
Newton's Methods

consider Yeiren THI

- n - I X r t , = Xp-H"(Xb))"f ' (Xk)
" n > 1 Xpa, = Xk-472ftXm)

- '17ftXb)

Another form ① solve 174kmd r =- thx ,
② update Xk+, = X b Td k

Remark. Dono t require 174km>0 onlyneeds non-singular(invertible).
Namely,Newton'smethod alsoworksfornon-convex optimizationproblems.

b u tmayno t find localm i n .
P r o . 1 . Convergences super-fast (quadratic ra te ) .

2 . Affine invariant.

C o n . 1 . Localconvergence.Require 11Xo-x t " i s small enough.

2 . Computationalcost.

Form Hessianmatrix 0h21. Compute ( F f ) - ' : 01h31.

Der ivat ion, Given cur ren t approximate x r , approximates f byi t s
quadratic Taylor series

f-(x ) a f q( x ; Xm-= f l i n t (P f(Xia), X-X k )t £1174H r )(X-Xk), X-Xu)



m i n f ( x ) → m i n f q ( x ; Xr ) → Pfg(Xml; Xp) = O.
X E R " X ER "

I

Pfqlx;X m = 17ftx r ) t 174H r ) ( x - x , Newton'smethod

convergence Analysis.

Theorem. Suppose f-E C? x " i s a critical p t . i e . 17ft#1=0, a n d Ffa",
i s invertible. Then fora l l Xo sufficientlyclose t o x * , Newton'smethod

i s wel l defined fora l l k , and M a i - X t H f c I Xr - x * 112 t k - o . 1 ,2 . . . .

Proof. Denoteby F IX ) = 1741×1. Then det F M EC ' . A s DetF t # I ¥0,
forsufficientlysmal le . detF Ix )t o , t h x - x " u s e . So F l x ) i s invertible.



Furthermore 11F -'1×111 s c , f 11X -X tI l e e .

Assume X r satisfies 11x , x * I l s e , then F-'Carl exists and 11F -' Hu l kC .

Then X u - X " = Xp-X" -474km)- ' P fKk)
= (17417kt)" (Tiffin) (Xie-Xt) -Pfah l .

WeapplyfirstorderTaylor expansiont o Pfc#I a t X r t o get
17ftx* ) = 17ftXr ) t Tiffxr)(x*-Xp) t 0111X i e - X* 112)

Notetha t Pfix* 1 = 0 andt h e signchange.w e have

177km)(Xie-Xt) - P fK k ) = O(11X n - X* 112).

Therefore 11X k t i - x* 11fell#fun))
- ' I I11x n - x* 112

F C , I lX k - x* 112

Againbychoosinge sufficientlysmal l s i t . C,i c e , w e conclude

11X u - X "H c E a n d F (Xml)
- 'exists and 11Flint,I ' l l f C .

S o i f e i s smallenoughand 11X o - X * 11a e , a l l11X k - x* I l s e and

11Xkt i -X" l l f c , 11Xr - X* 112 V k = 0 , 1 , 2 . . . .

whichimpliesthe localquadraticconvergence. # .

Example. C , = 10. 11X o - x* 11a lo t , 11X i - X* Hf l o " and "X ie-X"115 10".
No t convergent. 11X o - X* HE 10-2, 11×111*11510-3,11K - X* Hf l o ' super-fast.



Remark. The convergence i s proved forM r - x " 11, where x * i s onlya
cr i t ica l point, i .e . Pfc#1=0. x *mayn o t be a localminimum. I t could
b e local m a x A i . o r a saddlep t N i l . To be a localminimum, w e
needt o fartherverify Ffcx*I>O.

Modificationof Newton's method.
Newton's methodmay n o t be a descentmethod, i e , fA n t i ) > f u n i s possible
(e.g. x " i s a localmaximum). Have t o restrict t o stricktty c o nve x functions.

Lemma. Assume t i fCx)>O, V x . I f 17f u n t o , thenNewton's direction
die=-11741×21-'17f u n i s a descent direction i nt h e s en s et h a t
f l i r t 2 dk ) c fam forsufficientlysmall 2 .

Proof. Let 0121 = f l i r t2dm. Then 0121= (Pfcxktadkl.dk) and
0 ' (O)= - (17ftXr ) .(Titan)

- '17fkn)) = - ( f r ,f r ) a < 0 where

g , = PfCxr ) , Q - (Titan))">0 .

Thenforsufficientlysmall2 , f l i n t2dm = 0/121s ¢ l o l = f u n . # .

For convex functions,w e c a n u s e the followingmodification

1 . Computedie bysolving 174Hk) dm=-Pflxr)
2 . Find a n = argminfun+2dm by l ine search.

'

3 . Update Xkti = Xr t 2 kdk.



wha t i f H f i s not SPD? Notet h a t fornon-convex functions, the gradient
method X ian-Xu-anI P fan i s alwaysa descentmethod. Thismotivates
the Levenberg-Marquardt modification

xkti-xr-dkltfflxnl-HKII-tpflxkl.pl
whereten>0 i s chosen s - t . P 'fam t HhI > O a n d a n > O i s a stepsize.

I t i s a mixture of Newton andgradientmethods:
- Hk= O . Newton's method.
. µ , → t o o . Gradientmethod.

Non-linear Le a s t squares

f ( x ) = I l l N x t112 where r = l h , K . . . . ,Rm)EIRM and X = (X i .X i ,---Xm ER".

- ataxia:#in-II.r u n . where " "f.III."I, ÷.III.I.it
⇐ HIM..

m m

. 172ftx ) = ( P - r , r ) t (8¥,¥ ) = S ( x ) t J Tx )J (x ) .

. Newton's method X m = X p - ( J IM )JAM t s h i r t )
- ' I Ix k ) r ( Xk ) .

. Gauss-Newtonmethod X m = X p - ( J IM )JAM )
- ' I Ix m M Xk) .

. Levenberg-Marquardt methodX m = X k - ( J IM )JAM + MrI I -' I Ix m M Xk ) . .


