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1. INTROUDCTION

A good numerical method consists of two parts: one is the stability and accuracy of the
approximation; another is an efficient way to compute this accurate approximation. In this
notes, we consider efficient iterative methods for solving the discrete Stokes equation

(1)
(
A Bᵀ

B 0

)(
u
p

)
=

(
f
g

)
.

The system could be obtained by any stable pair using finite element or finite difference
methods; see

• Finite Element Methods for Stokes Equations.
• Finite Difference Method for Stokes Equations: MAC Scheme.

The Stokes system can be factored as(
A Bᵀ

B 0

)
=

(
A 0
B I

)(
A−1 0

0 −S

)(
A Bᵀ

0 I

)
,

where S = BA−1Bᵀ is the Schur complement of A. Therefore by Sylverster’s law of
inertia, the Stokes system is a saddle point system which is much harder to solve comparing
with symmetric and positive definite systems.
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The variable pressure p can be treat as a Lagrange multiplier to impose the divergence
free constraint div u = 0. The saddle point system (1) is the first order system of the
following constraint optimization problem:

(2) min
u,div u=g

1

2
(Au, u)− (f, u).

Methods for constraint optimization problems can then be applied. The key of multilevel
methods in this approach is to construct a multilevel decomposition of the constraint. See,
for example, [17, 2, 3].

We can also eliminate u to get the equation for p

(3) Sp = BA−1f − g.
Iterative methods can be construct by solving (3). It can be shown S is a well conditioned
matrix/operator and thus (3) can be solved by well established iterative methods. The
difficulty of this approach is that the Schur complement is expensive to form explicitly.

2. A BASIC ITERATIVE METHOD

We present a basic iterative method by solving u and p alternatively. Starting from an
initial guess u0, p0, one iteration going from (uk, pk) to (uk+1, pk+1) is

(1) Fix pk, solve for uk+1;
(2) Fix uk+1, solve for pk+1.

When p is fixed, there are two equations for u. We can solve the momentum equation to
get u (the termBᵀp is moved to the right hand side and treat as known), i.e.,Au = f−Bᵀp.

The trouble is on the update of pressure. Various methods differ in the way of updating
pressure. The fundamental question is: what is the equation for pressure? The mass equa-
tion does not contain p. The momentum equation involves p but it is an over-determined
system for p:

(4) Bᵀp = f −Au.
A natural way to solve an over-determined system is the least square method. Let M be
an SPD operator on the velocity space. We solve equation (4) in the least square sense by
minimizing the residual in the norm defined by M−1. Namely we compute the solution to
the minimization problem

(5) min
p
‖f −Au−Bᵀp‖M−1

whose solution is given by solving

(6) BM−1Bᵀp = BM−1(f −Au).

Thanks to the inf-sup condition, Bᵀ is into and thus (6) is well defined.

Exercise 2.1. Prove that the solution of the least square problem (5) is given by (6). �

For Stokes equations, two special choices of M is of particular interest. The first one
is M = I . If we further assume there exists an operator Ap such that BA = ApB (such
Ap will be discussed in detail later), then BAu = ApBu = Apg and equation (6) can be
simplified to

(7) BBᵀp = Bf −Apg.

The operator BBᵀ = − div grad is a discretization of −∆p for pressure with a homoge-
nous Neumann boundary condition (recall that in the original Stokes equations, the velocity
has a Dirichlet boundary condition).
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The existence of Ap such that commutator E = BA−ApB is vanished is not obvious.
Indeed for the Dirichlet boundary condition of u, the pressure p will not satisfy the equa-
tion (7) due to the mis-match of the boundary condition. Nevertheless solving (7) can give
a good approximation of the pressure. And (7) is an important component of the projec-
tion method which is still the dominated solver for time-dependent Stokes equations. See
Section 3 for detailed discussion.

The second interesting choice is M = A. It is equivalent to eliminating u from the
momentum equation and substituting into the mass equation. The resulting equation is the
so-called Schur complement equation for p:

(8) BA−1Bᵀp = BA−1f − g.

Uzawa method can be interpret as an iterative method for solving equation (8). See Section
2 for detailed formulation and convergence analysis. Note that we do not want to form and
store A−1 which requires O(N2) algorithms with N being the size of matrix A.

We summarize our basic iterative method with exact solver at each step as follows.
Given current approximation (uk, pk),

(1) Solve the momentum equation:

uk+1/2 = A−1(f −Bᵀpk);

(2) Project uk+1/2 to satisfy the constraint Buk+1 = g:

uk+1 = PBu
k+1/2;

(3) Update pressure by solving Bᵀpk+1 = f −Auk+1 in the least square sense:

pk+1 = (BM−1Bᵀ)−1BM−1(f −Auk+1).

The convergence analysis of this iterative method is not obvious. Even in the convergent
case, we do not recommend the current form since each step an elliptic equation should be
solved (for M = A, it is even not practical since forming and storing A−1 is expensive).
Instead, we use this basic iterative method as a prototype to design efficient smoothers or
preconditioners.

In the second step, we project u to satisfy the constraint using the projection operator
PB . If we include Step (2), it is in the type of projection methods. As an iterative solver of
Stokes equations, the projection step is not necessary and without Step (2), it is in the type
of Uzawa methods.

3. UZAWA-TYPE METHODS

3.1. Uzawa method. We shall interpret Uzawa method [19] as a Richardson method for
solving the Schur complement equation

(9) S p = g̃,

where S = BA−1Bᵀ and g̃ = BA−1f − g. Equation (9) is obtained by eliminating u
from the first equation of (1). One iteration of Richardson method for solving (9) reads as

(10) pk+1 = pk + ω(g̃ − Spk).

Why not use more efficient iterative methods such as Jacobi or Gauss-Seidel methods
to solve (10)? The reason is that we do not have the explicit form of S which involves A−1

in the definition. Although A is sparse, in general A−1 is not. Form A−1 requires O(N2)
complexity and memory.
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For the same reason, the evaluation of the residual g̃ − Spk should be computed itera-
tively. By the definition of S and g̃, one easily verify that

g̃ − Spk = BA−1f −BA−1Bᵀpk − g = Buk+1 − g.
Here uk+1 = A−1(f −Bᵀpk). We summarize the Uzawa method below.

Algorithm (UM) [uk+1, pk+1]← UzawaMethod(uk, pk, f, g)

(1) Update velocity by solving the momentum equation

uk+1 = A−1(f −Bᵀpk),

(2) Update pressure
pk+1 = pk + ω(Buk+1 − g).

Remark 3.1. When implement the Uzawa method for the matrix equation, operator ωI
should be changed to matrix ωM−1p , where Mp is the mass matrix representing the L2-
inner product for the pressure space. See Remark 3.6. �

Recall that the error equation for Richardson method is

p− pk+1 = (I − ωS)(p− pk),

and the method converges if and only if the spectral radius ρ(I − ωS) < 1. Since S is
SPD, we know when 0 < ω < 2/λmax(S), the method converges. The optimal choice of
ω is

ωopt =
2

λmin(S) + λmax(S)
,

and corresponding convergence rate is

‖p− pk‖ ≤
(
κ(S)− 1

κ(S) + 1

)k

‖p− p0‖.

Therefore the key is to estimate the spectrum of S and the condition number κ(S). We
begin with the following characterization of the norm ‖p‖S = (Sp, p)1/2.

Lemma 3.2. For S = BA−1Bᵀ, we have

‖p‖S = sup
v∈V

(Bv, p)

‖v‖A
.

Proof. Let u = A−1Bᵀp. Then

‖p‖2S = (Sp, p) = (BA−1Bᵀp, p) = (u,Bᵀp) = (u,A−1Bᵀp)A = ‖u‖2A.
Now we can identify u ∈ V′ by the Riesz map, i.e., (u, ·)A defines a functional on V. Then

‖u‖A = sup
v∈V

(u, v)A
‖v‖A

= sup
v∈V

(Bᵀp, v)

‖v‖A
= sup

v∈V

(Bv, p)

‖v‖A
.

�

Lemma 3.3. Assuming the inf-sup condition

inf
q∈P

sup
v∈V

(Bv, p)

‖v‖A‖q‖
= β > 0,

then
λmin(S) = β2.
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Proof. By the definition of λmin(S) and Lemma 3.2, we have

(11) λmin(S) = inf
p∈P

(Sp, p)

(p, p)
=

[
inf
q∈P

sup
v∈V

(Bv, p)

‖v‖A‖p‖

]2
.

�

From this result, the inf-sup condition for the original mixed system is equivalent to the
Poincaré type inequality β‖p‖ ≤ ‖p‖S .

Lemma 3.4. For Stokes equations, we have λmax(S) = 1.

Proof. This is an easy consequence of the inequality

(12) ‖ div u‖ ≤ ‖∇u‖,

and the fact the equality holds when curlu = 0. �

The optimal choice of the parameter ω is then 2/(1 + β). But since β is unknown, a
practical choice is ω = 1 and the corresponding rate is 1−β2. Note that the error operator
I−ωS is also symmetric in the S-norm. The convergence analysis remains the same when
the error is measured in S-norm. We summarize in the following theorem.

Theorem 3.5. The Uzawa method converges for ω = 1 and the convergent rate is 1− β2

for both the L2-norm and S-norm, i.e.,

‖p− pk‖ ≤ (1− β2)k‖p− p0‖,

‖p− pk‖S ≤ (1− β2)k‖p− p0‖S .

How about the convergence of the velocity? The pair (uk+1, pk) will satisfy the mo-
mentum equation and thus the error relation is

A(u− uk+1) +B(p− pk) = 0,

which implies ‖u−uk+1‖A = ‖p−pk‖S . As a consequence, we also have the contraction
of the velocity

‖u− uk+1‖A ≤ (1− β2)k‖u− u1‖A.

Remark 3.6. In the matrix realization, the inequality

β2(q, q) ≤ (Sq, q) ≤ (q, q)

is translated to

β2qᵀMpq ≤ qᵀSq ≤ qᵀMpq,

where Mp is the mass matrix of the pressure. That is matrix S is spectral equivalent to
matrix Mp. When implement the Uzawa method for the matrix equation, the operator ωI
should be changed to ωM−1p .

Since Mp is well conditioned, we can use PCG to efficiently invert Mp or simply use
the diagonal of Mp (with an appropriately modified step size ω). �

The inf-sup constant β depends only on the domain and thus the contraction rate 1−β2

is uniform to the size of the problem. However β is unknown or hard to estimate. And
when it is close to zero, a slow convergence of Uzawa method can be observed.
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3.2. Augmented Lagrangian method. Augmented Lagrangian method (ALM) [9] is a
way to speed up the convergence of the Uzawa method. Given a parameter r > 0, mul-
tiplying rBᵀ to the second equation of (1) and adding it to the first one, we obtain an
equivalent system

(13)
(
A+ rBᵀB Bᵀ

B 0

)(
u
p

)
=

(
f + rBᵀg

g

)
.

The parameter r is used to shift the spectrum of the Schur complement.

Lemma 3.7. Let S = BA−1Bᵀ and Sr = B(A+ rBᵀB)−1Bᵀ. Then

(14) Sr = (rI + S−1)−1,

and thus

σ(Sr) =

{
λ

1 + rλ
, λ ∈ σ(S)

}
.

Proof. The identity is based on the Sherman-Morrison-Woodbury formula [13, 14]

(A+ rBᵀB)−1 = A−1 − rA−1Bᵀ(I + rBᵀA−1B)−1BA−1.

more from eigenvalue analysis. �

Theorem 3.8. For 0 < ω < 2r, Uzawa method for augmented system (13) will converge
and for ω = r

‖p− pk‖ ≤
(

1

1 + β2r

)k

‖p− p0‖.

Comparing with the standard Uzawa method, the rate is improved to 1/r asymptotically
if we choose r � 1. Then the augmented Lagrangian Uzawa method could converge in
few (say 2 or 3) steps. The trade-off is computing A−1r becomes extremely difficult. When
r is big, the dominated operator rBᵀB contains a large kernel. Special multigrid methods
should be designed to take care of this large null space.

Remark 3.9. In the implementation, the operator formBᵀB is better change toBᵀM−1p B.
Recall that 〈Bu, p〉 = −(div u, p), i.e., in matrix form −div = M−1p B and thus the inner
product (div u,div v) is BᵀM−1p B. �

3.3. Inexact Uzawa method. In each Uzawa iteration, an elliptic solver for computing
A−1 is needed. Usually iterative methods, such as multigrid, are used. The iteration for
computing A−1 will be called the inner iteration and the Uzawa iteration will be called
outer iteration.

We could use an inexact solver when computing A−1 to reduce the computational cost
at each Uzawa iteration. This inexact solve will increase the outer iteration steps.

Algorithm (IUM) [uk+1, pk+1]← InexactUzawaMethod(uk, pk, f, g)

(1) Update velocity by solving the momentum equation approximately

uk+1 = uk + C(f −Auk −Bᵀpk).

(2) Update pressure

pk+1 = pk −D−1(g −Buk+1).

We now sketch a linear algebraic proof of the convergence of IUM following [5]. In the
Uzawa method, the two variables u, p can be decoupled and the analysis is reduced to p
only. In IUM, these two variables are coupled and the analysis is much more involved.
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• Change the error measure for u from ‖eu‖A to ‖ru‖A−1 .
• Symmetrize the error operator.
• Find a right scaled norm of pressure component.

We first write out the error equations. Let eku = u− uk and ekp = p− pk. Then

(15)
(
ek+1
u

ek+1
p

)
=

(
I − CA −CBᵀ

D−1B I

)(
eku
ekp

)
,

and will be denoted by xk+1 = Exk in short. The error matrix E in (15) is non-symmetric
and full. In UM, I − CA = 0 and then variables (u, p) are decoupled.

We try to transform the error equation to get a symmetric error matrix. Consider a
generic error equation

xk+1 = Exk.

When E is symmetric, the spectral radius ρ(E) is related to the l2-norm of xk. We can
consider the convergence in another (more appropriate) norm, e.g. ‖x‖A = ‖A1/2x‖ with
an SPD operator A. So the error equation can be written as

A1/2xk+1 = (A1/2EA−1/2)A1/2xk.

The convergence analysis is then reduced to the estimate of ρ(A1/2EA−1/2).
For saddle point system (1), an appropriate norm is ‖u‖A and ‖p‖S . We can use D =

diag(A,S) and consider

D1/2ED−1/2 =

(
I −A1/2CA1/2 −A1/2CBᵀS−1/2

S1/2D−1BA−1/2 I

)
.

Now the diagonal is symmetric. But the off-diagonal is still non-symmetric.
Return to the SPD case Ae = r and consider ‖r‖2A−1 = (A−1r, r) = (Ae, e) = ‖e‖2A.

For saddle point problems Le = r, the negative norm of residual may not the energy norm
of the error

‖r‖2D−1 = (D−1r, r) = (D−1Le,Le) = (LᵀD−1Le, e) 6= (De, e).

So we shall try to use a negative norm of the residual.
Let us try this for u component first. Note that

(16) rku = Aeku +Bᵀekp

by definition. The error equation for u can be written as

ek+1
u = eku − Crku = (A−1 − C)rku +Bᵀekp.

Here in the second step, we solve eku using (16). Substitude the above relation into the error
equation for p, the error equation becomes(

ek+1
u

ek+1
p

)
=

(
A−1 − C −A−1Bᵀ

D−1B(A−1 − C) I −D−1S

)(
rku
ekp

)
=

(
I −A−1Bᵀ

D−1B I −D−1S

)(
(A−1 − C)rku

ekp

)
.

To change ek+1
u to rk+1

u , we multiply a matrix to the left(
A Bᵀ

O I

)(
ek+1
u

ek+1
p

)
=

(
A Bᵀ

O I

)(
I −A−1Bᵀ

D−1B I −D−1S

)(
(A−1 − C)rku

ekp

)
,



8 LONG CHEN

and change ekp to −Sekp to get

(17)
(
rk+1
u

ek+1
p

)
=

(
A+BᵀD−1B BᵀD−1

D−1B D−1 − S−1
)(

(A−1 − C)rku
−Sekp

)
.

Now the matrix in (19) is symmetric but ek+1
p and Sekp are inconsistent.

To apply the spectral analysis, we want to write BᵀD−1B = B̄ᵀB̄ which suggests
B̄ = D−1/2B and B̄ᵀ = BTD−1/2. The corresponding Schur complement of S̄ is

S̄ = B̄A−1B̄ᵀ = D−1/2SD−1/2, S = D1/2S̄D1/2, S̄D1/2 = D−1/2S.

The matrixM becomes(
A+ B̄ᵀB̄ B̄ᵀD−1/2

D−1/2B̄ D−1/2(I − S̄−1)D−1/2

)
.

This motives a scaling of D1/2 of ep and D−1/2Sekp = S̄D1/2ekp . The error equation is

(18)
(

rk+1
u

D1/2ek+1
p

)
=

(
A+ B̄ᵀB̄ B̄ᵀ

B̄ I − S̄−1
)(

(A−1 − C)rku
−S̄D1/2ekp

)
.

In the exact case, the error operator for ep is I − S̄−1 which is expansive. We need
an non expansive like I − S̄. So we further introduce a scaling S̄1/2 for the pressure
component to write the error equation as

(19)
(

rk+1
u

S̄1/2D1/2ek+1
p

)
=

(
A+ B̄ᵀB̄ B̄ᵀS̄1/2

S̄1/2B̄ S̄ − I

)(
(A−1 − C)rku
−S̄1/2D1/2ekp

)
.

The norm for p component is

‖S̄1/2D1/2ekp‖2 = (S̄1/2D1/2ekp, S̄
1/2D1/2ekp) = (D1/2S̄D1/2ekp, e

k
p) = (Sekp, e

k
p).

The quantity for u component is

‖(A−1 − C)rku‖A ≤ δ‖rku‖A−1 .

Here we basically assume the inexact solve ofA−1 is accurate within δ. To get a symmetric
error operator, we can use δ1/2 for u component and arrives the form

(20)
(

δ1/2rk+1
u

S̄1/2D1/2ek+1
p

)
=

(
δ(A+ B̄ᵀB̄) δ1/2B̄ᵀS̄1/2

δ1/2S̄1/2B̄ S̄ − I

)(
δ−1/2(A−1 − C)rku
−S̄1/2D1/2ekp

)
.

Now we use spectral analysis of the saddle point system to compute λ = λ(δ) of the
following matrix (

δ(1 + µ) δ1/2µ
δ1/2µ µ− 1

)
,

where µ ∈ σ(D−1S). The formulae is

λ(δ, µ) =
1

2

[
(δ − 1) + (1 + δ)µ±

√
[δ − 1 + (1 + δ)µ]

2
+ 4δ

]
.

We conclude in the following theorem.

Theorem 3.10. Assume ‖(A−1 − C)φ‖A ≤ δ‖φ‖A−1 with δ < 1/3 and σ(D−1S) ⊆
[0, 1). Then IUM converges.
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4. ITERATIVE METHODS BASED ON TRANSFORMATION

4.1. Projection method. Denote by

L =

(
A Bᵀ

B 0

)
, and M =

(
I Bᵀ

0 −BBᵀ

)
then

LM =

(
A ABᵀ −BᵀBBᵀ

B BBᵀ

)
≈
(
A 0
B BBᵀ

)
:= L̃M.

By “ ≈ ” here we mean that the commutator E = ABᵀ − BᵀBBᵀ is small or is of low
rank. Thus it can be omitted in order to design relaxation methods.

Let us justify that the commutator E is kind of ‘small’. In the continuous level, with
certain assumptions on the smoothness and boundary conditions, the (1, 2) block of LM
can be manipulate as

(−∆ + grad div)grad = curl curl grad = 0.

Here we use the identity

(21) −∆ = −grad div +curl curl ,

which holds in H−1 topology, and the fact

(22) curl grad = 0.

In short it can be summarized as

(23) ∆ugradp = gradu∆p.

Here we use subscript to indicate different operators associated to velocity and pressure.
Unfortunately (23) does not hold for Stokes equations due to the boundary condition of
velocity.

Exercise 4.1. Verify for MAC scheme, E(i, j) = 0 for interior indices 1 < i, j < n. Thus
the rank of E is at most n2 − (n− 1)2.

The matrix M(L̃M)−1 will be an good approximation of L−1 = M(LM)−1. It
defines an iterative method for the original system

xk+1 = xk +M(L̃M)−1(b− Lxk),(24)

where to simply the notation xk := (uk, pk), b := (f, g).
Let us write out component-wise formulation of this iterative method using the trans-

formation x =My with the transformed variable y = (w, q). Let ru = f −Auk −Bᵀpk

and rp = g −Buk be the residual at the k-th step. Denote by Ap = BBᵀ.
We solve the residual equation LMδy = r by an approximate one L̃M δy = r, i.e.,(

A 0
B Ap

)(
δw
δq

)
=

(
ru
rp

)
and update xk+1 = xk +Mδy, i.e.,

uk+1 = uk + δw +Bᵀδq;

pk+1 = pk −Apδq.

Introducing an intermediate update uk+1/2 = uk +δw and noting rp−Bδw = g−Buk−
Bδw = g −Buk+1/2, we can write the iteration as follows.
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Algorithm (PM) [uk+1, pk+1]← ProjectionMethod(uk, pk, f, g)

(1) Update velocity by solving the momentum equation

uk+
1
2 = A−1(f −Bᵀpk),

(2) Solve the pressure equation

δq = A−1p (g −Buk+ 1
2 ).

(3) Update velocity
uk+1 = uk+

1
2 +Bᵀδq.

(4) Update pressure
pk+1 = pk +Buk+1/2 − g.

Step (3) is a projection. One can easily verify that Buk+1 = g. Namely uk+1/2 usually
does not satisfy the constraint and the correction Bᵀδq is used to project it to the affine
space. When g = 0, that is to project the velocity uk+1/2 to the divergence free space.

If we skip the projection step, i.e. Steps (2)-(3), the method can be interpret as the
Uzawa method for ω = 1. From the convergence analysis of the Uzawa method, we
immediately get the

‖p− pk+1‖ ≤ ‖I − S‖‖p− pk‖ ≤ (1− β2)‖p− pk‖,

where β is the inf-sup constant forB operator. The projection method can be thus analyzed
using the convergence theory of the Uzawa method.

4.2. Projection method for time-dependent Stokes equations. The projection method
is originally designed for the time-dependent Stokes equations [6] which is still the domi-
nated solvers in computational fluid dynamics (CFD). One can easily adapt the derivation
to time-dependent Stokes equation by replacing A by A+M/ dt and obtain the so-called
the rotational pressure-correction projection methods proposed in [18]. For a nice survey
of projection methods, we refers to [11].

Consider the time-dependent Stokes equations

(25)


ut −∆u+ grad p = f in Ω,

−div u = 0 in Ω,

u = uD on ∂Ω.

and the semi-discretization in time ut ≈ Dt(u
k+1, uk, uk−1) and understand Dtu

k+1 =

Dt(u
k+1, 0, 0) and Dt(u

k, uk−1) = Dt(0, u
k, uk−1). Let f̃ = f −Dt(u

k, uk−1). Then it
can be written as a generalized Stokes system

(26)

{
(Dt +A)uk+1 +Bᵀpk+1 = f̃ ,

Buk+1 = 0.

If we solve this coupled Stokes system, we get an implicit method. The issue is the gen-
eralized Stokes system is not easy to solve, requiring special iterative methods. Projection
methods are ways to decouple the system.

We update our operators as

L =

(
Dt +A Bᵀ

B 0

)
, M =

(
I Bᵀ

0 −Dt −BBᵀ

)
.
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Multiplication will yield

LM =

(
Dt +A W
B BBᵀ

)
≈
(
Dt +A 0
B BBᵀ

)
.

Here again

(27) W = DtB
ᵀ −BᵀDt +ABᵀ −BᵀBBᵀ = ABᵀ −BᵀAp.

If we use the identity −∆ = −grad div +curl curl , and curl grad = 0, we have

ABᵀ −BᵀBBᵀ = (−∆ + grad div)grad = curl curl grad = 0.

provided Bᵀ = grad in the strong sense which is very subtle.

Algorithm (PMT) (uk+1, uk+1/2, pk+1)← ProjectionMethod(uk, pk, f̃ , g)

(1) Solve momentum equations

uk+1/2 = (Dt +A)−1(f̃ −Bᵀpk),

(2) Solve the pressure equation

δq = (BBᵀ)−1(g −Buk+1/2).

(3) Update velocity
uk+1 = uk+

1
2 +Bᵀδq.

(4) Update pressure

pk+1 = pk −Dtδq +Buk+1/2 − g.

We can treat the projection method as an iterative method for solving (26), that is during
the iteration (k → k + 1), the source f̃ remains the same. If we keep updating the source
by f̃ = f − Dt(u

k, uk−1), then k → k + 1 represents the forward in time. As we
mentioned before, it is impossible to decouple the Stokes system (u and p are coupled
together through a boundary integral equation). For time dependent problem, however,
the projection method produces a first order method in time O(δt). See [10] for detailed
analysis.

4.3. Distributive Gauss-Seidel Relaxation. The standard relaxations, e.g., the Gauss-
Seidel relaxation, are not applicable to the system (1), since the matrix is not diagonally
dominant, and especially the zero block in the diagonal hampers the relaxation. The idea
of the distributive relaxation is to transform the principle operators to the main diagonal
and apply the equation-wise decoupled relaxation.

The so-called DGS smoother introduced by Brandt and Dinar [1] comes from consec-
utively Gauss-Seidel relaxation applied to the operator L̃M. That is we are solving the
transformed residual equation (

A 0
B Ap

)(
δw
δq

)
=

(
ru
rp

)
approximately and update it through the distributive matrixM. Let Â, Âp be approxima-
tion of A and Ap = BBᵀ, respectively.
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Algorithm (DGS) [uk+1, pk+1]← DGS(uk, pk, f, g)

(1) Relax the momentum equation

uk+
1
2 = uk + Â−1(f −Auk −Bᵀpk),

(2) Relax the transformed mass equation

δq = Â−1p (g −Buk+ 1
2 ).

(3) Distribute the correction to the original variables

uk+1 = uk+
1
2 +Bᵀδq,

pk+1 = pk −B(Bᵀδq).

The update formulae of pressure can be interpret as a Uzawa method using ApÂ
−1
p as

an approximation for the inverse of the Schur complement. From this point of view, the
step (3) can be simplified as pk+1 = pk +Buk+1/2 − g.

The name “distributive relaxation” is due to the fact that the correction δq is distributed
over u and p through the distributive matrixM.

4.4. LSC-DGS smoother. The success of the DGS smoother depends on the existence of
a Laplacian operator Ap for the discrete pressure space such that the commutator ABᵀ =
BᵀAp is small. As we mentioned earlier, this is almost true in the continuous level. In the
discrete level, the differential operator is approximated by matrices and some properties
may not hold in the matrix level.

For example, even DGS has been constructed since late 1970s’, this type of smoother,
however, is only known for the Marker and Cell (MAC) scheme discretization and mini-
finite element on rectangular grids [21, 7]. Generalization to other stable pairs of finite
element methods seems difficult; see [12] (p. 248).

One remedy is to discretize the Poisson equation for pressure with Neumann boundary
condition for the discrete pressure space which might be discontinuous. We introduce an
algebraic construction to minimize the commutator following our recent work [20]. We
shall use the following distributive matrix

M =

(
I Bᵀ

0 −(BBᵀ)−1BABᵀ

)
,(28)

which gives rise to the transformed system

LM =

(
A PABᵀ

B BBᵀ

)
, with P = I −Bᵀ(BBᵀ)−1B.

Note that P : Vh 7→ ker(B) is the orthogonal projection operator in L2 inner product to
ker(B) and hence PBᵀ = 0. Consequently, the commutator reads as

E := PABᵀ = P (ABᵀ −BᵀAp).

Now the only requirement is the existence of Ap such that (23) holds, and no explicit
construction is needed.

For a general discrete Stokes system, it is not clear whether such Ap exists or not.
However, the projection matrix makes the commutator as small as possible in the least
squares sense, i.e.

(29) ‖PABᵀ‖F ≤ min
X:Q→Q

‖ABᵀ −BᵀX‖F ,
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where ‖ · ‖F denotes the Frobenius norm (F-norm) of matrices. Indeed solving the least-
squares problem on the right of (29) will give the solution A∗p = (BBᵀ)−1BABᵀ and
therefore it will be called Least-Squares Commutator DGS (LSC-DGS) smoother.

The LSC was firstly developed by Elman [8], and used to construct a least-squares
approximation to the Schur complement of the linearized Navier-Stokes system, yielding
the so-called BFBt preconditioner. Here we use A∗p to devise an effective DGS smoother.

We present the LSC-DGS relaxation algorithm below.

Algorithm (LSC-DGS) [uk+1, pk+1]← LSC-DGS(uk, pk, f, g)

(1) Relax momentum equations

uk+
1
2 = uk + Â−1(f −Auk −Bᵀpk),

(2) Relax transformed continuity equations

δq = Â−1p (g −Buk+ 1
2 ).

(3) Transform the correction back to the original variables

(3.1) uk+1 = uk+
1
2 +Bᵀδq,

(3.2) pk+1 = pk − Ã−1p BABᵀδq.

We now discuss the choices of the three approximations Â, Âp and Ãp used in LSC-
DGS. The smoother Â−1 for the velocity can be the standard Gauss-Seidel relaxation
which has been shown to be effective for the Laplacian operator. When applicable, red-
black or general multi-coloring ordering is further applied to improve the smoothing effect.

In LSC-DGS, one needs to transfer the correction back to the original pressure variables
by applying (BBᵀ)−1BABᵀ. In step (3.2), the matrix inversion (BBᵀ)−1 is replaced by
a cheaper relaxation Ã−1p which is in general different with the smoothers Âp used in step
(2). Recall that the commutator, i.e., (1,2) block of the transformed system LM, will be
W = (I − BᵀÃ−1p B)ABᵀ. The closer Ã−1p is to (BBᵀ)−1, the smaller ‖E‖F is. As
a guideline, from our empirical tests, Ãp can be taken to be one symmetric Gauss-Seidel
relaxation for structured grids and one V-cycle iteration for unstructured grids.

The smoother Âp will affect the projection step (3.1) of uk+
1
2 . Choosing Âp closer to

(BBᵀ)−1 will make uk+
1
2 more divergence free in each level and consequently may help in

accelerating the convergence of the whole multigrid procedure. Usually, the smoother Âp

in step (2) can be just one Gauss-Seidel iteration. For discontinuous pressure finite element
approximations, it can be chosen as an element-wise block Gauss-Seidel smoother.

Compared with the standard DGS, step (3.2) of LSC-DGS requires one more relaxation
and one more matrix-vector multiplication. On the other hand, LSC-DGS is more robust,
efficient, and parameter free. This is a typical trade off between robustness and operation
count.

5. BLOCK PRECONDITIONERS

5.1. Functional analysis approach. Add Winther’s approach based on Riesz map [15].

5.2. Linear algebra approach. For Stokes system L, the preconditioner P is not neces-
sary a good approximation of L−1. A sufficient condition for a good preconditioner is that
the preconditioned matrix T = P−1L has a low-degree minimum polynomial or T having
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only a few distinct eigenvalues. We follow [16] to present a block preconditioner using
Schur complement for the Stokes system.

Theorem 5.1. If

L =

(
A Bᵀ

B 0

)
,

is preconditioned by

D =

(
A 0
0 BA−1Bᵀ

)
,

then the preconditioned matrix

T = D−1L =

(
I A−1Bᵀ

(BA−1Bᵀ)−1B 0

)
satisfies

(30) (T − I)(T 2 − T − I) = 0.

Proof. It can be proved by a straight forward computation. A key observation is the product
A−1Bᵀ(BA−1Bᵀ)−1B is a projection operator (in the A-inner product). We also provide
a calculation of the eigenvalue. Recall that, the Schur complement S = BA−1Bᵀ.

As D is symmetric and positive definite, σ(D−1L) = σ(D−1/2LD−1/2) which con-
tains only real eigen-values and eigen-vectors. Consider the generalized eigenvalue prob-
lem for the saddle point systemL := (A,Bᵀ;B,O) in the inner product defined by (A,M)
of X× Y:

Ax+Bᵀy = λAx,(31)
B x = λS y.(32)

The space X can be decomposed into K = ker(B) and its A-orthogonal complement
K⊥A , i.e., X = K ⊕ K⊥A . There exists a unique decomposition x = x0 ⊕ x1, x0 ∈
K,x1 ∈ K⊥A , i.e. (x0, x1)A = (Ax0, x1) = (x0, Ax1) = 0.

We test (31) with x0 ∈ K to get

(A(x0 + x1), x0) + (Bᵀy, x0) = λ(A(x0 + x1), x0).

Then use (Bᵀy, x0) = (y,Bx0) = 0 and (Ax1, x0) = 0 to get

(λ− 1)‖x0‖2A = 0 −→ λ = 1 or x0 = 0.

Case 1. λ = 1. Then Equation (31) becomes Bᵀy = 0. As B is surjective, Bᵀ is
injective and thus y = 0. Substitute into (32) yields x = x0. Therefore the corresponding
eigenvector is in the form (x0, 0) ∈ K. In the finite dimensional case, the multiplicity of
eigenvalue 1 is dimK = dimX− dimY.
Case 2. λ 6= 1 and x0 = 0. We can then solve x = [(λ− 1)A]

−1
Bᵀy from (31) and

substitute into (32) to get the equation

(33) (λ− 1)−1Sy = λSy.

Then we get the equation for λ
λ2 − λ− 1 = 0

which implies (30) and the corresponding eigenvalues are

(34) λ± =
1±
√

5

2
.

�
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As a consequence, the GMRES applied to the preconditioned system will terminate in
at most 3 steps.

A block triangular preconditioner can be construct from the block factorization

(35)
(
A Bᵀ

B 0

)
=

(
I 0

BA−1 I

)(
A 0
0 −S

)(
I A−1Bᵀ

0 I

)
= UᵀHU .

One can use

UᵀH =

(
A 0
B −S

)
or HU =

(
A Bᵀ

0 −S

)
as a preconditioner. The minimal polynomial of the preconditioned system is quadratic
and thus the GMRES for the preconditioned system will converge at most 2 steps!

For practical use, the Schur complement for Stokes S = BA−1Bᵀ should be approxi-
mated byMp the mass matrix of the pressure; see the discussion in Uzawa method section.
The eigenvalues of preconditioned system will be in three distinct regions and GMRES
will converge uniformly, i.e., independent of the size of the system.

The A−1 can be approximated by Â−1, e.g. several V-cycle iterations. The M−1p can
be solved efficiently by PCG with diagonal preconditioner to the tolerance 10−1 (usually
one or two PCG iterations is enough.)

Exercise 5.2. Present a spectral analysis when the block-diagonal preconditioner is changed
to P = diag(A,Mp) and P = diag(Â,Mp).

A symmetric and indefinite preconditioner can be also construct using an approximated
block factorization. Let Â, Ŝ be an approximation of A,S, respectively. Based on (35), we
introduce

Ĥ =

(
Â 0

0 −Ŝ

)
, Û =

(
I Â−1Bᵀ

0 I

)
, L̂ = ÛᵀĤ Û .

and use

L̂−1 = Û−1
(
ÛᵀĤ

)−1
=

(
I −Â−1Bᵀ

0 I

)(
Â 0

B −Ŝ

)−1
The action

(
ÛᵀĤ

)−1
can be understood as a block Gauss-Seidel iteration and Û−1 is a

distribution or change of variables. Convergence analysis of such preconditioner can be
found in [4].
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