Cha. Tnvestigatiion. of the Eguation
of Metion

Sgs-ktm with one clegree of j"reed(om X = ]C(x)

Knette energy T=7x" Total enevd E=T+U
Poferctiol energy  Ulx) == 15)dp

Construation of energy 1’,Jt %= f(x) e E(XE, %0)) 05 frdepeadevrt g‘-b.

X = hase plane (x,4)
Phase $low. {g=j¢(x) o bhage plane (%,4)

The veclor field (4, $0) : phase walocify vectar field .
o, motan P: R — R Solvas (2). Tha imaae, 0( P . phase UL
(P), ¢H))

Efluil;bvium pesition . PK) = Consh . @ (t) = comst
(®s,0)
Energy level, set . E(x.4) =h. By consemvation c{ enengp, each phase
curve Ligs anfirely in e enerdy lusel. set
Example 2. Eguilibrium yt «» ciitical pbof U, Figurs.
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The boll cannot jump out of -the poential well . \ y
Phase Tlow. M) =§'M ot R*=R
M) solves Hhe system (2) omd assumed. exishs
g% one-parameter group of duﬁwmovphféms
the phase flow of systom (2).

S S

sl R | T
?”E’ g
- 'ﬂ

i Systems with two olegvee,s of Freedom i rocnstemmynsraccans

%= Jx), x€E.  (onsaryoting sgs’cem f =~ 3
Th. The total energy of o consevvabive system i cmefrwd.

For x e E!, U=-~["F6)d3 & o possctiol . Fov x¢EY, dv2, there axishs
non- comseryting syeem,

Simlor ag before, we have the phose space. (%, %, 41, )

Phase flow - aroup of diffemorphism of bhase space.
Lavel set og éme/rgrgr Tg, . Then jtngb = Tlg, .

\ﬁs(,«ljgo.{ion: project b (1, %) plane .

Exomple 1. Homewark.

Exam{;lez. Lissoﬂ'ous f(awm Xy ==X, U= —l' Pt s
{J'C.z"‘w.le. E= (X|+7Cz)"'U(xlxt)
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X1 = Ay Sin(t+9)) Figums. ¥
%2 = Az Sm(wt+ @)

=X]

Consarvative force fields
Work . L F.dd Jina Mh&ml.
Theowm. F is consarpodive € &‘Lf &3 s fncb.p%c{en{: of Pa:bﬂu.

Figure 21 Lissajous figure with w ~ 1

DeJtFn'LJc[on. A vecTor fie[d is called ceitmol with ceptey ot 0, L{ i«
imriont wt. “the group of metions of -the plame which, fix 0.

F(¥)= () &y

RSP - I
GO NAEy - Y
T Fene), Brey Tt ts%e wnit vedfor
S ,—// X= yeosg, ecp_l_ ér M('i v 91’ ]cwm 0. Rit coor.
o (gz Ysing@.

Theovem, Every ceital, field is consevuatia and U(¥)= f: S dr.

Math Methods in Classic Mechanics 8/64 12/31/18



Angw(ouf momenimm
Motion i 0. cortial field | Y =B ey (1)

The ama.u]an momenlum . M= YxY

Conseyvation of the angfuiar momerum
THEOREM. I v is determined by (1), then M =vx¥ is o conctant:
P M=vxy. Thq M=rxr+YxY =0+ YxB(ry =10 #

KQP[eY's |aw _fﬁ_ = const

is the law og Camsarvpdion o/
wnjm(wv memesfaan.
AS = 5 r(ra®) +o(at) = 7Y dat +o(at),

= - .= ¢ - . [ - % Yt{a (.5(4"“'&
M=Y¥Yxy =Y X(Yé'r-!-rfdeq) = Y‘(p(efxe?).
?(-H-M: :?; -3 - . -
- Y =7 ﬁ =T -e. ' . Y . = Y
Yoo Roxap-Tog . hsindp g {?'“ - PR
&% at ' at P 1B, =-9er  votedim
Y, = YM"' O(A't) , COQG@ = |Jo(A@>’ S“‘nA(p = AP + G(A‘p)
..Y‘I Y|¢
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Inve,s-ti&action of metion m o C&n’VYaL ]Cfe((i
Salve y —-ég- U=0(r) a(éfema[é mr»lg. m r=17]
Although, ¥ €E* (2dof.) cen‘hfal, field, veducss b o 1-D problem.

T

V(v) = U(v)+ ‘z"}'i‘ eﬁet’ctve Pc’cem{(al
Pf Yev8otvpBy, 8y = PRy Py =- 0By

Y =Yev +Y€r+ rcaew Y‘Feqa‘* Y?’;éqn

U - au
oy ér

=(¥ - Y¢Z)€r+[2_y\qb+w’p’)”é?, }

) = ——';- substitude back e er the, é{fa

Tvalbo o‘alv«e 0DE . lf"‘—é%+ M

Y: |
st the. mathod . (jdnserum%n ag emefrs)&. =5V + V) = const
. * _ M M
Y=/ 2(E-V( = = dg. -
/2 s r dr Y [aE-vm)
A
jY,{ E-V('r)
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@ K‘Ymu
Pericenter Ymin Y m
; ,Lg B = 2w [7) . Voo the obit Z
c[osed. Oﬂwrwue th s c[émsé N7
the onnulue,
E=o0Y t+ V(1) i canstoat

A.g [im v(v)- lim U0r) = U, then Yo=J2(F-\)

Yot Y*+o0

%min Ymax = The, FOm-f; 8966—{-;0 mf(m:tg wCHA s“;ee({. Ym

KeP[ew/'s problem . U="—L, Vir) = ~—$-+ gl;

gmw'dg fae»an“o«L
IYl’l'éa’fd@'léD ge;b r= l+2,(‘06¢ , P PNYO\"'?{T_W; Q. QCC@Y\—F’idﬁ.

Y

The mstisn of a pofn+ o8 t‘we—SF()Lce.
Ski?. Almost idawbical.

Motiong cf ) stffem af n por‘rrks
Newtons eguo.{:ions m;j"z =-l;.;, i=],2, n

Torces of interackion . Fy=-Fje = fy;85 ¢
closed system . all farces awe interaschion Fi= T Fy
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Figure 35 Keplerian ellipse



Kepler’s Prablem

® - Fivst law . the planets deseribe el Lpse wtbh the sun at e focus.
@ - Seeond law: in égual +imes Hhe yadiue vactor Swasps out efmal asreas,
so that -the sedfovial velocc@ s constant
() - Third, [aw: the peviod of vevoluwtion avound an elliptical arbit depynds
only on the sige af-ﬁhe major semi-oxes. The sauanet of the. vavslution
pé:f(otis of two P[&ﬂ&s m d&ﬁejren't ei P{tCa(, ovbc’h lmve-bﬁe Same YGJLIO
0< the. cubes of their major semigxes. T"~ o

Answer oy PYoofs @ second [aw is Hhe canseyyation af anzufm momantam

whieh holds for oll, castmal, Jtefi metion .
@ ® can be L{esrweal bg_ So(umg, ? = --% f«r U(‘?)'-: -—‘.’.‘— )

Use movmgr fmyne (&r,&n), the tn ¥=-3U 3 (on be vaduesd to Hwp
F=-3L  with eﬁec{-wo. poatiol V() = U+ o5 2,1
{ M:= y*¢ = const  Consarvadion a{ ama/alwp MOMRUWm

Use Cmeruahcrnoﬁ ameryy, E= T+ VU(Y) = conet | we com solve

Y = \EEV To&dfiwwcﬁh ? = I\f;,m&e-b

cl?' M/ r‘ M/x*
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M‘l‘a(, (OCDJHC(M aﬂ& W{OC@- (?o' ;f:o) - (E. M) — Y= @(Y) .
For a'kua’c;amaf, f eld , Ulr) = - v V(Y) = - ‘$—+ M

2rt

x*

For Y,= % Ye =0, ‘bﬁe‘f‘f@jec‘l‘ar% s &
C{fc[e Y=Y Notethat o'n‘,g the noym
Y Yamouns the same . The vedlor Y4 22

Ckwnama ay P = ~— 6 (onst.

(When E >0, Y(4) > +00 &t >+00 a5 Vao =0, if=(z—s >0

For Um=-2 i itegrable, omd the solution com be wyitten ag

P M* 7
*Tracsp o PTR.L QSRR eccentriciy

when E=-TEL a=0. It vedueas 40 Y=p which & a cirde.
For P[amets ovhicks, 4<c1. Tt 2 almost o civde .

Il +e

Figure 35 Keplerian ellipse

p §
=T b=afl-e* =~ a(-+e") c=0pe
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external fwce; T
n * ° ]

Momertum, P = g;m;?a ' :"C-[— = f_ F. .
- = s .8 °
Canter af mass: T = Z;m)’ Yo
b (Z m)¥ = % f; 1-D problem,

.3M0~’Cf<m fcff the Cearter af mase
. M= Z": ?;x‘ma?"-

Angulwr momem’h:.m 0]( o s
E?ma’uon —&—— S_'. V. {F: anly ew{umal/ ]Qarce

Wa--‘i",')x Fu=0 4&}

Vix Fiy + Y;x Fj; = s
: Y

) ' T - P S -
Kmeh? energy < e (F.7 %)
Eﬁua'bon: %{—= z:. (Yc,Fc) F= (F.E, - Fa)

Conservative system . rﬁ? dr = O (M, M) mcle,feme(em’o af path

For o conseryodive system E=T+U s preserved.
Intavaetion fores 5= £33 (1%:-%51) then Uy() =J:3ﬁ.5(p)dp
UE)= %Ui'(l?z"%l) csthe ?oem—l-n'al.

Pf. Verify aU"‘(;: “Til) =~f; 3|Yo vl _3c eb
15/ 64 1/16/19
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The Fwo- bod»é problem .

{ml Yl Fl ’ ':_" - %%. .ﬁl:-—F.;
m¥,=F,, U=U(T;-T.1) Conservpative

- )

— - = m,
SO mY, "’mzY; "p &4 (‘M'hlﬂft YO m +m Yo+ m, -l-m,_Yl

Thé.n ‘?o m,+m2 P So 'Hlé. CQ/"'}W O'X' MOsS Mmyas U,Mf'mhbg_ aﬂi

b nélw(l&

™m M, Yu Y-z) = (mt"'mz) 3(‘-&)

For p[ome-ts, the camtar?s & i To=0. Not 'mO\/l‘n&. Tt bacomes ~the
Toet of the ellipse.

mg\

Figure 40 The two body problem
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