the associated linear
pencil, and r be its maximum pencil rank. Then the following hold:
(i) D1,..., Dy, have zeros in the same (n —r) diagonal positions and
dim ( ﬂ kerDj> =n-r.
j=1

(ii) There is an orthogonal Q € M, such that QT D;Q = 5j @ 0,,—, where
l~)j € M., is diagonal, 1 < j < m.
Moreover the pencil D associated to matrices 51, .. .75m € M, is nonsingular
(and if Ao satisfies r = rankD(\g), then D(X\g) € GL,.).

Proof. Since D has maximum pencil rank r, we choose Ay € S*™~! with r =
rankD(Ag). Writing D; = diag(djl, . ,d{;) € M,, 1 <j <m, we define vectors

d!
U; = € Cm
di*
for 1 < i < n. By direct calculation
A
D(A) =diag(A-u1,..., A uy) forall A= | © [ eC™,
Am

where - represents the dot product on C™ given by

zZ1 wq

m
i=1

Zm W

Since r = rankD(\g), we can then assume without loss of generality (up to re-
arrangement of the basis vectors) that Ag-u; 0, 1 <i <r, and Aoru; =0, r+1<
j < n. In particular, u; # 0 for 1 <4 < . Define h: C™ — C by h(\) = III_; X\ - u;.
Since h is continuous, the set A := h=(C\ {0}) is open in C™ and since \g € A, we
have that for some s > 0, A\g+v € A, and hence h(Ag+v) # 0 for allv € C™, ||v]| < s.
This gives rankD(Ag 4+ v) > r and since r is the maximum rank of D()), it follows
that rankD(Xg + v) = r and therefore (Ag +v) - u; = 0 for all j with r +1 < j < n.
Thus v-u; =0 for all r+1 < j < nand all v € C™, ||v|| < s. This is impossible
unless u; = 0 for all 7+1 < j < n (otherwise v = ﬂ](m) will give a contradiction).
In other words

0=(uj)k.=d§:(Dk)jj forallr+1<j<nandalll<k<m,

namely, D1,...,D,, have zeros in the same n — r diagonal positions. It follows
that dim(();Z, kerD;) > n — 7. On the other hand, Lemma 6 and (3.1) then im-
ply dim((;L, kerD;) = n —r and (L, kerD; = kerD(Xo).
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(ii) For Ao € S?™~! with r = rankD()g), we see in the proof of f (i) that there is
an orthogonal (permutation) matrix @ € M,, satisfying Q7 D;Q = D & 0,,_., where
D € ./\/l,« is diagonal, 1 < 7 < m. Let D be the reduced linear pencil associated to
Dy, ..., Dp. Then QTD(A)Q = D(Xo) ® 0,,_,, so rankD(Xg) = rankD(X\g) = r and
D(Ao) €GL,. 0

The next theorem enables us, when considering whether or not a set of n x n

matrices is SDC, to reduce the problem to a set of r X r matrices, where r is the
maximum pencil rank.

THEOREM 9. Let A4,...,A,, € MS,, have mazimum pencil rank r. Then

Ay, ..., Ay are SDC if, and only if, dim ( ﬂ kerAj> = n—r and there exists P € GL,
j=1

with PTAjP = Dj ® 0,,_, where Dj € M, is diagonal, 1 < 7 < m.
Moreover, if either of the above conditions is satisfied, the pencil D associated to
matrices D1, ...,Dy € M, is nonsingular (and if \g satisfies r = rankA()\g), then

D(X\o) € GL,.).

Proof. Let Aq,...,An € MS,, have maximum pencil rank r. Choose any A\g €
S§?m=1 satisfying r = rankA(Ag).
For the forward direction, assume that Ai,...,A,, are SDC. Then there exists

S € GL,, and diagonal matrices D1, ..., D,, such that
(3.9) STA;S=D;, j=1,....,m.

Let D be the pencil associated to matrices Dy, ..., D,,. Then STA(N)S = D()) for
all A € C™, so maximum pencil ranks for A(A) and D(\) agree and r = rankA(\g) =
rankD(Xg). From Lemma 8(ii) there then exists an orthogonal @ € M, such that
QTD;Q = D @ 0,_,, where D € M, is diagonal, 1 < j < m, and D()\O) € GL,.
Then P = SQ gives _
PTA;P=D;®0,_,

for 1 < j < m as desired and for pencil D associated to matrices Dl, e ,Dm clearly
r =rankD()\g).

Since ST A(M\g)S = D(X\g) we have kerA()\g) = S(kerD()\g)). On the other hand,
from Lemma 8(i), Lemma 6, and (3.9) we have S(kerD(\g)) = S(ﬂ 1kerD;) =

=, kerA;. In other words ();_, kerA; = kerA()o) has dimension n—r. The opposite
direction is trivial. O

3.2.2. The general case of nondiagonal matrices with arbitrary pencil
rank. The following lemma holds regardless of diagonalizability and is key to solving
the SDC problem in the general case.

LEMMA 10. Let Aq,..., A, € MS, have mazimum pencil rank r. Then
dim ( ﬂ kerAj> =n—r if, and only if
j=1
there exists Q € GL,, with

(3.10) QTA,Q=A;80,_,, where A; € MS,, 1<j<m.
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Moreover, if either of the above conditions is satisfied, the pencil A associated to
matrices Ai, ..., Ay € M, is nonsingular (and if Ao satisfies r = rankA()\g), then

A(Xo) € GL,).

Proof. Let Aq,..., A, € MS,, have maximum pencil rank r.
In the forward direction, assume that V := (;_, kerA4; has dim(V) = n—r. Choose
a basis vy41,...,v, of V and extend by vectors vy, ..., v, to get a basis vy,...,v, of

C". Let @ € GL,, be the matrix whose ith column is given by the vector v;. For
r+1 <4 < n, we have v; € ker A; and hence QTAjQ(el-) = QTAJ'(”UZ') = 0 for all
1 <7 <m (and ¢; is the column vector with 1 in the ith position and all other entires
0). In other words, columns r 4+ 1 to n of QT A;Q are identically zero and, since
QT A;Q is symmetric, it follows that

(3.11) QTA;Q = Zj ® 0,,—,, where /Tj eEMS,, 1<j<m,

as desired. In the opposite direction, assume that (3.10) holds for some @ € GL,,.
Then Q(0, & C"~") € ML, kerA; so dim(j~, kerA;) > n —r. Equality now follows
from (3.1).

Finally, if the conditions in the statement hold, the reduced pencil A associated

with Ay, ..., A, € M, has maximum pencil rank r, since for any Ao € C™ with
r =rankA()\g) then (3.11) implies that rankA(A\g) = r and A(X\g) € GL,. 0
Remark 11. We note that by choosing the basis vectors v, ..., v, in the above

proof to be orthogonal, with respect to the complex inner product < z,w >:= z-w
on C", @ can be chosen to be unitary.

Lemma 10 therefore allows us to find matrices Ay, ..., A,, satisfying (3.10) us-
ing only the kernels of the A;. This enables us, subject to the condition that
dim([‘];”:1 kerA;) = n — r, to reduce the dimension of the problem by proving that

Ay,..., Ay, are SDC in M, if, and only if, A;,..., A,, are SDC in M,..

Theorem 7 then motivates the following definition.

DEFINITION 12 (reduced maximal-rank matrices). Let Aq,..., A, € MS,, have
mazimum pencil rank r and satisfy dim(ﬂ;"=1 kerA;) = n —r. Let Ai,..., Ay, be
as in (3.10) and fix Ao € S* 1 with r = rankA(X). Reduced pencil A then has
A(Xo) € GL,.

We define the r X r matrices

~ 1 ~ )
Remark 13. Ly,..., Ly, are not symmetric in general and »°7" | (Ao);L; = I. In

addition, Theorem 7 states that Lq,..., L,, are SDS if, and only if, ﬁl, ..., A, are
SDC and consequently the condition is independent of the particular Ag chosen in the
definition. For this reason we write L; instead of L;(Xo).

The following is our main theorem.

THEOREM 14. Let Aq,..., A, € MS,, have maximum pencil rank r. Then

Ay, ..., Ay are SDC if, and only if, dim ( ﬂ kerAj> =n—randLy,...,L, are SDS,
j=1

where Ly, ..., L, are as in Definition 12 above.
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Proof. Let Aq,..., Ay € MS,, have maximum pencil rank r and choose Ay €
S§?m=1 satisfying r = rank A(\g).
In the forward direction, assume now that Aq,..., A, are SDC.

From Theorem 9 dim((j_, kerA;) =n — 7 and there exists P € G£,, such that
(3.13) PTAjP = Bj @ 0,,—,, where l~)j € M, is diagonal, 1< j<m.

In addition, if D is the pencil associated to r x r matrices 51, cee Em, then 5()\0) €
GL,. Lemma 10 then gives Q € GL,, with

(3.14) QTA;Q=A4;50,_,, where A; € M,, 1< j<m,

and A(\o) € GL, for reduced pencil A(Xo) = 311 (Ao);4;.
Thus for R = QP (3.13) and (3.14) give

(3.15) RT(4;©0, ) R=D;®0, ., 1< j<m.

S T
(i 1)

for Se M,,VeM,_.,.UeM,_,, T € M, ,_,, it follows from (3.15) and matrix
multiplication that

Writing R as a block matrix,

(3.16) STA;S =D; for1<j<m.

Then for reduced r X r matrix pencils (and A = (Aq,..., \p,) € C™)

Jj=1 Jj=1
(3.16) gives
(3.17) STAN)S = D(N),
and, in particular,
(3.18) ST A(Ng)S = D(X).

Since A(\o) and D(Xo) are invertible, it follows that S is invertible and combining
(3.16) and (3.18) gives

D(h) Dy =S8"1AN) (8T) 'STA;5=S"1AN) A;S, 1< <m.

~ 1~
In particular, ST'A()\g) A;S are diagonal for all j = 1,...,m. In other words the
r X r matrices

L= A(/\O)_lzlg for 1<j<m

are SDS and we are done.
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For the opposite direction, let us assume that dim(ﬂ;nzl kerA;) =n —r and that
Lq,...,L,, are SDS. Then from Lemma 10 there exists ) € GL,, such that

QTAJQ:AVJ®OTL_77 .].:17...777/])7

with A; € MS, and A(\o) € GLNMS,. Construct L; = A(Ao)  A;, j=1,....m
as in Definition 12 above. By hypothesis, these matrices are SDS so from Theorem 7 it
follows that Aq,... A,, are SDC, namely, there exists P € GL,. such that PTAjP =D;
for D; diagonal in M., for all j =1,...,m. Define R:=P® I,_, € GL,,. Then

RT(QTA;QR=(PTA;P)® 0, ,=D; ®0,_,, j=1,...,m.
Thus, for S = QR € GL,, we have
STA;S=D;®0,_,
diagonal for all j =1,...,m. Thus, A;,...,A,, are SDC. O

3.3. A procedure to solve the SDC problem. The above results allow us
now to determine in a finite number of steps whether or not a set of matrices are
SDC. Given Ay,..., A, € MS,, let r:= rank(Al, . ,Am). From (3.1), we have

dim ( ﬂ kerAj> <n-r

Jj=1

and Theorems 14 and 3 now give us the following procedure:

(1) If dim()jZ, kerA;) <n —r, then Ay, ..., A, are not SDC.

(2) If dim(ﬂ;n:1 kerA;) = n — r, then we calculate L, ..., L,, from (3.12) for
some \g € C™ with r = rankA(\g). If Ly, ..., L, do not pairwise commute,
then Aq,...,A,, are not SDC.

(3) If dim(ﬁ;n:1 kerA;) =n—r, L1,..., L, do pairwise commute, and if each
Lq,...,L,, is diagonalizable by similarity, then Aq,..., A,, are SDC. Other-
wise (that is, if any one L; is not diagonalizable by similarity) Ai,..., Ay,
are not SDC.

Remark 15. Regarding (1) above, we note that estimation may be sufficient to
determine if dim(ﬂ}n=1 kerA;) < n—r, as in Example 17 below. Regarding (2), since
Z;ﬁ:l()\o)ij = I,, it suffices to check if m — 1 of Lq,...,L,, pairwise commute.
Regarding (3), we recall that L; are not symmetric in general.

Ezample 16 (n =2,m =2). Let

0 1 11
we(Va)es(in)

We apply the above procedure.

(1) kerA; = kerAs = {0} so dim(ﬂ?zl kerA;) = 0. As A, is nonsingular we
take A\g = (1,0) so A(Ag) = A; and rankA; = 2. Therefore r = 2 and
dim(ﬂ;-n:1 kerA;) = n — r holds and we continue to the next step.

(2) We compute

L1 = A;lAl = IQ and LQ = A;lAQ = < (1) _11 ) .

These matrices (trivially) commute so we continue to the next step.
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(3) Ly is diagonal. Lo is diagonalizable by similarity as it has two different
eigenvalues: di = (1 & iv/3)/2. Therefore the matrices A;, Ay are SDC.
Explicitly, P~1 Ly P = diag(dy,d_) with

p_ < ad_  bdy )
—a —b

for any a,b € C with ab # 0. Note that P cannot be made real by any choice of the
constants a,b. We have, finally,

PT A, P = iv/3diag(a?, —b?), PT 4, P = iv/3diag(a’dy, —b*d_).

Ezample 17 (n=3,m =2). Let

110 0 01
A= 1 0 0 ], Ao=| 0 0 O
0 00 1 00

We apply the above procedure.
(1) We calculate kerA; = span{(0,0,1)T} and kerAs = span{(0,1,0)T}. Thus
kerA; NkerA,; = {0} so dim(ﬂ?:l kerA;) =0.

Since
Mo A
det AN)=det| Ay 0 0 | =0 forall \eC?,
A 00

we have r < 2 and then n — r > 1. Therefore dim(ﬂ?:1 kerd;) <n —r and
hence Aq, Ay are not SDC.

4. Discussion. In this paper we solved the long-standing problem of simulta-
neous diagonalization via congruence in the complex symmetric case, providing also
an explicit set of steps to solve this problem. The complex case has applications in
signal processing, in particular to the problem of blind source separation. This latter
problem is based on the exact SDC problem but, due to experimental and numerical
errors in obtaining the target matrices A1, ..., A, it relies on the so-called approx-
imate joint diagonalization, which is an optimization problem. Owur results could
shed light on these approximate problems, as these problems usually consider an ad
hoc cost function [3, 26], which does not take into account the kernels of the target
matrices.

Some optimization-related applications consider the special case where, in the
context of our Definition 1, the symmetric matrices Ay, ..., A,, are real, and the
corresponding transformation matrix P and resulting diagonal matrices Dy, ..., Dy,
are required to be real. In the context of Theorem 14 above, such a case would
impose extra conditions of realness on the eigenvectors and eigenvalues of the reduced
matrices Ly, ..., Ly,.

In many applications in genetics the matrices Lq,..., L, turn out to commute,
but may not necessarily be diagonalizable. Thus, the SDC problem could be relaxed
to a weaker problem, namely, that of simultaneous block diagonalization [21].
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Further research on building an algorithm to solve the SDC problem will focus on

developing an efficient method for finding A such that the pencil A(Ag) has maximum
rank.
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