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We give a complete classification of a subclass of complex filiform Leibniz
algebras obtained from naturally graded non-Lie filiform Leibniz algebras.
The isomorphism criteria in terms of invariant functions are given.
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AMS Subject Classifications: 17A32; 17B30(primary); 13A50(secondary)

1. Introduction

Leibniz algebras were introduced by Loday [9]. A skew-symmetric Leibniz algebra is
a Lie algebra. The main motivation of Loday to introduce this class of algebras was
the search of an ‘obstruction’ to the periodicity in algebraic K-theory. Besides this
purely algebraic motivation some relationships with classical geometry, non-
commutative geometry and physics have been recently discovered.

The (co)homology theory, representations and related problems of Leibniz
algebras were studied by Loday and Pirashvili [11], Frabetti [6] and others. A good
survey of all these and related problems is [10].

The problems related to the group theoretical realizations of Leibniz algebras are
studied by Kinyon and Weinstein [8] and others.

Deformation theory of Leibniz algebras and related physical applications of it is
initiated by Fialowski et al. [5].

This article is devoted to the classification problem of filiform Leibniz algebras.
The notion of filiform Leibniz algebra was introduced by Ayupov and Omirov [2].
According to Ayupov-Gomez—Omirov theorem, the class of all filiform Leibniz
algebras is separated in four subclasses which are invariant with respect to the action
of the linear group. One of these classes is the class of filiform Lie algebras. In this
case there is a classification in small dimensions (Gomez—Khakimdjanov) and there
is a classification of filiform Lie algebras admitting a non-trivial Malcev Torus
(Goze—Khakimdjanov). Two of the other three classes come out from naturally
graded non-Lie filiform Leibniz algebras. For this case in [3] and [4] a method of
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classification based on algebraic invariants was proposed. The paper [13] has dealt
with the classification of one of these classes in low-dimensions based on results
of [3]. This article is devoted to the classification of the second class in low
dimensions. The third class, which comes out from naturally graded filiform Lie
algebras, was treated in [12]. Notice that this class contains the class of all filiform
Lie algebras.

The article is organized as follows. Section 2 is a brief introduction to filiform
Leibniz algebras. In Section 3, the concepts of adapted basis and adapted
transformation are given. Then we describe an action of the adapted transformations
group on a filiform Leibniz algebra [7]. Section 4 contains main results of the article
consisting of a complete classification of a subclass of low-dimensional filiform
Leibniz algebras. Here, for 5- and 6-dimensional cases, we give only final results
since the proofs in these cases are similar to those in 7-dimensional case (for the last
instance we give a complete proof of a generic case in Section 4.3. In the discrete
orbits cases (Proposition 4.10) we give a base change leading to appropriate
canonical representative).

2. Preliminaries

Let L be a Leibniz algebra of dimension n. In some basis {e, e, ..., ¢,}, the structure
of the Leibniz algebra is defined by the structure tensor y = {yfj‘-}, where
[ei, ¢;] = yjex. The components yj satisfy the Leibniz identity:

ViVl — ViR vy =0, ijkm=12,n.

When passing to another basis in L, the structure constants are naturally
transformed (in accordance with a tensor law). We denote by LB, the set of all
possible structure tensors y = {yf}} corresponding to all possible n-dimensional
Leibniz algebras (over a fixed field K). It is clear that LB, can be regarded as an
algebraic subset of K”". Consider the natural action of the group GL,(K) on LB, It is
generated by the linear action of GL,(K) on the coordinates with respect to a basis
{e1,es,...,e,} of the Leibniz algebra L. The orbits of the action of GL,(K) on LB,
consist of all mutually isomorphic Leibniz algebras. The stationary subgroup of an
arbitrary point under this action is naturally identified with the automorphism group
Aut(L) of the Leibniz algebra L corresponding to this point of the space of Leibniz
algebras.

The descending central sequence of a Leibniz algebra L is defined as {C(L)},
i€ N, where C'(L)=L and C"™™'(L)=[C'(L), L].

Definition 2.1 A Leibniz algebra L is said to be filiform, if dim C'(L)=n — i, where
n=dimL and 2<i<n.

Let Leib, denote the class of all n-dimensional filiform Leibniz algebras. It is clear
that a filiform Leibniz algebra is nilpotent.

Let L be a nilpotent Leibniz algebra. Consider L;,= C(L)/C"" (L), 1<i<n—1,
and grL=L, & L, @ --- L,_,. Then [L,L]< L;;; and we obtain the graded
algebra grL.

Definition 2.2 A Leibniz algebra L’ is said to be naturally graded if L’ is isomorphic
to grL, for some nilpotent Leibniz algebra L.
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Later on, all algebras are supposed to be over the field of complex numbers C and
omitted products of basis vectors are supposed to be zero.
The following theorem summarizes the results of [2,14].

THEOREM 2.1  Any complex (n+ 1)-dimensional naturally graded filiform Leibniz
algebra is isomorphic to one of the following pairwise non-isomorphic algebras:

_ ) leo, e0] = e,
NGFI_{[ei,€0]=€i+1, l<i<n-1

_ | [eo,e0]l = e,
NGFZ—{[e,-,eO]:e,»H, 2<izn—1,

lei, el = —[eg, ei] = eiy1,
NGF; = { lei,eni] = —[en—irei] = a(— 1)l+1€n’
a €{0, 1} for odd n and o = 0 for even n.
It is clear that NGF3 is a Lie algebra, however neither NGF; nor NGF, is a Lie
algebra. The above theorem means that the natural gradation of a Leibniz algebra
may be an algebra from one of NGF; for i=1,2,3.

IATA
INTA

The following result of [2,7] describes the class of complex filiform Leibniz
algebras whose natural gradation is one of NGF; for i=1,2,3.

TueEOREM 2.2 Any (n+ 1)-dimensional complex non-Lie filiform Leibniz algebra can
be included in one of the following three classes:

[80960] - 823
[el:eo]_el-‘r]) 15151’1—1,
FLeianrl = [6 ] =o3e3 +ageq + -+ o161 + 98,1,
[8,, €1] = 362 + *4€j43 + -t —j€ns 1 <j<n-— 2,
03,04, . .. an,QGC
[eo, eo] = e2,
lei, el = eit1, 2<i<n-—1,
SLeib)1+] = [eo’el] = ﬂ}é’} + ﬂ4€4 +-t ﬂnena

lej,e1] = Bzejyn + Pacjs + -+ -+ Bugri—jen, 2=<j<n-—2,
B3. B4, ... By €C.

[ei,e0] =eit1, I<i<n-—1,
[eo,ei] = —eiy1, 2<i<n-—1,
[eo,e0] = bo.oen,
[eg,e1] = —ex+bo1e4,
[e1.e1]= bllé’n,

[

[

[

TLeib, =
) tenel=al e -+ dl; T Ve by e, l<i<j<n-2,
etae/] [ela e, I<i<j<n-—I,
elﬂen l]_ [en [7 l] ( 1) bll‘l lel‘lS 1Sl§n_1)
where a~ bijeC, andb;,_;i=>b, whenever 1 <i<n—1,

ij°

be {O, 1}, for oddn and b =0, for even n.

A basis, leading to this representation, is said to be ‘adapted’.
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These three classes have no non-trivial intersection and they are invariant with
respect to the adapted base change. We have denoted the classes as FLeib, |,
SLeib, ., and TLeib,_, respectively. Hence, the classification problem of Leib, has
been reduced to the classification problem within each of the subclasses FLeib,,
SLeib, and TLeib,,.

Isomorphism criteria, classifications and invariants of FLeib, and TLeib,, have
been studied in [3,7,12,13].

In this article, we focus on the second class of algebras of the above theorem.
Elements of SLeib,,, will be denoted by L(B3,B4,---,BsY), pointing out the
dependence of them on parameters fs,fs,...,8: Y. The (n+ 1)-dimensional
standard algebra 1(0,0,0,...,0) is denoted by G, ;.

3. Simplification of base change and isomorphism criterion for SLeib,

Here we simplify the action of GL, (‘transport of structure’) on SLeib,. All the
results of this section have appeared elsewhere, particularly in [4] and [7].

Let L be a Leibniz algebra defined on a vector space V and {eg, e, ...,e,} be an
adapted basis of L.

Definition 3.1 A basis transformation fe GL(V) is said to be adapted for the
structure of L, if the basis {f{(ey), f(e1), ..., f(e,)} is adapted.

The closed subgroup of GL(V'), spanned by the adapted transformations,
is denoted by GL,.

Definition 3.2 The following types of basis transformations of SLeib, | are said to
be elementary:

S(eo) = eo

f(el) =e + bEna

Slew) =[f(en).f(eo)l, 2<i<n-—1,
S(e2) = [/ (eo). [ (e0)]

first type — o(b,n) =

f(eo) = eo + aey.

fler) = e

fleis) =1[f(e).flen)], 2<i<n—12<k<n,
S(e2) = [f(eo), [ (eo)]

second type — n(a, k) =

f(eg) = aeq + bey

fler) =dey —"%e, i, ad#0

Sfleiy) =[f(e).fe)], 2<i<n-—1,
f(e2) = [f(eo).f(eo)]

third type — 8(a,b,d) =

where a, b, de C.
ProrosiTiON 3.1
(1) An adapted transformation f of SLeib, | can be represented in the form

f=o(b,,n)onla,,n)on(a,_;,n—2)o---on(az,?2) o day,a,by).
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(2) The transformations o(b,n), n(a,n) and n(a,k), where 2<k<n—-2, aeC
preserve the structure constants of algebras from SLeib,,, .

Proof  The proof is straightforward. ]

Since a composition of adapted transformations is adapted, the proposition
above means that the transformation o(b,, n) o n(a,, n) o n(a,_1,n—2) o---o n(as,2)
does not change the structure constants of algebras from SLeib,, .

Thus, the action of GL,; on SLeib, | can be reduced to the action of elementary
transformation of type three.

Let R™(x) :=[[...[x, dl,d],...,a], and R(x) := x.

\—.—4/—-_/
m-times

Now due to Proposition 3.1 it is easy to see that for SLeib, | the adapted base
change has the form [7]:

ey = Aeg + Bey,
BDy
e} = De; et

6/2 = A(A + 3)32 + AB(ﬂ3€3 + -+ ﬂn—len—l) + B(A,Bn + BV)en,

k=2
¢, = A( Cioi " A IBR (er—i) + B"lng]l(eo)),
i=0

1=

where 3 <k <n and A, D € C such that 4D #0.
Now, we remind an isomorphism criterion for SLeib, . Introduce the following
series of functions:

l[ft(y; Z) = Wt()ﬁ Z33Z45 .+« 5 Zp, Zn+l)

t—1 13

k—2 k—3_2

=Z;— E <C1§—1y2r+2—k + Gy E Zr43—iy - Zi+1—k
k=3 i1=k+2

t i
k—4.3
+ Gy Z E Zt43—iy " Zig43—iy " Zi—k o

h=k+3 ij=k+3
t i3 iy
1 k-2
+ Gy E E E Zt43—ix_3 " Zig_3+3—ik-s
l'](,3=2k72 i/c,4=2/672 f] =2/672
- ! i—2 i
""" Ziy43—iy " Zip+5-2k TV E E E Zi43—is
iea=2k—1ir_3=2k—1 i =2k—1

“Zigat3—ipy *ttt Zi43—i) 'Zi|+4—2k> “Yi(y;2), where3 <7 <n,

Vur1(3: 2) = Zuy1
The isomorphism criterion for SLeib, ,, first appeared in [7] and later on in [4],
it was given in more invariant form as follows.

THeoREM 3.1 Two  algebras L(B) and IL(B) from SLeib,,,, where
B=(B3,Ba.---. Buy), and B'=(B3,B,.....B,.Y), are isomorphic, if and only if
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there exist complex numbers A, B and D, such that AD#0 and the following
conditions hold.

ﬂlﬁM%@ﬂ>3§&n4, M)
.1 DB
Br=—m v+ ¢m< ﬁ) and @
, 1 (DY A 3)
14 _F<Z) ¢n+l<§v:3)'

Hereinafter, for the simplification purpose in the above case for transition from
(n+ 1)-dimensional filiform Leibniz algebra L(B) to (n+ 1)-dimensional filiform
Leibniz algebra L(8') we write B = o(%, £, 2; g):

o(LB.D. ) I B D L B D 1 B D
A A A - Ql A,A’A’ﬂ ’QZ A’A’A’ 7’“:@}171 A,A’A’ﬂ >

where
ol(x, v u;2) = X oy z) forl<t<n—2,

and
01 (X, 3,145 2) = X" 1 Y1 (33 2).

Here are the main properties of the operator o, used in this article:

1°. 0(1,0, 1; ) is the identity operator.
B B B A>+B:D, DD .
2° Q(Az’ Ai’ Az ; Q(Al ) All s B = Q(A1A2 1 j?Fsz vl
30.If B =0k, 8. 2:8) then p=0(4, — %, %:B).

From here on, we assume that n >4 since there are complete classifications of
complex nilpotent Leibniz algebras in dimensions at most four [1].

In this article we proceed from the viewpoint of [4]. Let N,, stand for the adapted
number of isomorphism classes in SLeib,. Later on, if no confusion is possible,
we write xy for [x, y] as well.

4. Classification
For the simplification purpose, we establish the following notations:

A1 =4B3B5s — 583, A2 =4BBs — 1B,
and

Ny =488 — 5B Ny =4B5B; — T8
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4.1. Dimension 5

The class SLeibs is represented as a disjoint union of its subsets as follows:

6
SLeibs = U U,
i1

where

U, = {L(B) € SLeibs
U, = {L(B) € SLeibs
Us = {L(B) € SLeibs
Uy = {L(B) € SLeibs
Us = {L(x) € SLeibs
Us = {L(B) € SLeibs

B3 £ 0,y =285 £ 0},

DB £ 0,y =23 =0,B4 £ 0},
B3 =0,y #0},

B3 =0,y =0,8,=0},

(B3 £ 0,y —28=0,B =0},
B3 =0,y =0,84 #0}.

345

Now we consider the isomorphism problem for each of these subsets separately.
ProrosiTiON 4.1
() Two algebras L(B) and L(B) from U, are isomorphic, if and only if

/

r_r
BB
(i1) Orbits in Uy can be parametrized as L(1,0,1), L € C\ {2}.

“4)

ProprosITION 4.2 The subsets U, Us, Uy, Us and Ug are single orbits under the action
of Guq with the representatives L(1,1,2), L(0,0,1), L(0,1,0), L(1,0,2) and L(0,0,0),
respectively.

THEOREM 4.1 Let L be an element of SLeibs. Then, it is isomorphic to one of the
following pairwise non-isomorphic Leibniz algebras:

(1) L(0,0,0) = Gi: epeg=e2, eeg=e;41, 2<1=<3.

(2) L(0,1,0): G%, epe; = eq.

(3) L(O, 0, 1) GS, e|1ey = eé4.

4) L(1,1,2): G5, epe; = e3 + ey, e1e) = 2eq4, ere) = e4.

(5) L(1,0,A): Gi, egey = e3, eje; = ey, exe) = eq, LC.

Note 4.1 The orbit Us with the representative L(1,0,2) can be included in the
parametric family of orbits L(1,0,1) at A =2.

The adapted number of isomorphism classes Ns=5.

4.2. Dimension 6

This section concerns 6-dimensional case. The set SLeibg can be represented as a
disjoint union of its subsets as follows:

9
SLeibg = U U,
i1
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where

Ui = {L(B) € SLeibs: B3 # 0,y # 0},

U, = {L(B) € SLeibs: B3 # 0,y =0, Ay # 0},

Us = {L(B) € SLeibs: 3 # 0,y =0, A1 = 0},

Us = {L(B) € SLeibs: B3 = 0,4 # 0,y # 0},

Us = {L(B) € SLeibs: B3 = 0,84 # 0,y =0, 5 # 0},
Us = {L(B) € SLeibs: B3 = 0,84 # 0,y =0, Bs = 0},
Uz = {L(B) € SLeibs: B3 = 0,4 =0,y # 0},

Us = {L(@) € SLeibg: f3 = 0,84 =0,y =0, 5 # 0},
Us = {L(a) € SLeibg: By =0, B4 =0,y = 0, Bs = 0}.

ProrosiTioN 4.3

() Two algebras L(B) and L(B) from U, are isomorphic, if and only if

28384y + BiA1 _ 28817 + BIAG )
v B v’ '

(i1) Orbits in Uy can be parametrized as L(1,0,4,1), L € C.

ProrosiTiON 4.4 The subsets U,, Us, Uy, Us, Us, Uy, Ug and Uq are single orbits
under the action of G4 with the representatives L(1,0,1,0), L(1,0,0,0), L(0,1,0, 1),
L(0,1,1,0), L(0,1,0,0), L(0,0,0, 1), L(0,0,1,0) and L(0,0,0,0), respectively.

THEOREM 4.2 Let L be an element of SLeibs. Then, it is isomorphic to one of the
following pairwise non-isomorphic Leibniz algebras:

1) L(0,0,0,0) = G} : egeg=e2, eeg=e;41, 2<i<4.

2) L(O, 0, 1,0)2 G%, epel = eés.

3) L(O, 0, 0, 1) Gz, e|ey = es.

4) L(0,1,0,0): Gi, eper = e4, erey = es.

5) L(0,1,1,0): G§, epe; = eq +es, erey = es.

6) L(O, 1,0, 1) Gg, epe| = €4, e1e| = es5, ey = €s.

7) L(I,O, 0, 0) G%, epe] = e3, €21 = €4, €3] = es.

8) L(1,0,1,0): Gz, epe|l = e3 +es, ere| = ey, eze; = es.

9) L(1,0,A, 1): G, epe; = e3+ Aes, eje] = es, ere] = ey, e3¢; =e5, A€C.

The adapted number of isomorphism classes Ng=9.

4.3. Dimension 7

In this section one considers SLeib;. The following is a representation of SLeib; as a
disjoint union of its subsets:

18
SLeib; = U U,
i1
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where

Uir = {L(B) € SLeib7: B3 # 0, Ay # 0, Ay — 3Bs A1 + 2B4y # 0},
U, = {L(B) € SLeib7: B3 # 0, A1 # 0, Aa — 3B4 A1 +2B4y = 0},
Us = {L(B) € SLeib7: B3 # 0, A1 =0,y # 0, Ay + 2By # 0},

Us = {L(B) € SLeiby: B3 =0, B4 # 0, Bs # 0},

Us = (L(B) € SLeiby: 3 = 0,3 # 0. Bs = 0,y — 3] # 0},

Us = {L(B) € SLeib7: B3 # 0, A1 =0,y # 0, As + 284y = O},

U; ={L(B)e SLeib7: B3 #0,A1 =0,y =0, A, # 0},

Us = {L(B) e SLeib7: B3 20,A1 =0,y =0,A, =0},

Us = (L(P) € SLeiby: f3 = 0,4 # 0. Bs = 0,y = 33 = 0, fs # 0},
Uto = (L(P) € SLeiby: B3 = 0,4 # 0,5 = 0,y — 35 = 0, s = 0},
Ui = {L(B) € SLeib7: B3 = 0,4 =0, 5 # 0, Bs # 0,y # 0},

Ui = {L(B) € SLeib7: B3 = 0,84 = 0,85 # 0,86 # 0,y = 0},
Uiz = {L(B) € SLeib7: B3 = 0,4 = 0,5 # 0,86 = 0,y # 0},
Uis = {L(B) € SLeib7: B3 = 0,4 =0, B5 # 0,6 = 0,y = 0},
Uis = {L(B) € SLeib7: B3 = 0,4 = 0,5 =0, s # 0,y # 0},
Uie = {L(B) € SLeib7: B3 = 0,84 = 0,5 = 0,6 # 0,y = 0},
Ui = {L(B) € SLeib7: B3 =0,B4 = 0,85 = 0,86 = 0,y # O},
Uis = {L(B) € SLeib7: B3 = 0,4 =0,B5 =0, 6 = 0, = O}.

ProrosiTioN 4.5

() Two algebras L(B) and L(B) from U, are isomorphic, if and only if

A3 A/3
1 2= / / /l / 22 (6)
(A2 =3BaA1 +2Bsy)” (MY = 33BN +2B4Y)
and
VAZ V/A/2
1 1 (7)

(A2 = 3BaA1 +284y)° (A= 3B,A, +28,)
(1) The subset U, is a union of orbits with representatives L(1,0, X1, A1, A2),
A E q:*, A E C.
Proof

(1) =: Let L(B) and L(B') be isomorphic. Then, due to Theorem 3.1, there are
complex numbers 4, Band D: AD # 0, such that the action of the adapted group G,
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can be expressed by the following system of equalities:

1D
1D B
,BQZZA</34 A'B> )
1D 2
,35=A3A<ﬁ5 5— ﬁ3,34+5< )/33), (10)
1 D(B B B\’ B B\®
Bo="a4 (Ay+ﬂ6—6Aﬁ355+21(A) Bibs—3— Fi — 14<A) ﬂ;‘), (1)
1 /D\’

Then, it is casy to sce that A} = i ) Ay and AL —3B,A +2B,Y =

%(—) (A —3B4A1 +2B4y). Now  we need just  substitute it into
A ’3 y Alz

(a4 3;34A’+254y) (A’Z—B,BQA’1+2/SQ;/)

«: Let the equalities (6) and (7) hold. We put

N> —3B4A1 +2Bsy

> to get the required equalities.

Ay = R 13
0 e (13)
Ba(Az — 3B A1 +2B4y)
B = B}
0 2814, (14)
_ 2
Dy = (A 3,3431\124- 2B4y) ) (15)
B3l
and
A/ _3/3/1\/ +2ﬁ/y/
A/ — 2 4 1 4 , 16
A’ -3 A’ 2
B/ :34( ﬂ4 + :3 )’ (17)
2,33
o /AL /N2
D, = (A5 —3B,A) +28,Y) ' (18)

ﬁ’33A’2
Then, Bo :Q(Au’ Ag’ D g) and —Q(A ,A‘,‘ A—g B) (see the convention in
Section 3), where

ﬁ _L< A3 )/A2 )
o " (Ay = 3BuAr +2Bay)  (Ay—3Baty + 2Bay)’ )
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and

A’S /A’2
ﬂ():L 1’0’ ’ / /l / 27 ’ 2//1 / 20
(A5 =3B,A +2B84y) (AN = 3B,A +2B4Y)

Then, the equalities (6) and (7) imply that By = ;. Now we make use of the
properties 1°—3° of o and find the complex numbers 4, B and D: AD #0 :

Ao
A= 1 (19)
ByD), — ByD
B=—r7r (20)
Ay Dy
and
Dy
D=—.
o 1)
Thus we get
AT (A — 3B4A + 2
_ BA(Ay = 3B4A + 2B4y) (22)

 BA(A, = 3BAL +2B,y)

B ByAT (A2 —3BsA1 +2pay) (,34(1\/2 —3B,A 2By Bi(Ax—3BsA + 2ﬁ4y)>
2B3A1(NS —3B,A} +28,Y) A} Ay

(23)
and

_ BSAT(A2 = 3BaA1 +2Bay)’
BIAT(AS = 3B,A +2B)°

24

An easy computation shows that, for the 4, B and D found above, we get the
corresponding system of equalities (8)—(12):
1\p,
A A 133 - 133a
1D B
il (m - 2;/3%) =B
LD (5B ps(B) ) =
134 5 A 3P4 4 3| — Ps»

1 D(B B B\’ B B\’
Yo (Zy+ﬁ6—6zﬁ3ﬁs+2l<z) BB =37 Fi— 14(;) ﬁé‘) = Be»

1 (D\* )
1#\4 Y=Y,

meaning that Z(8) and L(B') are isomorphic.
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(i1) Evidently, for any A, A, € C: A, # 0 there exists an algebra L(83, B4, Bs, Bs> V)
from U, such that

(Ay — 3B4A1 +2Bay)’ (Ay — 3Ba| + 2Bsy)’

A

The proof is complete. |
ProrosiTION 4.6

(1) Two algebras L(B) and L(B") from U, are isomorphic, if and only if
— = (25)

(i) The subset U, is a union of continuous family of orbits with representatives
L(1,0,1,0,1), AeC.

ProrosiTiON 4.7
(1) Two algebras L(B) and L(B') from Us are isomorphic, if and only if
a _ v?
(A2 +2B4y)> (M) +28,y)

(26)
(i1) Us; can be represented as a union of orbits and the orbits are parametrized as
L(1,0,0,1,1), AeC".
ProrosiTiON 4.8

(1) Two algebras L(B) and L(B') from Uy are isomorphic, if and only if

/

)4 )4
5 = 5. 27
i, (27)
(i1) Orbits in Uy can be parametrized as 1.(0,1,1,0,), A € C.
ProrosiTioN 4.9
(1) Two algebras L(B) and L(B') from Us are isomorphic, if and only if
y _V
/342; /342 ( )

(i1) Orbits in Us can be parametrized as 1(0,1,0,0,1), L € C\ {3}.

ProrosiTioN 4.10  The subsets U(), U7, Ug, Ug, U]o, U11, U12, U13, U14, U15, U16, U17,
and Uy g are single orbits under the action of G,q with the representatives 1(1,0,0,0, 1),
L(1,0,0,1,0), L(1,0,0,0,0), L(0,1,0,1,3), L(0,1,0,0,3), L(0,0,1,0,1),
£(0,0,1,1,0),  L(0,0,1,1,1),  L(0,0,1,0,0), 1(0,0,0,0,1), L(0,0,0,1,0),
1(0,0,0,1,1) and 1(0,0,0,0,0), respectively.

Proof The subsets Us,...,U;g can be represented as orbits with respect to the
action of G,,. Below the corresponding actions leading to the canonical
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representatives are indicated:
Us : For L(Bs3, Ba, PBs. ﬁ6a y) € Us

1 B
ANaa A

where A = ﬂ3 ,B= zﬁzﬁdnd D=
U7 : For L(ﬁ39 :349 ﬂ59 ﬂﬁo )’) € U7

AAA

where 4 = &%,B 2%2 ‘/23% and D = &3 /f—é.
Ug : For L(ﬁ3,,34, Bs. Bes )/) e Uy

1
( B (ﬂa,m,ﬁs,ﬂé,m)=L<1,o,0,1,0>,

1 B D
( L(ﬂ% :343 :85’ :869 V)) = L(I’O’ 0’ 0’ 0)’

A A A

where A is a nonzero complex number, B = 2"’;‘2 Aand D = A2.
: For L(ﬂ37 ﬁ49 IBSa /3()7 ) € U9

(1 5D L(ﬂ% ﬁ49 :35a 1363 y)) = L(()! 1a0a 1a 3)a

A A A

where 4 = %, B is any complex number and D = g" \/F‘
4
Uio : For L(Bs, Ba, Bs. Bs, ) € Uro

(1 B D, (ﬂa,m,ﬁs,ﬁe,y))=L<0,1,0,o,3>,

A A A

where A4 is a nonzero complex number, B is any complex number and D =

Ui : For L(Bs, Ba. Bs B, ¥) € Uni

(1 B L(ﬂs,m,ﬂs,ﬁé,y))=L<0,o,1,o,1>,

A A A

where A :%, B=—5 and D=“—§.
Ui> : For L(Bs, Ba, Bs, Bs, ¥) € Uiz

1
( 3 D, (53,/34,/95,/36,1/))=L(0,0,1,1,0),

A A A

where A= g B is any complex number and D = ﬂ—4
: For L(ﬁ% 184’ 135’ ﬂ()’ y)e U13 ’

1 B D
( L(ﬂ% ﬂ4a ,35 :365 V)) = L(O, 07 17 17 1),

A A A

where A, B= D are nonzero complex numbers.
Uia : For L(Bs, Ba, Bs, Bs, ¥) € Uta

1 B D
( L(ﬂSo /349 ,355 :365 J’)) - L(09 Oa 1303 0)5

A A A

where A is any nonzero complex number, D = 7

L(ﬂ37 ,345 ﬂSa :365 y)) = L(I,O’ 0’ 0’ 1)>

Ba”

351

(29)

(30)

(31

(32)

(33)

(34)

(35)

(36)

(37)

L 4% and B is any complex number.
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Uis : For L(Bs, Ba, Bs, Bs» ¥) € Uss

1 B D
Q(Zs Zs Z» L(ﬂ3s ﬁ49 135a /36’ V)) = L(Os Os Os Os l)a

where A4 is any nonzero complex number, B = —ﬂ—;A and D = /A76.

Uie : For L(B3, B4, Bs, Bs, ¥) € Urs

1 B D
Q(A’ Z’ Zv L(ﬂ3’ ﬂ47 ﬂ57 ﬂ6’ V)) = L(O’ 03 Oa 130)3

where A4 is any nonzero complex number, D = g‘—z and BeC.

Uy7 : For L(Bs, Ba, Bs, Bs» ¥) € Uy7

1 B D
Q(Za Za Zv L(ﬂ3a ﬂ4a :35a ,869 V)) = L(07 01 01 1’ 1)a

where 4, B= D are any nonzero complex numbers.

Uis : For L(B3, B4, Bs, Be: ¥) € Ut

1 B D
Q(Z’ Z’ Zv L(ﬂ3’ 134’ 135’ 186’ V)) = L(07 Oa Oa Oa 0)’

where A, D are any nonzero complex numbers and B e C.

the

(38)

(39)

(40)

(41)

Note that in the basis changing of the subsets Ug, U;, Ug, Uy and U;s above,

value of the roots can be taken an arbitrary.
We summarize the previous results in the following classification theorem.

THEOREM 4.3  Let L be an element of SLeib;. Then, it is isomorphic to one of the
following pairwise non-isomorphic Leibniz algebras:

(1) L(0,0,0,0,0) = G : egeg =e2, e;ep=e;41, 2=<1<5.

(2) L(0,0,0,1,1): G3, epe; = e, erer = e.

(3) L(0,0,0,1,0): G%, eper = e.

(4) L(0,0,0,0,1): G5, ere; = es.

(5) L(0,0,1,0,0): G, epey = es, ere; = es.

(6) L(0,0,1,1,1): G%, eper = es5 + e, ere; = es, ereq = e.

(7) L(0,0,1,1,0): G5, eper = es + es, exey = .

(8) L(0,0,1,0,1): G5, eper = es, eje; = eq, exe] = €.

(9) L(0,1,0,1,3): G5, eper = es + es, e1ey = 3es, ere) = es, e3e] = e.
(10) L(1,0,0,1,0): G%, eger = e3 + es, ere; = e4, e3¢ = €6, €se] = €.

(11) L(0,1,0,0, 1):

G, epe) = e4+es+ e, eje; = Aeg, ere] = es + e, e3e] = e, A€C.
(12) L(0,1,1,0,2):

G5, epe) = ey +e5, eje] = reg, ere] =es+ e, eze; =eg, LeC.
(13) L(1,0,0, A, 1):

G“;, epe] = €3 +)»€6, eel = keﬁ, ere)] = €4, e3e| = es5, e4e] = €p, reC.

(14) L(1,0,1,0,1):
G35, ege; = e3 +es, eje] = Aes, ere] = eq+ €6, eze] = es,
e4e1 = €, reC.
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(15) L(1905)\-l> )\'ly )"2):
G%, epe; = ez +Ajes + Aieg, ere] = Ayes, ere) = e4+ Aieg, ezep = es,
e4€1 =¢€g, )Ll, )LQGC.

The adapted number of isomorphism classes N;=15.

Note 4.2 The orbits Ug, Ug and Ujq can be included in parametric family of orbits
with the representatives L(1,0,A1,A1,15), L(1,0,0,4,1), and L(0,1,0,0,1) at the
value of parameters {A; =0,A, =1}, A=0 and A =3, respectively.

5. Conclusion

To classify SLeib,, we split it into its subsets and then classify algebras from each of
these subsets. In this procedure, some of the subsets turn out to be a union of
infinitely many orbits and other to be just a single orbit. In each case, we indicate the
corresponding canonical representatives of the orbits. We expect the formula
N,=n*—~Tn+15 in dimension n for the number of isomorphism classes.
The formula has been confirmed up to n=9.
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