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Collective motion of locally interacting agents is found ubiquitously throughout nature. The inability to
probe individuals has driven longstanding interest in the development of methods for inferring the underlying
interactions. In the context of heterogeneous collectives, where the population consists of individuals driven
by different interactions, existing approaches require some knowledge about the heterogeneities or underlying
interactions. Here, we investigate the feasibility of identifying the identities in a heterogeneous collective
without such prior knowledge. We numerically explore the behavior of a heterogeneous Vicsek model and
find sufficiently long trajectories intrinsically cluster in a principal component analysis-based dimensionally
reduced model-agnostic description of the data. We identify how heterogeneities in each parameter in the model
(interaction radius, noise, population proportions) dictate this clustering. Finally, we show the generality of this
phenomenon by finding similar behavior in a heterogeneous D’Orsogna model. Altogether, our results establish
and quantify the intrinsic model-agnostic statistical disentanglement of identities in heterogeneous collectives.
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I. INTRODUCTION

Systems of locally interacting agents that display spa-
tiotemporal collective behaviors beyond the capabilities of
individuals are found ubiquitously throughout the physical
world at a range of scales [1,2]. Notable examples include fish
schooling [3,4], birds flocking [5,6], insect [7,8] and bacterial
swarming [9,10], human crowds [11], cell migration [12,13],
and other subcellular processes [14,15].

Most attention has been paid towards investigating ho-
mogeneous collectives, where all agents evolve and interact
via the same dynamics. However, real collectives are richly
heterogeneous [16,17]. Such heterogeneities arise from bac-
terial length differences [18], mixed-species collectives [19],
leader-follower behaviors in animals [20–23] or cell migra-
tion [24–27], and lane formation in human crowds [28]. The
collective motion of heterogeneous systems has consequently
been investigated extensively and found to be even richer than
that of the homogeneous variety [29–34].

Alongside the studies of the emergent behavior of collec-
tives, a parallel thread of investigations has developed and
applied methods for the inverse problem of deducing the un-
derlying interactions from trajectories [35–46]. This quest is
of natural scientific interest due to the ability to observe only
the correlated trajectories of the interactive collective, making
disentangling individual interactions inherently challenging,
especially with heterogeneities [24]. Recent advances have
broken ground on the ability to infer interactions in heteroge-
neous collectives using clever and sophisticated approaches.
However, these approaches, while powerful and elegant,
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seemingly share a unifying feature of requiring knowledge of
the collective or its heterogeneities. For instance, methods that
provide flexible nonparametric tests of heterogeneities [47],
or the ability to infer the interactions [48] in heterogeneous
collectives, both require knowledge of the particle identities
a priori. The work in Ref. [49] addresses this with a mixture
model fit alongside sparse identification of the interactions.
While able to identify the identities, the success of this method
hinges on the ability to correctly specify a library of underly-
ing interactions. Other methods for detecting heterogeneities
work well but are limited to specific contexts such as the
detection of dissenting directions among neighbors [50] or
only leader-follower interactions [51,52]. In this paper, we
seek to address whether particle identities can be detected in
heterogeneous collectives with no prior information about the
collective or the structure of the heterogeneities.

To study disentangling heterogeneities in collectives, we
investigate a heterogeneous variant of the classical Vicsek
model [53]. This model is renowned as the textbook minimal
example of a collective motion with rich behavior [54,55].
Consequently, many variants have been considered [56], in-
cluding those with heterogeneities [57,58] such as the ones we
propose here. We first consider a setup with two populations
of Vicsek particles with different parameters (interaction radii,
noise magnitude, velocity), but still interacting as a single
collective. After performing dimensionality reduction on the
trajectories, we find that in this latent space, the trajectories
cluster into their identities for sufficiently long observations.
In this paper, we quantify the parameter-dependent timescale
required for accurate clustering through numerical simulation.
Next, we show that this clustering phenomenon persists in
a heterogeneous Vicsek model with more than two species.
Lastly, to establish that this is truly a model-free phenomenon,
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FIG. 1. Schematic of the investigation. The central question of this paper is whether (and how) the identities of particles in heterogeneous
collectives (e.g., a Vicsek model with two different interaction radii for each subpopulation R1, R2) can be recovered from trajectory data with
no model information. We find that dimensionality reduction via PCA (principal component analysis) yields distinct clustering of the subtypes
over sufficiently long timescales characterized in our paper.

we consider a heterogeneous D’Orsogna model [59] and
find similar clustering behavior. Altogether, our results are
summarized in Fig. 1 and establish the ability to cluster het-
erogeneous collectives in a model-free manner with no prior
knowledge of the underlying model or heterogeneities.

II. SETUP

A. Classical Vicsek

The classical Vicsek model describes the evolution of N
self-propelled particles moving in two-dimensional space
at a constant speed ν and with fluctuating direction. The
direction of each particle is governed by two factors: noise
and local interactions with neighbors. Specifically, each
particle averages the orientations over all neighbors within a
specified radius, R. In symbols, θi,t , the orientation of particle
i at frame t , evolves as

θi,t+1 = 〈θ j,t (t )〉‖xi,t −x j,t ‖<R + η. (1)

The particle positions are updated with these orientations:

xi,t+1 = xi,t + ν�t

(
cos(θi,t )
sin(θi,t )

)
. (2)

The noise η is chosen from a uniform distribution
governed by a scalar magnitude 0 � σ � 1, such that η ∼
unif (−σπ, σπ ). The particles are constrained to an L × L
periodic box, where distances are computed in a manner
that respects the periodicity of the domain. For systems with
large N , naive O(N2) comparisons are prohibitive. We instead
employ a standard KD-tree [60] O(n log2 n) implementation
for computational scalability. Particles are initialized with
uniformly random orientation and position within the box.
For all simulations, unless noted otherwise, t = 1000 steps
are taken for equilibration and then discarded for analysis.
This choice is discussed further in the text in Sec. III C.

B. Heterogeneous Vicsek and clustering pipeline

We consider a variant on the classical Vicsek model with
M � 2 subpopulations. Specifically, denote φ = (ν, σ, R) as
the parameters governing the motion of a particle in the clas-
sical Vicsek model. In the heterogeneous collective, particles
belonging to subpopulation j evolve via the parameter set
φ j = (ν j, σ j, Rj ). Particles interact regardless of their mem-
bership in a subpopulation. In total, the collective consists of
N particles that can be decomposed into their group member-
ship N = ∑M

j=1 Nj , where Nj denotes the number of particles

in subpopulation j. This model has been considered in previ-
ous studies and is a more general case of some leader-follower
models.

The heterogeneous Vicsek model is straightforward to
simulate and generate trajectories for testing. However, per-
forming the cluster analysis on the resulting trajectories in an
unsupervised model-agnostic manner does not seem to have a
clearly outlined path in the existing literature.

The first design decision we must make is the input data to
the procedure. We assume that only positional information is
available, and the particle identity is known frame-to-frame,
allowing for the formation of trajectories. To reduce each tra-
jectory to a scalar quantity, we consider θi(t ), the orientations.
While it may not be possible to directly access these for ex-
perimental observations, the orientations can be estimated by
the frame-to-frame displacement, e.g., θ̂i,t = atan2(xy

i,t+1 −
xy

i,t , xx
i,t+1 − xx

i,t ), where xx,y
i,t correspond to the x, y component

of the positions. Naive dimensionality reduction does not pre-
serve the structure of angular data [61], so we transform τi,t :=
tan θi,t . Alternatively, we tested τ̃i,t := [cos θi,t , sin θi,t ], which
doubles the trajectory length but may be more generalizable to
3D data, and found no difference in our results. In summary,
for t observations of a collective with N particles, we consider
our data to be the N × t matrix:

Xt = tan(	t ) =

⎡
⎢⎢⎣

tan θ1,0 tan θ1,1 · · · tan θ1,t

tan θ2,0 tan θ2,1 · · · tan θ2,t
...

...
. . .

...

tan θn,0 tan θn,1 · · · tan θn,t

⎤
⎥⎥⎦. (3)

Equipped with this data, there are two notable branches
of approaches for unsupervised clustering time series [62].
One can assign and cluster based on an appropriate metric
between trajectories, such as Euclidean distance or dynamic
time warping [63]. However, the choice of such a metric for
collective motion data is not obvious to the authors. There-
fore, we consider the second main avenue for clustering time
series: dimensionality reduction. A zoo of possible linear and
nonlinear approaches for dimensionality reduction of time
series exists. We opt for a pragmatically simple approach
of principal component analysis (PCA). While classical, it
is worthwhile to note that PCA can outperform nonlin-
ear dimensionality reductions in certain contexts [64] and
has interpretability as linear transformations of the original
data. There may be more complex dimensionality reduction
procedures that better separate the data, but PCA would
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nonetheless always be the benchmark to compare the perfor-
mance with and therefore serve as the basis of the remainder
of this paper.

We briefly review PCA for self-containment of our ap-
proach’s description. Further details can be found in Ref. [65]
For the data matrix Xt in (3), PCA corresponds to a t × t
weight matrix Wt , whose columns are the eigenvectors of
X T

t Xt , from which a component matrix Tt can be computed
by Tt = XtWt . Each column of Tt is scaled to have unit vari-
ance and zero mean. This construction corresponds to a linear
change of basis to orthogonal directions that maximize vari-
ances within the data. In practice for dimensionality reduction,
only the first L columns of Tt are considered, defining a linear
transformation of each row of the data Xt (a particle trajec-
tory) into an L dimensional vector of scores. Throughout the
remainder of this paper, we consider L = 2 due to the ability
to visualize the scores. However, we found little performance
dropoff or gain for larger or smaller values of L, including
L = 1 for the heterogeneous Vicsek model.

While PCA is notably useful in transforming the data to
a more easily clusterable description, it is not itself, a clus-
tering technique. Therefore, we must finally choose some
approach for procedurally identifying clusters. In practice,
we considered alternatives (K-nearest neighbors [66], spectral
clustering [67]) but find this choice matters very little due to
the intrinsic behavior of separation between the two particle
populations in PCA space. Unless otherwise noted, all clus-
tering in the remainder of the text is done using K means,
which assigns C cluster identities S = {S1, . . . , SC} based on
the optimization of the total distance away from centroids
within each cluster, arg minS

∑C
i=1

∑
x∈Si

‖x − μi‖2. Here, x
are L-dimensional vectors of principal component (PC) scores
for each trajectory, and μi are the centroids (means) computed
from the cluster assignments. This optimization is done using
scikit-learn’s standard KMeans function with the known
number of clusters specified.

III. RESULTS

A. Two subpopulation heterogeneous Vicsek models cluster
over sufficiently long times

We first demonstrate the dimensionality-reduction-based
clustering on a setup with two subpopulations of particles that
differ only in one attribute. Specifically, we take two types
of particles, N1 = 200, N2 = 200, with φ1 = (ν1, σ1, R1) =
(0.01, 0.1, 0.05) and φ2 = (ν2, σ2, R2) = (0.01, 0.3, 0.05).
That is, the two particles differ only in their magnitude of
noise. Other simulation parameters are set to L = 1,�t = 1.
The results of the simulation over increasingly long times can
be seen in Fig. 2.

In Figs. 2(a)–2(c), the snapshots of the particle positions
show that the collective evolves in a manner that integrates
both subpopulations with no apparent pattern. The first two
PC scores of each trajectory are shown in Figs. 2(d)–2(f). At
early times, the scores are not separable by eye. After some
time passes, the scores seem to begin to separate but not to a
degree that can be fully disentangled. Finally, at long times,
the PC scores of the trajectories corresponding to different
types separate into two distinct clusters. Figures 2(g)–2(i)
show the result of running K-means clustering on the PC

Time

(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

(j)

FIG. 2. Two subtype Vicsek model simulation and clustering.
(a)–(c) Snapshots of the particle positions in a heterogeneous Vicsek
simulation with two types of particles and displaying no apparent pat-
tern. (d)–(f) The first two principal component scores for each trajec-
tory, colored by particle type. (g)–(i) Results of K-means clustering
on PC scores. (j) Clustering accuracy approaches 100% as the trajec-
tories become longer. The two populations differ only in their noise
magnitude σ1 = 0.1, σ2 = 0.3 and otherwise ν = 0.01, R = .05,
with L = 1, �t = 1, and particle counts N1 = 200, N2 = 200.

scores. Initially, the clustering is inaccurate (around 50%, as
expected, by random assignments of two categories) but pro-
gressively gains accuracy until eventually stabilizing at 100%
as more data is accumulated on the trajectory [Fig. 2(j)].

B. Time to accurately cluster is dependent on which parameters
are heterogeneous

The previous result shows that the PC scores in a single
collective with two different noise magnitudes cluster over
sufficiently long times. This leaves the natural question of
what shapes the timescale for accurate clustering. Due to
stochasticity, this timing will differ in each collective. We
perform Nsim = 100 simulations for each parameter set to
evaluate the typical time to cluster accurately for the corre-
sponding scenario. The results of varying the heterogeneity
in noise σ , the interaction radius R, and number of particles
N1, N2, and the ratio of N1, N2 can be seen in Fig. 3.

In Fig. 3(a), we see the effect of differing levels of noise be-
tween the two subpopulations of particles, ranging from 2.5 to
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(a) (b)

(c) (d)

FIG. 3. Parameter influence on timescale of accurate clustering.
(a): Median accuracy Nsim = 100 of clustering for a two sub-species
heterogenous Vicsek model with only noise magnitude different.
“Noise fold” refers to the ratio of σ2/σ1. (b): Median accuracy
clustering two sub-species with only interaction radii different (c):
Median accuracy clustering with the ratio N1/N2 = 1 fixed but the
total number of particles N1 + N2 = N is increased. (d): Median
accuracy clustering with the ratio N1 + N2 = N fixed but ratio of two
groups is varied.

5.0 “noise fold”, meaning the ratio of σ2/σ1. Intuitively, as the
populations become more distinct, the ability to distinguish
them becomes easier, manifesting as a smaller timescale until
all simulations reach 100% accuracy. In Fig. 3(b), a similar
effect can be seen for differing only the interaction radii.
However, we note that the time for clustering with differing
radii takes far longer than clustering noise differences. Next,
we investigate the role of particle density by fixing the ratio of
N1 to N2 in the noise test of the first panels. We then increase
the total number of particles N = N1 + N2 and investigate
the time to cluster accurately, finding that the time to cluster
decreases with N , as seen in Fig. 3(c). Lastly, we fix N and
vary the ratio of the two subtypes, seen in Fig. 3(d). Here,
we find that greater asymmetry produces longer accurate clus-
tering time. In sum, we find that (i) the more heterogeneous
(in parameter values) the subpopulations, (ii) higher density,
and (iii) lower asymmetry in numbers all decrease the critical
timescale for clustering accurately.

C. Clustering time is intrinsic and can be disentangled
from transient behavior

In the investigation thus far, we have established the in-
tuitive fact that longer trajectories yield higher accuracy in
clustering subpopulations. Moreover, the timescale for this
accurate clustering is an intrinsic property determined by
the parameters of the system. However, it remains unclear

(a) (b)

(c)

FIG. 4. Clustering timescale dependence transient effects. All
simulations have the same parameters as Fig. 2 but retain the ini-
tial transient timesteps discarded in all other figures. (a) Median
clustering accuracy (Nsim = 100) for sliding windows of time [0, t]
(red, lowest), [t, 2t] (purple, middle), and [2t, 3t] (purple, top),
showing reduced accuracy for trajectories with transient behavior.
(b) Cluster accuracy for increasing choices of cutoffs for discarding
transient effects. The bottommost curve, labeled [0, t], corresponds
to no data discarded. Values around t > 500 converge, supporting
the choice of t = 1000. (c) Same as the previous panel, except with
σ1 = 0.1, σ2 = 0.25, a more challenging clustering [σ2 = 0.3 in (b)].
Accurate clustering times are longer, but curves for cutoffs t > 200
appear converged.

whether this emergent timescale is related to transient effects
in the system or corresponds to observations equilibrium. For
all simulations unless noted otherwise, we discard the first
t = 1000 time steps in hopes of truly quantifying the equilib-
rium behavior, but in this section we discuss and investigate
this choice. For the heterogeneous two-subpopulation Vicsek
model investigated in Fig. 3, we now retain the initial time
steps and denote t = 0 the initialization with random parti-
cle positions and orientations. Then, we investigate sliding
windows of time of the trajectories of the same length but
at different timepoints. In Fig. 4(a), three curves correspond
to clustering accuracy for trajectories limited to [0, t], with
no transient effects removed, [t, 2t] and [2t, 3t]. The curve
with transient effects is notably distinct from those with initial
portions discarded and has far slower clustering time, with
differences occurring on the timescale of t = 1000. To inves-
tigate whether t = 1000 is an appropriate threshold for cutoff
to discard transient time steps, we vary this threshold and
compare the median accuracy for each. In Fig. 4(b), we use
the same values as previous figures, including σ1 = 0.1 and
σ2 = 0.3, and find that curves with transient times t > 500
converge onto each other. In Fig. 4(c), we further investigate
the choice of t = 1000 cutoff for a harder clustering task
σ1 = 0.1 and σ2 = 0.25. While clustering times are broadly
longer, all curves for cutoffs t > 200 again converge onto
each other. Altogether, these findings suggest that clustering
time is indeed a system-specific emergent quantity even at
equilibrium rather than an artifact of transient behavior.

D. More than two subpopulations can be clustered

The previous examples explore a heterogeneous collective
with only two subpopulations. However, the dimensionality
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Time

(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

(j)

FIG. 5. Three subtype Vicsek model simulation and clustering.
(a)–(c) Snapshots of the particle positions in a heterogeneous Vicsek
simulation with three types of particles and displaying no appar-
ent pattern. (d)–(f) The first two principal component scores for
each trajectory, colored by particle type. (g)–(i) Results of k-means
clustering on PC scores. (j) Clustering accuracy approaches 100%
as the trajectories become longer. Inset: Silhouette scores at long
times correctly identify the number of clusters. The three populations
differ only in their noise magnitude σ1 = 0.1, σ2 = 0.3, σ3 = 0.5,
and otherwise ν = 0.01, R = .05, with L = 1, �t = 1, and particle
countsN1 = 200, N2 = 200.

reduction and clustering of these latent representations need
not be limited to only two populations. We next consider
the variation with three subpopulations of Vicsek particles,
differing again only by the noise magnitude σ1 = 0.1, σ2 =
0.3, σ3 = 0.5. The simulations and clustering procedure can
be seen in Fig. 5. Again, the collective itself does not seem to
display any apparent pattern in positions [Figs. 5(a)–5(c)], but
the PC scores separate over sufficiently long times [Figs. 5(d)–
5(f)]. For long trajectories, the accuracy approaches 100%
[Fig. 5(j)]. In practice, the number of clusters must be spec-
ified for k-means or other clustering algorithms but may be
unknown. In the inset of Fig. 5(j), we plot the silhouette score
[68], a metric for choosing the number of clusters. We see
that for intermediate times, an incorrect number of clusters
may be inferred (five clusters is shown as the maximum), but
at sufficiently long times, three clusters are recovered in the
silhouette score as the correct number.

E. Model-free clustering is generalizable to a heterogeneous
D’Orsogna model

Although the Vicsek has historically served as a test bed for
investigations of collective motion, one may wonder whether
our results are specific to heterogeneities in this model alone.
To explore the generality, we next consider a different, histor-
ically important alternative: the D’Orsogna model [59]. The
D’Orsogna model describes self-propelled particles in 2D,
with the position of the ith particle xi evolving as

dxi

dt
= vi,

dvi

dt
= (α − β‖vi‖2)vi − ∇U (xi ), (4)

where

U (xi ) =
N∑

i �= j

[
Cre−‖xi−x j‖/λr − Cae−‖xi−x j‖/λa

]
. (5)

In the model, the parameter α describes the self-propulsion
magnitude and β is the friction magnitude. The potential
Eq. (5) is a Morse-like potential between all pairs of particles.
The two length scales are la and lr , and represent attraction and
repulsion, respectively. Each of those magnitudes is governed
by Ca and Cr .

The D’Orsogna model can display considerably more com-
plex behavior than the Vicsek counterpart. Depending on the
parameter values chosen, possible behaviors range from single
mills and double mills to swarms and escapes [43,59]. Here,
we investigate a heterogeneous version of the D’Orsogna
model with two subpopulations of particles that each have
different parameters but in a parameter regime where each
subpopulation displays the same qualitative behavior. This
choice was motivated by the intuition that a setup where sub-
types display different qualitative behaviors should be easier
to cluster and less interesting to investigate. We choose β, the
friction, to differ. The interaction potential sums all neighbors,
both in and out of the subtype. One key difference is that
the magnitude of the velocity may change in the D’Orsogna
model, whereas in Vicsek it is constant. We again use the
orientation alone as the data input to the dimensionality reduc-
tion, with τi,t = atan2(vy

i,t , v
x
i,t ), where vx

i,t and v
y
i,t represent

the x, y component of the velocity observed spaced time inter-
vals enumerated by t . The ODEs are solved numerically using
SciPy’s Dormand-Prince dopri5 method and then resampled
via linear interpolation to be equally spaced observations by
�t = 1.

In Eq. (4), we see the results of the heterogeneous
D’Orsogna simulation and clustering analysis. For the param-
eters chosen where attraction is stronger than repulsion, a ring
behavior appears with particles moving both clockwise and
counterclockwise [Figs. 6(a)–6(c)], but otherwise the identi-
ties of each subpopulation do not seem distinguishable by eye.
The PC values shown in Figs. 6(d)–6(f) do not initially sepa-
rate the identities, but as longer trajectories are observed, the
PC scores from each subtype separate into two circles: those
in type 1 with a smaller radius. Due to the shape of the PC
scores, k-means expectedly fails to recover the true identities,
but standard spectral clustering [67] shown in Figs. 6(g)–6(i)
recovers the true identities with flawless accuracy.
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(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

FIG. 6. Heterogeneous D’Orsogna model simulation and cluster-
ing. (a)–(c) Snapshots of the particle positions in a heterogeneous
D’Orsogna model simulation with two types of particles and display-
ing no apparent pattern. (d)–(f) The first two principal component
scores for each trajectory, colored by particle type. (g)–(i) Results
of spectral clustering on PC scores. Simulation parameters are N1 =
200, N2 = 200 with shared parameters: α = 1.50, la = 1.0, lr = 0.9,
Ca = 1.0, Cr = 0.9, but differing β1 = 0.80 and β2 = 0.775.

F. Limitations on multiple data sets

We have thus far investigated the ability to interrogate a
single collective at a time and found that we need sufficiently
long trajectories for accurate clustering. However, in practice,
experimental constraints limit the ability to take long observa-
tions. Instead, it may be more practical to obtain replicates
of experiments. We therefore investigate the feasibility of
combining data from multiple distinct observations of the
same heterogeneous collective. Returning to the setup with
two subpopulations of Vicsek particles with differing noise
magnitude with run N1 = 200, N2 = 200, as in Fig. 2, we now
run three separate simulations. Each simulation is initialized
with different random configurations, and then run to the
steady state with these transient values discarded, the same
as previous figures. The three simulations are concatenated
into 3×400 trajectories in one data matrix to cluster. The
resulting PC values for the concatenated data can be seen
in Fig. 7. At short times, no apparent pattern is seen. As
time progresses [Fig. 7(b)], the PC scores split into three
groups. This pattern continues at long times [Fig. 7(c)], and
each of the three groups splits into two subgroups, resulting
in six total clusters. However, the three predominant groups
correspond to the three distinct simulations. Therefore, the
clustering distinguishes different simulations rather than the
same groups between simulations. That is, there does not ap-
pear to be a way to tell from the PC scores alone that the three
observations were from the same heterogeneous collectives.

simu01

simu02

simu03

(a) (b) (c)

FIG. 7. Clustering fails to combine multiple experiments. (a)–(c)
PC scores over increasingly long trajectories with three separate
collectives concatenated into a single data set. The same setup of
two-subpopulation Vicsek with different noises, as in Fig. 2.

Intuitively, this is because the temporal structures (correla-
tions) that allow for the statistical separation are limited to
a single observation. However, this does not mean the task
of identification across multiple experiments is impossible
but rather that it seems to require different techniques that
incorporate model structure, e.g., the mixture modeling of
Ref. [49].

IV. CONCLUSION

In summary, we have investigated the ability to per-
form clustering to recover the true identities of particles in
heterogeneous collectives without prior knowledge of the
heterogeneities or underlying model. To do so, we first in-
vestigated a heterogeneous Vicsek model. To cluster, the
orientations are transformed to nonangular data and then di-
mensionally reduced via PCA. In these latent dimensions, we
find that the trajectories naturally separate over sufficiently
long timescales. We find that this timescale is decreased by
larger differences in noise magnitudes, larger differences in
interaction radii, higher particle densities, and equal sub-
population numbers. The method was readily extended to
a heterogeneous Vicsek setup with three types of particles,
where the number of clusters was also recovered via a sil-
houette score. Finally, we show that the premise also extends
to other models of collectives by investigating a heteroge-
neous D’Orsogna model. For this model, we find that spectral
clustering was necessary due to the complexity of the PCA
scores, but these scores also separate distinctly over long
timescales. Ultimately, our results add an important vignette
to the growing literature on inferring interactions in collec-
tives, especially those with heterogeneities.

We emphasize that the approach is not intended as an end-
all solution to the identification of heterogeneous collectives,
but rather complementary to existing approaches. That is, it
can be seen as a step of exploratory data analysis to shape
the necessary user input to more sophisticated methods such
as Refs. [48–50]. One key limitation of our methodology was
the inability to identify whether heterogeneities were the same
type across different observations. However, the methodology
proposed here could be used to identify the existence of het-
erogeneities and help steer methods such as Refs. [46,49],
which we anticipate can readily handle learning interactions
and assigning identities across observations.

There are several avenues of future interest stemming
from our paper, in both the theory and practice of inferring
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heterogeneous collectives. It would be interesting to compare
the performance of dimensionality reduction approaches to
disentangling heterogeneities to those based on information-
theoretic quantities like transfer entropy [51,52,69] or Granger
causality [70]. The choice of PCA for dimensionality reduc-
tion was for simplicity, but future work could also investigate
the use of nonlinear approaches such as autoencoders [71]
or LSTM architectures [72]. Further, our investigation of
heterogeneous collectives was purely numerical. It is there-
fore of clear interest to explore whether powerful analytical
approaches (e.g., Toner-Tu theory [73]) can reveal the in-
trinsic lower dimensional structure of these heterogeneous
collectives. We emphasize the plausibility of future analyt-
ical progress by noting the appearance of clusters from a
single PC, effectively the covariance between the positions

of particles. Such lower dimensional structures have been
analytically derived elsewhere for noisy interacting systems
[74] and may reveal further insights about the nature of intrin-
sic disentanglement of heterogeneities we investigate in this
paper.

Python code for performing the simulations of the hetero-
geneous collectives and the clustering analysis therefore can
be found at Ref. [75].
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