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(1) Let ni be the unit outward normal vector of the face Fi and di be the distance
from xi to Fi. Prove

∇λi = − 1
di

ni.

(2) Prove that, with central finite difference methods with five point stencil for Dirich-
let boundary condition, the resulting stiffness matrix, when properly scaled, is the
same as the linear finite element discretization on either three-directional uniform
grids or criss-cross uniform grids.
Hint: Using formula in (1) to compute the local stiffness of the isosceles right
triangle.

14 1. AN OVERVIEW OF THE FINITE ELEMENT METHOD
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FIGURE 7. A uniform grid

H1(Ω) in 1 dimensions (Ω = (0, 1), have well defined interpolant. For 2d and 3d this is no longer true,
but it can be shown that the functions in H2(Ω) have well defined interpolant. Such statements follow
from the celebrated Sobolev embedding theorem, one of the important results in the theory of PDE.

We now state a general interpolation result, which holds in 1, 2, and 3 spatial dimensions. Recall
that for the model variational problem that we consider, we have that �u− uI�a = |u− uI |1,Ω.
(2.6.1) Theorem. Let Ω be a bounded Lipschitz domain in Rd. For any function u ∈ H2(Ω) (d =
1, 2, 3), the following estimate holds:

(2.6.2) �u− uI�0,Ω + h|u− uI |1,Ω � h2|u|2,Ω

where h is the maximum diameter of the elements in the triangulation, and C is an absolute constant,
independent of u and h.

PROOF. Let us first prove the estimate in one dimension and then give the proof for 1 ≤ d ≤ 3.

One dimensional case: d = 1. Observe first thst e = (u − uI) vanishes at the end points of
each interval and e� is continuous, because e�� is square integrable (caution!, see Remark 2.8.2). By
the Rolle’s theorem there exists ξi ∈ (xi, xi+1) such that e�(ξi) = 0. By the Fundamental Theorem of
Calculus for x ∈ (xi, xi+1), we have that

e�(x) =
� x

ξi

e��(t) dt

Since uI is linear on [xi, xi+1] we have that e��(t) = u��(t), and hence

[e�(x)]2 =
�� x

ξi

u��(t) dt

�2

.

Applying the Schwarz inequality to the right side then gives,

[e�(x)]2 ≤
����
� x

ξi

12 dt

����
����
� x

ξi

[u��(t)]2 dt

����

≤ |ξi − x|
� xi+1

xi

[u��(t)]2 dt.

Integrating from xi to xi+1, and observing that
� xi+1

xi

|ξi − x| dx =
1
2
[(ξi − xi)2 + (xi+1 − ξi)2] ≤ (xi − xi+1)2,
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FIGURE 1. Mesh
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(b) Three-directional Uniform Grids

FIGURE 1. Cirss-Cross Uniform Grids

(3) Let e ∈ E(T ) be an interiori edge in the triangulation with nodes xi and xj , and
shared by two triangles τ1 and τ2. Denoted the angle in τ opposing to e by θτE .
(a) Derive the following identity

aij = −1
2

(cot θτ1E + cot θτ2E ).

(b) Prove that aij ≤ 0 if and only if the following Delaunay condition is satisfied:

θτ1E + θτ2E ≤ π
(c) † Prove that if the Delaunay condition is satisfied for all interior edges in the

triangulation (such a triangulation is called Delaunay triangulation), the finite
element solution is nonnegative for the equation −∆u = f (with homoge-
neous Dirichlet boundary condition) if f ≥ 0.
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