PROJECT 3: NUMERICAL METHODS FOR CONSERVATION LAWS

In this project, we consider several schemes for nonlinear conservation laws. We shall
use the following inviscid Burgers’ equation as the model problem
(D us +uu, =0, x€(=1,1),t>0,
2) u(z,0) = uo().
1. Implement the natural extension of the unwinding scheme
uZH =up — Rupd_uy

for the equation (1) along with the initial condition

{1 <o
YT i >0

and boundary condition
u(=1,t) =1, u(l,t) = 0.
Plot your numerical solution for Az = 0.01, A¢ = 0.005 (and thus R = At/Ax = 0.5)
attime ¢t = 0.5.

2. Implement a version of Lax-Wendroff scheme

n n R n R2 n 2
uptt =y — 550Fk + 75—(ak+1/25+Fk );

where the speed ay; , | /2 is defined as

. O FP/opu}  ifdpup #0
F'(u}) if d4uy = 0.

The initial condition is

() 1 ifz <0
Uo\T) =
0 05 ifz>0

and boundary condition u(—1,¢) = 1 and numerical boundary condition , u%, = 0.
Use § = 0.01, At = 0.001 and calculate the solution at ¢ = 0.5. Compare with the
exact vanishing viscosity solution

oy {1 s
vz, = .
0.5 ifxz > 3t/4.

3. Implement the Lax-Friedrichs scheme

upt! = 5(“1@71 +upyq) - E(Fk+1 = I y).

Apply to the Burgers’ equation with initial and boundary conditionin 2. Use § = 0.01, At =
0.001 and calculate the solution at ¢ = 0.5.

4. Use Godunov scheme to solve the initial-boundary-value problems in 2.
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5. Implement the flux limiter scheme with numerical flux

Roajo = g (FE+Fln) — 5 0e + 07 00) | 5(FL + Flsn) + 50 Ff 4+ 5oyl |
where 5 up .
Sy ifag >0
L oyup
§+Z§1 if g,y 5 <0

and ¢(#) is given by the Superbee limiter
¢(0) = max{0, min[1, 26], min[0, 2]}.

Use this scheme to solve the initial-boundary-value problems in 2.



