
FINITE DIFFERENCE METHOD FOR STOKES EQUATIONS: MAC SCHEME

LONG CHEN

In this notes, we present the most popular finite difference method, MAC [4], for the
Stokes equations and analyze the MAC scheme from different prospects. We shall consider
the steady-state Stokes equations

(1)
{−∆u+∇p = f in Ω,

−∇ · u = g in Ω.

Here for the sake of simplicity, we fix the viscosity constant µ = 1. Various boundary
conditions will be provided during the discussion.

1. MAC DISCRETIZATION

Let u = (u, v) and f = (f1, f2). We rewrite the Stokes equations into coordinate-wise

−∆u+ ∂xp = f1,(2)
−∆v + ∂yp = f2,(3)
−∂xu− ∂yv = g.(4)

The domain Ω = (0, 1)2 is decomposed into small squares with size h. We use two di-
mensional uniform grids for Ω = (0, 1)2 as a typical setting. Generalization to domains
composed by rectangles and to three dimensional domains composed by cubes is straight-
forward but with extra notation.

Standard central difference discretization of ∆ and ∂x, ∂y at vertices of the uniform grid
will not give a stable discretization of Stokes equations due to the failure of the discrete
inf-sup condition. To see this, one can view the 5-point stencil as using P1 element for
Laplacian operator and thus discretization at grid points is equivalent to use P1 − P1 un-
stable pair. Similarly changing pressure discretization to centers of cells corresponds to
P1 − P0 which is not stable neither.

The idea of MAC, Marker and Cell, is to place the unknown of (u, v, p) in different loca-
tions. Specifically the pressure p is located in the center of each cell and the x-component
velocity u on the middle points of vertical edges (red dots) and the y-component velocity
v on middle points of horizontal edges; see Figure 1.

The MAC scheme is to discretize the x-coordinate momentum equation (2) at vertical
edges, the y-coordinate momentum equation (3) at horizontal edges, and the continuity
equation (4) at cell centers using central difference schemes.

Let us introduce the indices system consistent to the matrix, which is easier for the
programming: i is the row index and j is the column index, running from 1 : n or 1 : n+1,
where n the number of cells in one direction. The pressure is then discretized to a matrix
p(1:n,1:n), and the velocity is u(1:n,1:n+1), and v(1:n+1,1:n). One can easily
write out the mapping from the index (i, j) to the coordinate (xj , yi) for different variables.
Note that it is not consistent with the traditional indices system where i for xi and j for
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SOLVING STOKES EQUATION WITH MAC METHOD

ABSTRACT. In this notes, we summarize numerical methods for solving Stokes equations
on rectangular grid, and solve it by multigrid vcycle method with distributive Gauss-Seidel
relaxation as smoothing. The numerical methods we concerned are MAC scheme, noncon-
forming rotate bilinear FEM and nonconforming rotate bilinear FVM.

1. PROBLEM STATEMENT

We consider Stokes equation

(1.1)

8
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>:

�µ�~u + rp =~f in ⌦,

r · ~u =0 in ⌦.

~u =0 on @⌦

where ~u = (u, v)t, and ~f = (f1, f2)
t.

2. MAC DISCRETIZATION
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FIGURE 1. Index for p, u, v.

2.1. MAC Scheme. Suppose we have a rectangular decomposition, for each cell, the de-
gree of freedoms for u and v are located on the vertical edge centers and horizontal edge
centers, respectively, and the degree of freedoms for pressure p are located at cell centers.
The MAC scheme is written as (µ = 1)

4ui,j � ui�1,j � ui+1,j � ui,j�1 � ui,j+1

h2
+

pi,j � pi,j�1

h
= f i,j

1(2.1)

4vi,j � vi�1,j � vi+1,j � vi,j�1 � vi,j+1

h2
+

pi�1,j � pi,j

h
= f i,j

2(2.2)

ui,j+1 � ui,j

h
+

vi,j � vi+1,j

h
= 0(2.3)

It’s easy to see that the above scheme has second order truncation error.
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(c) v

FIGURE 1. Location and indices of (u, v, p) variables.

yj . The advtange to use the proposed index system is that once the mapping (algebraic to
geometry mapping) is fixed, in almost all places of coding, we operate on the matrix and
such index system is more intuitive to traverse in the matrix. See Programming of Finite
Difference Methods for detailed discussion.2 SOLVING STOKES EQUATION WITH MAC METHOD
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FIGURE 2. equation for u, v, p.

2.2. Dirichlet boundary condition.
(1) Square domain

Consider a unit square domain with the grid spacing h for each direction. We
only consider the handling of boundary condition for u on the level y = h

2 . The
same approach can be applied for the level y = 1� h

2 . The handling of v on x = h
2

and x = 1 � h
2 is similar.

Our aim is how to approximate uyy(jh, h
2 ) with the numerial grid function

values uN�1,j , uN,j , uy=0,j ?
(a) The Natural Taylor Series Expansion Method.

Consider the following Taylor series expansions:

u(jh, 0) = u(jh,
h

2
) � uy(jh,

h

2
)
h

2
+

1

2
uyy(jh,

h

2
)
h2

4
+ O(h2),(2.4)

u(jh,
3h

2
) = u(jh,

h

2
) � uy(jh,

h

2
)h +

1

2
uyy(jh,

h

2
)h2 + O(h2).(2.5)

Multiplying (2.4) by 2 and taking summation with (2.5) yields

�uyy(jh,
h

2
) =

4

3
(
2uy=0,j � 3uN,j + uN�1,j

h2
) + O(h2).(2.6)

Thus the scheme for the Laplacian term of u at y = h
2 is

�4

3
· 2uy=0,j � 3uN,j + uN�1,j

h2
� uN,j�1 � 2uN,j + uN,j+1

h2
+

pN,j � pN,j�1

h
= fN,j

1 .

(b) Augmented Variable Method.
We use augmented variables @nu = g1 at the sides y = 0 with 0  x  1.
Then at y = h

2 , we have

uyy(jh,
h

2
) =

uy(jh, h) � uy(jh, 0)

h
+ O(h2) =

uN�1,j�uN,j

h � gj,0
1

h
+ O(h2).

The first order Taylor series approximation of u at y = 0 results in

uN,j + gy=0,j
1

h

2
� uy=0,j = 0.

FIGURE 2. Indices of local stencils of MAC equations

Using this index system, the MAC scheme can be written as

4ui,j − ui−1,j − ui+1,j − ui,j−1 − ui,j+1

h2
+
pi,j − pi,j−1

h
= f i,j1(5)

4vi,j − vi−1,j − vi+1,j − vi,j−1 − vi,j+1

h2
+
pi−1,j − pi,j

h
= f i,j2(6)

−u
i,j+1 − ui,j

h
− vi,j − vi+1,j

h
= gi,j(7)

Since central difference schemes are used, it is easy to see that the above scheme has
second order truncation error at interior nodes.

We then discuss discretization of boundary conditions. For Dirichlet boundary condi-
tion, one can impose it in one direction by fixing the value laying on the boundary and by
extrapolation on the other direction. Let us take x-coordinate component velocity u as an
example. On edges x = 0 and x = 1, the value is given by the boundary condition and no

http://www.math.uci.edu/~chenlong/226/FDMcode.pdf
http://www.math.uci.edu/~chenlong/226/FDMcode.pdf
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equation is discretized on these points. On edges y = 0 and y = 1, however, there is no
unknowns of u on that edge and we need to modify the stencil at y = h/2, 1 − h/2. As
an example, consider the discretization at the index (1, j). We introduce the ghost value
at y = 1 + h/2, i.e. u(0, j). Then we can discretize the momentum equation at (1, j)
using (5). The ghost value can be eliminated by the linear extrapolation, i.e, requiring
(u0,j + u1,j)/2 = uD(xj , 1). Therefore the modified discretization (5) is

5u1,j − u2,j − u1,j−1 − u1,j+1

h2
+
p1,j − p1,j−1

h
= f1,j

1 +
2uD(xj , 1)

h2
.

In short

(8) (5,−1,−1,−1,−2)

is the stencil for u-unknowns near the horizontal boundaries.
We can also use the quadratic extrapolation, i.e., use u1/2,j , u1,j , u2,j to fit a quadratic

function and evaluate at u0,j to get u0,j = −2u1,j + 1
3u

2,j + 8
3u

1/2,j . The modified
boundary scheme is:

6u1,j − 4
3u

2,j − u1,j−1 − u1,j+1

h2
+
p1,j − p1,j−1

h
= f1,j

1 +
8
3uD(xj , 1)

h2
.

and this near boundary stencil is denoted by

(9) (6,−4

3
,−1,−1,−8

3
).

The quadratic extrapolation will lead to a better accuracy and the detailed error analysis
can be found in Section 3. It will, however, destroy the symmetry of the matrix since the
coefficient connecting u1,j to u2,j is −4/3 not −1.

For Neumann boundary condition ∂u/∂n|∂Ω = gN , the ghost value will be eliminated
by the central difference discretization (u0,j − u1,j)/h = gN (xj , 1) and the modified
stencil is

3u1,j − u1,j−1 − u1,j+1 − u2,j

h2
+
p1,j − p1,j−1

h
= f1,j

1 +
gN (xj , 1)

h
.

Unlike the Dirichlet boundary condition, similar modification is needed for all grids points
on or near the boundary edges and for points near corners two ghost degree of freedom
(dof) should be introduced; see Finite Difference Methods.

We can write the discrete problem in the matrix form with familiar notation:
(
A Bᵀ

B 0

)(
uh
ph

)
=

(
fh
gh

)
,(10)

where A = −∆ and B = − div. There is no need to form these matrices when implement
the MAC scheme. See the matrix-free implementation in Programming of MAC Scheme
for Stokes Equations.

Exercise 1.1. Verify the matrix BBᵀ is the standard 5-point stencil of Laplacian operator
discretized at cell centers and with Neumann boundary conditions. Therefore the pressure
is unique up to a constant.

2. COVOLUME FORMULATION

We shall interpret MAC from covolume formulation.

http://www.math.uci.edu/~chenlong/226/FDM.pdf
http://www.math.uci.edu/~chenlong/226/MACcode.pdf
http://www.math.uci.edu/~chenlong/226/MACcode.pdf
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2.1. Concepts from algebraic topology. An n-dimensional closed cell is a domain that
is homeomorphic to an n-dimensional closed ball. Examples of cells includes simplex,
cubes, rectangles, and all polyhedra. In algebraic topology, prefix is added to distinguish
cells in different dimensions. We shall use conventional names when possible. Namely
vertices or nodes for 0-cell, edge for 1-cell, face for 2-cell, and volume for 3-cell. With a
slight abuse of notation, we still use “cell” for the cell with the highest dimension in the
grid.

Cell complex K is a collection of cells satisfying conforming property: 1. any face of a
cell in K is also in K; 2. the intersection of any two cells is a common face of these two
cells. A simplicial complex is a cell complex whose cells are all simplices. For a grid to
be a cell complex, it should be a conforming grid (without overlapping or hanging nodes)
and in the cell complex of this grid, all lower dimensional cells are included. The body
|K| of a complex K is the union of all cells. When a subset Ω of Rn is the body of a cell
complex K, then K is said to be a mesh (or grid) of Ω. In the rest, we shall mainly work
on 2-dimensional grids and its corresponding cell complex.

In a 2-D cell complex, each cell will be oriented counterclockwise. For an oriented cell
T , its boundary will inherit a induced orientation. Each edge will assign a direction as its
orientation. Note that for two counterclockwise oriented cells T1, T2 sharing one edge e, if
the direction of e is consistent with the induced orientation from T1, then it is opposite to
that induced from T2. The orientation of a node is defined as positive if a vector point to
this node and negative if a vector leaving this node. A good example is the notation when
evaluating an integral u|10 = u|∂(0,1).

For a d-cell T , ∂T consists of d− 1-cells on the boundary of T . Taking the orientation
into consideration, we write 1 if the orientation is consistent and −1 if not. Therefore we
can write a formal linear combination

∂T = e1 + e2 − e3.

More generally, let us label each oriented d-cell with a superscript univocally identifying
it. We define a chain (with integer coefficients) as a formal addition of cells ci with integer
coefficients ni

C =
∑

i

nic
i.

The boundary operator ∂ can be linearly extended to a chain, i.e., ∂C =
∑
i ni∂c

i.
All d-dimensional chains forms an abelian group (or a module) Cd with generators {ci}.

Relative to these generators, a chain can be identified as a vector. The boundary operator
will then have a matrix representation which is the transpose of the incidence matrix in-
troduced below. In abstract definition, an incidence matrix is a matrix that shows the
relationship between two classes of sets: X and Y . The matrix RXY = (rxy) is of size
NX ×NY and rxy = 1 if x and y are related (called incident in this context) and 0 if they
are not. For X = {cid} and Y = {cid−1} consisting of orientated cells, when y is a face of
x, we refine the definition to rxy = 1 with the consistent orientation and rxy = −1 if the
orientation is inconsistent. Now it is straightforward to verify that ∂d = Rᵀ

XY = RY X .
All chains groups and boundary operators forms a chain complex

Cn ∂n−→ Cn−1 · · · C1 ∂1−→ C0 −→ 0.

The last 0 represents the trivial group. Note that ∂d◦∂d+1 = 0 which implies img(∂d+1) ⊆
ker(∂d) and the factor group

Hd(Ω) = ker(∂d)/img(∂d+1)
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is called the d-th homology group of Ω, the body of the cell complex. The rank of Hd is
called the d-th Betti number of Ω. The first few Betti numbers have the following intuitive
definitions:

• b0 is the number of connected components;
• b1 is the number of two-dimensional or “circular” holes;
• b2 is the number of three-dimensional holes or “voids”.

A domain is simply connected if b1 = 0. For 2-D domains, it is equivalent to no holes. But
a 3-D domain with a three-dimensional holes could be still simply connected.

2.2. Cell complex of primary and dual grids. The unit square is decomposed into N =
n2 small squares with size h. This grid is called the primary grid and denoted by Th. The
subscript h is used to record the mesh size. We will omit the subscript when necessary. The
center of the boundary cells are reflected (relative to nearby boundary edge and corners).
The centers of all cells including these reflected form another grid consisting of squares
with size h which will be called the dual grid and denoted by T̄∗. Due to the reflected cen-
ters, the dual grid will cover the primary grid. •1 Cells in T̄∗ with non-empty intersection •1 figure here
with the boundary of the domain will be called (dual) boundary cells and other cells will
be called interior cells and denoted by T∗.

Each cell in the dual grid forms a covolume of the vertices in the primary grid. More
generally, cells in T∗ is isomorphism to T by a one-to-one mapping between a k-cell in
T∗ and a (d − k)-cell in T (will be referred as dual cells). For rectangular grids, the
dual cells are orthogonal and intersect at barycenters. This orthogonality and symmetry
leads to special duality for the discretization of differential operators on rectangular grids.
For triangular grids, the orthogonality and part of the symmetry can be preserved using
Delaunay-Voronoi dual grids which imposes certain geometric restriction on grids. For
general triangular grids and its dual grids formed by barycenters, the orthogonality is lost.
Consequently discretization on unstructured grids is harder than rectangular grids.

All cells will be oriented counterclockwise. For a 2-D cell complex, we should be care-
ful on the orientation of edges. First treat as the boundary face of 2-cells, its orientation is
given by the normal vector; see the figure below. On the other hand, as a 1-cell, the orien-
tation could be given by the tangential vector. In 3-D, such distinguish will be more clear
since the first one is the normal direction of faces but in 2-D both normal and tangential
direction are associated to edges. One can always rotate the normal direction 90◦ to get a
tangential direction.

For the primary grid, the edge will be assign a normal orientation and on the dual grid
the tangential orientation. Thus on the primary cell, an edge is consistent with the cell if
its normal orientation is the outwards normal direction of the cell.

2.3. Differential operators in two dimensions. Besides the gradient and divergence op-
erator, we will use two more differential operators curl and rot in R2. The curl operator
is unambiguously defined for a 3-D vector fields v and the result curlv is still a 3-D vector
field. When restricted to 2-D, we have two variants. For a scalar function φ, treating it as
(0, 0, φ) and taking curl , we get a 3-D vector field which can be identified as a 2-D vector
field since the third component is always zero

curlφ = (∂yφ,−∂xφ).

For a 2-D vector field u = (u(x, y), v(x, y)), treating as (u, v, 0) and taking curl , we get a
3-D vector with only nonzero component in the third coordinate and thus can be identified
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Figure 1. Marker and cell discretization on a Cartesian mesh.

Our motivation comes from the numerical simulations in computational !uid dynamics.
The marker and cell (MAC) method proposed by Harlow and Welch [5] (see also the C-
grid of Arakawa [6]) contains staggered grids relative to velocity and pressure and is still
very popular when used in industrial computer softwares as Flow3d of Harper et al. [7] or
Phoenics developed by Patankar and Spalding [8]. This discretization is founded on the use
of a Cartesian mesh (Figure 1): velocity is de"ned with the help of !uxes on the faces of the
mesh and pressure is supposed to be constant in each cell. We try to generalize these degrees
of freedom to arbitrary meshes that respect the usual topological constraints associated with
"nite elements (see e.g. [9]) and in particular to triangles (Figure 2) or tetrahedra. Some years
ago, Nicolaides [10] proposed a new interpretation of the MAC-Cgrid method with the help
of dual "nite volumes for triangular meshes. An analysis of the MAC scheme as a numerical
quadrature for "nite elements has also been proposed by Girault and Lopez [11].
From the point of view of numerical analysis, this MAC-Cgrid discretization can be seen as

the search for an approximation of velocity "eld conforming in the H(div;#) Sobolev space
with the help of the Raviart–Thomas [12] (and N$ed$elec [13] when N =3) "nite element of
degree one. On the other hand, the approximation of pressure "eld in space L2(#) is associated
with discontinuous "nite elements of degree zero. But this vision also adopted by Nicolaides,
is a variational crime for the Stokes problem (1)–(3), where velocity classically belongs to
"nite dimensional linear spaces that are included in the Sobolev space Hl(#) (see e.g. [14]).
Also note a completely di%erent approach proposed by Ern et al. [15] for Stokes problem
with vorticity and velocity vector "elds in R3 and associated with a philosophy of classical
conforming continuous linear "nite elements.
In this paper we recall the variational formulation that we have previously proposed [16; 17]

involving the three "elds of vorticity, velocity and pressure. A particularity of this formula-
tion is that boundary conditions can be considered in a very general way; previous work of

Copyright ? 2002 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2002; 25:1091–1119

FIGURE 3. Figures extracted from Dubois. Vorticity–velocity–pressure
formulation for the Stokes problem. Mathematical methods in the ap-
plied sciences. 25(13):1091–1119, 2002.

as a scalar
rotu = ∂xv − ∂yu.

In 2-D, if we introduce the clockwise 90◦ rotation and use ⊥ in the superscript to denote
this rotation, then

curl f = (grad f)⊥, rotu = divu⊥.

We summarize these differential operators in the following exact sequence

(11) C1(Ω)
curl

GGGGGGGGBFGGGGGGGG

rot
C1(Ω)

div
GGGGGGGBFGGGGGGG

grad
C1(Ω).

The above sequence is exact since the composition of consecutive operators vanishes.

2.4. Discrete vector fields and differential operators. The pressure can be treat as a
function on 2-chain C2(T ) (or in general n-chain Cn in Rn) and the velocity u is a func-
tion on 1-chain C1(T ) (in general n − 1-chain Cn−1 in Rn). To respect the convention of
finite difference methods, we treat the discrete fields as point-wise evaluation at barycen-
ters of cells (center of 2-cells or middle points of edges). A more rigorous one is to use
the terminology differential form, which is an appropriate line or surface integral, in the
algebraic topology and will be discussed later.

The velocity u = (u, v) can be understood as the boundary normal flux u · n of the
primary cell and the tangential velocity u · t on the dual cell evaluated at the middle points
of edges. Therefore we can discretize divu at the cell centers of the primary grid and
rotu, which is known as vorticity ω, on the dual grid.
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We use notation D for div and C∗ for curl on the dual grid. The discrete gradient of
press p is the forward finite difference on the dual grid and denoted by G∗. The cell on the
primary and dual grid will be denoted by T and T∗. In the finite difference setting, the first
order differential matrix is of the scaling 1/h and the second one ∆ is 1/h2.

The discrete vector fields can be identified as a vector formed by the function value at
centers. Therefore the differential operator will have a corresponding matrix representation
and will be denoted by the same notation. For one cell, the div matrix is (1, 1,−1,−1)/h.
It is not difficult to see the differential operator is closely related to the boundary operator
and in turn the incidence matrix RXY .

D = ∂ᵀ2 /h = R2,1/h,

C = ∂ᵀ1 /h = R1,0/h,

R∗ = ∂ᵀ2∗/h = R∗2,1/h

G∗ = ∂ᵀ1∗/h = R∗1,0/h.

Here R∗1,0 means the incidence matrix of the 1-cell and 0-cell on the dual grid and by the
definition R1,2 as a k-cell in the primary is dual to a (n−k)-cell in the dual grid. Based on
that, it is easy to verify the duality of differential operators by the relation to the incidence
matrix that

D = −Gᵀ∗ , C = Rᵀ
∗ .

The identity in the continuous level

−∆ = −grad div +curl rot

is discretized as

(12) −∆h = −DᵀD +Rᵀ
∗R∗ = −G∗D + CR∗.

Namely the five-point stencil can be derived from (12). See Figure 4 for such a verification
for u-component. Note that this identity only holds for interior edges.6 SOLVING STOKES EQUATION WITH MAC METHOD
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1

1

�1�1 2

(C) DtD

FIGURE 6. Stencil verification

3.2. Basis for H(curl) and H(div).

3.2.1. Two Dimensional. For two dimensional case, the basis for H(curl) is the same with
H(grad). We take [0, 1]⇥ [0, 1] as the reference element. The bilinear bases can be written
as

(1 � ⇠)(1 � ⌘), ⇠(1 � ⌘), ⇠⌘, (1 � ⇠)⌘,

corresponding to vertexes (0, 0), (1, 0), (1, 1), (0, 1). For the RT0 element, the element
shape function can be written as ✓

a1 + a2⇠
b1 + b2⌘

◆
,

and the bases are ✓
1 � ⇠

0

◆
,

✓
⇠
0

◆
,

✓
0

1 � ⌘

◆
,

✓
0
⌘

◆
,

corresponding to edge centers (0, 1
2 ), (1, 1

2 ), ( 1
2 , 0), ( 1

2 , 1).

3.2.2. Three Dimensional. Again, take [0, 1]⇥ [0, 1]⇥ [0, 1] as the reference element. For
the ND1 element, the element shape function can be written as

0
@

a1 + a2⌘ + a3⇣ + a4⌘⇣
b1 + b2⇠ + b3⇣ + b4⇠⇣
c1 + c2⇠ + c3⌘ + c4⇠⌘

1
A ,

Bases for H(curl) are located on the 12 edge centers, and for example, bases on edges
align with x-axis,

0
@
⌘⇣
0
0

1
A ,

0
@

(1 � ⌘)⇣
0
0

1
A

0
@
⌘(1 � ⇣)

0
0

1
A ,

0
@

(1 � ⌘)(1 � ⇣)
0
0

1
A .

For the RT0 element, the element shape function can be written as
0
@

a1 + a2⇠
b1 + b2⌘
c1 + c2⇣

1
A ,

and the bases are0
@

1 � ⇠
0
0

1
A ,

0
@
⇠
0
0

1
A ,

0
@

0
1 � ⌘

0

1
A ,

0
@

0
⌘
0

1
A ,

0
@

0
0

1 � ⇣

1
A ,

0
@

0
0
⇣

1
A ,

FIGURE 4. The five point stencil is the combination of CCᵀ +DᵀD.

The exactness div curl = 0, rot grad = 0 is faithfully preserved in the discretation

(13) DC = 0, R∗G∗ = 0,

which is just the fact ∂d ◦ ∂d+1 = 0 of chain complex in primary and dual grids.
The impose of boundary conditions will introduce complication. For Dirichlet boundary

condition, part of the velocity is on the boundary.
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The matrix equation of MAC can be written as
(
DᵀD +Rᵀ

∗R∗ G∗
−D 0

)(
u
p

)
=

(
f
0

)
.

The above equations are posed on interior nodes only. To impose the boundary condition
u = gD on ∂Ω, the stencil near boundary should be changed.

Use these discrete differential operator, we can easily verify

BBᵀ = −DG∗ ≈ −div grad

is the standard 5 point stencil of−∆ operator for 2-cells on the primary grid with Neumann
boundary condition.

We can also verify the commutator:

(14) ∆ugradp = gradp∆p.

using these notation

−∆G∗ = (−DᵀD +Rᵀ
∗R∗)G∗ = −G∗DG∗ = −G∗∆p.

For Laplace operator with boundary condition, as the boundary stencil is changed, the
commutator is non-zero for the cells near the boundary.

3. CONVERGENCE ANALYSIS

In this section we provide convergence analysis for MAC schemes. We first present a
finite element interpretation developed by Han and Wu in [3] for which the discrete inf-sup
condition is easy to verify. Then we show the relation to MAC schemes and thus obtain the
stability of MAC schemes. With the standard truncation error analysis, we then obtain the
rate of convergence which depends on the way of imposing boundary condition. For the
quadratic extrapolation, a second order convergence in H1 norm of velocity and L2 norm
of pressure can be obtained, while for the linear extrapolation, only first order result can be
proved.

Note that Han and Wu obtained only a first order convergence result for finite element
formulation (20) and Nicolaides [5] proved the first order convergence for a scheme equiv-
alent to linear extrapolation scheme (23). The second order convergence of the MAC
scheme for the steady state Stokes equations seems not rigorously proved before.

Denote the number of unknowns for velocity and pressure as Nu and Np, respectively,
and the size of discrete system as N := Nu + Np. The near boundary nodes for velocity
is labeled from 1 to Nb and interior nodes from Nb + 1 to Nu.

3.1. A Finite Element Method Interpretation. We follow the work of Han and Wu in [3]
to interprete the MAC as a special finite element method. Denote V := H1

0(Ω) as the
H1 function with zero trace, and Q := L2

0(Ω) the L2 functions with mean value zero
over domain Ω. The corresponding dual spaces are V′ = H−1(Ω) and Q′ = L2

0(Ω)
respectively. The Stokes operator L can then be understood as L : X → Y with X :=
V×Q and Y := V′ ×Q′.

The variational problem for (1) reads as: find (u, p) ∈ V×Q, such that

(15)

{
a(u,v) + b(v, p) = (f ,v) for allv ∈ V,

b(u, q) = 0 for all q ∈ Q,

where (·, ·) is the L2-inner product and

a(u,v) = (∇u,∇v), b(v, q) = (−div v q).
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×
(a) Mesh T 1

h for u

× × × ×

× × × ×

× × × ×

× × × ×

× × × ×

(b) Mesh T 2
h for v

×
(c) Mesh Th for p

FIGURE 5. The meshes for velocity and pressure

To approximate the velocity space V and pressure space Q, we introduce subspaces Vh
and Qh based on three different meshes: triangulations T 1

h , T 2
h , and quadrangulation Th,

as shown in Figure 5. The triangulations T 1
h and T 2

h are modified from quadrangulations in
Han and Wu [3] by dividing rectangles into triangles using diagonals with positive slope.

Corresponding to the triangulations T 1
h and T 2

h , we define

V1
h = {uh ∈ H1

0 (Ω) : uh|τ is a linear function, for all τ ∈ T 1
h },

V2
h = {vh ∈ H1

0 (Ω) : vh|τ is a linear function, for all τ ∈ T 2
h },

and denote by Vh = V1
h × V2

h. Corresponding to the quadrangulation Th, we define

Qh = {qh ∈ L2
0(Ω) : qh|τ = constant, for all τ ∈ Th}.

To discuss the boundary condition more conveniently, we introduce more notation. We
denote the boundary of Ω as Γ. The set of nodes for the velocity is denoted by Ωh and the
boundary nodes by Γh. The near boundary (nb) nodes for velocity is defined as:

Γunb = {(x, y) is a vertex of type ◦ | y = h/2 or 1− h/2},
Γvnb = {(x, y) is a vertex of type × | x = h/2 or 1− h/2},
Γnb = (Γunb,Γ

v
nb).

With a slight abuse of notation, we also use Γunb,Γ
v
nb,Γnb, Ωh etc. to denote the indices

set. The interior nodes set is defined as
◦
Ωh= Ωh\(Γh ∪ Γnb).

The discrete problem reads as: find (uh, ph) ∈ Vh ×Qh, such that

(16)

{
a(uh,vh) + b(vh, ph) = (f ,vh) for all vh ∈ Vh,

b(uh, qh) = 0 for all qh ∈ Qh.

With appropriate numerical quadrature, we are able to get a variant of MAC scheme.
It is easy to verify that the interior stencil corresponding to a(·, ·) is (4,−1,−1,−1,−1).
For near boundary nodes, again we take u as an example to derive the boundary stencil as
shown in Figure 6.

Denote the basis at point 1 as φ1 = (λ1, 0)ᵀ, straightforward computation yields the
stencil for the near boundary node 1 is

a(uh,φ1) =
9

2
u1 − u4 −

3

4
u2 −

3

4
u5 − 2u0,
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y = h
2

15
2

0

4

6

3

ih

τ1

τ2

τ3
τ4

τ5
τ6

p2p1

FIGURE 6. Stencil computation for the near boundary points.

and the corresponding stencil will be denoted by

(
9

2
,−1,−3

4
,−3

4
,−2).(17)

One point quadrature at point 1 in Figure 6 is used to compute b(φ1, ph):

b(φ1, ph) =

6∑

i=1

∫

τi

−divφ1 · ph ≈ bh(φ1, ph) = h(p2 − p1),

which is equivalent to use the middle point quadrature when computing
∫
e
u · n ds for an

edge of the cell. That is

b(uh, χτ ) = −
∫

τ

divuh dx = −
∑

e∈∂τ

∫

e

uh ·n ds ≈ h(ui,j+1−ui,j)+h(vi,j−vi+1,j).

Define the corresponding linear operators:

A : Vh → V′h, and 〈Auh,vh〉 = a(uh,vh),

and

B : Vh → Q′h, Bᵀ : Qh → V′h, and 〈Bvh, qh〉 = 〈vh, Bᵀqh〉 := bh(vh, qh).

And define the functional fh,f I ∈ V′h:

(18) 〈fh,vh〉 := (f ,vh) , for all vh ∈ Vh,

and

(19) 〈f I ,vh〉 = (f I ,vh)h :=

Nu∑

i=1

h2f(xi)v(xi) , for all vh ∈ Vh,

where xi is the velocity nodes. The inner product (·, ·)h is a discrete version of theL2-inner
product (·, ·) of V. One can easily show that (u,u)h h (u,u) for any u ∈ V.

Using these notation, we can write the discrete problem (16) in the operator form:
(
A Bᵀ

B 0

)(
uh
ph

)
=

(
Πhf

0

)
.(20)

where (uh, ph) ∈Xh := Vh ×Qh, Πhf = fh or f I , and (Πhf , 0) ∈ Yh := V′h ×Q′h.
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3.2. Connection between FE and FD. For the finite difference schemes and the finite
element scheme (20), we get the same stencil for the divergence operator, and the same
stencil for the interior part for the Laplacian operator. The only difference is the near
boundary stencil of the Laplacian operator, which accounts for different ways of imposing
the Dirichlet boundary condition. We explore their connection below.

First we define the relation between vectors and functions and that between matrices and
operators. We chose the standard hat basis function for Vh and the characteristic functions
of cells as the basis for Qh. Then a function can be identified as its coordinate vector and
vice verse. We put an arrow to indicate this isomorphism. For example, for uh ∈ Vh,
~uh ∈ RNu is its coordinate vector and similarly for ph ∈ Qh, ~ph ∈ RNp is its vector
representation. The following identities can be used to define a matrix by a linear operator
and vice verse:

〈Auh,vh〉 = ~v th
~A~uh,(21)

〈Buh, qh〉 = ~q th
~B~uh.(22)

In the rest of this notes, we will mix the usage of a matrix form or operator form which
should be clear by the context.

Therefore we can rewrite the MAC schemes using operator notation
(
AL Bᵀ

B 0

)(
uh
ph

)
=

(
f I
0

)
,(23)

(
AQ Bᵀ

B 0

)(
uh
ph

)
=

(
f I
0

)
.(24)

whereAL corresponds to the stencil (8) andAQ for (9). The corresponding Stokes operator
will be denoted by Llh and Lqh, respectively.

We can now show the connection between finite difference methods and the finite el-
ement method using these notation. For the linear extrapolated finite difference scheme
(23), we denote AΓ = AL −A. By direct calculation, ~AΓ has stencil ( 1

2 ,− 1
4 ,− 1

4 ) on Γnb
and equal to zero on all other parts.

For the quadratic extrapolated finite difference scheme (24), we denote matrix ~D:

~D = ~I in
◦
Ωh, ~D =

4

3
~I on Γnb.(25)

Then we can easily verify the relation: ~AQ = ~D ~A by the stencil (9) and (17).
We shall prove the stability of schemes (23) and (24) by the stability results of finite

element method presented in [3] using these relations.

3.3. Stability of MAC Schemes. Following results of Lemma 4 and Lemma 6 in [3], we
have the stability of the finite element scheme as below. For completeness, we sketch a
proof below.

Lemma 3.1. There exists α, β > 0 independent of h, such that

inf
vh∈Vh

sup
uh∈Vh

〈Auh,vh〉
‖uh‖A‖vh‖A

= inf
uh∈Vh

sup
vh∈Vh

〈Auh,vh〉
‖uh‖A‖vh‖A

= α,(26)

inf
qh∈Qh

sup
vh∈Vh

〈qh, Bvh〉
‖qh‖‖vh‖A

= β.(27)
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Proof. The inf-sup condition for A is trivial since 〈Auh,vh〉 = (∇uh,∇vh) is an inner
product onH1

0.
The inf-sup condition for B is more involved. For a given qh, the inf-sup condition in

the continuous level is applied to find v ∈ H1
0 such that div v = qh and ‖v‖A . ‖qh‖.

Then a bounded Fortin operator Ih : H1
0 → Vh is defined such that div v = div Ihv, and

‖Ihv‖A . ‖v‖A. Let vh = Ihv, then we have div vh = qh and ‖vh‖A . ‖qh‖.
To define a Fortin operator, we first apply the integration by parts and write

∫

τ

divudx =

∫

∂τ

u · n ds.

On the vertical edges, we define the nodal value on T 1
h as the average of the integral of

x-component of velocity, i.e. uh(xi, yj)h =
∫
e
uds. Similarly we define y-component

of velocity vh(xi, yj)h =
∫
e
v ds. Therefore the boundary integral are preserved and

consequently
bh(uh, χτ ) = b(u, χτ ).

The H1-stability of such operator can be proved similarly as that in PCR
1 − P0 pairs for

Stokes equations; see Chapter: Finite element method for Stokes equations. �

The inf-sup condition of AL is based on the following norm equivalence. The finite
difference scheme is fitted into the finite element space, so that the trace theorem which
plays an essential role in the proof can be applied.

Lemma 3.2. The norm defined by AL is equivalent to the norm defined by A, that is:

(28) 〈Auh,uh〉 ≤ 〈ALuh,uh〉 . 〈Auh,uh〉.
Consequently, the bilinear form 〈ALu,v〉 is stable in ‖ · ‖A.

Proof. Recall that ~AL = ~A+ ~AΓ with ~AΓ = ( 1
2 ,− 1

4 ,− 1
4 ) on Γnb. Therefore

〈ALuh,uh〉 = 〈Auh,uh〉+ 〈AΓuh,uh〉
Noticing 〈AΓuh,uh〉 = 4h|uh|21,Γnb

≥ 0, we easily get the first inequality. To prove the
other inequality, it is sufficient to prove:

〈AΓuh,uh〉 . 〈Auh,uh〉.
By the inverse inequality and the trace theorem of H1(Ω), we obtain:

〈AΓuh,uh〉 = 4h|uh|21,Γnb
. |uh|21

2 ,Γnb
. |uh|21,Ω . 〈Auh,uh〉.(29)

Since ‖ · ‖AL
is equivalent to ‖ · ‖A, we conclude the stability of 〈ALu,v〉 by that of

〈Au,v〉 . �

Then we study the non-symmetric case AQ. By the Lax-Milgram Lemma, it sufficies
to prove the corcevity and ellipticity of the bilinear form defined by AQ.

Lemma 3.3. The bilinear form defined by 〈AQuh,vh〉 satisfies the following properties.

(1) Corcevity:

(30) 〈AQuh,uh〉 ≥ ‖uh‖2A, ∀uh ∈ Vh.

(2) Ellipticity:

(31) 〈AQuh,vh〉 . ‖uh‖A‖vh‖A, ∀uh,vh ∈ Vh.

http://www.math.uci.edu/~chenlong/226/FEMStokes.pdf
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Proof. The proof of the first part (30) is trivial, since ~AQ− ~A = ( ~D− ~I) ~A is semi-positive
definite. For the second part:

〈AQuh,vh〉 = 〈Auh, Dvh〉 ≤ ‖uh‖A‖Dvh‖A.(32)

It suffices to prove ‖Duh‖A . ‖uh‖A. To simplify the notation, we replace uh with
u. We define uΓnb

such that its coordinate vector ~uΓnb
= ~IΓnb

~u. We can thus write
Du = u+ 1

3uΓnb
.

We rewrite the A-norm as

‖u‖2A = ~uᵀ ~A ~u =
∑

i 6=j,εij⊂
◦
Ωh

(ui − uj)2 +
∑

i6=j,εij⊂Γnb

3

4
(ui − uj)2 +

∑

i∈Γnb

2u2
i ,

where εij denotes the edge connecting the i, j-th vertices.
We estimate the norm ‖uΓnb

‖A as:

‖uΓnb
‖2A = ~uᵀ ~A ~u =

∑

i∈Γnb

u2
i +

∑

i 6=j,εij⊂Γnb

3

4
(ui − uj)2 +

∑

i∈Γnb

2u2
i ≤

3

2
‖u‖2A.

In the last step, we have use the explicit formula of the stencil (9). By the triangle inequal-
ity,

‖Du‖A = ‖u+
1

3
uΓnb

‖A ≤ ‖u‖A +
1

3
‖uΓnb

‖A,

we then get ‖Du‖A ≤ (1 +
√

6)/
√

6‖u‖A. �

Since the operator B is the same in all three schemes, by the relation (28) and (30)
of the norm defined by A,AL, and AQ, the inf-sup condition for B is also satisfied. We
summarize as the following theorem:

Theorem 3.4. Let uh, ph be the solution of any MAC scheme (23) , (24) and (20). We
have the stability result:

|uh|1 + ‖ph‖ . ‖fh‖−1,h(33)

In the operator form, ‖L−1
h ‖Yh→Xh

+ ‖(Llh)−1‖Yh→Xh
+ ‖(Lqh)−1‖Yh→Xh

≤ C.

3.4. Consistency of MAC schemes. In this section, we prove the consistency of MAC
schemes using quadratic extrapolation and linear extrapolation. Although the consistency
error for boundary stencils is one order lower, using trace theorem, the overall consistency
error is second order for the quadratic extrapolation and first order for the linear one in the
right norm ‖ · ‖−1,h.

3.4.1. Consistency error of the quadratic extrapolation. Let us do the truncation error
analysis for the near boundary nodes. Again we take the point (ih, h2 ) for u component as
an example. Consider the following Taylor series expansions:

u(ih, 0) = u(ih, 0.5h)− uy(ih, 0.5h)
h

2
+ uyy(ih, 0.5h)

h2

8
− uyyy(ih, 0.5h)

h3

48
+O(h4),

(34)

u(ih, 1.5h) = u(ih, 0.5h) + uy(ih, 0.5h)h+ uyy(ih, 0.5h)
h2

2
+ uyyy(ih, 0.5h)

h3

6
+O(h4).

(35)
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Multiplying (34) by 2 and taking summation with (35) yields the following first order
approximation

(36) − uyy(ih, 0.5h) = −4

3

(
2u0 − 3u1 + u2

h2

)
+O(h).

Thus the scheme for the momentum equation of u at point 1 in Figure 6 (y = 0.5h) is

−4

3
· 2u0 − 3u1 + u2

h2
− u3 − 2u1 + u4

h2
+
p2 − p1

h
= f1.

The scheme derived above for the near boundary points at the top is equivalent to the
quadratic extrapolated scheme (24). From the truncation error analysis, it is clear that the
quadratic extrapolated MAC scheme (24) is second order at the interior nodes but only first
order at the near boundary nodes. However, the difference of ΠhLx and LqhIhx will still
be second order under the weaker norm ‖ · ‖−1,h.

For any vh ∈ Vh, we denote vh := vΓnb
+
◦
vh. It is obvious that ‖ ◦vh ‖ ≤ ‖vh‖.

Following the proof of Lemma 3.3, one can also prove | ◦vh |1 . |vh|1.

Lemma 3.5. For a function f ∈H2(Ω) and its interpolation f I defined in (19), we have

(37) |(f , ◦vh)− 〈f I ,
◦
vh〉| . h2|f |2‖vh‖, for any vh ∈ Vh.

Proof. For any interior basis function φi, i = Nb + 1, Nb + 2, ..., Nu, we consider the
linear functional ϕi(f) = (f ,φi)− 〈f I ,φi〉 =

∫
fφi − h2f i. Since the support of φi is

symmetric, it is easy to check that the functional is bounded, and has zero value on linear
functions. By the standard scaling argument and the Bramble-Hilbert lemma, we have
|(f ,φi)− 〈f I ,φi〉| . h2|f |2. Then summing up with weight, we have

∣∣∣(f , ◦vh)− 〈f I ,
◦
vh〉
∣∣∣ =

∣∣∣∣∣
Nu∑

i=Nb+1

∫
fviφi −

Nu∑

i=Nb+1

h2f ivi

∣∣∣∣∣ . h
2|f |2‖

◦
vh ‖

.
�

Lemma 3.6. Assumeu ∈H1
0(Ω)∩W 3,∞(Ω),∆u ∈ H2(Ω), and p ∈ L2

0(Ω)
⋂
W 3,∞(Ω).

For x = (u, p)ᵀ and Πhf = f I , we have:

‖ΠhLx− LqhIhx‖Yh
. (‖u‖3,∞ + ‖∆u‖2 + ‖p‖3,∞)h2(38)

Proof. For any zh = (vh, qh) ∈Xh,

|〈Πhy − LqhxI , zh〉| = |〈f I − L
q
hxI ,vh〉|+ |〈0− L

q
hxI , qh〉| := I1 + I2.

The second term I2 can be easily estimated as

I2 ≤ ‖h−2BuI‖∞
Nu+Np∑

i=Nu+1

h2|qh(xi)| . h2‖u‖3,∞‖qh‖.

Here we use the fact h−2BuI is the second order central difference scheme of −divu at
cell centers.

We further split I1 into u and p parts as

I1 ≤ |〈−(∆u)I −AQuI ,vh〉|+ |〈(∇p)I −BᵀpI ,vh〉| = I1u + I1p.

Let ~tp be the vector representation of (∇p)I − h−2BᵀpI . It is easy to verify, by the
Taylor series, ‖~tp‖∞ . h2‖p‖3,∞. Then

I1p = (~tp, ~vh)h ≤ ‖~tp‖h‖~vh‖h . h2‖p‖3,∞‖vh‖ . h2‖p‖3,∞|vh|1.
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To estimate I1u, we further split it into the sum of near boundary part and interior part.

I1u ≤ |〈−(∆u)I −AQuI ,vΓnb
〉|+ |〈−(∆u)I −AQuI ,

◦
vh〉| = I11 + I12.

Due to the density of C3(Ω) in W 3,∞(Ω), by the Taylor expansion analysis (36), for the
near boundary nodes, i.e., 1 ≤ i ≤ Nb,

|(−(∆u)I − h−2AQuI)(xi)| ≤ Ch‖u‖3,∞.
We can then estimate the near boundary part I11 as follows:

I11 . h‖u‖3,∞
Nb∑

i=1

h2|vh(xi)| . h2‖u‖3,∞‖vh‖L1(Γnb) . h
2‖u‖3,∞|vh|1.

In the last inequality, we have applied the trace theorem for H1 functions.
To estimate I12, we interpret the finite difference scheme as the finite element scheme

while both methods get the same stencil for the interior part. We have

I12 = |〈(4u)I −4u,
◦
vh〉+ 〈∇(u− uI),∇

◦
vh〉|

. h2(‖∆u‖2 + ‖u‖3)|vh|1.

In the above deducing, we have used Lemma 3.5 and the estimate |〈∇(u− uI ,∇
◦
vh〉| .

h2‖u‖3|vh|1 on uniform grids; see for example [2].
Combining the estimate of I1 and I2 we have

|〈Πhy − LqhxI , zh〉| . h2(‖u‖3,∞ + ‖4u‖2 + ‖p‖3,∞)‖zh‖Xh

and Lemma 38 follows from the definition of the dual norm ‖ · ‖Yh
. �

3.4.2. Consistency error of the linear extrapolation. For the near boundary stencil of the
linear extrapolated MAC (23), the scheme approximates −uxx − 3

4uyy but not −∆u at
Γunb, which causes the loss of consistency near the boundary.

Lemma 3.7. Assume u ∈ H1
0 ∩W 3,∞(Ω),∆u ∈ H2(Ω), p ∈ L2

0(Ω)
⋂
W 3,∞(Ω). For

x = (u, p)ᵀ and Πhf = f I , we have:

‖ΠhLx− LlhIhx‖Yh
. (‖u‖3,∞ + ‖4u‖2 + ‖p‖3,∞)h(39)

Proof. The proof is similar to (38) with the only different term is I11 for which

|(−(∆u)I − h−2ALuI)(xi)| ≤ C‖u‖3,∞.
Therefore we can get the first order estimate

I11 . ‖u‖3,∞
Nb∑

i=1

h2|vh(xi)| . h2‖u‖3,∞‖vh‖L1(Γnb) . h‖u‖3,∞|vh|1.

�

3.5. Convergence. Based on the stability and consistency, we present our main results.

Theorem 3.8. Let uh, ph be the solution of the MAC scheme (24) with quadratic extrap-
olation, and let uI , pI be the nodal interpolation of the solution u, p of Stokes equations.
Assume u ∈H1

0(Ω) ∩W 3,∞(Ω),∆u ∈ H2(Ω), and p ∈ L2
0

⋂
W 3,∞(Ω). Then

|uI − uh|1 + ‖pI − ph‖ . (‖u‖3,∞ + ‖4u‖2 + ‖p‖3,∞)h2

Similarly for linear extrapolation MAC, only first order convergence is obtained.
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Theorem 3.9. Letuh, ph be the solution of the MAC scheme (23) with linear extrapolation,
and let uI , pI be the nodal interpolation of the solution u, p of Stokes equations. Assume
u ∈H1

0(Ω) ∩W 3,∞(Ω),∆u ∈ H2(Ω), and p ∈ L2
0

⋂
W 3,∞(Ω). Then

|uI − uh|1 + ‖pI − ph‖ . (‖u‖3,∞ + ‖4u‖2 + ‖p‖3,∞)h

Remark 3.10. Using triangle inequality and interpolation error estimate, we can easily
get the first order convergence of linear extrapolation which is equivalent to MAC using
co-volume method in Niclaides [5]. In view of approximation theory, first order is already
optimal. The second order result for the quadratic extrapolation is known as superconver-
gence, i.e., two discrete solutions could be more closer.

Using the following discrete embedding theorem (in two dimensions only)

‖vh‖∞ . | log h||vh|1,
and the second order interpolation error estimate

‖u− uI‖∞ . ‖u‖2,∞h2,

we obtain the nearly second order maximum norm for the quadratic extrapolation scheme.

Corollary 3.11. Letuh, ph be the solution of the MAC scheme (24) with quadratic extrapo-
lation. Assume the solutionu, p of Stokes equations satisfyingu ∈H1

0(Ω)∩W 3,∞(Ω),∆u ∈
H2(Ω), and p ∈ L2

0

⋂
W 3,∞(Ω). Then

‖u− uh‖∞ . (‖u‖3,∞ + ‖4u‖2 + ‖p‖3,∞)| log h|h2.
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