
VARIATIONAL FORMULATION OF MAXWELL EQUATIONS

LONG CHEN

In this note, we consider the variational formulation of Maxwell’s equations. We first
introduces the Sobolev spacesH(curl ; Ω) andH(div; Ω), pertinent to the fields of electro-
magnetic theory. We addresses interface and boundary conditions, traces within Sobolev
spaces, and the well-posedness of weak formulations.

1. INTRODUCTION

Let Ω be a bounded Lipschitz domain in R3. We introduce the Sobolev spaces

H(curl ; Ω) = v ∈ L2(Ω), curlv ∈ L2(Ω),

H(div; Ω) = v ∈ L2(Ω),div v ∈ L2(Ω).

The intensity fields (E,H) belong to H(curl ; Ω), while the flux fields (D,B) belong to
H(div; Ω). We use the unified notation H(d; Ω) with d = grad , curl , or div. Note that
H(grad ; Ω) is the familiar H1(Ω) space. One can verify that H(d; Ω) is a Hilbert space
with respect to the inner product

(u, v) + (du, dv).

The norm for H(d; Ω) is the graph norm

‖u‖d,Ω :=
(
‖u‖2 + ‖du‖2

)1/2
.

We recall the integration by parts for vector functions below. Formally, the boundary
term is obtained by replacing the Hamilton operator∇with the unit outward normal vector
n. For example, ∫

Ω

∇u · φdx = −
∫

Ω

u∇ · φdx+

∫
∂Ω

nu · φdS,∫
Ω

∇× u · φdx =

∫
Ω

u · ∇ × φ dx+

∫
∂Ω

n× u · φ dS,∫
Ω

∇ · u, φdx = −
∫

Ω

u · ∇φdx+

∫
∂Ω

n · u, φdS.

The time-harmonic Maxwell equation for the electric field E is

∇× (µ−1∇×E)− ω2ε̃E = J̃

∇ · (εE) = ρ.

The time-harmonic Maxwell equation for the magnetic fieldH is

∇× (ε̃−1∇×H)− ω2µH = ∇× J̃
∇ · (µH) = 0.
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These are obtained by the Fourier transform in time for the original Maxwell equations.
Here, ω is a positive constant called the frequency. For the derivation and physical meaning
of Maxwell’s equations, we refer to Brief Introduction to Maxwell’s Equations.

To simplify the discussion, we consider the following model problems:
Symmetric and positive definite problem:

(1) ∇× (α∇× u) + βu = f in Ω, u× n = 0 on ∂Ω

Saddle point system:

(2) ∇× (α∇× u) = f in Ω, ∇ · (βu) = 0 in Ω, u× n = 0 on ∂Ω.

where α and β are uniformly bounded, positive, and real coefficients. The right-hand side
f is divergence-free, i.e., div f = 0 in the distribution sense.

2. INTERFACE AND BOUNDARY CONDITIONS

For a vector u ∈ R3 and a unit norm vector n, we can decompose u into the normal
component and the tangential component as

u = (u · n)n+ n× (u× n) = un + uτ .

The vector u × n is also on the tangent plane and orthogonal to the tangential compo-
nent uτ , which is a clockwise 90◦ rotation of uτ on the tangent plane. Consequently,
u× n,uτ ,n forms an orthogonal basis of R3; see Fig. 1.
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and may be thought of as the sources of the fields in Eq. (1.3.17). In Sec. 14.6, we examine
this interpretation further and show how it leads to the Ewald-Oseen extinction theorem
and to a microscopic explanation of the origin of the refractive index.

1.4 Negative Index Media

Maxwell’s equations do not preclude the possibility that one or both of the quantities
ε, µ be negative. For example, plasmas below their plasma frequency, and metals up to
optical frequencies, have ε < 0 and µ > 0, with interesting applications such as surface
plasmons (see Sec. 8.5).

Isotropic media with µ < 0 and ε > 0 are more difficult to come by [153], although
examples of such media have been fabricated [381].

Negative-index media, also known as left-handed media, have ε, µ that are simulta-
neously negative, ε < 0 and µ < 0. Veselago [376] was the first to study their unusual
electromagnetic properties, such as having a negative index of refraction and the rever-
sal of Snel’s law.

The novel properties of such media and their potential applications have generated
a lot of research interest [376–457]. Examples of such media, termed “metamaterials”,
have been constructed using periodic arrays of wires and split-ring resonators, [382]
and by transmission line elements [415–417,437,450], and have been shown to exhibit
the properties predicted by Veselago.

When εrel < 0 and µrel < 0, the refractive index, n2 = εrelµrel, must be defined by
the negative square root n = −√εrelµrel. Because then n < 0 and µrel < 0 will imply
that the characteristic impedance of the medium η = η0µrel/n will be positive, which
as we will see later implies that the energy flux of a wave is in the same direction as the
direction of propagation. We discuss such media in Sections 2.12, 7.16, and 8.6.

1.5 Boundary Conditions

The boundary conditions for the electromagnetic fields across material boundaries are
given below:

E1t − E2t = 0

H1t −H2t = Js × n̂

D1n −D2n = ρs
B1n − B2n = 0

(1.5.1)

where n̂ is a unit vector normal to the boundary pointing from medium-2 into medium-1.
The quantities ρs, Js are any external surface charge and surface current densities on
the boundary surface and are measured in units of [coulomb/m2] and [ampere/m].

In words, the tangential components of the E-field are continuous across the inter-
face; the difference of the tangential components of the H-field are equal to the surface
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current density; the difference of the normal components of the flux density D are equal
to the surface charge density; and the normal components of the magnetic flux density
B are continuous.

The Dn boundary condition may also be written a form that brings out the depen-
dence on the polarization surface charges:

(ε0E1n + P1n)−(ε0E2n + P2n)= ρs ⇒ ε0(E1n − E2n)= ρs − P1n + P2n = ρs,tot

The total surface charge density will be ρs,tot = ρs+ρ1s,pol+ρ2s,pol, where the surface
charge density of polarization charges accumulating at the surface of a dielectric is seen
to be (n̂ is the outward normal from the dielectric):

ρs,pol = Pn = n̂ · P (1.5.2)

The relative directions of the field vectors are shown in Fig. 1.5.1. Each vector may
be decomposed as the sum of a part tangential to the surface and a part perpendicular
to it, that is, E = Et + En. Using the vector identity,

E = n̂× (E× n̂)+n̂(n̂ · E)= Et + En (1.5.3)

we identify these two parts as:

Et = n̂× (E× n̂) , En = n̂(n̂ · E)= n̂En

Fig. 1.5.1 Field directions at boundary.

Using these results, we can write the first two boundary conditions in the following
vectorial forms, where the second form is obtained by taking the cross product of the
first with n̂ and noting that Js is purely tangential:

n̂× (E1 × n̂)− n̂× (E2 × n̂) = 0

n̂× (H1 × n̂)− n̂× (H2 × n̂) = Js × n̂
or,

n̂× (E1 − E2) = 0

n̂× (H1 −H2) = Js
(1.5.4)

The boundary conditions (1.5.1) can be derived from the integrated form of Maxwell’s
equations if we make some additional regularity assumptions about the fields at the
interfaces.

FIGURE 1. Field directions at boundary. Extract from Electromagnetic
Waves and Antennas by Orfanidis [5].

The interface condition can be derived from the continuity requirement for piecewise
smooth functions to be in H(d; Ω). Let Ω = K1 ∪K2 ∪ S with interface S = K̄1 ∩ K̄2.
Let ui ∈ H(d;Ki). Define u ∈ L2(Ω) as

u =

{
u1 x ∈ K1,

u2 x ∈ K2.

We can always define the derivative du in the distribution sense. To be a weak derivative,
we need to verify that it coincides with the piecewise derivative, i.e.,

du =

{
du1 x ∈ K1,

du2 x ∈ K2.

To do so, let φ ∈ D(Ω), by the definition of the derivative of a distribution

〈du, φ〉 := 〈u, dφ〉 = (u1, dφ) + (u2, dφ)

= ( du1, φ) + ( du2, φ) + 〈γS(u1 − u2), φ〉S ,

https://www.math.uci.edu/~chenlong/226/MaxwellEqns.pdf
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where d∗ is the adjoint of d in the L2-inner product, and γS is an appropriate restriction
of functions on the interface depending on the differential operators. The negative sign in
front of u2 is from the fact that the outward normal direction of K2 is opposite to that of
K1. Then u ∈ H(d; Ω) if and only if

u1|S = u2|S for d = grad ,

n× u1|S = n× u2|S for d = curl ,

n · u1|S = n · u2|S for d = div .

Here, strictly speaking, the restriction operator (·)|S should be replaced by appropriate
trace operators, which will be discussed in the next section. So, for a function inH(curl ; Ω),
its tangential component should be continuous across the interface, and for a function in
H(div; Ω), its normal component should be continuous. This will be the key to construct-
ing finite element spaces for these Sobolev spaces.

When the interface S contains surface charge ρS and surface current JS , the interface
condition forH andD is changed to

(H1 −H2)× n = JS , (D1 −D2) · n = ρS .

The interface condition forH can be built into the right-hand side of the weak formulation
using a surface integral on S. The boundary condition can be thought of as an interface
condition when one side of the interface is free space. The following are popular boundary
conditions for Maxwell-type equations.

• If one side is a perfect conductor, then σ = ∞. By Ohm’s law, to have a finite
current, the electric field E should be zero. So we obtain the boundary condition
E × n = 0 for a perfect conductor.

• Impedance boundary condition •1
•1 more on this

n×H − λEt = g.

3. TRACES

The trace of functions in H(d; Ω) is not simply the restriction of the function values
since the differential operator div or curl controls only a partial component of the vector
function. The best way to look at the trace is, again, through integration by parts.

Recall that γ : H1(Ω) → H1/2(∂Ω) is the trace operator for H1 functions. It is
continuous and surjective. When u is also continuous on Ω̄, γu = u|∂Ω.

3.1. H(div; Ω) space. For functions v ∈ C1(Ω), φ ∈ C1(Ω) and Ω is a domain with a
smooth boundary, we have the following integration by parts:

(3)
∫

Ω

div vφ dx = −
∫

Ω

v · gradφdx+

∫
∂Ω

n · v, φ,dS.

Then we relax the smoothness of functions and the domain such that (3) still holds. First,
since for Lipschitz domains, the normal vector n of ∂Ω is well-defined almost everywhere,
we can relax the smoothness of the domain Ω to be a bounded Lipschitz domain only.
Second, we only need v ∈ H(div; Ω) and φ ∈ H1(Ω) so that the volume integral is finite.
Then (3) can be used to define the trace of v ∈ H(div; Ω):

(4) 〈n · v, γφ〉∂Ω :=

∫
Ω

div vφdx+

∫
Ω

v · gradφ dx, for all φ ∈ H1(Ω).

In the left-hand side of (4), we change from a boundary integral to an abstract duality
action, and γ : H1(Ω) → H1/2(∂Ω) is the trace operator for H1 functions. Since γ is
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an onto map, γφ will run over all H1/2(∂Ω) when φ runs over H1(Ω). That is, n · v is a
dual of H1/2(∂Ω). Note that ∂(∂Ω) = 0. So the right space for n · v is H−1/2(∂Ω). We
summarize as the following theorem.

Theorem 3.1 (Trace ofH(div; Ω)). Let Ω ⊂ R3 be a bounded Lipschitz domain in R3 with
unit outward normal n. Then the mapping γn : C∞(Ω̄)→ C∞(∂Ω) with γnv = n · v|∂Ω

can be extended to a continuous linear map γn from H(div; Ω) onto H−1/2(∂Ω), namely

(5) ‖γnv‖−1/2,∂Ω . ‖v‖div,Ω.

and the following Green’s identity holds for functions v ∈ H(div; Ω) and φ ∈ H1(Ω)

(6) 〈γnv, γφ〉∂Ω =

∫
Ω

div vφ dx+

∫
Ω

v · gradφ dx.

The space H0(div; Ω) can be defined as

H0(div; Ω) = {v ∈ H(div; Ω) : γnv = 0}.

Proposition 3.2. The trace operator γn from H(div; Ω) onto H−1/2(∂Ω) is surjective
and there exists a continuous right inverse. Namely for any g ∈ H−1/2(∂Ω), there exists
a function v ∈ H(div; Ω) such that γnv = g in H−1/2(∂Ω) and ‖v‖div,Ω . ‖g‖−1/2,∂Ω.

Proof. For a given g ∈ H−1/2(∂Ω), let f = −|Ω|−1〈g, 1〉. We solve the Poisson equation
−∆p = f with Neumann boundary condition ∂np = g:

(∇p,∇φ) = (f, φ) + 〈g, γφ〉∂Ω for all φ ∈ H1(Ω).

The existence and uniqueness of the solution p ∈ H1(Ω)∩L2
0(Ω) is ensured by the choice

of f which satisfies the compatible condition with the boundary data g. By choosing
v ∈ H1

0 (Ω), we conclude −∆p = f in L2(Ω), i.e., v = ∇p is in H(div; Ω). Note that
〈γnv, γφ〉 = (div v, φ) + (v,∇φ) = −(f, φ) + (∇p,∇φ) = 〈g, γφ〉. Since γ : H1(Ω)→
H1/2(∂Ω) is surjective, we conclude γnv = g inH−1/2(∂Ω). That is, we found a function
v ∈ H(div; Ω) such that γnv = g.

From the stability of −∆ operator, we have

‖v‖ = ‖∇p‖ . ‖f‖+ ‖g‖−1/2 . ‖g‖−1/2,∂Ω.

Together with the identity ‖div v‖ = ‖f‖, we obtain ‖v‖div,Ω . ‖g‖−1/2,∂Ω. �

3.2. H(curl ; Ω) space. Similarly, we can use the integration by parts∫
Ω

curlv · φdx =

∫
Ω

v · curlφdx−
∫
∂Ω

(v × n) · φ dS

to define the trace of H(curl ; Ω). The trace only controls the tangential part of v|∂Ω.

Theorem 3.3 (Trace of H(curl ; Ω)). Let Ω ⊂ R3 be a bounded Lipschitz domain in R3

with unit outward normal n. Then the mapping γτ : C∞(Ω̄) → C∞(∂Ω) with γτv =
v|∂Ω × n can be extended by continunity to a continuous linear map γτ from H(curl ; Ω)
to H−1/2(∂Ω), namely

(7) ‖γτv‖−1/2,∂Ω . ‖v‖curl ,Ω.

and the following Green’s identity holds for functions v ∈ H(curl ; Ω) and φ ∈H1(Ω)

(8) 〈γτv, γφ〉∂Ω =

∫
Ω

v · curlφ dx−
∫

Ω

curlv · φ dx.
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The trace γτ fromH(curl ; Ω) toH−1/2(∂Ω), however, is not surjective since in (8) the
test function φ can be further extended from H1(Ω) to H(curl ; Ω). To characterize the
trace space exactly, we look closely at the boundary interaction. Let us denote by Γ = ∂Ω
and introduce the tangential component trace πτ as πτv = vτ = n × (v × n). The
boundary pair can be written as

(9) 〈v × n,φ〉Γ = 〈v × n,φτ 〉Γ = 〈γτv, πτφ〉Γ.

Let curl Γ,divΓ be the curl ,div operators on the boundary surface Γ, which can be
defined intrinsically using metrics on the tangent planes. It is, however, advantageous to
define through the operator∇ in space and operations with the normal vector

n · (∇× v) = curl Γ(πτv) = divΓ(γτv).

For a function v ∈ H(curl; Ω), curlv ∈ H(div; Ω) since div curlv = 0. Hence,
γn(∇× v) = n · (∇× v) = curlΓ(πτv) ∈ H−1/2(Γ), implying πτv ∈ H−1/2(curlΓ; Γ).
As its rotation, γτv ∈ H−1/2(divΓ; Γ).

The duality pair in (9) is 〈H−1/2(divΓ,Γ), H−1/2(curlΓ,Γ)〉. The exact characteriza-
tion of the trace operator is given by

γτ : H(curl; Ω)→ H−1/2(divΓ; Γ)

and this mapping is surjective. Detailed explanations can be found in [4] (pages 58–60) and
[2, 1]. To verify the surjectivity of the mapping, a lifting operator analogous to Proposition
3.2 needs to be constructed for a given trace in H−1/2(divΓ,Γ). The construction of such
a lifting operator is technical and was introduced by Tartar [6], also discussed in [1].

The space H0(curl ; Ω) can be defined as

H0(curl ; Ω) = {v ∈ H(curl ; Ω) : γτv = 0}.

4. WELL-POSEDNESS OF WEAK FORMULATIONS

Let V = H0(curl; Ω). The weak formulation of (1) is: given an f ∈ L2(Ω), find u ∈ V
such that

(10) (α∇× u,∇× v) + (βu,v) = (f ,v) for all v ∈ V.

In (10), the first term arises from integration by parts

(α∇× u,∇× v) = (∇× (α×∇× u),v) + (α∇× u,n× v)∂Ω

and choosing the test function v ∈ V to eliminate the boundary term. The boundary
condition for u is of Dirichlet type: u× n = 0 on ∂Ω, or more precisely γτu = 0.

Assuming the positive coefficients α and β are uniformly bounded below and above, the
well-posedness of (10) is trivial since the bilinear form is equivalent to the inner product of
H(curl ; Ω). The existence and uniqueness of the solution to (10) can be obtained by the
Riesz representation theorem. However, the stability constant will be proportional to 1/β
and thus will blow up as β → 0. Unlike the Poisson equation, where (∇u,∇v) defines
an inner product on H1

0 (Ω), for the space H0(curl ; Ω), the zero trace cannot handle the
much larger kernel space of the curl operator, which consists of the image of∇ for simply
connected domains Ω. We will revisit this issue (robustness as β → 0+) after discussing
the saddle point formulation.

For the saddle point formulation of Maxwell’s equation (2), the natural Sobolev space
for u is again V = H0(curl ; Ω), and the bilinear form

a(u,v) := (α∇× u,∇× v), for u,v ∈ H0(curl ; Ω),
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induces an operator A : V → V ′ such that 〈Au,v〉 = a(u,v).
However, as a function in the H(curl ; Ω) space, the divergence operator cannot be

directly applied. It should be understood in the weak sense, i.e.,

−〈divw(βu), q〉 := (βu, grad q) ∀q ∈ Q := H1
0 (Ω).

We define the bilinear form

b(v, q) = (βv, grad q) = −(divw(βv), q), for v ∈ H0(curl ; Ω), q ∈ H1
0 (Ω),

which induces the operator B : V → Q′ such that 〈Bu, q〉 = b(u, q) for all q ∈ H1
0 (Ω),

and B′ : Q→ V ′ as the dual of B.
A Lagrangian multiplier p ∈ H1

0 (Ω) can be introduced to impose the constraint divw(βu) =
0. Thus, we consider the inf-sup problem

inf
u∈V

sup
p∈Q

1

2
(α∇× u,∇× u)− (f ,u) + (βu,∇p).

The Euler-Lagrange equation is the following saddle point formulation of (2): given f ∈
V ′, find u ∈ V, p ∈ Q s.t. (

A B′

B O

)(
u
p

)
=

(
f
0

)
,

which is the operator form of the mixed formulation

(α∇× u,∇× v) + (βv,∇p) = (f ,v) ∀ v ∈ V,(11a)

(βu,∇q) = 0 ∀ q ∈ Q.(11b)

The well-posedness of the saddle point system (11) is a consequence of the inf-sup
condition of B and the coercivity of A in the null space X = ker(B) = H0(curl ; Ω) ∩
ker(divw); see Inf-sup conditions for operator equations.

Lemma 4.1. For β = 1, we have the inf-sup condition

(12) inf
p∈Q

sup
v∈V

〈Bv, p〉
‖v‖curl |p|1

= 1.

Proof. Here we follow the convention in the Stokes equation to write out the formulation
in term of the (negative) divergence operator B. It is more natural to show the adjoint
B′ = grad : H1

0 (Ω)→ H ′0(curl ; Ω) is injective. We can interpret

‖∇p‖V ′ = sup
v∈V

〈Bv, p〉
‖v‖curl

= sup
v∈V

(v,∇p)
‖v‖curl

,

and it suffices to prove

(13) ‖∇p‖V ′ = ‖∇p‖.
First by the Cauchy-Schwarz inequality and the definition of the curl norm, we have
‖∇p‖V ′ ≤ ‖∇p‖. To prove the inequality in the opposite direction, we simply chose
v = ∇p. Then 〈Bv, p〉 = |p|21 and ‖v‖curl = ‖v‖ = |p|1. Therefore ‖∇p‖V ′ ≥ ‖∇p‖ by
the definition of sup. �

Exercise 4.2. For coefficients βmin ≤ β ≤ βmax, prove that

βmin|p|1 ≤ sup
v∈V

〈Bv, p〉
‖v‖curl

≤ βmax|p|1.

The coercivity in the null spaceX = ker(B) = H0(curl ; Ω)∩ker(divw) can be derived
from the following Poincaré-type inequality.

http://www.math.uci.edu/~chenlong/226/infsupOperator.pdf
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Lemma 4.3 (Poincaré Inequality. Lemma 3.4 and Theorem 3.6 in [3]). When Ω is simply
connected and ∂Ω consists of only one component, we have

(14) ‖v‖ . ‖curlv‖ for v ∈ X.

A heuristic argument for the above Poincaré inequality is as follows: Using the iden-
tity −∆u = grad divu + curl curlu, we find ‖u‖1 h ‖curlu‖ for v ∈ X . Together
with the Poincaré inequality ‖u‖ . ‖u‖1 for H1 functions, we obtain the desired re-
sult. The subtlety in making this argument rigorous lies in the boundary condition. For
u ∈ H0(curl ; Ω), only the tangential component is zero, whereas to apply the Poincaré in-
equality for H1 vector functions, both the tangential and normal component traces should
be zero.

A sketch of a proof for (14) is as follows: First show that the operator curl : X → H ,
where H = H0(div; Ω) ∩ ker(div), is one-to-one and continuous. Then, by the open
mapping theorem, its inverse is also continuous, which leads to (14). For each ψ ∈ H ,
that is, divψ = 0, given the assumption of the domain Ω, there exists a vector potential v
such that ψ = curlv, which is not unique. However, if we further require that div v = 0
and impose the boundary condition v × n = 0, then the potential is unique. Details can
be found in [3, Chapter 1, Theorem 3.6]. The condition that Ω is simply connected and
∂Ω consists of only one component is necessary to eliminate the presence of non-trivial
harmonic forms. We will refer to this condition as the “trivial topology” condition.

Another approach is through the compact embedding. By modifying the proof in [3,
Chapter 1, Section 3.4], that is, usingHs-regularity instead ofH2-regularity of the Poisson
equation, we can prove the following result.

Lemma 4.4. For a Lipschitz polyhedron domain Ω, there exists a constant s ∈ (1/2, 1]
depending only on Ω such that

X ↪→Hs(Ω)

and
‖v‖s . ‖v‖curl ;Ω.

Consequently, X is compactly embedded in L2(Ω). When Ω is convex, s = 1.

With the compact embedding, we can adapt the proof for an H1-type Poincaré inequal-
ity to obtain (14). Here is a sketch.
Proof of Lemma 4.3 using Lemma 4.4. Assume (14) does not hold. Then we can find a
sequence {vn} ⊂ X such that ‖vn‖ = 1 and ‖curlvn‖ ≤ 1

n → 0 as n → +∞. Since
X ↪→ L2(Ω) is compact, we can find an L2-convergent subsequence {vnk

} that converges
to an element v ∈ L2(Ω). Then, by the definition of weak derivatives and convergence in
L2, we can show that curlv = 0, (v,∇φ) = 0 for all φ ∈ H1

0 (Ω), and ‖v‖ = 1. Since γτ
is continuous, we also have γτv = 0, which implies v ∈ X .

Then, there exists a scalar potential p ∈ H1
0 (Ω) such that v = ∇p. Taking φ = p in

(v,∇φ) = 0, we obtain ‖∇p‖ = 0, and thus p = 0 and v = 0. This contradicts the
condition ‖v‖ = 1. �

We summarize the well-posedness as follows:

Theorem 4.5. Let Ω be a Lipschitz polyhedron domain that is topologically trivial. Then
there exists a unique solution (u, p) to the saddle point system (11) such that

‖u‖+ ‖α1/2∇× u‖+ ‖β1/2∇p‖ . ‖f‖V ′ .

Furthermore, if div f = 0, then the Lagrange multiplier p = 0.
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Proof. The well-posedness follows from Brezzi’s theory. When div f = 0, choose the
test function v = ∇p in (11a) to obtain ‖β1/2∇p‖ = 0, which implies p = 0 since
p ∈ H1

0 (Ω). �

We now revisit the stability of the weak formulation (10), with an additional requirement
that div f = 0. We consider the stability in the space X , where we can apply the Poincaré
inequality (14) to ensure coercivity even when β is near 0.

Theorem 4.6. Let Ω be a Lipschitz polyhedron domain, and let β be a positive constant.
For a given f ∈ V ′ with div f = 0, there exists a unique solution u to the symmetric and
positive definite problem (10), and

‖u‖curl .
1

αmin
‖f‖V ′ ,

with a stability constant that is independent of β.

Proof. Since the bilinear form is equivalent to the inner product of H(curl ; Ω), the exis-
tence and uniqueness of the solution u to (10) can be derived from the Riesz representation
theorem. Given that β > 0 and div f = 0, we select v = ∇p in (10) to deduce that
divw u = 0, which implies u ∈ X . We can then apply the Poincaré inequality (14) to
establish coercivity:

αmin(‖u‖2 + ‖∇ × u‖2) . a(u,u) = (f ,u) . ‖f‖V ′‖u‖curl ,

from which the desired stability result follows. �
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