SUBSPACE CORRECTION METHOD AND AUXILIARY SPACE METHOD

LONG CHEN

We discuss the subspace correction method and the auxiliary space method developed
by Xu [5, 7, 8] for solving the linear operator equation

6] Au = f,

posed on a finite-dimensional Hilbert space V 22 R" equipped with an inner product (-, -).
Here A : V — V is a symmetric and positive definite (SPD) operator, f € V is given, and
we seek u € V such that (1) holds.

1. SPACE DECOMPOSITION AND SUBSPACE CORRECTION METHODS

In the spirit of divide and conquer, we decompose the space V as a sum of subspaces and
correspondingly decompose problem (1) into subproblems of smaller size that are easier
to solve. This approach was developed by Xu [5].

LetV; CV,i=1,...,J, besubspaces of V. If

J
V=>"V,
i=1
then {V,} is called a space decomposition of V. By definition, for any u € V, we can write
J
u=> u, w€Vyi=1,..J
i=1

Since the sum E;’Zl V; is not necessarily direct, such decompositions of u are in general
not unique. We include background on sums and products of linear spaces in the appendix.

We introduce the following operators fori =1,...,J:
e [;:V,— 'V, thenatural inclusion;
e Q; : V—V,;, the projection in the inner product (-, -);
o A;:V,— YV, therestriction of A to the subspace V; x V,;
e R, :V,—V,, anapproximation of A;l, often referred to as a smoother.

We explore relations between these operators. By definition,
(Qfvi,v) = (v, Qiv) = (vi,v) = (Livy,v), Vv, €V, vev,

) QZT coincides with the natural inclusion I;, or equivalently I J = (Q;. At the continuous
level, I; is simply the identity on V;, and the notation is often omitted. In implementation,
the prolongation matrix is the representation of I; with respect to chosen bases, and its
transpose I acts as the restriction matrix.

The operator A can be viewed through the bilinear form on V x V defined by

a(u,v) = (u,v)4 = (Au,v) = (u, Av), u,v €V,
The restriction of a(-, ) to V; x V; induces the operator A, through

(Aiui,vi) = (ui,’Ui)Ai = a(ui,vi) = (’U,i,’l)i)A, Ui, V4 S Vz
1
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Thus A; is the Galerkin projection of A4, i.e.,
A; = ITAIL.

The consistent notation for the smoother R; would be B;, the preconditioner of A;. We
keep R; to avoid conflict with the notation B for the preconditioner of the full operator A.

We now describe the subspace correction method. For a given residual r, let r;, =
Qir = ITr denote the restriction of the residual to the subspace V;. In each subspace, we
consider the residual equation A;e} = r; and approximate its solution by e; = R;r;. The
diagram below summarizes the relation between the global and local problems:

At A?
V——V e «—— 1
Tli JIJ T}i llg
Vi — Vl e < T;

The local corrections e; are then combined to form a correction in the full space V, which
gives the subspace correction method.
There are two basic ways to assemble subspace corrections.

Parallel Subspace Correction (PSC). In this method, the corrections on all subspaces
are carried out in parallel. In operator form, the iteration is

2 Upt1 = ug + Bo(f — Aug),
where
J
3) B, =Y LRI
i=1

The correction on each subspace V; is
eizliRiIiT(f—Auk), 1= 1,...,J,

and the total correction in V is Z;.le €;.

VN
r — V, — e
N V3 A r—=Vi—se—sr—=Vose—r—V;—e
(a) PSC (b) SSC

F1GURE 1. Illustration of PSC and SSC.

Successive Subspace Correction (SSC). In this method, the corrections are applied one
after another. In operator form, the iteration is

@) vt = uy, vt :vi—|—IiRiIiT(f—Avi), i=1,...,J, Upgpr = v’ L

The iterator B,, associated with the SSC method does not have a simple closed form; it
will be discussed in the next section.

We present algorithms of PSC and SSC in the following form to emphasis it is a pro-
cedure to solve the residual equation, i.e., given a residual 7, return a correction e. One
iteration of PSC or SSC can be used as a preconditioner in PCG.
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function e = PSC(r)

% Solve the residual equation Ae = r by PSC method
for i = 1:J

ri = Ii’x*r; % restrict the residual to subspace

el = Rixri; % solve the residual equation in subspace

e = e + Iixei; % prolongate the correction to the big space
end
function e = SSC(r)

% Solve the residual equation Ae = r by SSC method

rd = r;
for 1 = 1:J
ri = Ii’=*rd; % restrict the residual to subspace
el = Rixri; % solve the residual equation in subspace

e = e + Iixei; % prolongate the correction to the big space

rd = r - Axe; update residual

end

Comparing the PSC and SSC methods, we immediately see that in SSC the residual is
updated after each subspace correction, while in PSC it is not. In terms of convergence,
SSC is superior. On the other hand, PSC is embarrassingly parallel, whereas SSC is essen-
tially a sequential method.

Example 1.1. Consider the matrix equation
Au =f,
where A is an N x N SPD matrix. Let {e;}Y; be the canonical basis of R". Take the
trivial space decomposition RY = Zfil V,; with V; = span{e;}. Then
Iic = cey, Qir =1, A, =ITAL = a;;.
e For R; = «, PSC reduces to the Richardson method.

e For R; = A; = a;; 1, PSC becomes the Jacobi method.
e For R; = A; ' = a;;', SSC becomes the Gauss—Seidel method.
The only nontrivial statement is that Gauss—Seidel is SSC applied to this trivial space

decomposition. We now verify this relation.
Introduce the dynamically updated vector

vl = (u,lc+1,...,uf;+1, u?‘l,...,ug),
s0 00 = uy, vV = upyq, and
vt =0 = L(uf g — ul).
The componentwise Gauss—Seidel update is
i—1 ‘ N ‘
’U’;’wrl = a;‘l (fz - Zaijugﬁtl - Z aijufc)
j=1 j=i+1

i—1 N
i+ al j j
= up +a (fz‘ =D iy~ ) :%%)
j=1 j=i

. . .
=u, +a; Qi(f— A’ 1).
Hence the Gauss—Seidel iteration can be written as
vi:vi*1+1iai_il J(f = Av'iTh, 1=1,...,N,
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which is exactly SSC applied to RN = Zivzl V.
Later we will also view PSC as a Jacobi method and SSC as a Gauss—Seidel method for
a larger system formed in the product space of the subspaces. (]

Example 1.2. Multigrid methods can be interpreted as the successive subspace correction
(SSC) method applied to a nested space decomposition

VicVyC---CV;=V.
See Programming of Multigrid Methods for more details. [

We introduce two additional operators from V to V; to express the error operators and
to analyze the convergence of PSC and SSC. Define

e P, :V — V,, the projection with respect to (-, ) 4;
o T;,:V —V,, defined by T, = RIQZA = RiAiPi.

From the definition,

AP = Qi A,
so the diagram on the left is commutative:
v A, v v 2. v
e e
v, —2 v, v, By,

The operator T; = R;Q;A = R;A;P; is defined so that the diagram on the right is
commutative. When R; = A, ! we obtain T; = P, = A7 1Q; A, so T; can be viewed as
an approximation of P;. Restricted to V;, the projection P; becomes the identity, and thus

T;

v, = T;IT = R;A;.
With a slight abuse of notation, we write 7, ' = (Tj|y,)~". The actions of T} and T} *
satisfy
(Tiui, ’LLT;)A = (RTAZU,, AZ‘U,'), (Ti_lu, U)A = (Ri_lu, u)
With the prolongation operator I;, the composite operator I;T; : V — V is often used.

In many contexts, we still write it as T; since I; acts as the identity on elements of V; when
embedded in V. All three operators

are usually denoted by 77, and the intended meaning is clear from the context.
We now state the error formulas for PSC and SSC:

e Parallel Subspace Correction (PSC):

J
U— Uyl = I*ZTi (u — ug).
i=1
o Successive Subspace Correction (SSC):
J
U— U411 = lH(I — Tl) (u — uk).
i=1
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Thus PSC is also called the additive method, while SSC is the multiplicative method.
In the notation H;’Zl a;, we assume the following ordering:

J
Hai =ayj---a201.
i=1

2. AUXILIARY SPACE METHODS

In this section, we present a variation of the fictitious space method of Nepomnyaschikh [4]
and the auxiliary space method of Xu [6]. We follow the presentation in [1].

Let V and V be two Hilbert spaces and let II : V — Vbea surjective linear map.
Denote by IIT : V — V the adjoint of II with respect to the underlying inner products, i.e.,

(Tu, 7) = (u, 18)  YueV, deV.
For notational simplicity we use (-, -) for the inner products on both V and V. Since IT is
surjective, its adjoint II7 is injective.

Given an SPD operator A : V — V, define its lifted operator A = IITAII : V> V.
Note that A is possible singular with ker(A) = ker(II). To construct a preconditioner of
A, we find a preconditioner of A and then project it back. Let B :V — V be SPD and
define

B:=TBIT:V = V.
As IIT is injective, B is also SPD. The relationships among these operators are summarized

in the following diagram:
\ v
\Y% A\

Theorem 2.1. Let V and V be two Hilbert spaces, and let 11 : V> Vbea surjective map.
Let B : V — V be a symmetric and positive definite operator. Then the operator

B:=NBNO":V -V
is also symmetric and positive definite. Moreover,

(5) (B~ v, v) = inf (B~1o,0).

b

g

Proof. To enforce the constraint IIv = v, we introduce a Lagrange multiplier A € V and
consider the Lagrangian

L(0,\) = (B~ 0,0) — 2(\, I — v).
The optimality conditions 05 L = 0,05 L = 0 give the saddle—point system

The first equation yields

Substituting into the constraint gives

A= B, B = IIBII".
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Hence the minimizer is ~
o = BIITB 1o.
The minimal value of the functional follows as
(B~'¢*,9*) = (B"'BITB~ ', #*) = (II"B~'v,*) = (B~ v, v).
O

The symmetric positive definite operator B can be used as a preconditioner for solving
Au = f using PCG. To estimate the condition number «(BA), we only need to compare
B~!and A.

Lemma 2.2. Let A and B be SPD operators. If

co(Av,v) < (B7tv,v) < ¢1(Av,v) forallv €V,
then K(BA) < c¢1/co.
Proof. Since BA is A-symmetric, we have

o ((BA)_lu, u)A

min

BA) = Aax ((BA) ™Y = sup
(BA) ax((BA)™) e (wwa
o B
uev{o} (Au,u)
The upper bound (B~ 1v,v) < ¢;(Av,v) implies Apin(BA) > 01—1. Similarly, the lower
bound (B~ 'v,v) > co(Av,v) implies Apax(BA) < c;*. The estimate of x(BA) then
follows. O

We use the partial ordering of symmetric operators to simplify the above argument.
Recall that for symmetric operators X and Y we write X > Y if (Xu,u) > (Yu,u) for
all u € V. With this notation, the assumptions of the lemma can be written as

A < B7! < ¢ A.
Equivalently,
col < A7Y2B=1A7Y2 < 1,
Taking inverses gives
' < AYVEBAY? < o',
which shows that the eigenvalues of BA lie in [c; ', ¢y '] and yields #(BA) < ¢;/co.

Theorem 2.3. Let V and V be two Hilbert spaces and let 11 : Vo Vbea surjective map.
Let B : V — V be a symmetric and positive definite operator and set B = II1BIIT. If
(6) co(Av,v) < Hlpj (B7'9,%) < ¢1(Av,v) forallv eV,
then
Kk(BA) < ¢1/co.

Remark 2.4. In the literature, for example in the fictitious space lemma of [4], the condi-
tion (6) is usually decomposed into the following two conditions:
(1) For any v € V, there exists v € V such that I1# = v and

15131 < ellvll.

(2) Forany v € %7
T5)1% < e [ol1%-, -
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3. AN AUXILIARY SPACE OF PRODUCT TYPE

Given a space decomposition

we construct the auxiliary product space

@:Vl X Vg X -+ XVJ,
J
equipped with the standard product inner product (4, 9) := Z(ul, V).

=1
J

Define the operator 1I : VoV by Ilu = Z u;. In operator form, II is the row vector
i=1

M= (,I...,1;),

when @ = (uq,...,us)T is viewed as a column vector. Since V = E{Zl V;, the operator
II is surjective.
Let A=1IITAll and f = IITf. A direct computation gives

(7 aij; = QiAl; = Ay P,

and in particular a;; = A;. The operator Ais symmetric, and may be singular because
ker(II) may be nontrivial, but all diagonal blocks A; are nonsingular.
We obtain the lifted system

(8) A = f.

Since A can be singular, (8) may admit multiple solutions. If u satisfies (8), then by
definition
MTA(Ma) =107 f.

As IIT is injective, u = II@ solves Au = f. The non-uniquness from the ker(II) is gone
after the projection II.

We derive PSC and SSC by applying classical iterative methods to the lifted system (8).
Let R; : V; — V,; be nonsingular operators (smoothers) that approximate Ai_l. Define the
block-diagonal operator

R = diag(Ro, Ry,...,R;): V>V
which is also nonsingular. We split Aas
A=D+L+U,
where D = diag({lo, A1~, LA, L and U are the strictly lower and strictly upper trian-

gular blocks, and LT = U.
Considering the iteration

©) g1 =+ R(f — Ady,).
Let uy, = Ilug. Applying II to (9) and noting that
f=T1"f and Ay = IIT Auy,
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we obtain the PSC method
J

U1 = U + ZIiRiQi(f — Auy),

i=1
The multiplicative method is more subtle. Following [3], we shall view the SSC for
solving Au = f as a Gauss-Seidel type method for Au = f.

Lemma3.1. Let A= D+ L+ Uand B= (R '+ L)', Then SSC for Au = f with
smoother R; is equivalent to the Gauss-Seidel type method for solving At = f:

(10) g1 = ax + B(f — Ady,).

Proof. By multiplying R~ + L to (10) and rearranging the terms, we have
R Yagy1 = R Yy, + f — Ligyy — (D + U)iy,.
Multiplying R, we obtain

Upy1 = x + R (f— Ligy1 — (B'FU)ftk) ;

and its component-wise formula, fort =1,--- | J
i—1 _ J _
U = vkt B Y - Yyl
j=1 j=i
i—1 J
_ i J J
= uj +R1‘Qi(f fAZu,H_l fAZuk).
j=1 j=i

Let the dynamic update

i J
‘ . , - , . ,
V' =T (U gy ey Upyqs e ul)T = E:Ijui_|r1 + Z L.

=1 j=it1

Noting that v* — v*~! = I;(uj_ , — u}), we then get, fori = 1,--- ,J + 1

ot =0+ LRQi(f — Av'TY),
which is exactly the correction in the subspace V;; see (4). O
Let B,,, be the preconditioner defined by
I —BnA=(-R;QsA) I —Rj-1Qs—14) - (I — R1Q1A).
We derive a representation of B, from the auxiliary space formulation. Define
By =R +L)™
and its symmetrization

(11) B,, = BT + B,, — BT AB,, = B} (BT + B;;! — A)B,),.

m m

Lemma 3.2. For the SSC method,

B,, =B, 7, B, =1 B,,II.
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Proof. Let u, = Ilug. Applying II to the lifted iteration (10) and using
f=17f  Aw =1 Au,
we obtain R
Uk+1 = Uk + HBmHT(f — Auy,).

This gives B,, = I1B,,IIT. The identity for B,,, follows from the same argument applied
to the symmetrized operator. (]

4. IDENTITIES FOR ADDITIVE AND MULTIPLICATIVE METHODS

The operator for the additive method PSC is

J
(12) B, =TIRI" =Y LRI
i=1
Applying Theorem 2.1 yields the following identity for the preconditioner B,,.

Theorem 4.1. Ifeach R; is SPD on'V; fori = 1,...,J, then B, defined by (12) is SPD
on'V. Moreover,
J J

(13) (B 'v,v) = _inf > (Ri'woi,v) = inf > (T Mg, v) a

J _ J _
> vi=v D vi=v i

When R; = A;', we have B,, = (D + L)~ and

(14) B, =([D+U)"'D(D+L)™",
as well as

——1 ~ -~ ~
(15) B, =A+LD7'U.

The formulas (14) and (15) are the standard identities for the Gauss—Seidel method; see
Classical Iterative Methods.
In the general case, set

92=RT+R*'-D, %=D-R'+U, <ZL=%T.
Then ~ ~ ~ ~
A=9+L+%, Bn=R'+L'=@+2)"
In other words, we obtain a new splitting of A for which Bm is the Gauss—Seidel iterator
associated with the decomposition A = & + .2 4+ %/. Symbolically, in (14) and (15) we
can replace X by 2 for X = D, L,U.
To simplify the notation for 2, introduce the block-diagonal operator

(16) ~ R=diag(Ry,Ra,...,Ry), Ri=RI (R T+R;'—A)R,
Then o ~ 3 5 o

9 =R TRR™, RYR '+ L)y '=UI+LR)
We conclude with the following identities for B,,.

Lemma 4.2. For B,, = (R_l + I~/)_1, the symmetrized operator Em satisfies

A7) Bm=(2+%)"'2(2+2) ' =@ +RU)"RUI+LR),

and
1 - -

(18) B, =A+ 29 ' =A+ RT(D+U—R—1)}TR [Rr(D+0 - R).
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It is clear from (18) that Em is symmetric. For it to be positive definite, it suffices that

R, or equivalently each R;, is positive definite. This holds when the local iterator R; is a
contraction in the A;-norm.

©

i=1,...,J.

Theorem 4.3. Assume (C) holds. Then B,, = 11 B,, 1" is SPD, and

(19) (B, v,v) = __inf ZH’UZ—FR APy v |l
=1 Vi=V J>i

;1v,v>=||vu?4+zgnf ZHRTAPZUJ R ') [|5--

7,17_

200 (B

In particular, if R; = Ai_l, then

J
1) (B, v,v) = ||v]|% + _ inf Z||P 3 ol
2l vi=v j=it1

Proof. From (18), we have

——1 ~ -~ =—1 _ -~ ~
B, =(I+ROTR (I+R0).

m

Using the componentwise identity and the formula (7) for a;;,

J J
= Z dij’l)j = Z AiPZ"Uj7
j=i+1 j=it1
and applying Theorem 2.1, we obtain (19).
To derive (20), we first present the argument for the special case R; = A ! to make the
main idea clear. The assumption (C) holds for the exact local solver, hence

—1 - .
(B, v,v) = inf (B,, 0,7) = (A5, %) + inf (D~'U%,U%).
For any v € W~/, with v = I1v, we compute

(A9,9) = (T ATI3, 3) = (Av,0) = [[v]f3.

Moreover,
J J
(D~'0%,0%) :Z (A7 Z A;Pu;, Z AP =>1B S vl
i=1 Jj=i+1 Jj=i+1 i=1 Jj=i+1

This gives (21). The general identity (20) follows from the same componentwise expansion
applied to (18). ]

When the vector lies in the subspace V;, we have
and, under assumption (C), Ti_ ! is well defined and

(Ei_luiaui) = (Ti_luivui)A'
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The identity (20) can be written in the original form of [9] as
J
-1 : L *
m 050) = [[v]l% + N S (T, Tws, T wi) a,

S Vi=v
i=1 Vi i=1

(B

with w; = P; ijz v; =T, L. Similarly, the identity (19) becomes the formula in [2]

(3

J

J J
(E,_nlv,v):ZJianjv_”Z(T;l(vi—kTi*Pi ST o) ui A TR Y w),
i=1 Y=Y k=i+1 k=i+1

Combining Lemma 3.2 and Theorem 4.3, we obtain the X—Z identity [9] for multiplica-
tive methods.

Theorem 4.4 (X-Z identity). Suppose assumption (C) holds. Then
1

(22) 1= B Al =l = BnAla=1- £,

where

K= sup inf Zuvl RTAPZUJH%I

olla=1 i vi=v i >
Moreover,
— 1
23 I-B,A|A = -BnA|a=1- ,
(23) | mAll2 = | VAl 4 e
where

cp = sup inf Z | RT(A;P; ZUJ R; ||2

lv]la=1 21 1Vi=Y g

In particular, for R; = Ai s

1
24 I-P)I—-Pjq)---I-P)3=1-
24 ¢ 7)( 7—1) - ( Dl .
where
J J
co= sup inf ZHPz Z v; 1.
ol a=1 iy vi=v i j=i+1

5. ORTHOGONAL TELESCOPE DECOMPOSITION

We assume the subspaces V; are nested, i.e., Vi C Vo C --- C V; = V. Then SSC
applied to >V, is equivalent to a multigrid V—cycle.

Recall that P, = [ kAngkA is the A-orthogonal projection, and we use [j to view
P, as an operator from V to V. Since Q; = I], the operator P is A-symmetric. Be-
cause A, = QrAI, we also have P,f = Pj,. We will choose the orthogonal telescoping
decomposition uy, = (P, — Px—1)u,k = 0, ..., J, in the X-Z identity to obtain a direct
convergence analysis of multigrid.

Lemma 5.1. Let V, C Vo C --- C V; = V be nested subspaces of a Hilbert space.
For each k, let Py, : V — V be the A-orthogonal projection onto V. Then the following
properties hold:

(P]) PkPg = Pk = PngfOVé Z k‘,‘

(P2) Pk(Pg — Pg_l) = Oforf > k;

(P3) (Pk — Pk_l)(P[ — Pg_l) = 0f0r£ > k, and (Pk — Pk_l)z =P, — Py_.
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Proof. (P1). Let £ > k. For any v € V we can write v = Py + (I — Py)v, where
(I — Py)v L4 V; D V. Thus Py(I — P;)v = 0, and hence

ka = Pkpgl},

which shows PP, = Pi. Since Py,v € Vi, C Vg, we also have Py Pr,v = Pyv, and
therefore Py P, = Py.

P2).If ¢ > k,then ¢ > k and ¢ — 1 > k. Applying (P1) to both indices gives
Py(Py— Py—1) = P, — P, = 0.

(P3). For ¢ > k, orthogonality follows directly from (P2) applied to k and k — 1. For
idempotence, note that
(Pe — Py—1)> = Py — PyPy_1 — Py_1 Py + Po_y = P, — Py,
because (P1) implies Py Pr_1 = Py—1 and Py_1 P, = P_;. O
A direct consequence is the orthogonal decomposition identity

J
(25) Dolwld = lul, we= (P~ Po)uk=0,...,J.
k=0

For such decomposition, using (P2), the first X—Z identity (19) simplifies to

J
(26) Z up + R;I;Akpk (Z Ug>
k=0

>k
A natural smoothing property assumption is:

2 J

2
>l

E}:l k=

(Sp) The smoother Ry, reduces the high—frequency error in (P, — P;,_1)V. That is, there
exists cg > 0 such that

7 (R;luk,uk) < cr(Auy, ug), forall ug, € (P, — Px_1)V, k=0,...,J.

The convergence is a direct consequence of the X-Z identity (19) and assumption (Sp).

Theorem 5.2. Suppose the smoother Ry, satisfies assumptions (C) and (Sp). Then the
corresponding V (1, 1)-cycle converges uniformly with rate 1 — 1/cg, i.e.,

_ 1
I — BrA|la<1l-——.
CR

When the smoother is symmetric, we may use the smoothing property of Ry, which is
typically easier to verify for symmetric smoothers, instead of that of Ry.

(Sp) The smoother Ry, reduces the high—frequency error in (P, — Pj_1)V. That is, there
exists cg > 0 such that

(28) (R;luk,uk) < cp(Aug, ug), forall up, € (Pr — Pr—1)V, k=0,...,J.
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Example 5.3. Consider the Richardson smoother Ry, = AL (Ax) I, = chi. To simplify

max

notation, write V and Vz for two consecutive subspaces V and Vj_1, and write I — Py
for Py — Px_1. Then (Sp) becomes

(29) I(Z = Pr)ull® < 12([(1 = Prr)ull.
In the finite element setting for elliptic equations, (29) follows from a duality argument
under the H?2-regularity assumption. (]

We now connect the smoothing properties (Sp) and (Sp).

Lemma 5.4. Let R be an SPD smoother that satisfies (Sp), and let w = Aypax(RA) < 2.
Then R also satisfies (Sp) with constant cr /(2 — w).

Proof. LetT = RAand T = RA. Since R is symmetric, both T and T are A-symmetric
and
T=2T-T?*=02-T)T >4 (2—w)T.
Hence
_ _ 1
-1 _ (-1 < -1 _ -1
(R u,u) = (T u7u)A_27w(T U, u) A 2—w(R u,u),

which gives (Sp). O

Combining the above results, we obtain the convergence of multigrid methods.

Corollary 5.5. Assume the H?—regularity holds. Then the multigrid V-cycle with the
Richardson smoother converges uniformly for solving the linear system arising from finite
element discretizations of Poisson quation on nested meshes.

We do not form the subspace (P, — P—1)V. If we did, as in the case of Fourier bases,
the corresponding matrix would be diagonal. Such well-structured bases are hard to build
in general, for example for variable coefficients, complex domains, or unstructured trian-
gulations. In multigrid methods, however, we avoid forming the frequency decomposition
explicitly and instead relax on a larger collection of basis functions that are much easier to
construct. This redundancy is useful and improves the smoothing effect.

APPENDIX: SUM AND PRODUCT OF TWO LINEAR SPACES

Given two linear spaces V7, V5 and assume they are subspaces of a larger linear space
V. We have the following operations of these two spaces

Vi4+Vo={v14+uvy:v € Vi, € Vo)
VieVa=Vi+Vzand V1NV, = {0};
Vi x Vo ={(v1,v2) : v1 € Vi,09 € Vo)
o V1 ®Va =span{v; @ vy : v1 € Vi,v2 € Va}.
The tensor product v; ® v9 is a bilinear mapping on the dual space V;{ x Vj. A natural

product topology can be defined for V; x V5 component-wise.
The relation of dimensions are

dim(Vy + V2) = dim(V3) + dim(V2) — dim (V3 N Va) < dim(V}) + dim(V5);
dim(V; @ V2) = dim(V7) 4+ dim(V5);
dim(V; x V3) = dim(V;) + dim (V%)
dim(V; ® V) = dim(V}) x dim(V3).
We emphasize the sum V; + V> may not enlarge the space. For example, when V; C V5
(aline on a plane), V7 + Vo = V.

>
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