Ch9 Canenicol, Formolism

44 The c‘mleész vaviont of Poincoan- Cavton
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dx _
v=curl v vector field < = Y(xe)

def:‘nes vertex (ives
vortax Lines passimg(‘bﬁvou Yo form vev-tax tabe

Conservotion Gf civeulotion
&n wds = & y-ds
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broof. 3= %1 -, an = S\G cwed vonds

Cudv-m =0
but x = cwdv(x) Lo, cwnd V s W&em’r Yo verfax Linas awd WY'
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N 2 — .. i \ — ..
RY . wemNRY), w=Tagddndd A= (i)

W e A S[ZW-Sammé‘b\di moffix

For wieAl, @'s Twedxt, ' o (W, t,~. Un)

dw' e A & du= (3Ue-ailUy) |
Lomma, weN(R™). Then 35 %0 st. w(3,M)=0 y7eR™
Pf. A i shaw-symméficc so detA = detAT= ~detA, = detA=0
Then 3 @ -the corvespondimg. eiﬁmuedﬁ«/. #
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Null space of weh" = kev(Aw). it Mon-sin wvi{ dim (Aw) 1
+he minimal, Posséb]e,.

n+l

M . W= dw’ and Qss wma d‘ s nm-sin&u.[m, Them 35 , 8.t

dw'(5.7)=0 Y7eTM,
% is called Hhe "vortex dieckion” of w' and
vovtex Linas pasang,‘bﬁvou Yo form vev-tax Tibe

Comgevvation of cireulation hecomag @,,1 W' =0, w'’

i{ Vi~ Y = 3@, where @ i& apiece of the vortex fube

Hamilbon’s e{wrh‘ons in M=

(P, Pn, 3;,‘“. ?n, t) H= H({’,Z’,‘H 1,
let w'=pdf -~ Hdt. The vartex [ine of w' isthe phase flow

(pet), §68), 1) of the Hamiltouian system.
(0 -1 H 1, .
(3 )] o o

~Hp ~Hg 0 1 (s the Hamé Honion system.

Theorem ( Irtegyal invariant of Poincaré - Corbom)
@r pd4 - Hdb = cﬁr pdg - Hdb, Y~t=3q, < piece of vartextube.
1 z
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In Ya'r{(culcm, ¥ Lging, in the plams t= congt, Then dt=0.

q q
y
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>/

el Ig 5}

Hamiltonian field and vortex lines of the form pdq — H dt. Figure 183 Poincaré’s integral invariant

Grdg=4 rdg G RT—RY phase flw  visclued.
a*(y)

| stokas’ theoram . 04 : Doincard’s velodive (‘whqzm(, -
. dpadg : absolube c'n'l’éral, VALY amb

[ deadg = | giwlz

e . pd¢- Hdt: Poincavé- (arkan fnvaviant

¢ a_no-nica.L ( STmP]ecT‘.w) 'branSifWa'HOYlS
9. R™ — R*" is canomical. Lg 9 preseryes w =2 driAdg: .

® g#wz_____wz @ gwt._:;g)wl @ @pdg :gﬂ?dg

Theorem. The Transformoadion induced, ) % the Pkase, ﬂow (s comonical.

Covoﬁarg. CMOnicoL—bmmfamorHané breserve the Volume alement
n Pka.se, space: vol (4(p7) = vel(D) ¥ D.
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45 Applicoctions of the integval invaviant of Poincaré-Carten

A Chamaes of variables

Oﬁnaa(, coordimate (p,8,t) — (P.Q,T)
Hamiltonian, H(p, 44 - K(PQ,T)
dP __ oH dp _ _ oK
{ Y R {dT 30
%z- = ._a.ﬂ. da = -a—K—'
t 2 dT T ap

velotion. pdg-Hdt = PdQ —KdT +dS

P, view as vartex [ing of L-form . since d(ds)=0, dS has vo

imﬂuemce on-the vevtex [ine.

#

In Paﬁ;«’culm. T=%t. (r.4) —(P.Q) is canonicol (simple’c{c)

then (1) = (2) with K(P.Q,+) = H(p.4, %),
T Tke‘bramsfovm (s simplectic, then @r Pdg-PdQ =0

S = K“’"*“ pdg - PdQ. is well defined amd dS = pdj-Pda

(s,80)
Conseﬁuewrtlﬂa pdg- Hdt=Pda - Hdt +dS
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46 Huygans principle
Beomelric optics. Fermot principle. liy\’c Travels f‘fom 0. point £, 4o
() POin{‘ 31 in the chovtast possible time .

U=0@3) - ?v‘homO&emeouA mediwm and/oy amrislrepic medium

Theorem. Qg (s+t) is the envelope of
Qgls), §€ Qg0

b Conwadihion. - }\

Figure 193 Envelope of wave fronts

In geometry, an envelope of a family of curves in the plane is a curve that is
tangent to each member of the family at some point, and these points of
tangency together form the whole envelope.

Two daseriptions of the process of propagation.
© frace the rays. velsedty veclor 2
® tyoce the wave fronts, velocity of motion of the wave front ?.
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Fix g, and define Sp,(3) = the least tima of the lights from 9o 5.

@3.("5) = { g Sg,(z) =b}. P= %S—g— vermal, slowness of the front

*Szblg—»'t /3
R | L P
B

b divectionof Pand § are Cargm&,dp_

P lavga means 3 3+ag -
needs mare Lime.

Optics Mechanics

Optical medium Extended configuration space {(q, t)}
Fermat’s principle Hamilton’s principle d | L dt = 0
Rays Trajectories q(r)

Indicatrices Lagrangian L

Normal slowness vector p Momentum p

of the front

Expression of p in terms of Legendre transformation
the velocity of the ray, 4

l-form p dq I-formpdq — H dt
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Homilton-Jacpbe Eguaﬁon

Action fumc{{on S(§.4) = S (£ = [ L dt

where V. extremal corve Connecbn& (8),%:) and (%) .
Theovem. dS=rpd3-Hdt. )

Hamilton-Jacobi epn g = 38 dt +335dg

(‘cmpmve (1)
P=0sS, —H=3tS

0¢S + H(345,4.t) =0

Proof of Thesrem.
@ S(3,4) is well defined at least for 1-4o! is small enough.
%% E-L agn d,c(ag) % 2nd arder ODE
) L&‘f.’_")_ g Pib), te(ho,th) is detarmined by E-L 3¢
Dt b Y gnd either tndtal condihion 4=, §6t9<
o boundmy condition §Ct=, , §(40) = §.
The existence and Uniginsnsgs holds ot least (ocou,i&.
But it may happen > morethaw ove extremal . ( cmjmc?w}e pts)
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() w'=pdf-Hdt. [ w'=[,Ldb  when? i an extremal
Now the cuvwe 2¢ (P, fi4), ’f) i (0.4,4) Space pand § are

m&e]aemdm’c i %émefval If pe S wL\:cL«  the case when ¥ 4 om
attvamal curpe, then (P§-H) d’o Ldt as H=P-L.

® ¥

to, 9o L q

T consists of vortex [ines of w?* ond thus gdwl =0
By Stokas'theovem, | da'= (w?={
a

o h-1+8-d
a: d4=dt=0 as dac{t=1to, =2}
[Y. w! = | Ly [, Ldt=St.8), [,Lét=Sltent j+ap)

So jou = [, a'- [t = Stteat, g+a8) - s&.9)

= 3¢S At + %S Af Is = !
[, Pdg- Hdt = Pag- Hats olat, A9) } '
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Solutionto the HamiHon-Jacobr eﬁuctl:ion
§=S5(3,%) -time dependent H-T egn is..

p= ~dgH

5+ H(E 8,0 =0 !
&= 3= 3pH

&s(g,h = $,(%)

) =3, Pita) =VpSo| 3,
aetion j’wnckiaru wicbh tnchial
condition S, iutegvating olong Solution curve §t) is an extrem
the chayactevichic leac[:ngﬁo A cwmve SJLdt=0.

S(A) = S(§) + fA L(3,30)dt & Chavaeteristic fines
(forte)
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47 The Hamilbon-Joacobt method, fw (Hé&m‘tfn& Hamil-ton's Sﬁﬂ?m
Consicer (P.Q,+) and Hamitboniam K(Q,%) cleyemc{s on Q o-n(g.

{Q=0K N Q) = Q(o) .
L)
Y {P(’”'-‘P(O“So%% o &

Now for (1.3,4) and H(r.§.t), we are (ook@n& fqra,'fmmsj:avvna!abn
8&16)1 bg. 0 30nemxb'ng fumcb'on S,

p= —3—3—(&,33 (1

== 35(&.2) (2)

Woeh = (0.8) = (P.Q) is cansnical ( s«’mplec{:‘c)
Clatm: (1), (2) will deteymine such atransformation

O ,8)—=(P,4Q). (3P Q) j”'ou:r vaviableg, (1-(2) dwo egus
imﬂicib ]tumc’ciunﬁ\eovem: de (atg

—

aaag) l(a.,s.) *0.

(2) +hic ‘h&ns]cwm (s comonical.
Check Pdg-PdO=2454d5+3Sd0 = dS(3,0) =dS(5. alrg).
S0 we look for S(Q.§) satisfies stodic Hoami[tom-TJacobi epuation

A2 ¢ ) = k(Q.t)
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Hami(-tonion Sglshm — Hamiton- Jacobe &
ODE PDE

This is the most poweﬁfu(, method, Rnown for exact (w}eaf(aﬁm.

omd Moz pyoblems which wese solued l?g Jacobl comneti be
soled 5104 other methods

The main difficulty in integrating a given differential equation
lies in introducing convenient variables, which there is no rule
for finding. Therefore, we must travel the reverse path and after
finding some noticeable substitution, look for problems to which
it can be successful applied.

(Jacobi, “Lectures on dynamics”).
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48 Genem’c«'n% fmmcjoid%

Si(4.0) { =25:20)  ~ Q=000 f [55) ronorghe
P=- —(3 Q) $(3.0)

Comomical i pd3-PdQ=dS(r.g) = dsi(3,0) =S(P(3.Q0.8)
In-this setlimg , (3, Q) are ma[t?wc{/wc So can't deol wc%%e
ui%‘{ﬁg map P=v, A=4.

SaP.g) [ p=TE(R) — P=Plrg) Ag( IS ;) man-singulon
0= 33’(?2
Conomical Pdg+QdP = d(PA+S(e.$)) = dS.(P.§)
S2(P.g) = P(P.§)+ S(p(P.}), §).

Now S.=Pg gmﬂe (me:g may.

Math Methods in Classic Mechanics 64 / 64 6/5/19



