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ABSTRACT. In this note, we provide a brief overview of the Calculus of Variations, high-
lighting three key tools: the chain rule of differentiation, integration by parts, and change
of variables. To illustrate these aspects, we present a one-dimensional example.

1. PROBLEM FORMULATION

A typical problem in the calculus of variations has the form

(1) inf
u∈M

I(u),

where the integral functional is

I(u) =

∫
Ω

L(x, u(x),∇u(x)) dx,

• Ω ⊂ Rd is an open domain;
• M is a subset of a function space defined on Ω, called the admissible set;
• L is called the Lagrangian.

In the case of one-dimensional problems, we usually denote the independent variable by t,
write u as x, and express L as L(t, x(t), x′(t)) and

I(x) =

∫ b

a

L(t, x(t), x′(t)) dt.

Problem (1) is a minimization problem and more generally an optimization problem
(seeking a minimum, maximum, or saddle point), which shares many similarities with the
classical calculus problem

(2) inf
x∈M

f(x).

Problem (2) helps illustrate key concepts and ideas related to the calculus of variations
problem in (1).

What is the main difference between the calculus problem (2) and the calculus of vari-
ations problem (1)?

• The dependence in (2) is two-layer: x 7→ f(x);
• In contrast, (1) involves three layers: x 7→ (u(x),∇u(x)) 7→ I(u);

In one dimension, the dependence is: t 7→ (x(t), x′(t)) 7→ I(x).

2. TOOLS AND TRICKS

2.1. Functional analysis. In the calculus of variations, the independent variable in the
functional I(·) is a function u, which itself depends on x in some domain Ω of Euclidean
space Rd. A function of functions is called a functional, and therefore functional analysis
is the main mathematical tool used in the calculus of variations.
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We can better understand the role of functional analysis in the calculus of variations by
studying the existence and uniqueness of solutions to (1). This requires concepts and tools
from functional analysis, such as weak convergence, Banach spaces, and Sobolev spaces.

The subsetM in (1) is a subset of a function space, such as the Sobolev space H1(Ω),
which is typically infinite dimensional. In contrast,M in (2) is a subset of the finite dimen-
sional space Rd. This difference is fundamental and requires many results and properties
of finite dimensional linear spaces to be re-examined in the infinite dimensional setting.

One example is compactness. Recall that the infimum of the calculus problem (2) ex-
ists if M is compact and f is continuous on M . In a finite dimensional normed vector
space, a set is compact if and only if it is bounded and closed. However, in infinite di-
mensional spaces, boundedness and closedness are necessary but not sufficient conditions
for compactness. An example is the sequence {en} ⊂ `2, where en = (0, 0, . . . , 1, 0, . . .)

and ‖en − em‖ =
√

2. No convergent subsequence exists. Weaker topologies need to be
introduced to make the unit ball compact in the weak topology.

From the perspective of open sets, a weaker topology has fewer open sets and therefore
fewer open coverings, which increases the chance of satisfying the definition of compact-
ness: for every open covering, there exists a finite sub-covering.

A function f : U → V between two topological spaces is continuous if the pre-image of
every open set in V is open in U . A weaker topology, having fewer open sets, is not favor-
able for continuity. To address this, continuity can be relaxed to lower semi-continuity in
the weak topology (w.l.s.c), balancing the reduction in open sets. Coercivity and convexity
of the functional L are introduced to ensure the existence of a solution to (1).

2.2. Three tricks. We summarize three most used tricks in the Calculus of Variations:

• Chain rule of differentiation. (Easy but tedious)
• Integration by parts. (Medium to hard, especially in high dimensions)
• Change of variables. (Hard and deep)

When taking derivatives, we have to be careful about the dependence of variables. For
example, when writing the Lagrangian as L(x, u, p), the variables (u, p) are independent.
In the notation L(x, u(x),∇u(x)), however, p = ∇u is substituted, and therefore the
second and third variables are now related and both are functions of the first variable.

The functional I(·) involves the derivative ∇u and the integral
∫

Ω
L. The interplay be-

tween these two is handled using integration by parts. When the domain Ω is less smooth
(e.g., a polyhedron), integration by parts should be applied piecewisely, and jump condi-
tions at lower-dimensional geometric objects, such as corners and edges, may arise if the
function is not smooth enough.

Change of variables turns out to be a key tool that leads to some of the deepest results
in the calculus of variations. Examples include the Legendre transform and Noether’s
theorem.

The Legendre transform converts a Lagrangian into a Hamiltonian and transforms the
Euler–Lagrange equation into a Hamiltonian system. Further introduction of a scalar po-
tential leads to the Hamilton–Jacobi equation. Different variables and different equations
reveal different structures of the same physical system.

If a functional is invariant under certain transformations, then there exists a correspond-
ing conservation law. This is the most beautiful and profound result in the calculus of vari-
ations: Noether’s theorem. According to Noether’s theorem, the conservation of energy
arises from time symmetry of the system. In fact, a more accurate term for “invariance” is
“symmetry”, and “change of variables” can be understood as “group actions”. Noether’s
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theorem illustrates the connection between symmetries and conservation laws. Three ex-
amples are:

• Time translation symmetry: conservation of energy;
• Space translation symmetry: conservation of momentum;
• Rotation symmetry: conservation of angular momentum.

This connection between symmetry and conservation laws is a deep, two-way relationship:
a symmetry implies a conservation law, and a conserved quantity generates the symme-
try itself. This relationship has inspired much of theoretical physics, beginning with ob-
servations in experimental physics. Scientists often first observe a conserved quantity in
experiments and then search for the symmetry that generates it.

3. AN EXAMPLE

We end this introduction with an example in one dimension. Recall that in 1-D prob-
lems, we use t ∈ R instead of x, write x in place of u, and use ẋ instead of ∇u. Although
t ∈ R, the function x(t) may be a curve in space; that is, x can be vector-valued. A typical
example is

(3) inf
x∈M

∫ 1

0

L(t, x(t), ẋ(t)) dt,

with
• M = {x ∈ C1(0, 1) : x(0) = x0, x(1) = x1};
• L(t, x, v) =

1

2
m|v|2 − U(x), the difference between kinetic energy T (v) =

1
2m|v|

2 and potential energy U(x).
Recall that the first-order condition for the finite-dimensional optimization problem (2) is
f ′(x) = 0. Now, however, x = x(t) is itself a function, which may vary at every point
t ∈ (0, 1). So, how do we take the derivative of a functional with respect to a function?

t

x

x0

x1

t0 t1

εφ(t)

εφ(t)

x(t) + εφ(t)

x(t) + εφ(t)

x(t)

FIGURE 1. Variations of a curve.

The idea is to introduce a variation of the function. Let φ be a test function inM0 that
satisfies certain boundary conditions so that if x ∈M, then x+ εφ ∈M. For the example
considered,

M0 = {φ ∈ C1(0, 1) | φ(0) = φ(1) = 0}.
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The term εφ is a variation of x, and the symbol ε suggests it is small. Define

f(ε) := I(x+ εφ).

Then x is a minimizer of (3) if and only if 0 is a minimizer of f(ε). So the optimality
condition for an extremal curve x of I(x) is characterized by

(4) f ′(0) =
d

dε
I(x+ εφ)

∣∣∣∣
ε=0

= 0.

We now apply three standard techniques:

Chain rule. By the chain rule, we obtain the variational form of the Euler–Lagrange equa-
tion:

(5)
∫ 1

0

[
Lx(t, x, ẋ)φ(t) + Lv(t, x, ẋ) φ̇(t)

]
dt = 0 ∀φ ∈M0.

Integration by parts. Applying integration by parts to the second term and using the fact
that φ(0) = φ(1) = 0, we obtain:∫ 1

0

[
Lx(t, x, ẋ)− d

dt
Lv(t, x, ẋ)

]
φ(t) dt = 0 ∀φ ∈M0.

The boundary terms vanish due to the definition ofM0. AsM0 is dense in L2(0, 1), we
conclude the strong form of the Euler–Lagrange equation:

(6) − d

dt
Lv(t, x(t), ẋ(t)) + Lx(t, x(t), ẋ(t)) = 0,

which is in general a nonlinear second-order ODE.
For the Lagrangian

L(t, x, v) =
1

2
m|v|2 − U(x),

(6) becomes Newton’s equation:

mẍ = F, with F = −∇xU.

The derivation of Newton’s equation from (3) is known as the principle of least action (in
Hamilton’s formulation).
Change of variables. Consider the change of variables{

q = x,

p = Lv(t, q, q̇).

Assume L is strongly convex in v. Then Lv is invertible as a function of v, and we can
solve q̇ = q̇(p, q, t). Define the Hamiltonian as

(7) H(p, q, t) := pq̇ − L(t, q, q̇).

The variable q̇ on the right-hand side can be expressed in terms of (p, q, t), so q̇ is elimi-
nated. The Euler–Lagrange equation becomes the Hamiltonian system

(8)
{
ṗ = −Hq,

q̇ = Hp.

To derive (8), we apply total differentiation to both sides of (7). The left-hand side is

dH = Hp dp+Hq dq +Ht dt,
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and the right-hand side is

p dq̇ + q̇ dp− Lt dt− Lq dq − Lv dq̇ = q̇ dp− ṗ dq − Lt dt.

The last step follows from the definition p = Lv and the Euler–Lagrange equation Lq = ṗ
in terms of the new variables. Comparing the coefficients of dp and dq yields (8).

When the HamiltonianH(p, q) is independent of t, solutions to the Hamiltonian system
satisfy the conservation of the Hamiltonian, i.e.,

d

dt
H(p(t), q(t)) = Hpṗ+Hq q̇ = 0.

An important example is L = T − U . For T (v) = 1
2m|v|

2, the variable p = mv is the
momentum. Then

H = pq̇(p)− L = pv − T (v)− U(q) =
1

2
m|v|2 + U(q) = T + U

is the total energy. Conservation of the Hamiltonian corresponds to the conservation of
total energy.
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