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Derivations on Commutative Normed Algebras. 

By 

I. M. SINGER and J. WERMER in New York  City and Providence,  Rhode  Is land.  

A derivation D on an algebra is a t ransformat ion on the  algebra such t h a t  

(i) D ( a  -4- b) --- D(a)  -4- D(b) 

(ii) D(~t a) = ~ D(a),  ~ any  scalar 

(iii) D (a  b) = D(a)  b + a D(b). 

We are concerned with derivations on commuta t ive  Banach  algebras over  
the complex field, where by  a Banach algebra we mean  a no rmed  algebra 92 
which is complete in its norm. The radical of 9A is the intersection of  all maxi -  
mal ideals M in 91 which are such tha t  9A/M has a unit. I f  the radical reduces 
to the zero element, 91 is called semi.simple. 

A derivat ion on 91 is said to be bounded if 

(iv) sup IID(a)ll = IIDfl < c¢ 
~[atr=l 

Theorem 11): Let ~l be a commutative Banach algebra and D a bounded 
derivation on 91. Then D maps 91 into its radical. I n  particular, i f  9.1 is semi- 
simple, D = O. 

Proof of Theorem 1: A non-zero linear functional / on 91 is called multi-  
plicative i f / ( a  b) = / ( a )  f(b) for all a, b in 91. We need the following result,  
due to  GELFAND : 

(1} I f  ~ is multiplicative, 1/(all ~ IIan for each a. Since D is bounded,  

- -n -~ - - -  < ~ if t < ~ ,  and so for any  complex number  ,~ the series 

--n-i 4 converges to  a bounded  operator  on 91 which we call e ~D. For  finite- 
z t ~ O  

dimensional algebras it is well-known 2) t h a t  e ~/) (a b) = e ~D (a) e ~D (b) for a, b in 91. 
Guided by  the formal process, we proceed as follows: 

1) Slimy showed in his paper "On a property of rings of functions", Doklady Akad. 
Nauk SSSR. (N.S.) 58, 985--988 (1947), that the algebra of all infinitely differentiable 
functions on an interval cannot be normed so as to be a Banach algebra. Prof. I. Ka- 
PL~CSttl~ conjectured that the "reason" for this was that non-zero derivations could not 
exist on a commutative semisimple Banach algebra. Theorem 1 proves this conjecture 
for bounded derivations. I t  seems probable that hypothesis (iv) is superfluous. 

I) See C B g v ~ Y :  "Theory of Lie Groups", p. 137. Princeton Univ. Press. (1946). 
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F ix  a mult ipl icat ive funct ional  f and  a complex n u m b e r  2 and  set  ~ ( a )  
= [(e al) (a)), a in 9.1. Then  q~ is a l inear functional  and  we claim ~ is mul t i -  
plieative.  For  b y  (i) and  (iii), 

_ D ~(a) D i (b)  Dn(ab) ~ i! j '  
n !  i + j = n  " 

Hence  

Also 

2n / (D n (ab)) ~ ~n ~ / (D i (a)). / (D i (b)) 
¢p~(ab)= ~ • n! - i ! . j !  

n = O  n = O  i + j ~ n  

(i~_O A~/(D~(a)) ) ( j  ~ 21](Dt(b)) ) qJa (a) " ~a (b) . . . . . . .  iV . . . . . .  ~.j i i 
= 0  

Since the  series in the preceding line converge absolutely,  it follows tha t  
~ . ( a  b) = ~a(a) ~ ( b ) .  Hence  b y  (1), we have  

~, )." .f (D n (a)) 
(2) [ ~ ( a ) l  ~ flail for each a in 92 and  each 2. B u t  ~a(a) = ~ n! 

n = 0  

is an  entire funct ion of  2 for a f ixed  a. B y  (2) this entire funct ion is bounded  
in the  whole plane.  Hence  it  is a constant .  Hence  f (D  n (a)) = 0, n ~_ 1. In  
par t i cu la r  / (D(a ) )  = 0. Bu t  / was an a rb i t r a ry  mult ipl icat ive funct ional  and 
so D(a) is annihi la ted b y  every  mult ipl icat ive functional.  Hence  D(a) lies 
in the  radical,  which is the  assert ion of  the  theorem.  

Applications of Theorem 1: 
WI~LA~DT has  shown [~be r  die Unbesehr~nkthe i t  der Opera toren  der 

Quan tenmechan ik" ,  Math .  Ann. 121, 21 (1949---50)] t h a t  i f  a, b are bounded  
opera tors  on a no rmed  vec tor  space, then  a b - -  b a # 1. We  can use Theorem 1 
to  s t rengthen  this resul t  as follows: 

Corollary 1.1: Le t  a, b be bounded  opera tors  on a Banach  space and  
assume t h a t  a b - -  b a lies in the  uni formly  closed a lgebra  genera ted b y  a and  1. 
T h e n  a b - -  b a is a general ized ni lpotent ,  i. e. has a spec t rum which consists 
on ly  of  zero. 

Proof: Le t  ~ be the  uni formly  closed a lgebra  genera ted  b y  1 and  a. For  
a n y  bounded  opera to r  c, let D (c) = c b - -  b c. Then  D is a der iva t ion  on the  
a lgebra  of  all bounded  operators .  We assert  t h a t  D m a p s  92 into itself. For  
D(a) ~ 9.1 b y  hypothesis .  I f  P is a polynomial ,  D(P(a))  = P'  (a) • D(a) and 
so D ( P  (a)) is in 9.1. Final ly ,  if  c is any  e lement  of  ~ ,  c is a l imit  of  polynomials  
in a and  so D (e) is in ~t. Thus  D is a der ivat ion of  9.1. F ina l ly  D is bounded,  
since IID(c)ll .< 2 IIbll Itcll. B y  Theorem 1, then,  D maps  ~l in to  its radical. 
Thus  D (a) is in the  radical  of  9A. Hence  by  wel l .known results, 

1 

lira l](D(a))'I[ -~ = 0 and  so D(a) = a b - -  b a 
~--1. O0 

is a generalized nf lpotent ;  Q.E.D.  
For  o ther  extensions of  WIt~,~NDT's Theorem,  see P. R.  H ~ o s ,  "(~ommu- 

t a to r s  of  opera tors  I I " ,  Amer .  J .  of  Math.  76, 1 9 t - - 1 9 8  (1954). 
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Corollary 1.2a): Let  C a denote the algebra of all infinitely differentiable 
complex-valued functions on an interval. Then there exists no norm under 
which C °o is a Banach algebra. 

Proof: Suppose there is such a norm. For each / in C °~ set D / = / ' .  
Then D is a derivation on Cco. We can show that  D is bounded. 

For  consider any point t o in the interval, and let ~o be the functional 

/(to+ ln) -- /(to) 
which maps / into /'(to). For n = 1 , 2 , . . .  set L n ( / ) -  1 

/ 1 \ 
Nowthe  maps: / -~/ ( to}  and 1-+/I t0  4- n ) a r e  multiplicative and hence bounded 

linear functionals. I t  follows tha t  L n is a bounded linear functional for each n. 
Now lira L n (/) = / '  (to) = ~to (/). Hence by  a well-known result the functional 

~b *-a~ CO 

~to is bounded. 
To show D bounded it suffices, by a theorem of BA•ACH, to show tha t  if 

/~-+1 and D / ~ - ~ g  then D / - -  g. But  if  1 , -> / , /~ ( t ) ->  t'(t) for each t by  the 
preceding, and so 

g(t) = lira/~(t) = f ( t )  = D/(t) 
n ' - ~  CO 

for each t. Hence D / = g. Thus D is bounded. 
Now C °O is semi-simple since /( t)= 0 for all t implies / =  0. Hence by 

Theorem 1, D = 0. But  this is false. Hence the assertion of the theorem 
must  hold. 

Derivations into Larger Algebras. 

Let  92 be a commutat ive Banach algebra which is embedded in some 
larger algebra B as closed subalgebra. Let  D be a (bounded) linear trans- 
formation of 92 into B. Since 92 _g B, the product of a and D(b) is defined in B 
if a, b are in 92. D is called a (bounded) derivation o/92 into B if, when ax, a 2 
are in 92, 

D (alas) = D (al) a 2 + a i D  (ag.). 

What  algebras 92 admit  derivations into some commutat ive extension B ? 
We need the following notion: 

A (bounded) po/nt derivation of 92 is a (bounded) linear functional d 
associated with a multiptieative linear functional ~0 such tha t  

d~(asa,) = d~(ax) • q~(az) + ~(eh) d,(a2). 

Theorem 2: I f  there exists a non.zero (bounded) point derivation d~ o/92, 
then there exists a commutative extension B o/92 and a non-zero (bounded) deri- 
vation D o/ 92 into B.' I] 92 is semi-simple, B can be taken to be semi.simple. 

I t 92 g B and i / D  is a non.zero (bounded) derivation o/92 into B but not 
into the radical o/B,  then there exists a non.zero (bounded) point derivation of 21. 

Proof: Let  B consist of all pairs (a, 2), a in 92, 2 a complex number,  i.e. B 
is the direct sum of ~1 with the complex numbers. Multiplication is defined by:  

a) Ori~nally proved by Smov, el, footnote 1). 
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(al,),1)" (a2, ~s) = (as as, ~1 ~s)-The norm in B is given by tl (a, ~)II = max (llall, 1~1). 
I t  is easy to check that  B is a commutative Banach algebra and is semi.simple 
if 02 is. 

Let  now ~ be a multiplicative functional on 9.1 and d an associated point 
derivation. Let  ~[1 be the set of all (a, ~) with 2 = ~(a). The map: a ~  (a,q~(a)) 
is an algebraic isomorphism of 02 onto 02 1 which preserves norm since 
I~(a)t g IlaH. We identify 9A with 021 so that  02 is embedded in B, as closed 
subalgebra of B. 

n is defined by n((a,  ~(a))) = (0, d(a)). Then D is linear. 

D((al, ~1(a))'(as, ~v(as)))= D(ala s, ~(aias) ) 

= (0, d(alas) ) = (0, d(ai) ~(as) -~- ~(ai) d(as) ) 

= (0, d(ai) ) (a2, ~(as) ) + (al, ~(al) ) (0, d(a2) ). 

Hence D is a derivation. I t  is bounded if d is bounded. 
To prove the partial converse, we note that  since D(~{) is not in the radical 

of B, (where D is the given derivation of 02 into B), there exists some multi- 
plicative functional ~v on B whose restriction to D(02) is not zero. Define d 
on ~l by d (a) = ~ (D (a)). Then d is not zero and 

d(ala2) = q)(D(alas) ) = q)(D(al) . a2 A- a~D(a2)) 

= ~v(D(ai) ) ~(a2) + ~(al) q)(D(as)) 

= d(al) q~(a2) ÷ qD(al) d(a2) 

i.e. d is a point derivation on 02. d is bounded if D is. 
Note: In the construction in the preceding proof, the maximal ideal 

space of B was disconnected. One can however, give an example of a bounded 
derivation from an algebra 02 into a larger algebra B, where the space of 
maximal ideals of B is connected. 

Suppose 1 ~02. Then point derivations can be interpreted in terms of 
ideals as follows. Let  M~ = (a[  ~ ( a ) =  0}, where ~ is a multiplicative 
linear functional. Then M~ is a maximal ideal in 02. Let  M~ be the set of 
linear combinations of squares of elements of M~ and let M~ be the closure 
of M~. Then non-zero (bounded) point derivations associated with q~ exist i/ 
and only i/ M~ :4: M~ (~M~ :4: M~). For if so, we can find a linear non-zero 
(bounded) functional l annihilating M~ and 1. Then l is a (bounded) point 
derivation associated with ~. For any element a in 9A can be written as: 
a = a'A- ~(a) • 1, , '  in M~. Then 

l(alas) = l((a~ A- el(a1)" 1) (a~ A- T(as) • 1)) 

= l(ai a'2 + q~(ax) a~ + a~ ~ (as) + q~(al) q (a , )  • 1) 
= ~(al)  l(a~) + ~(a~) q~(as). 

Conversely, ff d is a non-zero (bounded) point derivation associated with the 
multiplicative functional ~v, then d(M~) ~ 0 and d(M~) = 0, ( d ( ~ ) =  0), 
whence M~ ~ M¢(M~ ~= M~); consequently we have the: 
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Corollary 2.1. Assume 92 is semi-slmple u~ith unit. 92 has no non.zero 
(bounded) derivations into a semi.simple commutative extension B i / a n d  only 
i /  M~ = M~(M~ ---- M~) /or all multiplicative q~. 

Corollary 2.2. The algebra C(X)  o/ all continuous /unctions on a compact 
Hausdorf/ space X has no non.zero derivations into any semi.simple commu. 
tative extension B. 

Proof: I t  suffices to  show t h a t  M~ = M~ for all  ~v. Now M¢ consists of  
a l l  funct ions  f vanish ing  a t  a po in t  x. I f  ] E M~, the  real  a n d  imag ina ry  pa r t s  
of / van ish  a t  x. Suppose  / is rea l ;  t hen  we can wri te  ] = / + - - / -  w h e r e / + , / -  
a re  nonnegat ive ,  cont inuous  and  vanish  a t  x. They  have  cont inuous  square  
roots .  Hence  f 6 M~ and  al l  is p roved .  

Added in Proo/: In a paper "On the Spectra of Commutators" (Proc. Amer. Math. 
Soc. 5, No. 6. Dec. 1954, pp. 929--931) C. R. PUT~AM has proved the following result: 
" I f  A, B are bounded operators on a Hilbert space and C----A B - - B  A, and if 
A C ----- C A and B C -~ C B, then the spectrum of C consists of 0 alone." By considering 
the derivation D with D(a) ~- aB - -  Ba on the algebra generated by A and C, PUTNAM'S 
theorem is readily seen to be a consequence of our Theorem 1. 

U.C.L.A. and Columbia Univ. and Brown Univ. 

( Eingegangen am 20. Dezember 1954.) 


