VARIATIONAL FORMULATION OF MAXWELL EQUATIONS

LONG CHEN

In this note, we consider the variational formulation of Maxwell’s equations. We first
introduces the Sobolev spaces H (curl ; Q) and H (div; ), pertinent to the fields of electro-
magnetic theory. We addresses interface and boundary conditions, traces within Sobolev
spaces, and the well-posedness of weak formulations.

1. INTRODUCTION

Let Q be a bounded Lipschitz domain in R3. We introduce the Sobolev spaces
H(curl; Q) = v € L*(Q), curlv € L*(Q),
H(div; Q) = v € L*(Q),dive € L*(Q).
The intensity fields (E, H) belong to H(curl; 2), while the flux fields (D, B) belong to
H(div; ?). We use the unified notation H(d;2) with d = grad, curl, or div. Note that

H(grad; Q) is the familiar H'(Q) space. One can verify that H(d; 2) is a Hilbert space
with respect to the inner product

(u,v) + (du, dv).
The norm for H(d; ) is the graph norm

1/2
lullag = (lul® + [Idul?) .

We recall the integration by parts for vector functions below. Formally, the boundary
term is obtained by replacing the Hamilton operator V with the unit outward normal vector
n. For example,

vw¢m:—/

Q

uV~¢>dx—|—/ nu - ¢dsS,

Q o0

/qu q&dx-/u V><¢>da"+/ nxu-¢dS,
a0

/V u¢dx_—/u-v¢dz+/ n-u,pdS.
oQ

The time-harmonic Maxwell equation for the electric field E is
VX (u 'VxE)—w@E=J
V- (eE) =
The time-harmonic Maxwell equation for the magnetic field H is
VX (E'VxH)—?uH=VxJ
V- (uH)=0.
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These are obtained by the Fourier transform in time for the original Maxwell equations.
Here, w is a positive constant called the frequency. For the derivation and physical meaning
of Maxwell’s equations, we refer to Brief Introduction to Maxwell’s Equations.

To simplify the discussion, we consider the following model problems:

Symmetric and positive definite problem:

(1) Vx(aVxu)+pfu=Ff inQ, uxn=0 ondfd

Saddle point system:

2) Vx(aVxu)=§f inQ, V- (fu)=0 inQ, uxn=0 ondf.
where a and S5 are uniformly bounded, positive, and real coefficients. The right-hand side

f is divergence-free, i.e., div f = 0 in the distribution sense.

2. INTERFACE AND BOUNDARY CONDITIONS

For a vector w € R3 and a unit norm vector n, we can decompose u into the normal
component and the tangential component as

u=(u-n)n+nx(uxn)=u,+u,.

The vector u X m is also on the tangent plane and orthogonal to the tangential compo-
nent w,, which is a clockwise 90° rotation of u, on the tangent plane. Consequently,
u X 1, u,,n forms an orthogonal basis of R3; see Fig. 1.

E H

=>
=>

VE,=n(n.E) }H,=n(n -H)

/% H, =t x (Hx h)

A

Hxn

FIGURE 1. Field directions at boundary. Extract from Electromagnetic
Waves and Antennas by Orfanidis [5].

The interface condition can be derived from the continuity requirement for piecewise
smooth functions to be in H(d; Q). Let Q = K; U K5 U S with interface S = K; N Ks.
Let u; € H(d; K;). Define u € L?(2) as

u x € Ky,
u =
uy x € K.

We can always define the derivative du in the distribution sense. To be a weak derivative,
we need to verify that it coincides with the piecewise derivative, i.e.,

dU1 xr € Kl,
du =
dus = € Ks.
To do so, let ¢ € D(2), by the definition of the derivative of a distribution
<d’l,L, ¢> = <U, d¢> = (u17 d¢7) + (u27 d¢)
= (dula ¢) + (du27 ¢) + <P)/S(u1 - u?)» ¢>Sv
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where d* is the adjoint of d in the L?-inner product, and g is an appropriate restriction
of functions on the interface depending on the differential operators. The negative sign in
front of us is from the fact that the outward normal direction of K is opposite to that of
K;. Then u € H(d; Q) if and only if

uils = uslg for d = grad,
n X uls =n xugls for d=curl,

n-uils =n-uslg for d = div.

Here, strictly speaking, the restriction operator (-)|s should be replaced by appropriate
trace operators, which will be discussed in the next section. So, for a function in H (curl; 2),
its tangential component should be continuous across the interface, and for a function in
H (div; ), its normal component should be continuous. This will be the key to construct-
ing finite element spaces for these Sobolev spaces.

When the interface S contains surface charge pg and surface current Jg, the interface
condition for H and D is changed to

(Hy— Hy) xn=Jsg, (D1 — D2)-n = ps.

The interface condition for H can be built into the right-hand side of the weak formulation
using a surface integral on S. The boundary condition can be thought of as an interface
condition when one side of the interface is free space. The following are popular boundary
conditions for Maxwell-type equations.

o If one side is a perfect conductor, then ¢ = oco. By Ohm’s law, to have a finite
current, the electric field E should be zero. So we obtain the boundary condition
E x n = 0 for a perfect conductor.

e Impedance boundary condition *!

nx H—\E, =g.

3. TRACES

The trace of functions in H(d;2) is not simply the restriction of the function values
since the differential operator div or curl controls only a partial component of the vector
function. The best way to look at the trace is, again, through integration by parts.

Recall that v : H'(Q) — H'Y/2(0Q) is the trace operator for H' functions. It is
continuous and surjective. When w is also continuous on Q, Yu = ulog.

3.1. H(div;Q) space. For functions v € C*(Q2),$ € C'(Q) and Q is a domain with a
smooth boundary, we have the following integration by parts:

3) /divv¢dx:—/v-grad¢d£+/ n-v,$,ds.
Q Q

ble)
Then we relax the smoothness of functions and the domain such that (3) still holds. First,
since for Lipschitz domains, the normal vector n of OS2 is well-defined almost everywhere,
we can relax the smoothness of the domain €2 to be a bounded Lipschitz domain only.
Second, we only need v € H(div; Q) and ¢ € H*(£) so that the volume integral is finite.
Then (3) can be used to define the trace of v € H(div;):

4 (n-v,v0)oq = / divvgdz +/ v -grad ¢ dz, forall p € H'(Q).
Q Q

In the left-hand side of (4), we change from a boundary integral to an abstract duality
action, and v : H'(2) — H'/2(09) is the trace operator for H' functions. Since 1 is

o1 more on this
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an onto map, ¢ will run over all H'/2(9Q) when ¢ runs over H*(Q). Thatis, n - v is a
dual of H'/2(9Q). Note that d(9S2) = 0. So the right space for n - v is H~'/2(99Q). We
summarize as the following theorem.

Theorem 3.1 (Trace of H(div; Q)). Let Q C R? be a bounded Lipschitz domain in R® with
unit outward normal n. Then the mapping v, : C*®(2) — C*°(9Q) with v,v = n - v|sa
can be extended to a continuous linear map ~y,, from H(div; Q) onto H=1/2(0S2), namely
&) ||%,’U||—1/2,aﬂ < lvllaiv,o-

and the following Green’s identity holds for functions v € H(div;Q) and ¢ € H*(2)
©) (Y, vd)oa = / divvgdzr + / v - grad ¢ dz.
Q Q

The space Hy(div; §2) can be defined as
Hy(div; ) = {v € H(div; Q) : y,,v = 0}.

Proposition 3.2. The trace operator v, from H(div;Q) onto H=/2(0) is surjective
and there exists a continuous right inverse. Namely for any g € H~'/ 2(09), there exists
a function v € H(div; Q) such that y,v = g in H=/2(0Q) and ||v||aiv.0 < lgll=1/2,60-

Proof. Foragiven g € H1/2(0Q), let f = —|Q| (g, 1). We solve the Poisson equation
—Ap = f with Neumann boundary condition 0,,p = g:

(Vp7 V(b) = (f7 (b) + <g>’7¢>8ﬂ for all (b € Hl(Q)

The existence and uniqueness of the solution p € H*(£2) N L3(2) is ensured by the choice
of f which satisfies the compatible condition with the boundary data g. By choosing
v € HY(Q), we conclude —Ap = f in L*(Q), i.e., v = Vpisin H(div; Q). Note that
(0,76) = (div v, 6) + (v, V) = —(f,6) + (Vp, V) = (g,76). Since  : H(52) —
H'/?(99) is surjective, we conclude y,,v = gin H~/2(98). That s, we found a function
v € H(div; Q) such that y,v = g.
From the stability of —A operator, we have
[oll = IVl S 11+ llgll-1/2 < lgll-1/2,00-

Together with the identity || div v|| = || f||, we obtain ||v|laiv.0 < [lgll-1/2,00- O

3.2. H(curl; ) space. Similarly, we can use the integration by parts

/chrlvw/)dx:/Q'v-curld)dx—/ém('uxn)-d)dS

to define the trace of H (curl; €2). The trace only controls the tangential part of v|sq.

Theorem 3.3 (Trace of H(curl;Q)). Let Q C R* be a bounded Lipschitz domain in R?
with unit outward normal n. Then the mapping . : C*°(Q}) — C®(9N) with y;v =
v|ga X M can be extended by continunity to a continuous linear map ~y, from H (curl; Q)
to H=1/2(0Q), namely
@) [vrvll-1/2,00 S V]l 0
and the following Green’s identity holds for functions v € H(curl; Q) and ¢ € H*(Q)
®) (v, YP)oq = / v-curlpdxr — / curlv - ¢ dex.

Q

Q
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The trace 7, from H (curl; Q) to H~/2(99), however, is not surjective since in (8) the
test function ¢ can be further extended from H'(§2) to H(curl;$)). To characterize the
trace space exactly, we look closely at the boundary interaction. Let us denote by I' = 92
and introduce the tangential component trace 7, as 7,v = v, = n X (v X n). The
boundary pair can be written as

&) <’U X n7¢>F = <’l) X n7¢T>F = <'VT'077TT¢>F'

Let curlp, divr be the curl, div operators on the boundary surface I', which can be
defined intrinsically using metrics on the tangent planes. It is, however, advantageous to
define through the operator V in space and operations with the normal vector

n - (V xv) = curlp(7,v) = dive (v, v).

For a function v € H(curl;Q), curlv € H(div;) since divcurlv = 0. Hence,
Y (V xv) =n-(V xv) = curlp(n,v) € H~Y/?(T), implying 7,v € H~/?(curlp; T).
As its rotation, y,v € H~Y?(divp;T).

The duality pair in (9) is (H~'/?(divy,T"), H~*/?(curlp,T")). The exact characteriza-
tion of the trace operator is given by

v, : H(curl; Q) — H~Y?(divp;T)

and this mapping is surjective. Detailed explanations can be found in [4] (pages 58—60) and
[2, 1]. To verify the surjectivity of the mapping, a lifting operator analogous to Proposition
3.2 needs to be constructed for a given trace in H 1/ 2(divr, T'). The construction of such
a lifting operator is technical and was introduced by Tartar [6], also discussed in [1].

The space Hp(curl; ) can be defined as

Hy(curl; Q) = {v € H(curl; Q) : v,v = 0}.

4. WELL-POSEDNESS OF WEAK FORMULATIONS

Let V = Hy(curl; Q). The weak formulation of (1) is: givenan f € L*(Q), findu € V
such that

(10) (aV xu,V xv)+ (Bu,v) = (f,v) forallveV.
In (10), the first term arises from integration by parts
(aV xu,Vxv)=(Vx(axVxu),v)+ (aV X u,n X v)sn

and choosing the test function v € V to eliminate the boundary term. The boundary
condition for u is of Dirichlet type: u X i = 0 on 9f2, or more precisely v, u = 0.

Assuming the positive coefficients o and /3 are uniformly bounded below and above, the
well-posedness of (10) is trivial since the bilinear form is equivalent to the inner product of
H(curl; Q). The existence and uniqueness of the solution to (10) can be obtained by the
Riesz representation theorem. However, the stability constant will be proportional to 1//3
and thus will blow up as 5 — 0. Unlike the Poisson equation, where (Vu, Vv) defines
an inner product on H (), for the space Hy(curl;2), the zero trace cannot handle the
much larger kernel space of the curl operator, which consists of the image of V for simply
connected domains 2. We will revisit this issue (robustness as 3 — 07) after discussing
the saddle point formulation.

For the saddle point formulation of Maxwell’s equation (2), the natural Sobolev space
for w is again V' = Hy(curl; 2), and the bilinear form

a(u,v) := (aV x u,V xv), foru,v € Hy(curl; ),
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induces an operator A : V' — V' such that (Au, v) = a(u,v).
However, as a function in the H (curl;{2) space, the divergence operator cannot be
directly applied. It should be understood in the weak sense, i.e.,

—(div?(Bu), q) = (Bu,gradq) Vg€ Q = HY(Q).
We define the bilinear form
b(v,q) = (Bv,grad q) = —(div”(Bv),q), forv € Ho(curl;Q),q € H(Q),

which induces the operator B : V — Q' such that (Bu, ¢) = b(u, q) for all ¢ € H}(Q),
and B’ : Q — V" as the dual of B.

A Lagrangian multiplier p € H}(2) can be introduced to impose the constraint div* (fu) =
0. Thus, we consider the inf-sup problem

1
inf sup =(aV x u,V x u) — (f,u) + (Bu, Vp).
uEVpeQQ

The Euler-Lagrange equation is the following saddle point formulation of (2): given f €

V', findu € V,p € @ s.t.
A B\ (u\ _ [(f
B O)\p) \0)°

which is the operator form of the mixed formulation
(11a) (aV xu,V xv) + (fv,Vp) = (f,v) VveV,
(11b) (Bu,Vgq) =0 VqeQ.

The well-posedness of the saddle point system (11) is a consequence of the inf-sup
condition of B and the coercivity of A in the null space X = ker(B) = Hp(curl;Q2) N
ker(div"); see Inf-sup conditions for operator equations.

Lemma 4.1. For 3 = 1, we have the inf-sup condition

Bv
(12) inf sup 2P _
PEQ yeVv ||U||Cur1 |p|1
Proof. Here we follow the convention in the Stokes equation to write out the formulation
in term of the (negative) divergence operator B. It is more natural to show the adjoint
B’ =grad : H}(Q) — H{(curl; ) is injective. We can interpret

(Bv,p) (v,Vp)

[Vpllv: = sup ;
veV Hchurl veEV ”churl

and it suffices to prove
(13) IVpllv: = [[Vpl|.

First by the Cauchy-Schwarz inequality and the definition of the curl norm, we have
IVpllv: < ||Vp||. To prove the inequality in the opposite direction, we simply chose
v = Vp. Then (Bv,p) = |p|? and [[v]lcun = ]| = [p|1. Therefore [ Vplv- > [|Vp] by
the definition of sup. (]

Exercise 4.2. For coefficients Pmin < 8 < Bmax, prove that

Buv,p
Brin|p|1 < sup < )
veV Hchurl

SBmax'p‘l-

The coercivity in the null space X = ker(B) = Hy(curl; Q)Nker(div") can be derived
from the following Poincaré-type inequality.
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Lemma 4.3 (Poincaré Inequality. Lemma 3.4 and Theorem 3.6 in [3]). When 2 is simply
connected and 0S) consists of only one component, we have

(14) o] < [lewrlo|| forv e X.

A heuristic argument for the above Poincaré inequality is as follows: Using the iden-
tity —Awu = grad divu + curl curlu, we find ||u|; = |[curlu| for v € X. Together
with the Poincaré inequality ||u| < |lu||; for H' functions, we obtain the desired re-
sult. The subtlety in making this argument rigorous lies in the boundary condition. For
u € Hy(curl; ), only the tangential component is zero, whereas to apply the Poincaré in-
equality for H' vector functions, both the tangential and normal component traces should
be zero.

A sketch of a proof for (14) is as follows: First show that the operator curl : X — H,
where H = Hy(div; Q) N ker(div), is one-to-one and continuous. Then, by the open
mapping theorem, its inverse is also continuous, which leads to (14). For each ¢ € H,
that is, div @) = 0, given the assumption of the domain €2, there exists a vector potential v
such that ¢ = curl v, which is not unique. However, if we further require that dive = 0
and impose the boundary condition v X n = 0, then the potential is unique. Details can
be found in [3, Chapter 1, Theorem 3.6]. The condition that €2 is simply connected and
0N consists of only one component is necessary to eliminate the presence of non-trivial
harmonic forms. We will refer to this condition as the “trivial topology” condition.

Another approach is through the compact embedding. By modifying the proof in [3,
Chapter 1, Section 3.4], that is, using H *-regularity instead of H2-regularity of the Poisson
equation, we can prove the following result.

Lemma 4.4. For a Lipschitz polyhedron domain ), there exists a constant s € (1/2,1]
depending only on ) such that
X < H°(Q)
and
[vlls S l[vllcur o

Consequently, X is compactly embedded in LQ(Q). When () is convex, s = 1.

With the compact embedding, we can adapt the proof for an H!-type Poincaré inequal-
ity to obtain (14). Here is a sketch.

Proof of Lemma 4.3 using Lemma 4.4. Assume (14) does not hold. Then we can find a
sequence {v,,} C X such that ||v,|| = 1 and |jcurlv,| < L — 0asn — +oo. Since
X < L*(Q) is compact, we can find an L-convergent subsequence {v,,, } that converges
to an element v € L?(Q). Then, by the definition of weak derivatives and convergence in
L2, we can show that curlv = 0, (v, V¢) = 0 for all ¢ € H{ (), and ||v|| = 1. Since 7,
is continuous, we also have v,.v = 0, which implies v € X.

Then, there exists a scalar potential p € H}(€2) such that v = Vp. Taking ¢ = p in
(v,V¢) = 0, we obtain ||[Vp|| = 0, and thus p = 0 and v = 0. This contradicts the
condition ||v|| =1. O

We summarize the well-posedness as follows:

Theorem 4.5. Let 2 be a Lipschitz polyhedron domain that is topologically trivial. Then
there exists a unique solution (u, p) to the saddle point system (11) such that

]| + [l 2V x al| + [|8Y2Vpl < [ fllv-
Furthermore, if div f = 0, then the Lagrange multiplier p = 0.
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Proof. The well-posedness follows from Brezzi’s theory. When div f = 0, choose the
test function v = Vp in (11a) to obtain ||3'/2Vp| = 0, which implies p = 0 since
p € H(Q). (]

We now revisit the stability of the weak formulation (10), with an additional requirement
that div f = 0. We consider the stability in the space X, where we can apply the Poincaré
inequality (14) to ensure coercivity even when [ is near 0.

Theorem 4.6. Let ) be a Lipschitz polyhedron domain, and let 3 be a positive constant.
For a given f € V' with div f = 0, there exists a unique solution u to the symmetric and
positive definite problem (10), and

1
wllcan < £l
«

min

with a stability constant that is independent of .

Proof. Since the bilinear form is equivalent to the inner product of H (curl; ), the exis-
tence and uniqueness of the solution u to (10) can be derived from the Riesz representation
theorem. Given that 5 > 0 and div f = 0, we select v = Vp in (10) to deduce that
div"” u = 0, which implies w € X. We can then apply the Poincaré inequality (14) to
establish coercivity:

amin([ul® + IV x w)?) < a(w,u) = (f,u) S | Fllvllwleu,

from which the desired stability result follows. U

REFERENCES

[1] A. Buffa, M. Costabel, and D. Sheen. On traces for H(curl,Omega) in Lipschitz domains. Journal of Mathe-
matical Analysis and Applications, 276(2):845-867, 2002. 5

[2] Z. Chen, Q. Du, and J. Zou. Finite Element Methods with Matching and Nonmatching Meshes for Maxwell
Equations with Discontinuous Coefficients. SIAM J. Numer. Anal., 37(5):1542-1570, 2000. 5

[3] V. Girault and P. A. Raviart. Finite element methods for Navier-Stokes equations: Theory and algorithms.
Springer-Verlag, Berlin, 1986. 7

[4] P. Monk. Finite Element Methods for Maxwell’s Equations. Oxford University Press, 2003. 5

[5] S.J. Orfanidis. Electromagnetic Waves and Antennas. Online, 2011. 2

[6] L. Tartar. On the characterization of traces of a sobolev space used for maxwell’s equation. In Proceedings of
a Meeting. Bordeaux, France, 1997. 5



	1. Introduction
	2. Interface and Boundary Conditions
	3. Traces
	3.1. H(div; ) space
	3.2. H(curl; ) space

	4. Well-posedness of Weak Formulations
	References

