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ertainty Prin
iples|Bernard Russo1.1 The 
lassi
al un
ertainty prin
iple of Heisenberg-Pauli-Weyl in dimensiond = 1Theorem 1.1 ([12, Theorem 2.2.1,page 26℄) For f 2 L2(R) and a; b 2 R,Z (x� a)2jf(x)j2 dx � Z (! � b)2jf̂(!)j2 � 116�2 kfk42:Equality holds if and only if f is a multiple of TaMb'
(x) = e2�ib(x�a)e��(x�a)2=
 for some 
 > 0.The proof follows from the following lemma applied to the self-adjoint operators Xf(x) = xf(x) andPf(x) = 12�if 0(x).Lemma 1.2 ([12, Lemma 2.2.2,page 27℄) If A and B are (unbounded) self-adjoint operators, if a; b 2 R,and if f 2 D(AB) \ D(BA), then j([A;B℄f jf)j � 2k(B � b)fkk(A� a)fk:Equality holds if and only if (A� a)f = i
(B � b)f for some 
 2 R.1.2 The un
ertainty prin
iple of Donoho and StarkTheorem 1.3 ([12, Theorem 2.3.1,page 30℄) Suppose that f 2 L2(Rd) is �T -
on
entrated on T � Rdandf̂ is �
-
on
entrated on 
 � Rd, that is ZRdnT jf j2!1=2 � �T kfk2 and  ZRdn
 jf̂ j2!1=2 � �
kf̂k2:Then jT jj
j � (1� �T � �
)2.Corollary 1.4 If f 2 L2(Rd) is supported on T and f̂ is supported on 
, then jT jj
j � 1.One 
an use the Poisson summation formula to prove the following qualitative un
ertainty prin
iple.Theorem 1.5 ([12, Theorem 2.3.3,page 32℄) If f 2 L1(Rd) is supported on T , f̂ is supported on 
, andjT jj
j <1, then f = 0. 2



1.3 Motivating remarks� \ f and f̂ are two di�erent, equivalent representations of the same obje
t f . Ea
h one makes visibleand a

essible rather di�erent features of f"� \It is impossible for a non-zero fun
tion and its Fourier transform to be simultaneously very small,that is, f � g and f̂ � ĝ 
annot both hold with a high degree of a

ura
y if f 6= g"� \If kfk2 = 1, then f represents the state of a one-dimensional system, and the inequality kxfk2kyf̂k2 �(4�)�1 states that the produ
t of the standard deviation of the position observable and the standarddeviation of the momentum observable is at least 1=4�."� \In quantum me
hani
s, a parti
le's position and momentum 
annot be determined simultaneously"(Heisenberg 1930)� \In signal pro
essing, there are limits on the extent to whi
h the instantaneous frequen
y of a signal
an be measured" (Gabor 1946)1.4 Papers for further study� Appli
ation of un
ertainty prin
iples to PDE, [7℄� Un
ertainty prin
iple as 
hara
terization of Hermite fun
tions, [2℄2 July 19, 2004|Short Time Fourier Transform|Devin Greene2.1 Short Time Fourier TransformA fun
tion f 2 L2(Rd) 
an be thought of as a signal (d = 1,variable is time), image (d = 2), or quantumme
hani
al state (d � 1 is the number of parti
les). We want to analyze f in terms of frequen
ies. For thisthe Fourier transform f̂(!) = R f(t)e�2�i!�t dt su�ers from a la
k of time lo
alization. So, we use the Shorttime Fourier transform (STFT) with window g:Vgf(x; !) = Z f(t)g(t� x)e�2�i!�t dt:A dis
ontinuity of a window introdu
es arti�
ial high frequen
ies. The best 
hoi
e for a window is theGaussian e��t2=a, with varian
e a > 0. If �a(t) = e��t2=a, then �̂a(!) = ad=2�1=a(!), and in parti
ular�̂1 = �1. Gaussians satisfy a semigroup property: (a�d=2�a) � (b�d=2�b) = (a+ b)�d=2�a+b.If a is small, the STFT with window �a has good time lo
alization and bad frequen
y lo
alization. If ais large, the STFT with window �a has bad time lo
alization and good frequen
y lo
alization.An identity: Vgf(x; !) = e�2�i!�xVĝ f̂(!;�x): (1)Theorem 2.1 ([12, Theorem 3.2.1,page 42℄) For fi; f2; g1; g2 2 L2(Rd),(Vg1f1jVg2f2)L2(R2d) = (g2jg1)(f1jf2)Corollary 2.2 f 
 g 7! Vgf extends to an isometry of L2 
 L2 (Hilbert-S
hmidt operators) into L2(R2d)Properties of the STFT:1. Vgf is uniformly 
ontinuous and bounded.2. Vgf(x; !) is 
ontinuous in g; f 2 L2 for �xed (x; !).3. Vgf 2 L2 and kVgfk2 = kfk2kgk2. If kgk2 = 1, then f 7! Vgf is an isometry (energy is preserved).3



4. Inversion formula (Immediate from Theorem 2.1): Let f; g; 
 2 L2(Rd). Thenf(t) = 1(
jg) Z Z Vgf(x; !)
(t� x)e2�it�! dxd!5. Suppose we start with some L(x; !) 2 L2(R2d). Thenf(t) := 1(
jg) Z Z L(x; !)
(t� x)e2�it�! dxd!is the signal whose STFT best approximates L.2.2 Lieb's un
ertainty prin
ipleTheorem 2.3 ([12, Theorem 3.3.2,page 50℄) Let f; g 2 L2(Rd), 2 � p <1. ThenZ Z jVgf(x; !)jp dxd! � (2p )d(kfk2kgk2)p:This implies the support of Vgf(x; !) is \spread out."2.3 Bargmann transformFor Gaussian windows, the STFT 
an be expressed analyti
ally in terms of the 
omplex variable z = (x; !)via the Bargmann transform: if g(t) = e��t2 , then Vgf(x;�!) = e�x!ie��jzj2=2Bf(z), where Bf(z) =R f(t)e��t2+2�zt��z2=2 dt. Here B : L2(Rd) ! F2(Cd) (the Bargmann transform) is an isometry into theFo
k spa
e of entire fun
tions with inner produ
t (F jG)F2(Cd) = R F (z)G(z)e��jzj2 djzj.2.4 Papers for further study� Hardy's theorem and STFT, [14℄� Time-frequen
y lo
alization operators, [3℄3 August 5, 2004|Introdu
tion to Gabor Frames|Devin GreeneIt is natural and useful to try to repla
e the integrals in the inversion formulaf(t) = 1(
jg) Z Z Vgf(x; !)
(t� x)e2�it�! dxd!for the STFT by a dis
rete sum and ask if fVgf(�m; �n)g 2 `2(�Zd � �Zd) and iff = Xk;n2Zd (f jT�kM�n
)T�kM�ngfor some suitable windows g; 
 2 L2(Rd) and latti
e parameters �; � > 0. For example, if d = 1; g =�[0;1); � = � = 1, then Vgf(m;n) = Rm+1m f(t)e�2�int dt is the n-th Fourier 
oeÆ
ient of f�[m;m+1). Iffg(t�m)e2�intg is an orthonormal basis, the sequen
e fVgf(m;n)g determines f . To pursue this questionrequires a study of the sequen
e of ve
tors g(t � �m)e2�i�nt and the inner produ
ts (f jg(t� �m)e2�i�nt),that is, frames.A frame in a separable Hilbert spa
e H is a family fej : j 2 Jg � H satisfyingAkfk2 �Xj2J j(f jej)j2 � Bkfk2for some A;B > 0 and all f 2 H . The frame is tight if A and B 
an be 
hosen to be equal.Examples of frames: 4



� an orthonormal basis� the image of an orthonormal basis under a 
o-isometry, that is, U�ej where U is an isometry (into)and ej is an ONB. This is a tight frame and shows that a tight frame with A = B = 1 need not be anONB.� With H = L2[0; 1℄ and � > 0, 
onsider fe2�ij�t : j 2 Zg. If � = 1, this is an ONB. If � > 1 the 
losedspan of this set 
onsists of 1=�-periodi
 fun
tions, so you 
an �nd f 6= 0 su
h thatP j(f je2�ij�t)j2 = 0.If � < 1, you get a tight frame with A = B = 1=�.� A non-tight frame is given by fTejg, where T is an invertible operator on H and ej is an ONB:kT�1k�2kfk2 �P j(f jTej)j2 � kTk2kfk2. (Note: it is enough that T � has 
losed range)Some operators asso
iated to a frame fejgj2J .� 
oeÆ
ient (or analysis) operator: C : H ! `2(J), f 7! f(f jej)g. C is bounded above and below by Band A respe
tively, and hen
e C has 
losed range.� re
onstru
tion (or synthesis) operator: D = C�, Da =P ajej for a = fajg 2 `2(J).� frame operator: S = DC = C�C is positive and invertible, and Sf =P (f jej)ej� Properties of the frame operator: f = S�1Sf =P (f jej)S�1ej and 
j := S�1ej is a frame 
alled thedual frame, with bounds B�1 and A�1. Also, f =P (f jej)
j = P (f j
j)ej . Finally, if fejg is tight,then S = AId = B Id and 
j = 
onstant ej .4 August 12, 2004|Some tra
e 
lass pseudodi�erential operatorsarising in time-frequen
y analysis| Bernard RussoLet's re
all the de�nitions of translation operator: Txf(t) = f(t � x), modulation operator: M!f(t) =e2�i!tf(t), and the Short time Fourier transform: Vgf(x; !) = (f jM!Txg) = RRd f(t)g(t� x)e�2�i!t dt. Thetime-frequen
y lo
alization operator, with windows '1; '2 and symbol a is de�ned byA'1;'2a f(t) = ZR2d a(x; !)V'1f(x; !)M!Tx'2(t) dxdt:Conditions for A'1;'2a to be bounded or belong to a S
hatten 
lass on L2(Rd) are given in [3℄, whi
h isa paper we wish to study. In this talk, we prove a result needed in [3℄, namely Theorem 4.2 below.4.1 Basi
s of pseudo-di�erential operatorsThe obje
t of PDE is to solve equations like Af(x) = Pj�j�N ��(x)D�f(x) = g(x). By Fourier inversion(D�f(x) = RRd f̂(!)(2�i!)�e2�ix�! d!), this be
omes Af(x) = RRd [Pj�j�N ��(x)(2�i!)�℄f̂(!)e2�ix�! d!.This motivates the de�nition whi
h follows.Let � be a tempered distribution on R2d. The operator K�f(x) = R �(x; !)f̂(!)e2�ix�!d! is the pseudo-di�erential operator with Kohn-Nirenberg symbol �. The Kohn-Nirenberg 
orresponden
e is the map � 7!K�. Some spe
ial 
ases are:� If �(x; !) = m(x), then K� is the multipli
ation operator f 7! mf� If �(x; !) = �(!), then K� is the Fourier multiplier f 7! F�1(�f̂). If, in addition � = ĥ, then K�is the 
onvolution operator f 7! h � f , or if �(!) = Pj�j�N ��(2�i!)�, then K� is the di�erentialoperator with 
onstant 
oeÆ
ients f 7!Pj�j�N ��D�f .� If �(x; !) = m(x)�(!) and � = ĥ, then K� is the produ
t-
onvolution operator f 7! m � (h � f).It is important to note that K� 
an be expressed as 5



� an integral operator: K�f(x) = RRd k(x; y)f(y) dy where k(x; y) = �(x; �)̂(y � x) = F2�(x; y � x)� a 
onvolution operator: K�f(x) = f � hx(x), where hx(y) = F�1�(x; y) = �(x; �)�(y)� a superposition of time-frequen
y shifts: K�f = RRd RRd �̂(�; u)M�T�uf dud�.In Weyl's approa
h to quantization, he 
ame up with the following variation of the last representation.The Weyl transform is the 
orresponden
e � 7! L�, where � is a tempered distribution and L� is the  -doL�f = R R �̂(�; u)e��i��uT�uM� dud�. � is the Weyl symbol and �̂ is the spreading fun
tion.4.2 Un
ertainty prin
iple for STFTThe following is an un
ertainty prin
iple for the STFT, whi
h we just state here. The weighted Lp-spa
esLpa are de�ned by kfkp;a = (RRd jf(x)jp(1 + jxj)ap dx)1=p.Theorem 4.1 ([11, Theorem 1℄) If�ad � 1p0�� bd � 1q0� > max� 1pq ; 12p; 12q ; 14� ;then there is a 
onstant C = C(a; b; p; q; g) su
h that for all f 2 Lpa \ F�1Lqb,ZRd ZRd jVgf(x; y)j dxdy � C(kfkp;a + kf̂kq;b):The 
onverse is also true.Be
ause kfk22kgk22 � R R jVg j2 � kVgfk1kVgfk1 � kfk2kgk2kVgfk1, Theorem 4.1 implies the un
ertaintyprin
iple kfk2 � C(kfkp;a + kf̂kq;b). It also implies the embedding of Lpa \ F�1Lqb in the spa
e S0 = ff 2L1(Rd) : Vgf 2 L1(R2d)g.4.3 Some tra
e 
lass  do's arising in time-frequen
y analysisTheorem 4.2 ([11, Theorem 3℄) Let � 2 S0. Then the  do L� (in Weyl's sense) is a tra
e 
lass operator.The proof depends on the following (amazing) 
omputational lemma, the inversion formula for the STFTand the elementary identity (1). It is so elegant that I 
annot resist sket
hing it here. First, let me state thelemma.Lemma 4.3 ([11, Lemma 8℄) Let � and � be the Gaussians �(p; q) = e��(p2+q2)=2, p; q 2 Rd and �(t) =e��t2 , t 2 Rd. Write x = (x1; x2); y = (y1; y2) 2 Rd � Rd. Let �x;y be the  do (in Weyl's sense)
orresponding to the symbol F�1(MyTx�). Then �x;y is a rank-one operator, expli
itly, �x;y = �f 
 g,where � = e2�ix2�y2 , g =M�y1�x2=2T�y2+x1=2� and f =M�y1+x2=2T�y2�x1=2�.It follows from this lemma that k�x;ykS1 = k�k22, where S1 denotes the spa
e of tra
e 
lass operators onL2(Rd). By the inversion formula with 
 = g = �, �̂ = R R V��̂(x; y)MyTx� dxdy. ThereforeL�f(t) = Z Z �̂(p; q)ei�p�qe2�iq�tf(t+ p) dpdq (2)= Z Z �Z Z V��̂(x; y)MyTx�(p; q) dxdy� ei�p�qe2�iq�tf(t+ p) dpdq= Z Z V��̂(x; y)�Z Z MyTx�(p; q)ei�p�qe2�iq�tf(t+ p) dpdq� dxdy= Z Z V��̂(x; y)�x;yf(t) dxdy:Thus L� = R R V��̂(x; y)�x;y dxdy. By (1), S��̂ 2 L1(R2d), so by (2), L� 2 S1, and kL�kS1 � kS��̂kL1kk�k22.6



4.4 Papers for further studyBesides [11℄, the following two papers are needed in [3℄.� Hilbert-S
hmidt 
ase, [1℄� Interpolation, [9℄5 August 18, 2004|The dual of a Gabor frame|Devin Greene5.1 Motivation and basi
 operatorsLet f be a signal, and g a window (
on
entrated at 0). We think of jVgf(x; !)j as the density of the signalat time x and frequen
y !. As illustrated in the handouts, a Gaussian window is better than the indi
atorfun
tion of [�1=2; 1=2℄.Re
all that f 7! Vgf is \analysis", and the inversion formula gives rise to \synthesis":Vgf 7! f . Latti
eanyone? If we 
onsider f 7! fVgf(m�; n�)gm;n2Zd as analysis, 
an we perform synthesis, that is, is it truethat f(t) = Pm;n Vgf(m�; n�)
(t � m�)e2�in�t? Note that Vgf(m�; n�) = (f jMn�Tm�g) so the answerdepends on whether fMn�Tm�ggm;n2Zd is a frame, that is,Akfk22 �Xm;n j(f jMn�Tm�g)j2 � Bkfk22:In this 
ase, the analysis, synthesis and frame operators, C�;�g , D�;�g , and S�;�g , are given by� Cgf = fVgf(m�; n�)gm;n2Zd� Dga =P an;mg(t�m�)e2�in�t� Sgf =Pn;m (f jMn�Tm�g)Mn�Tm�gTheorem 5.1 ([12, Prop. 5.2.1,page 94℄) If G(g; �; �) := fMn�Tm�ggm;n2Zd is a frame and 
 := S�1g g(where Sg is the 
orresponding frame operator), then G(
; �; �) is the dual frame.Proof. The dual frame is fS�1Mn�Tm�gg. The proposed dual frame is fMn�Tm�S�1gg. The theoremrequires Mn�Tm�S�1g = S�1Mn�Tm�g. But Sg
 = P (
jMn�Tm�g)Mn�Tm�g = g and SgMn�Tm�
 =Pn0;m0 (Mn�Tm�
jMn0�Tm0�g)Mn0�Tm0�g =Mn�Tm�g by translation. 2If G(g; �; �) is a frame, it is 
alled a Gabor frame. We shall establish suÆ
ient 
onditions for1. Pm;n j(f jMn�Tm�g)j2 � Bkfk222. Akfk22 �Pm;n j(f jMn�Tm�g)j2For this, we need the Wiener spa
e W = fg 2 L1(Rd) : kgkW =Pn sup0�x�1 jg(x+ n)j <1g.Lemma 5.2 If G(g; �; �) is a Gabor frame and Gn(t) :=Pm g(t�m�)g(t�m�� n=�), thenSgf(t) = ��1PnGn(t)f(t� n=�).5.2 Papers for further studyA potentially fruitful topi
 impli
it in today's talk is the general theory of \atomi
 de
ompositions," see [12,page 95℄. A good starting point is the paper [8℄. This will be the subje
t of a future talk in the seminar.The setup is an integrable, irredu
ible, unitary representation � of a lo
ally 
ompa
t group G on a Hilbertspa
e H , a �xed fun
tion g 2 H (think wavelet) and a dense set fxigi2I in G su
h that for ea
h member fof some 
olle
tion of fun
tions on G we have numbers f�ig su
h that f =Pi2I �i�(xi)g.7



6 August 26, 2004|SuÆ
ient 
onditions for Gabor frames|DevinGreene6.1 Upper boundedness of the (presumptive) frame operatorWe shall now 
onsider the frame operator to be dependent on two windows as follows: D(�;�)g;
 := D(�;�)
 C(�;�)g .Lemma 5.2 remains true in this generality, that is, Sg;
f(t) = ��1PnGn(t)f(t � n=�), with Gn(t) =Pm 
(t�m�)g(t�m��n=�). For later use, we introdu
e the notation Gk;n(t) =Pm 
(t�m��k=�)g(t�m�� n=�).Theorem 6.1 ([12, Cor. 6.2.3,page 109℄) (Sg;gf jf) � (1 + 1=�)(1 + 1=�)kgk2Wkfk22.The following generalization of Theorem 6.1 is [12, Theorem 6.3.2,p. 113℄: for 1 � p �1,kSg;
kLp!Lp � 2d(1 + 1=�)d(1 + 1=�)dkgkWk
kW :6.2 Conditions for Gabor framesBy Theorem 6.2 below, suÆ
ient 
onditions on g; �; � to generate a tight Gabor frame are1. Pm jg(t�m�)j2 = 
onstant2. supp g is 
ompa
t and � > 2diam supp gIn this 
ase, Gk;n(t) = Ækn � 
onstant and (Sg;gf jf) = 
onstant � Id. Examples are (1) b0 = �[1=2;1=2℄; � =1; � < 1 (for � = 1, the frame is the orthonormal basis f�[1=2;1=2℄(t�m)e2�int : m;n 2 Zg); (2) b1 := b0 � b0and bn := bn�1 � b0 leads to the theory of B-splines.Theorem 6.2 ([12, Theorem 6.5.1,page 121℄) If g 2 W , Pm jg(t�m�)j2 � a > 0 for all t, then thereexists �0 > 0 su
h that for all � � �0, G(g; �; �) is a frame.The following two results are some answers to the general question \For a given g, for whi
h values of �and � is G(g; �; �) a frame?"Theorem 6.3 ([12, Cor. 7.5.1,page 138℄) If G(g; �; �) is a frame, then �� � 1.Theorem 6.4 ([12, Theorem 7.5.3,page 140℄) If g is a Gaussian, then G(g; �; �) is a frame if and onlyif �� < 1.7 O
tober 28, 2003 (that's right, 2003)|Wiener's lemma for twisted
onvolution; Introdu
tion to Time-frequen
y analysis|BernardRusso7.1 Wiener's lemma for twisted 
onvolutionThis subse
tion is based on the paper [13℄ (whi
h was brought to my attention by Ingrid Daube
hies duringher visit to UCI in August 2003).1. BANACH ALGEBRA PROOF OF WIENER'S THEOREMComplex 
ommutative Bana
h algebra with identity: Asso
iative and 
ommutative algebra Bover C with unit e and 
omplete norm k � k with kek = 1; kxyk � kxkkykspe
trum: For x 2 B, �(x) = f� 2 C : �e� x is invertible in BgTHEOREM: �(x) 6= ; and is 
ompa
t.1:1 
orresponden
e: fmaximal ideals Mg $ f6= 0 homos 
 : B ! Cg, MB $ �(B) given by M = ker 
�(B) � B� is weak*-
losed subset of unit ball, so is 
ompa
t in the weak*-topology.The Gelfand transform B 3 x 7! x̂ 2 C(�(B)) is an algebra homomorphism (x̂(
) = 
(x))8



THEOREM: x 2 B is invertible , 
(x) 6= 0 8
 2 �(B), that is, x̂ is invertible in C(�(B))EXAMPLES C(
); L1(T); A(T) = ff 2 L1(T) : f̂ 2 `1(Z)g, kfkA = kf̂k`1(Z)�(A(T)) = T as topologi
al spa
es. If 
 $ eit, then 
(f) = f(eit)WIENER'S THEOREM: Let f 2 A(T). If f(eit) 6= 0;8t 2 R, then 1f 2 A(T)C(
) and L1(T) are (
ommutative) Bana
h *-algebras.2. EQUIVALENT FORM OF WIENER'S THEOREMWIENER'S THEOREM: f 2 L1(T), f̂ 2 `1(Z); f(eit) 6= 0 8t) 1f 2 L1(T) and b1f 2 `1(Z)CONVOLUTION THEOREM: a 2 `1(Z); Ta
 := a � 
 invertible on `2(Z)) a invertible in `1(Z)This implies that Ta is invertible on `p(Zd), 1 � p � 13. TWISTED CONVOLUTIONConvolution: For a; b 2 `1(Zd), (a � b)m =Pk2Zd akbm�k`1(Zd) is a 
ommutative Bana
h *-algebra with involution (ak)� = (a�k)Change of notation: For a; b 2 `1(Z2d), (a � b)m;n =Pk;l2Zd aklbm�k;n�lTwisted 
onvolution: For � > 0, a; b 2 `1(Z2d), (a\�b)m;n =Pk;l2Zd aklbm�k;n�le2�i�(m�k)�lPROPERTIES:� `1\�`p � `p (1 � p � 1)� (`1(Z2d); \�;� ) is a Bana
h *-algebra with (akl)� = (a�k;�le2�i�k�l)� � 2 Z) \� = �� � � �0 2 Z) \� = \�0� \� is 
ommutative , � 2 ZTheorem 7.1 ([13, Theorem 1.1℄) Fix � > 0. If a 2 `1(Z2d) and Ta 
 := a\�
 is invertible on `2(Z2d),then a is invertible in `1(Z2d)REMARKS:� This implies that Ta is invertible on all `p(Z2d) (1 � p � 1)� If � 2 Q, you 
an use 
ommutative methods to prove Theorem 1 (This is done in the book by Gr�o
henig)� If � 62 Q, 
ommutative methods break down.� Non
ommutative methods used:{ relation of twisted 
onvolution to ordinary 
onvolution on a Heisenberg group{ the group algebra L1(G) of a nilpotent group is a symmetri
 Bana
h *-algebra.4. ROTATION C*-ALGEBRASFor � > 0; � > 0, the C*-algebra C�(�; �) generated by fT�kM�l : k; l 2 Zdg � B(L2(Rd)) is arepresentation of the rotation algebra.REMARKS:� If �� 2 Q, the stru
ture of C�(�; �) is well-known and not deep.� If �� 62 Q, then C�(�; �) has no nontrivial two-sided 
losed ideals (i.e. is a simple C*-algebra), but itsdetailed stru
ture is 
omplex.� Sin
e the Gabor frame operator S = Sg;�;� 
ommutes with all time-frequen
y shifts T�kM�l, it lies inthe 
ommutant of C�(�; �), whi
h is known to be generated by fTk=�Ml=� : k; l 2 Zdg. Thus (Janssen1995) Sf = (��)�dPk;l2Zdhg; Tk=�Ml=�giTk=�Ml=�f .9



\For the better understanding of the deeper properties of S, it is natural to study the (Bana
h) subalgebraof C�(�; �) 
onsisting of absolutely 
onvergent series of time-frequen
y shifts." Given � > 0; � > 0 and asub-additive weight v, the operator algebra Av(�; �) in B(L2(Rd)) is de�ned to beAv(�; �) = fA = Xk;l2Zd aklT�kM�l; : a = (akl) 2 `1v(Z2d)gREMARKS:� (`1v(Z2d); \�; �) is a Bana
h *-algebra with the norm kak1;v = kak`1v(Z2d) =Pr2Z2d jarjv(r)� Av(�; �) is a Bana
h algebra in the norm kAkAv = kak1;v� Av(�; �) is a dense subalgebra of C�(�; �)� If �� = �, and �(a) = A 2 Av(�; �), then �(a\�b) = �(a)�(b)\On
e the relation between the Gabor frame operator and twisted 
onvolution is understood, thenWiener's lemma for twisted 
onvolution may be applied to the problem of inverting the Gabor frame oper-ator." The following theorem is equivalent to Theorem 7.1 and implies Theorem 7.3.Theorem 7.2 ([13, Theorem 1.4℄) If A 2 Av(�; �) is invertible in C�(�; �), then it is invertible inAv(�; �).From [12, p.288℄: \So far, operator algebras have found only marginal use in time-frequen
y analysis(DAUBECHIES, Landau, Landau, Janssen, Gabardo, Han, LARSON). A full exploration of the interplaybetween time-frequen
y analysis and operator algebras is still missing, but this 
onne
tion holds great promisefor the future."7.2 Introdu
tion to time-frequen
y analysis1. FROM THE PREFACE OF [12℄Time-frequen
y analysis is a modern bran
h of harmoni
 analysis. It uses the stru
ture of translationsand modulations for the analysis of fun
tions and operators. It is a form of lo
al Fourier analysis treatingtime and frequen
y simultaneously and symmetri
ally. It is motivated by appli
ations in signal analysis andquantum me
hani
s.applied side intera
tions are with: signal analysis, 
ommuni
ation theory, image pro
essingphysi
s intera
tions are with: phase spa
e analysis, 
oherent state theorymathemati
s intera
tions are with: Fourier analysis, 
omplex analysis, non
ommutative harmoni
analysis (Heisenberg group), representation theory, pde,  do, operator algebras, numeri
al analysisChapters 1-8: Core material about Time-frequen
y analysis for L2(Rd) using only Hilbert spa
e andanalysisUn
ertainty prin
iples in harmoni
 analysis, Short-time Fourier transform, Bargmann transform, Wignerdistribution, Gabor frames, Zak transform.Chapters 11-14: Quantitative theory of Time-frequen
y analysis (as opposed to the pure L2-theory)Modulation spa
es, Gabor analysis, Window design, Wiener's lemma, use of operator algebras, Bana
hframesChapters 9-10: Time-frequen
y analysis from an abstra
t viewpoint (Heisenberg group, representationtheory); Time-frequen
y analysis and wavelets (wavelet frames and bases, multiresolution analyses)2. TIME-FREQUENCY ANALYSIS, SHORT TIME FOURIER TRANSFORMThe goal of time-frequen
y analysis is to understand the properties of fun
tions or distributionssimultaneously in time and frequen
y. In physi
s, this may be 
alled phase-spa
e analysis. The main10



tool is the short-time Fourier transform, whi
h is also 
alled radar ambiguity fun
tion, 
oherent statetransform, 
ross Wigner distributiontranslation operator on Rd: Txf(t) = f(t� x)modulation operator on Rd: M!f(t) = e2�i!�tf(t)short-time Fourier transform (STFT): (of f with respe
t to a �xed window g)Vgf(x; !) = RRd f(t)g(t� x)e�2�i!�t = hf;M!TxgiThis 
an be manipulated into: Vgf(x; !) = hf̂ ; T!Mxĝi = e�2�ix�!Vĝ f̂(!;�x)\For g and ĝ well lo
alized (e.g. g 2 S(Rd)), Vgf(x; !) measures the magnitude of f in a neighborhoodof x and of f̂ in a neighborhood of !."\For pra
ti
al and numeri
al purposes one prefers a dis
rete version of the STFT and aims for Gaborexpansions of the form f =Pk;l2Zdhf; T�kM�lgiT�kM�l
, where the 
oeÆ
ient 
kl = hf; T�kM�lgi des
ribesthe 
ombined time-frequen
y behavior of f at a point (�k; �l) in the time-frequen
y plane R2d."(g; 
) is a pair of dual windows and � > 0; � > 0.To 
onstru
t Gabor expansions, start with g; �; � and study the asso
iated Gabor frame operatorS = Sg;�;� Sf = Xk;l2Zdhf; T�kM�l giT�kM�l gREMARKS:� S is a positive operator; hSf; fi � 0� If S is invertible, then 
 := S�1g enables a Gabor expansion f =Pk;l2Zdhf; T�kM�lgiT�kM�l
, andthe following norms are equivalent: kfk2, �Pk;l2Zd jhf; T�kM�lgij2�1=2, �Pk;l2Zd jhf; T�kM�l
ij2�1=2� Thus, fT�kM�lg : k; l 2 Zdg and fT�kM�l
 : k; l 2 Zdg are frames for L2(Rd).� Invertibility of S is well understood on L2(Rd).\For genuine time-frequen
y analysis, the pure L2-theory is insuÆ
ient. With � := �[0;1℄d , fTkMl : k; l 2Zdg is an ONB for L2(Rd), but �̂ de
ays slowly. The 
oeÆ
ients 
kl = hf; TkMl�i do not furnish anyfrequen
y lo
ation. It is not possible to distinguish a smooth fun
tion from a rough fun
tion by looking atthe 
oeÆ
ients in the Gabor expansion."\For a better des
ription of a fun
tion in both time and frequen
y, we need a pair (
; g) of dual windowsenabling a Gabor expansion and possessing good de
ay and smoothness properties. If we use 
 = S�1g,these properties of (
; g) are equivalent to the invertibility of S on other fun
tion spa
es." EXAMPLE:(Janssen 1995) If Sg;�;� is invertible on L2(Rd) and if g 2 S(Rd), then 
 = S�1g 2 S(Rd).To state the main result on window design, �x a symmetri
 weight fun
tion v : R2d ! [1;1) and let�(x) = e��x2 on Rd. The modulation spa
e M1v is ff : R2d ! C : RRd jV�f(z)jv(z) dz <1gTheorem 7.3 ([13, Theorem 1.2℄) Assume that v is a sub-exponential weight fun
tion on R2d. If g 2M1vand Sg;�;� is invertible on L2(Rd), then Sg;�;� is invertible on M1v , and thus 
 := S�1g 2M1v .REMARKS:� stru
ture is similar to that of Theorem 7.1; invertibility on a Hilbert spa
e and smoothness of thesymbol imply invertibility on other fun
tion spa
es� For �� 2 Q, this is \
lassi
al" (i.e. 
ommutative)� For �� 62 Q, this is new and deep (i.e. non
ommutative)11



8 O
tober 29, 2004|Review; Preview; The Gabor von Neumannalgebra and Rie�el's in
ompleteness theorem|Bernard Russo8.1 ReviewDuring the 
ourse of the six meetings in the summer of 2004 (se
tions 1-6, and one seminar talk in the fallof 2003 (se
tion 7), we have 
overed the following topi
s:� Un
ertainty prin
iples|From Chapter 2 of [12℄|Seminar talk by B. Russo, July 8, 2004 (se
tion 1)� Short time Fourier transform|From Chapter 3 of [12℄|Seminar talk by D. Greene, July 19, 2004(se
tion 2)� Gabor frames|From Chapters 5, 6, and 7 of [12℄|Seminar talks by D. Greene, August 5,18 and 26,2004 (se
tions 3,5, and 6)� Time-frequen
y lo
alization operators|From [3℄ and 
hapter 14 of [12℄|Seminar talk by B.Russo, August 12, 2004 (se
tion 4)� Wiener's Lemma for twisted 
onvolution; Introdu
tion to time-frequen
y analysis|Seminartalk by B. Russo, O
t. 28, 2003 (se
tion 7).8.2 PreviewDuring the past two months (September and O
tober 2004), I have been sur�ng the literature and have
ome up with �ve ri
h areas for further study. These topi
s will be explored from their original sour
es infuture seminar talks. Here I just indi
ate a sample referen
e for ea
h topi
.� Density of Gabor frames|One of the many referen
es for this topi
, both from [12℄ and beyond,is [4℄, whi
h is the sour
e for the rest of this talk.� Un
ertainty prin
iples|The survey paper [10℄ is a very ri
h sour
e of results and ideas for futurework.� Atomi
 de
ompositions|See subse
tion 5.2 for some information on this topi
.� Time-frequen
y lo
alization operators|This di�ers from the work [3℄ 
ited in subse
tion 8.1.There, the theme was the interplay between the fun
tion spa
es 
ontaining symbols and spa
es ofoperators 
ontaining the operators. Here, the theme is to estimate the number of eigenvalues of theBerezin-Toeplitz lo
alization operator lying in a subinterval of [0,1℄. Not suprisingly, this was startedby Daube
hies and 
ompany in 1988. The latest paper seems to be [5℄.� Continuous wavelet transforms|Here the theme is the following. Given a lo
ally 
ompa
t groupG and a representation � on a Hilbert spa
e H , 
an you �nd ve
tors � 2 H su
h that for all f 2 H ,f = ZG (f j�(x)�)�(x)� dx?I'll mention two referen
es here: [16℄, and [6℄8.3 The Gabor-von Neumann algebra, its tra
e and 
ommutantGabor time-frequen
y latti
es are sequen
es of fun
tions gm�;n�(t) = e�2�i�mtg(t � n�) generated by a�xed fun
tion g(t). The behavior of the latti
e f(m�; n�)g 
an be 
onne
ted to that of the dual latti
ef(m=�; n=�)g. The general problems is to �nd 
oeÆ
ients 
m;n(f) su
h that for all f 2 L2(R), f(x) =Pm;n 
m;ngm�;n�(x). Daube
hies and others have studied this in the 
ontext of frames sin
e 1990. InTheorem 8.3 below, following [4℄, we shall prove that �� � 1 is ne
essary for the gm�;n� to span L2. Rie�el12



proved this using the 
oupling 
onstant of von Neumann algebras and Lie theory. In [4℄, only elementaryvon Neumann algebra theory is used, and the existen
e of the 
oupling 
onstant is derived as a result (seesubse
tion 9.2).Given g 2 L2, and �; � > 0, the 
oeÆ
ient operator Tg;�;� is de�ned formally by Tg;�;�f = f(f jgm�;n�)gm;n2Z.Tg;�;� is an \unbounded" operator from L2(R) to `2(Z2), whi
h is densely de�ned and 
losable. In this talk,for simpli
ity, we shall assume it is always bounded, in whi
h 
ase, T �g;�;� : `2(Z2) ! L2(R) is given byT �g;�;�
 =Pm;n 
m;ngm�;n�.LetW (p; q) denote the unitary operatorW (p; q)f(x) = e�2�ipxf(x�q). ThenW (j�; k�) 
ommutes withW (m=�; n=�), and using the identity W (a; b) =W (a; 0)W (0; b) = e�2�iabW (0; b)W (a; 0), we haveW (j1�; k1�)W (j2�; k2�) = e2�ik1j2��W ((j1 + j2)�; (k1 + k2)�)and in parti
ular W (j�; k�)W (�j�;�k�) = e�2�ijk��I , so W (j�; k�)�1 = e2�ijk��W (�j�;�k�).If T denotes the 
olle
tion of unitary operators fW (j�; k�) : j; k 2 Zg, then spanT is a subalgebra ofB(H) (H = L2(R)), whi
h 
ontains I and is 
losed under the adjoint operation. Hen
e, the 
losure A ofspanT in the weak operator topology is a von Neumann algebra.Re
all that for any subset S of B(H), its 
ommutant is de�ned to be S 0 := fT 2 B(H) : TS = ST8S 2 Sg,so that for instan
e S � S 00 and S 0 = S 000. Then T 0 = A0, and von Neumann's 
elebrated double 
ommutanttheorem states that A = A00 and 
oin
ides with the strong operator 
losure of spanT . Noti
e that, in thisnotation, W (m=�; n=�) 2 A0. The following proposition is proved in [4, Appendix 6.1℄.Proposition 8.1 The von Neumann algebra A0 is generated by the family of unitary operators fW (m=�; n=�) :m;n 2 Zg.Proof. (Sket
h) Sin
e the operatorW (j�; 0), whi
h is multipli
ation by e�2�ij�t, belongs to A, every multipli-
ation operator f 7! hf by an essentially bounded fun
tion h of period 1=� belongs to A. Every T 2 A0 
om-mutes with su
h operators, and it follows that Tf(t) =Pmk(t)f(t� k=�), where ess suptPk jmk(t)j2 <1and mk has period �.Let C denote the von Neumann algebra generated by the W (j=�; k=�) and S 2 C0. By the previousparagraph, Sf(t) =Pj nj(t)f(t� j�), where nj is of period 1=� and ess suptPj jnj(t)j2 <1.Using these forms of S and T one shows that STf = TSf for every f 2 L2 supported on an intervalsmaller than minf�; 1=�g; and then ST = TS. Thus C0 � A00 = A, and sin
e C � A0, we have C0 � A00 = A,so C0 = A. Then A0 = C00 = C. 2Every Gabor-von Neumann algebra A has a tra
e, that is, a linear fun
tional trA satisfying trA(I) = 1,trA(XY ) = trA(Y X), for X;Y 2 A and trA(X�X) > 0 unless X = 0. This tra
e 
an be given expli
itly, forT = Xjjj;jkj�N 
jkW (j�; k�) = 
00I + � � �by trA(T ) = 
00. It must be shown that this is well-de�ned and extends to all of A.Using the 
ommutation formula W (a; b) = W (a; 0)W (0; b) = e�2�iabW (0; b)W (a; 0), one shows that thetra
e de�ned above is unique provided �� is irrational (see [4, page 457℄).There is a very ni
e formula for 
al
ulating the tra
e, whi
h among other things, fa
ilitates the extensionto A. Let �i, 1 � i � K denote the 
hara
teristi
 fun
tions of disjoint 
ontiguous intervals, none longer thanmin(1=�; �), that together make up the interval [0; 1=�℄. Then for any T 2 A,trA(T ) = � KXi=1 (T�ij�i): (3)(Proof. It is suÆ
ient to 
he
k this for T =W (j�; k�). Sin
e the intervals are no longer than �, any twotranslates of one of them by multiples of � are disjoint. Thus the only non-zero 
ontribution to (3) 
omesfrom k = 0, whereupon the sum be
omes � R 1=�0 e2�i�jt dt, whi
h is zero, unless j = 0.)Proposition 8.2 For any f; g 2 L2, T �f ;�;�Tg;�;� 
ommutes with W (j�; k�) for all j; k 2 Z. That is,T �f ;�;�Tg;�;� 2 A0. 13



Proof. It suÆ
es to verify thatXm;n (W (j�; k�)hjW (m�; n�)g)W (m�; n�)f =Xm;n (hjW (m�; n�)g)W (j�; k�)W (m�; n�)f:8.4 The Daube
hies-Landau-Landau proof of Rie�el's in
ompleteness theoremTheorem 8.3 ([4, Theorem 6.1℄) If for some g 2 L2(R), the fun
tions fW (j�; k�)ggj;k2Z span L2, then�� � 1.Proof. Let T denote Tg;�;� and set p� = (�I+T �T )�1g. Then (gjp�) = �kp�k2+kTp�k2 so that (gjp�) � kTp�k2.But (gjp�) = (T �e00jp�) so that (gjp�) � kTp�k and therefore (gjp�) � 1.Assume for the moment thatT';�;�S = TS�';�;� for all S 2 A0 and ' 2 L2; (4)and trA0(T �f ;�;�Tg;�;�) = 1�� (f jg) for all f; g 2 L2(R): (5)From (4), T �T (�I + T �T )�1 = T �Tp�;�;� so from (5),��trA0(T �T (�I + T �T )�1) = (gjp�) � 1:As �! 0, T �T (�I+T �T )�1 approa
hes the proje
tion P on the range of T �T . By assumption, the rangeof T � is dense, and therefore so is the range of T �T , so P = I and �� � 1.We now prove (4) and (5). The �rst one is a one-liner: if u 2 L2, thenT';�;�Su = f(SujW (m�; n�)')g = f(ujS�W (m�; n�)')g = f(ujW (m�; n�)S�')g = TS�';�;�u:Sin
e T �f ;�;�Tg;�;� 2 A0, we 
an use (3) to 
ompute its tra
e, namelytrA0(T �f ;�;�Tg;�;�) = 1�Xj (T �f ;�;�Tg;�;��j j�j) = 1�Xj (Tg;�;��j jTf ;�;��j);with �j the 
hara
teristi
 fun
tions of intervals Ij smaller than 1=� that de
ompose [0; �℄. For ea
h k, lookat the 
omponent 
m;n = (�j jW (m�; n�)f) of Tf ;�;��j :
m;n = Z �j(t)e2�im�tf(t� n�) dt = Z �j(t+ n�)f(t)e2�im�(t+ n�) dt = e2�im�n� [f(t)�j(t+ n�)℄b(m�):Thus, the 
m;n are the Fourier 
oeÆ
ients in the basis fe�2�i�jtg of the fun
tion f(t)�j(t+n�), a fun
tionsupported on an interval no longer than 1=�, and similarly for g. Then by Parseval,(Tg�j jTf�j) =Xn Xm e2�im�n� [g(t)�j(t+ n�)℄b(m�)e�2�im�n� [f(t)�j(t+ n�)℄b(m�)= 1�Xn (g(t)�j(t+ n�)jf(t)�j(t+ n�))L2(Ij):Summing over j, we havetrA0(T �f ;�;�Tg;�;�) = 1�Xj (Tg;�;��j jTf ;�;��j) = 1��Xn (g(t)�[0;�℄(t+ n�)jf(t)) = 1�� (f jg)L2 :
14



9 November 5, 2004|An appli
ation of Gabor frames to von Neu-mann algebras|Bernard Russo9.1 Two more appli
ations of von Neumann algebrasWe �rst give two more appli
ations of von Neumann algebras to Gabor frames. Theorem 9.2 subsumesthe proof of the Wexler-Raz identity (
f. [12, Theorem 7.3.1,page 133℄). This fa
t and the signi�
an
e ofTheorem 9.1 for Gabor frames will be explained in due 
ourse. For now, Theorems 9.1 and 9.2 will be usedto prove the existen
e of the 
oupling 
onstant in subse
tion 9.2 below.Although the statements of Theorems 9.1 and 9.2 do not use the GNS (Gelfand-Naimark-Segal) 
onstru
-tion arising from the tra
e trA (or trA0), their proofs both do. The GNS 
onstru
tion is de�ned as follows.Let L2(A) be the Hilbert spa
e whi
h is the 
ompletion of A in the norm 
oming from the inner produ
t[A;B℄ := trA(AB�), and de�ne a �-isomorphism � of A into B(L2(A)) by �(A)B = AB for A;B 2 A. It iseasy to see that the generators W (j�; k�) form an orthonormal basis for L2(A).Theorem 9.1 ([4, Theorem 4.3℄) Let g 2 L2, � > 0; � > 0. Then(a) Tg;�;� is bounded L2(R)! `2(Z2) if and only if Tg;1=�;1=� is.(b) T �g;�;�Tg;�;� is invertible if and only if Tg;1=�;1=�T �g;1=�;1=� is.Proof. Let V : L2(A0) ! `2(Z2) be the \
oeÆ
ient operator" for the Hilbert spa
e L2(A0), that is, theextension of A0 3 T 7! f[T;W (j=�; k=�)℄gj;k2Z 2 `2(Z2). Let U : `2(Z2) ! `2(Z2) be the 
onjugate linearisometry de�ned by Uf
j;kg = f
�j;�ke2�ijk=��g. Then� V (T �f ;�;�Tg;�;�) = (��)�1Tg;1=�;1=�f for f; g 2 L2 su
h that T �g;�;�Tg;�;� is bounded.(By Proposition 8.2, T �f ;�;�Tg;�;� 2 A0 � L2(A0).)h Proof: trA0(T �f ;�;�Tg;�;�W (j=�; k=�)�) = trA0(T �f ;�;�TW (j=�;k=�)g;�;�)= (��)�1(f jW (j=�; k=�)g) = (��)�1Tg;1=�;1=�f�� V (X�) = UV (X) for X 2 A0 � L2(A0).� Proof: If X =P 
j;kW (j=�; k=�) 2 A0 � L2(A0); thenX� =P 
j;ke2�ijk=��W (�j=�;�k=�) =P 
�j;�ke2�ijk=��W (j=�; k=�)�� U(Tp;1=�;1=�q) = Tq;1=�;1=�p for p; q 2 L2.� Proof: U(Tp;1=�;1=�q) = Uf(qjW (j=�; k=�)p)gj;k2Z =f(qje�2�ijk=��W (�j=�;�k=�))g = f(pjW (j=�; k=�)q)g = Tq;1=�;1=�pi� X�g = T �g;1=�;1=�V (X�) for g 2 L2 and X 2 A0 � L2(A0).� Proof: If X =W (j=�; k=�) then V (X) = ej;k 2 `2(Z2) andT �g;1=�;1=�V (X) = T �g;1=�;1=�ej;k = gj=�;k=� =W (j=�; k=�)g = Xgi� V (T �f ;�;�Tg;�;�X) = 1��UTf ;1=�;1=�T �g;1=�;1=�UV (X)h Proof: If X 2 sp fW (j=�; k=�)g then V (T �f ;�;�Tg;�;�X) = V (T �f ;�;�TX�g;�;�) =(��)�1TX�g;1=�;1=�f = (��)�1UTf ;1=�;1=�X�g = (��)�1UTf ;1=�;1=�T �g;1=�;1=�V (X�)= (��)�1UTf ;1=�;1=�T �g;1=�;1=�UV (X)i
15



This last equation extends by 
ontinuity to all X 2 L2(A0) resulting inUV �(T �f ;�;�Tg;�;�)(UV )�1 = 1�� Tf ;1=�;1=�T �g;1=�;1=� ( on `2(Z2)):The map T 7! UV �(T )(UV )�1 is a 
onjugate linear algebra isomorphism and thus preserves the spe
trumof all elements, whi
h spe
trum 
an be 
omputed in any C*-algebra 
ontaining the element. Thus (withf = g), �(��T �g;�;�Tg;�;�) = �(Tg;1=�;1=�T �g;1=�;1=�) proving both (a) and (b). 2The Wexler-Raz theorem (
f. [12, Theorem 7.3.1,page 133℄) states that if g; h 2 L2 satisfy the bi-orthogonality relations (hjgm=�;n=�) = ��Æm;0Æn;0, then for all f 2 L2, f(x) = P (f jhm�;n�)gm�;n�. Weshall see later that this result is subsumed by the following theorem.Theorem 9.2 ([4, Theorem 3.1℄) Let f; g; h 2 L2, � > 0; � > 0. If Tf ;�;�; Tg;�;� and Th;1=�;1=� arebounded, then T �f ;�;�Tg;�;�h = 1��T �h;1=�;1=�Tg;1=�;1=�f: (6)Proof. The expansion of T �f ;�;�Tg;�;� 2 A0 with respe
t to the orthonormal basis fW (j=�; k=�)g of L2(A0)is given by T �f ;�;�Tg;�;� =P 
j;kW (j=�; k=�) where f
j;kg = (��)�1Tg;1=�;1=�f . Apply this to h 2 L2. Onthe left side, you get T �f ;�;�Tg;�;�h. On the right side, you get P 
j;kW (j=�; k=�)h = T �h;1=�;1=�(f
j;kg) =T �h;1=�;1=�(��)�1Tg;1=�;1=�f , as required. Wait a minute, there is an overlooked point here. The formulaT �f ;�;�Tg;�;� = P 
j;kW (j=�; k=�) is 
onvergen
e in the norm of L2(A0) whereas (6) is an equality in thenorm of L2(R). So it must be shown that the 
onvergen
e of P 
jkW (j=�; k=�) to Tf ;�;�; Tg;�;� in thenorm of L2(A0) implies that, for h 2 L2, P 
jkW (j=�; k=�)h 
onverges to T �f ;�;�Tg;�;�h in L2(R). Thisrequires an approximation argument whi
h is 
arried out in [4, Appendix 6.3,pp. 468-469℄.9.2 Existen
e of the 
oupling 
onstant via Gabor framesLast time we gave the Daube
hies-Landau-Landau proof of Rie�el's in
ompleteness theorem using elementaryvon Neumann algebra theory but avoiding Rie�el's intra
table 
oupling 
onstant argument. Now we givethe proof, (from the same paper and based on time-frequen
y analysis ideas) of the existen
e of the 
oupling
onstant for the von Neumann algebra generated by the basi
 time-frequen
y operators. The signi�
an
e ofthe 
oupling 
onstant will be mentioned.Theorem 9.3 ([4, Theorem 6.2℄) Let g 2 L2, � > 0; � > 0, and let A be the von Neumann generatedby fW (j�; k�) : j; k 2 Zg. Let Y be the 
losure of the subspa
e Ag and let P be the proje
tion onto Y .Similarly, let Y 0 be the 
losure of the subspa
e A0g and P 0 the proje
tion onto Y 0. Then P 2 A0, P 0 2 A,and trA0(P )trA(P 0) = 1�� ( independent of g):Proof. For all T 2 A, T (Y ) � Y and T �(Y ) � Y , so PTP = TP and PT �P = T �P . Then PT = (T �P )� =(PT �P )� = PTP = TP , so P 2 A0. Similarly, P 0 2 A.For any Hilbert spa
e operator T , the ranges of T � and T �T have the same orthogonal 
omplement. Weapply this to Tg;�;� whi
h is assumed to be bounded and let S denote T �g;�;�Tg;�;� so that S 2 A0. Now Y isthe 
losure of the range of T �g;�;� and hen
e of S, and by fun
tional 
al
ulus, P = limk!1(I � (I�S=kSk)k)(strong operator topology). Therefore,trA0(P ) = limk!1 kXj=1(�1)j+1�kj�trA0(Sj)=kSkj :Similarly, Y 0 is the 
losure of the range of T �g;1=�;1=� and hen
e of Q := T �g;1=�;1=�Tg;1=�;1=�, Q 2 (A0)0 = A,so trA(P 0) = limk!1 kXj=1(�1)j+1�kj�trA(Qj)=kQkj :16



By Theorem 9.2, with f = g = h, Sg = (��)�1Qg, and thereforeSkg = Sk�1Sg = (��)�1Sk�1Qg = (��)�1QSk�1g = � � � = (��)�kQkg and trA0(Sk) =trA0(SSk�1) = trA0(T �g;�;�Tg;�;�Sk�1) = trA0(T �g;�;�TSk�1g;�;�) = (��)�1(gjSk�1g) = (��)�k(gjQk�1g):By the same argument applied to Q but stopping one step earlier:Qkg = Qk�1Qg = ��Qk�1Sg = ��SQk�1g and trA(Qk) =trA(QQk�1) = trA(T �g;1=�;1=�Tg;1=�;1=�Qk�1) = trA(T �g;1=�;1=�TQk�1g;1=�;1=�) = ��(gjQk�1g):From the proof of Theorem 9.1, kSk = kT �g;�;�Tg;�;�k = (��)�1kT �g;1=�;1=�Tg;1=�;1=�k = (��)�1kQk. SotrA0(Sj)kSkj = (��)�j (gjQj�1g)(��)�1kQkj = trA(Qk)��kQkj ;so that trA0(P )trA(P 0) = limk!1Pkj=1(�1)j+1�kj� trA0 (Sj)kSkjPkj=1(�1)j+1�kj� trA(Qj)kQkj = limk!1(��)�1 = (��)�1:This 
ompletes the proof for the 
ase that Tg;�;� is bounded. The general 
ase follows by an approximationargument. 2The signi�
an
e of this result is the following property of the 
oupling 
onstant in von Neumann algebratheory (
f. [15, Exer
ise 9.6.30℄).Corollary 9.4 Suppose that � is a �-isomorphism of the Gabor von Neumann algebra 
orresponding to thelatti
e with parameters �; � onto the Gabor von Neumann algebra 
orresponding to the latti
e with parameters�0; �0. Then there exists a unitary operator U on L2(R) su
h that �(T ) = UTU�1 if and only if �� = �0�0.Referen
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