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Abstract Some error analyses on virtual element methods (VEMs) including inverse
inequalities, norm equivalence, and interpolation error estimates are developed for
polygonal meshes, each element of which admits a virtual quasi-uniform triangulation.
This sub-mesh regularity covers the usual ones used for theoretical analysis of VEMs,
and the proofs are presented by means of standard technical tools in finite element
methods.
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1 Introduction

Since the pioneer work in [2—4], virtual element methods (VEMs) have been widely
used to approximate various partial differential equations in recent years. Compared
with the standard finite element methods (cf. [10,17]), such methods have several
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significant advantages: (1) they are natively adapted to polygonal/polyhedral meshes,
leading to great convenience in mesh generation for problems with complex geome-
tries. For example, in [16] a simple and efficient interface-fitted polyhedral mesh
algorithm is developed and VEM has been successfully applied to the elliptic inter-
face problem. (2) They are suitable for attacking high-order elliptic problems. For
instance, itis very difficult to construct the usual H2-conforming finite element method
for fourth-order elliptic problems, hence many nonconforming elements were devised
to overcome the difficulty (see [25]). It is, however, very straightforward to construct
H?-conforming virtual element methods for this type of problems (cf. [13]). Until now,
both conforming and nonconforming VEMs for elliptic problems have been developed
with elaborated details (cf. [2,3,8,13,15,16,20]).

Error estimates for approximation spaces play fundamental roles in theoretical
analysis of finite element methods, so do the inverse inequality and the norm equiv-
alence between the continuous and discrete norms of a finite element function. They
are equally important for the virtual element methods. Such results were stated or
implied in the papers [2,3], though the detailed justifications were not presented.
More recently, in the papers [7,15], the inverse inequalities ((4.9) and (4.11) in [7])
and the norm equivalence (Lemma 4.9 in [15]) were derived in detail, respectively. Let
Ty be a polygon mesh, which consists of a finite number of simple polygons (i.e. open
simply connected sets with non-self-intersecting polygonal boundaries). All the results
mentioned above were obtained using the so-called generalized scaling argument (cf.
[14]), based on the following assumptions on 73 in two-dimensional cases:

C1. There exists a real number y > 0 such that, for each element K € 7p, it is
star-shaped with respect to a disk of radius px > yhg, where hg is the diameter
of K.

C2. There exists a real number y; > 0 such that, for each element K € 7}, the
distance between any two vertices of K is > yjhg.

Using the similar arguments in [21], these estimates still hold if any element K € 7},
is the union of a finite number of polygons satisfying conditions C1 and C2.

The key idea of the generalized scaling argument (still called the scaling argument
in [14]) is the use of the compactness argument. To convey the basic ideas, a simple
proof of the inverse inequality is presented as follows:

IVullo.x < Chi'llvliox Vv e Vg, (1

where Vk is a finite dimensional space of shape functions defined over a polygon
K € Tp, and C is a generic constant independent of the mesh size / x. With a scaling
transformation, it suffices to derive the estimate (1) provided that hx = 1. In this case,
under the assumptions of C1 and C2, the set K consisting of all such K can be viewed
as a compact set in certain topology. Then, let

C(K) = sup .
vevg llvllo,x

@)

If C(K) can be proved to be continuous with respect to K € K in the sense of the
aforementioned topology, then it is evident that C (K) can attain its maximum C over
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IC, leading to the desired estimate (1) readily; we refer the reader to the proof of Lemma
4.1 for the details of such arguments.

Hence, when applying the generalized scaling argument to derive the estimate (1)
for virtual element spaces, we require to show the solution of the Poisson equation
defined over K depends on the shape of K continuously, since the local space Vi is
defined with the help of the Laplacian operator (for details see [2,3] or Sect. 2). In
fact, such results can be obtained rigorously in a very subtle and technical way (cf.
[19D).

Similarly, we remark that we should use the trace inequality or the Sobolev embed-
ding inequality over K carefully, since the generic constant depends on the geometric
nature of K implicitly.

Based on the above comments, in this paper, we aim to derive all the results men-
tioned above through only the mathematical tools widely-used in the community of
finite element methods, to shed light on theoretical analysis of virtual element methods
in an alternative way. To this end, we impose the following mesh regularity condition
for a family of meshes {7}, under discussion:

Al. For each K € 7, there exists a “virtual triangulation” 7x of K such that 7k is
uniformly shape regular and quasi-uniform. The corresponding mesh size of 7
is proportional to /g . Each edge of K is a side of a certain triangle in 7k .

It is evident that the mesh 7, fulfilling the conditions C1 and C2 naturally satisfy
the above conditions. We shall derive some error analysis on VEMs including inverse
inequalities, norm equivalence, and interpolation error estimates for several types of
VEM spaces, under the mesh regularity conditions A1 which cover the usual ones
frequently used in the analysis of virtual element methods. The idea of using a “vir-
tual” triangulation can be traced back to regular decomposition condition in the error
analysis of mimetic finite difference methods (cf. [12]).

For triangular meshes, one can use an affine transformation to map an arbitrary
triangle to a so-called reference triangle and then work on the reference triangle.
Results established on the reference triangle can be pulled back to the original triangle
by estimating the Jacobian of the affine map. For polygons, scaling can be still used but
not the affine transformation. Therefore we cannot work on a reference polygon which
does not exist for a family of polygons with general shapes. Instead we decompose a
polygon K into shape regular triangles and use the scaling argument in each triangle.

Throughout this paper, we will always assume the mesh 7, satisfies the conditions
A1, and the generic constant hidden in the symbol < depends only on the parameters
involving the shape regularity and quasi-uniformity of the auxiliary triangulation 7x
given in A1. Moreover, for any two quantities a and b, “a < b” indicates “a < b < a”.
We will also use the standard notations and symbols for Sobolev spaces and their
norms/semi-norms; the reader is referred to [1] for details.

Denote by Vi a virtual element space, whose precise definition can be found in
Sect. 2. With the help of A1, we are going to rigorously prove: for all v € Vg

1. Inverse inequality: |v|; x < h}l lvllo k-
2. Norm equivalence: hg|lx (W2 S lIvllo.x S hxllx(v)ll2, where x(v) is the

~

vector formed by the degrees of freedom of v.
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3. Stability estimate of the VEM formulation:

2 2

Vollh i = [Vifo] o+ (o - )L

Vvllg x P 0,K+ X\v kv 2
VU2 . = HVHVUHZ +HX‘ (v—n%) ?
0.K ] aK )|

where l'[kv, 1'[2 are H', L%-projection to the polynomial space Py (K ), respectively.
4. Interpolation error estimate: if /g € Vi denotes the canonical interpolant defined
by d.o.f. of u, then

k+1
lu — Ixullo,x + hilu — Ixul gk S hi  ulleer k. Yu € HH(K).

After completing this work, we are aware that similar studies were also developed
in a recent paper [11] with respect to mesh conditions C1 and C2. The analysis is
based on a variety of estimates related to a mesh dependent norm

2 2
2 . 0 0
Wi g =i Y Moo+ [l ko

0K’
ecdK
which plays the role of || - ||o.x though not knowing their /g -independent equiva-
lence. For example, a different inverse inequality |v]| x < h§1|||v||| k. Kk 1s obtained

(cf. Lemma 2.19 in [11]). However, as the continuous L2-norm is used for a VEM
function, there is no discussion on the norm equivalence between this norm and the
12-norm of its degrees of freedom. As we shall show in Sect. 4, it is by no means trivial
to derive such norm equivalence. Moreover, it deserves to point out that similar results
for stability and error estimates for the interpolation operators were recently presented
in [6], where a different stabilization involving boundary derivatives (cf. [26]) was
also analyzed.

The rest of the paper is organized as follows. The virtual element method is
introduced in Sect. 2. Inverse inequalities, norm equivalence, and interpolation error
estimates for several types of VEM spaces are derived with technical details in Sects. 3—
5, respectively.

2 Virtual element methods

A two dimensional domain €2 is decomposed into a polygonal mesh 7}, so that each
element in 7 is a simple polygon and a generic element is denoted by K. We work
under the two dimensional setting for a clear illustration, and the generalization to
higher dimensions shall be commented afterwards.

To present the main idea, we consider the simplest Poisson equation with zero
Dirichlet boundary condition:

—Au= fin 2, ulypg=0.
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The weak formulation is: given an f € L2(Q), findu € HO1 (€2) such that

a(u, v) = (Vu, Vv) = (f,v) Yv e H}(Q). 3)

2.1 Assumptions on the polygon mesh

As mentioned in the introduction, we shall carry out the analysis based on the assump-
tion A1, for which some more discussions are given as follows. Recall that a triangle
is shape regular if there exists a constant « such that the ratio of the diameter of this
triangle to the radius of its inscribed circle is bounded by «. It is also equivalent to the
condition that the minimum angle is bounded below by a positive constant 6. A trian-
gulation 7 is quasi-uniform if any two triangles in the triangulation are of comparable
sizes. Namely there exists a constant o, such that max,c7 h; < o min,c7 h;. The
term “uniform” means the constants «, 6 and o are independent of K.

By assumption A1, the number of triangles of each ‘virtual triangulation’ 7k is
uniformly bounded by a number L and the size of each triangle is comparable to that
of the polygon, i.e. hx < hy < hg, Vt € Tg. The constants in our inequalities
depend on the shape regularity constant x (or equivalently #) and the quasi-uniformity
constant o (or equivalently L).

Assumption Al is introduced so that the estimates for finite elements on triangles
can be used. If K is assumed to be star-shaped and each edge is of comparable size,
e.g. assumption C2, then a virtual triangulation can be obtained by connecting vertices
of K to the center of the star. In contrast, A1 allows the union of star-shaped regions
to form irregular polygons.

Note that such virtual triangulations can be created with additional artificial vertices
in the interior of K but not on 0K.

2.2 Spaces in virtual element methods

Let &, / be two non-negative integers. Introduce the following space on K
Ver(K) = fv € H'(K) s vlax € Be@K), Av € Pi(K)] )

where P; (K) is the space of polynomials of total degree < / on K and conventionally
P_1(K) := {0}, and B (0 K) is a function space on the boundary d K defined by

B (9K) = {v € CO(9K) : v|, € Py(e) for all edges e C aK} .

That means, the restriction of Vi ;(K) to dK is a standard conforming Lagrange
element of degree k. The shape function in (4) is well-defined, but the point-wise value
of a function v € Vj ;(K) requires solving a boundary value problem on K, thus
being implicitly defined and not explicitly known. The novelty of VEM is that the
shape function is determined implicitly, but the degrees of freedom (d.o.f.) are still
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enough to produce a stable discrete method directly as for the usual finite element
method.

To present the d.o.f., we first introduce a scaled monomial M, (D) on a d-
dimensional domain D

M, (D) := {(" ;Dxc) s sr} Q)

where hp is the diameter of D, x. the centroid of D, and r a non-negative integer.
When D is a polygon, x is chosen as the average of coordinates of all vertices of D
and thus [x — x| < hp forall x € D.

We then introduce the dual space

e (K) = span { e 062 x| (©)

where the functional vectors are

e x,: the values at the vertices of K;

"% 5_2: the moments on edges up to degree k — 2
xe() = le| " (m, v)e Vm € My_s(e),V edge e C 9K ;
e X k: the moments on element K up to degree /
Xk @) = K| (m, vk ¥m € My(K).

The verification
(Vi1 (K)) = X i(K), @)

is called unisovlence and has been established in [3]. See also [5] for a shorter proof.

Remark 2.1 The operator A used in the definition of VEM space (4) can be replaced
by other operators as long as the space Vi ;(K) contains a polynomial space with
appropriate degree, which ensures the approximation property. For example, when
K is triangulated to form a triangulation 7g, we can introduce a standard k-th order
Lagrange element space Sg(7x) on 7x and impose Apv € P;(K) where Ay, is the
standard Galerkin discretization of A related to Si (7 ). From this point of view, VEM
is similar to a certain kind of subgrid upscaling.

Relabel the d.o.f. by a single index i =1, 2, ..., Ni; := dim V} ;(K). Associated
with each d.o.f., there exists a basis {¢;} of Vi ;(K) such that x;(¢;) = &;; for
i,j=1,..., Nt Then every function v € V} ;(K) can be expanded as

Ni.i

() =Y xi()ei(x)

i=1
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and in numerical computation it can be identified as a vector v € R+ in the form

v=(x1(v), x2(0), .., XN, ()T

The isomorphism can be denoted by

X1 Via(K) = RML x(0) = (1), x2(0). v, ()T
The inverse of this isomorphism is denoted by
@RV — Vi (K), ®()=¢ v,

if the basis is treated as a vector ¢ = (¢1, ¢2, ..., dn, )T,
Among different choices of the index (k, /) in Vi ;(K), the first VEM space in [3]
is
Vi(K) == Vi g—2(K). 3
Later on, in order to compute the L2-projection of VEM functions, a larger space is
introduced in [2] with the form

Vi(K) == Vi1 (K), )

from which a new VEM space is given by

Wi (K) = {w e Ve(K) : (w Y w, q*)K —0 Vg* e Mk(K)\Mk_2(K)} ,
(10)

where l'IkV stands for the H'-projection to Px(K), defined in the next section. The
spaces Vi (K) and Wi (K) are different but share the same d.o.f. For the same vector
v € RM4-2 we can then have different functions ®y (v) € Vi(K) and ®w(v) €
Wi (K) and in general @y (v) # Oy (v).

Function spaces in each element are used to design a H ' -conforming virtual element
space on the whole domain 2 in the standard way. Concretely speaking, given a
polygon mesh 7}, of Q and a given integer k > 1, we define

vkl = {v e H'(Q) : vlx € Viu(K) VK C Th}

=

ve HY(Q) : vk € Vi(K) VK C Th}

Vh={
i {veHl(Q):v|Ke‘7k(K) VKcTh},
th{veHl(Q):leeWk(K) VKC'E,}.

The d.o.f. can be defined for the global space in the natural way.

For the pure diffusion problem, the choice of V}, is enough to produce numerical
solutions with optimal accuracy. However, when dealing with second order elliptic
equations with lower-order terms (e.g., reaction-diffusion problems), the use of the
function spaces W), and \7;, are more efficient (see [2]).
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2.3 Approximate stiffness matrix

A conforming virtual finite element space Vh0 =ViN H(} (£2) is chosen to discretize
(3). We cannot, however, compute the Galerkin projection of u to V,? since the tra-
ditional way of computing a(up, vj;) using numerical quadrature requires point-wise
information of functions and their gradient inside each element. In virtual element
methods, only d.o.f is enough to assemble an approximated stiffness matrix.

Define alocal H'! projection TT) : H!(K) — Py (K) as follows: givenv € H'(K),
let HZU € Py (K) satisty

(vnkvv, Vp)K — (Vo,Vp)x forall p € Py(K).
The right hand side can be written as

(Vu, Vp)g = =(v, Ap)k + (v, n - Vp)ak.

When v is in a VEM space with [ > k — 2 (including V¢ (K), Vk (K) or Wi(K)), the
above quantity can be computed using d.o.f. of v since, for p € Py (K), Ap € Pr_2(K)
and Vp -n € Pr_1(e), e € dK. The operator I'Ikv can be naturally extended to the

global space V}f ' 'in an element-wise way.
As (V-, V) is only semi-positive definite, a constraint should be imposed to elimi-
nate the constant kernel. When I"I,Y is applied to a VEM function, we shall choose the

constraint
/vdx:/ Mvdx ifl >0
K K

or in the lowest order case

/ vds:/ M vds ifl = —1.
K K

Both constraints can be expressed in terms of the d.o.f. of a VEM function.
For later uses, let us next recall the following Poincaré—Friedrichs inequality for
ve HN(K)
lvllo.x < hxlVvllok, (11)

and the following result established in [9].

Lemma 2.2 (Poincaré—Friedrichs inequality [9]) The following Poincaré—Friedrichs
inequality holds

HU—Hka”OK < hg Hv(u—nkvv) Vv e H'(K). (12)

»

The scaling factor & g is not presented in the form in [9] but can be easily obtained by the
following scaling argument. The transformationx = (x—x.)/hg isappliedonx € K,
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so that K , the image of K, is contained in the unit disk. The transformed triangulation
T is still shape regular so that we can apply results in [9]. Then the constant g can
be obtained by scaling back to K. As pointed out in [9], the generic constant depends
only on the shape regularity not the quasi-uniformity of the triangulation 7.

With the help of the projection operator ITY, the first part of the approximated
stiffness matrix of the virtual element method can be formed from the following
bilinear form

a (Hkvu, l'Ikvv) .

2.4 Stabilization

The approximate bilinear form a(l'[kvu, HZ v) alone does not lead to a stable method,
since it is not coercive in general, and hence a stabilization term should be added
correspondingly. To ensure the stability while maintaining the accuracy, the following
assumptions on the element-wise stabilization term Sk (-, -) are imposed in VEM (cf.
[3D.

e k-consistency: for p; € Py (K)
Sk (pk,v) =0 Yv e V.
e stability:
Sk (@i, i) = (Vii, Viyx Vi € (1 - H,Y) Vi
We then define

ap(u,v) :=a (H,Yu, I'Ikvv) + Z Sk (u,v).
KeT,

Now, we are ready to propose a VEM discretization of (3) as follows.
Find uj, € V}, such that

ap(up, vp) = (f, Mpvp) Yop € Vp, (13)
where ITjv, = H]Vvh for k = 1 and ITjv;, = Hg_zvh for k > 2.

It is mentioned that VEMs are a family of numerical methods different in the choice
of stabilization terms. The k-consistency implies the above method passes the usual
Patch Test, i.e., if u € P;($2), then

a(u,vy) = ap(u, vy) forall vy € V.

The stability implies

a(v,v) =~ ap(v,v) forallv e V.
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An abstract error estimate of VEM with stabilization satisfying k-consistency and
stability is given in [3]. See also [6,11] for recent progress along this line.
In the continuous level, a stabilization term can be a scaled L2%-inner product

he (u — Vv — nZv)K . (14)

The k-consistency is obvious as I'IkV preserves polynomials of degree < k. The stability
can be proved using an inverse inequality and the Poincaré—Friedrichs type inequality,
and it will be proved rigorously later on.

In the implementation, the stabilization (14) is realized as

Sy (i, v) = x ((I—H,Y) u)~x ((I—H,Y) v), (15)

that is, the /2-inner product of the d.o.f. vectors is used to approximate the L>-inner
product of the functions involved. The scaling factor hEZ is absorbed into the definition
of d.o.f. through the scaling of the monomials [cf. (5)]. The norm equivalence of /2
and L? norm is well-known for standard finite element spaces. Rigorous justification
for functions in VEM spaces will be established in Sect. 4 (see also Lemma 4.9 in

[15]).

3 Inverse inequalities

In this section we shall establish the inverse inequality
IVvllo.x < Chi'llvllox forallv e Vi (K).

As previously mentioned in the introduction, one approach is to use the fact that
all norms are equivalent on a finite dimensional space like Vi ;(K). However, this
argument cannot show the dependence of the generic constant C on the geometric
nature of K. To overcome this difficulty, we shall derive the inequality with the help
of a shape regular and quasi-uniform ‘virtual triangulation’ 7x and using the fact that
Av € Py.

Note that if the definition of virtual element spaces is modified by using the discrete
Laplacian operator (cf. Remark 2.1), then the inverse inequality is trivially true as now
the function in VEM space is a finite element function on the virtual triangulation.

We first establish an inverse inequality for polynomial spaces on polygons.

Lemma 3.1 (Inverse inequality of polynomial spaces on a polygon) There holds
lglo.x S hg'llgl-ix forallg € Pr.i = 1,2.

Proof Restricted to one triangle t € Tk, g is a polynomial. Using the scaling argu-
ment, one has | gllo,r < h7'llgll—ir, fori = 1,2. According to the definition of a

~
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dual norm, we easily know | gl|—i. < llgll—i k. Therefore

2 2 —2i 2 —2i 2
lelox =D leloe < D Nl Sk gl &

TE TK TE TK
as required. O

Let Sx(7x) be the standard continuous k-th order Lagrange finite element space on
Tk and S,?(TK) =S (7x) N HO1 (K). Define Qk : Vi1 (K) — Sk(7k) as follows:

1. Qkvlsx = vlsk;
2. (Qkv, )k = (v, ¢)k forall ¢ € SP(Tx).

That means, the projection function preserves the boundary value of the original VEM
function, and the interior nodal values are further determined by the orthogonality
conditions imposed. Now, let us prove the following stability result of Q.

Lemma 3.2 (Weighted stability of Q) For any € > 0, there holds
1/2 _
hK/ IQkvllo.ak + 10k vllo.x S (1+e Dlvlox +ehkllVollox, ve Vii(K),

where the generic constant is independent of the parameter €.
Proof Firstof all, write Q kv = vy, + vo_i, Where v j, is a function in Sk (7x) which
vanishes on the interior nodes of S;(7x) and is equal to v on dK. It is evident that
vor = Qv — vy € S,?(TK). Therefore
(Qkv, Qkv)xk = (Qk v, vyn)k + (Qkv,von)k =11 + Do,
The first term can be bounded by
L = 1Qkvllo,x llva,nllo,k -
By the definition of Qg, the second term can be bounded as
L = (v, von)k < llvllo.x llvonllo,x < llvllo.x (lva.nllo.x + 11QkvIl)-
Hence, we have by Young’s inequality that

IQkvllo.x S llvllo,x + llva,nllox- (16)

So the key is to estimate the boundary term |lvy ;|0 x. For a boundary edge e,
denote by 7, the triangle in 7x with e as an edge. By the definition of vy ,, we have

2 _ 2 2 2
lanllgx = Y Ivanlde, S D vanllgehe =Y 101§ e

eCoK eCoK eCoK
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where, in the derivation of the last step, we also use the fact vy slopx = Ok vlox =
v[ak -

On the other hand, for a bounded domain w with Lipschitz boundary, the estimate
101350 < vll0.0l Vllo. holds for any v € H'(w) (see [10]). Hence, it follows
from the scaling argument and Young’s inequality that on each triangle ., there holds
the following weighted trace estimate

2 =201, 12 2,2 2
helvlige S € 7llvlg ., + € hlIVVIlG -
Summing over e C dK and taking square root yield
1/2 -1
lva.nllo,x S hK/ Qkvlloox Se€ llvllox +e€hklVullok., (17)

from which and (16) the desired inequality for || Q kv ||o, x follows readily. The inequal-

ity (17) also implies the desired estimate for h}</2|| Qkvllo,ak directly. The proof is
complete. O

To develop various estimates for a function in VEM spaces, we shall separate it
into two functions, related to the moment and the trace of the function, respectively.

Lemma 3.3 (An H!-orthogonal decomposition) Every function v € H'(K) admits
the decomposition

v = v + V3,

where

1. vi € HY(K), vilsk = vlsk, Avi =0in K,
2. vy € HJ(K), Avy; = Avin K.

Furthermore the decomposition is H'-orthogonal in the sense that
2 2 2
||VU||0,K = ||VU1||0,K + ||VU2||0,K-

Proof One can simply choose vy as the H '-projection of v to Hg (K),ie, v € H(} (K)
satisfies the variational equation

(Vva, Vé)k = (Vu, Ve)g forall ¢ € HJ(K),

and then set v| = v — v,. Equivalently, one can set v; to be a harmonic function in K
which has the same boundary value of v, and then let v; = v — vy. O

For the harmonic part, we have the following inequality.
Lemma 3.4 (A weighted inequality of the harmonic part of a VEM function) For any
Sunction v € Vi ;(K), let v; € HYK), vilsx = vlsx, Avy = 0in K. Then for any
€ > 0, there holds
IVuillo.x < hg' L+ Dlvlox +ellVolox.

where the generic constant is independent of €.
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Proof Using the fact Av; = 0 in K, one has

Vuillo.x = inf IVwllo,x - (18)

weH(K),wlyx=vilak
Observe that Qxv|sx = vilsx and Qxv € H'(K). Therefore, from the principle

of energy minimization (18), the inverse inequality for functions in Si(7k), and the
weighted stability of Qg, it follows that

IVvillo.x <IV(Qk)llo.k Shi'1Qxvllok < ' (1+€e Dlvlox + €l Vollox,

as required. O
We now estimate the second part in the decomposition.

Lemma 3.5 (Inverse inequality of non-zero moments part) For any function v €
Vi1 (K), let vy € HOl (K) satisfies Avy = Avin K. Then

IVe2llo.x < kg llvllo.x-
Proof As vy € HO1 (K) and Av, = Av in K, applying the integration by parts yields
IVal§ x = —(Ava, v2)k = —(Av, 1)k < [[Av]lo.k lv2llo.x -
which along with the Poincaré—Friedrichs inequality (11) for vy € HO1 (K) implies
Vuallo,x < hxllAvllok- (19)
For v € Vi ;(K), one can apply the inverse inequality to Av € P;:
lavlix S hilllAvll—ax < hilvllok- (20)

Hence, the combination of (19) and (20) immediately leads to the desired estimate. O
Now, we summarize our main result in this section as follows.

Theorem 3.6 (Inverse inequality of a VEM function) The following inverse inequality
holds:

IVollo.x S hi'lvllox forallv e Vi (K).
Proof By Lemmas 3.4 and 3.5, one has
IVvllo.x < IVuillo.x + IVv2llo.x S kgt lvllo.x + €l Vullok-

Choose € small enough and absorb the term €||Vv||o g to the left hand side to get the
desired inverse inequality. O
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As an application of the inverse inequality, we prove the L?-stability of the projec-
tion operators Q ¢ and HZ restricted to VEM spaces.

Corollary 3.7 (L>-stability of Qg) The operator Qx : Vi1 (K) — Sp(Tk) is L%
stable, i.e.,

IQkvllo.x < llvllo,x forallv e Vii(K).

Proof Simply apply the inverse inequality to bound /g || Vvllo.x < ||vllo.x in Lemma
3.2 to get the desired result. O

Corollary 3.8 (L?-stability of I1Y') Let k, | be two positive integers and | > k — 2.
The operator H,Y : Vii(K) — Pr(K) is L2-stable, i.e.,

[oyof < iviox. foraitv e Vi,

Proof By the triangle inequality and the Poincaré—Friedrichs inequality, we have

2] =1+ o= el % et o= mES) -
K 0,K

0,K 0,

Then by the H !-stability of I'IkV and the inverse inequality

hk Hv (v=1¥o)| S hxIVolox S Iollox-

"

The proof is thus completed. O

4 Norm equivalence
We shall prove the norm equivalence between L2-norm of a VEM function and /2-

norm of the corresponding vector representation using d.o.f. In light of this result, we
are able to derive two stabilization methods used in VEM formulation.

4.1 Norm equivalence of polynomial spaces on a polygon
We begin with a norm equivalence of polynomial spaces on polygons.
Lemma 4.1 (Norm equivalence of polynomial spaces on a polygon) Let g =

Y o 8ala be a polynomial on K. Denote by g = (g4) the coefficient vector. Then the
following norm equivalence holds

hillgle S liglox < hiliglle-
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Proof The inequality |Igllo.x < hkllgll;2 is straightforward. As x. is the average of
coordinates of all vertices of the polygon, we have ||my ||co,x < 1 and thus ||myllo.x <
hk . Then by the triangle inequality and the Cauchy—Schwarz inequality,

lglo.x <Y I8alllmaliox S hxliglp

o

The proof of the lower bound 2k ||gll;2 < llgllo.x is technical. Again the standard
scaling argument cannot be applied since there is no reference polygon. Instead we
choose a circle S; inside a triangle T € 7k such that the radius satisfies r; = dhg,
where the constant § € (0, 1) depending only on the shape regularity and quasi-
uniformity of the triangulation 7x . After applying an affine map x = (x — x.)/ hg,
the transformed circle S, with radius § is contained in the unit disk centered at the
origin. As S; C K, we have

ligllo.x = liglo.s. = lIglly 5. 7k, (21)
where (%) 1= g(x). Let Mij = fﬁr mim j dx and M = (Mij). Then
A2 o aT A a2y 2
||g||0,§r =g"Mg = imin(M)IIgll2, (22)

where Amin (M ) denotes the smallest eigenvalue of the mass matrix M. 1t is evident to
check that the entry M;; of the mass matrix is a continuous function of the center ¢ of

the circle S’,. Hence, we simply write Amin (M ) as Amin(c), which is also continuous
with respect to ¢. On the other hand, by the construction, ¢ is contained in the unit disk.
We then let A* = ming |¢|<1 Amin(¢) and obtain a uniform bound ||g||2 ;2 A*||g||

Notice that after the scaling, the proof is done on a reference circle and thus the constant
A* depends only on the radius § of S;.

Combining (21) and (22), the following desired inequality is obtained with a con-
stant depending only on the shape regularity and quasi-uniform constants of the
triangulation 7x:

hillgle < lIglo.x

as required. O

4.2 Norm equivalence for VEM spaces

In this subsection, we are going to prove the norm equivalence of the L2-norm of
VEM functions to the />-norm of their corresponding d.o.f. vectors.

Lemma 4.2 (Lower bound) For any v € Vi ;(K), the following estimate holds:

hillx @z < lvllo.x-
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Proof The d.o.f.s are grouped into two categories: x 5k (-) are d.o.f.s associated with
the boundary of K, and x g (-) are moments in K.

Restricted to the boundary, v[sx € Bi(K) consists of standard Lagrange elements.
A standard scaling argument yields

1/2
hillXax @l = ki vllo.ax-

Apply the weighted trace theorem in Lemma 3.2, and the inverse inequality of functions
in VEM spaces to obtain

12
hK/ lvllo,ax S llvllo,x +hkllVollox S llvllok-

For the d.o.f.s of interior moments, applying the Cauchy—Schwarz inequality gives
|K|—1/ vmdx < K| vllo.kllmllo.x S hg'lvllo.x forallm € My(K).
K

Combining the estimate of x 44 (-) and x g (-) finishes the proof. O

The proof of the estimate of the upper bound turns out to be technical. Again we
shall use the H'! decomposition presented in Lemma 3.3.

Lemma 4.3 (Upper bound for the harmonic part) For any v € Vi 1(K), let vi €
H](K) satisfy vilgx = vlgx and Avy = 0in K. Then

lvillo.x < hrlixax @l
Proof By the construction v can be written as
Nyk

vi =Y xi(w)$i(x),
i=1

where {¢;|sx} C Br(0K) is a dual basis of x,x on the boundary and A¢; = 0 inside
K. By the Cauchy—Schwarz inequality, it suffices to prove ||¢;llo.x < hk.
Restricting ¢; to the boundary, one can use the scaling argument for each edge and
conclude ||@; [loc.ax S 1. As ¢; is harmonic, by the maximum principle, @i [lco.x <
lpilloc,ax < 1. Then [|@;llo,.x S hx follows. O

Lemma 4.4 (Upper bound for the moment part) Forany v € Vi ;(K), letvy € HO1 (K)
satisfy Avo = Av in K. Then

lvallo,.x S hxllx@)ll2.

Proof Let g = —Av = —Avy. Then by integration by parts
||Vv2||(2),1< = —(Avy, 1)k = (g, )k = (g, V)k — (g VK- (23)
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Expand g in the basis m, i.e. § = ), guMq and denote by g = (g,). Then by the
Cauchy—Schwarz inequality and the norm equivalence for g in Lemma 4.1, one has

(& vk =KD gaxa®) < hxliglllxx e S hxliglo.x lxx @)pe.
o

An upper bound of || Vuva|lo k is then obtained by substituting the above estimate into
(23):

||sz||%,,< S hgllAvallox (X g @z + lvillo.x) S IVu2llox X (@l (24)
ie.,

Vvallo.x S IIx@)l2.

In the derivation of (24), we have also used the inverse inequality and the upper bound
for vy established in Lemma 4.3 and the inverse inequality for Avy € Py_> (cf. Lemma
3.1).

Finally the proof is completed by using the Poincaré-Friedrichs inequality
lvallo,x < hglIVvallo,k forva € Hy (K). o

In summary, the following theorem holds.

Theorem 4.5 (Norm equivalence between L? and [?>-norms) For any v € Vi1 (K),
the following norm equivalence holds

hllx ez < lvllox < ke lix @z

For functions in space Vi (K), Theorem 4.5 can be applied directly. For space
Wik (K) C Vii(K), if Theorem 4.5 is applied to functions in Vi x(K), additional
moments in x’;(\ x];{z are involved. Henceforth we shall show that no additional
moments are required for Wy (K).

Corollary 4.6 (Norm equivalence between L? and [*-norms for Wi (K)) For any
v € Wi(K), the following norm equivalence holds:

hllx ez < lvllox < ke lix @z

Proof Thelowerbound Ak || x (V)2 < |lvllo, k is trivial, since Wy (K) is a subspace of
Vi k(K), and the d.o.f.s in Vj ; (K), comparing with that of W (K), contain additional
moments with weights x’;( \ x];{z. To prove the upper bound, it suffices to bound these
additional moments by the other degrees of freedom.

By the definition of Wy (K),

(v, m)g = (l_[kvv, m)K for all m € My (K)\My_(K).
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Thus, by the Cauchy—Schwarz inequality and the bound ||m|lo.x < hk, it suffices to
bound ||Hkvv||0)1(. Using the d.o.f.s of v € Wi (K), we can find another function v €

Vi (K) such that x (v) = x (v). Notice that the projection I'Ikv is uniquely determined
by the d.o.f.s, so

V. _ V=
ITyv=TI;v.

Then by the L>-stability of I"I,Y in Corollary 3.8 and the norm equivalence for
v € Vi (K), we obtain

v v~
I UH =H1'I v
H K o.x k

|\ S 10lox S Aklx@ iz = hxlX Oz

With the above estimate in mind, we have, for x € x’;(\ xllfgz,

@l = K@kl S it [de| S ol

The proof is complete. O

4.3 Norm equivalence of VEM formulation

With Theorem 4.5, we can obtain the following stability result.

Theorem 4.7 (Norm equivalence for stabilization using I'Ikv) For v € Vi(K) or
Wi (K), the following norm equivalence holds

2

2
19915 & = HVHZUHO k"t ”X (v B HZU) 2

Proof By the definition of ITY, the orthogonality holds:

IVl = [vrgo] (25)

n Hv (v _ H,Yu)
0,K

N
0K

Using the inverse inequality and norm equivalence for L?-norm, one can obtain

[7(e-n)

—1
S hg Hv—l‘[,YvHOKﬁ HX (U_Hkvv) 2’

"

It is noted that for v € Wi (K) C Vi x(K), additional moments in x’%\x'}{z are
involved when the norm equivalence is applied for functions Vi x (K). However, these
moments vanish for v — I'Ikvv, according to the definition of Wy (K).

To prove the lower bound, we shall apply the Poincaré—Friedrichs inequality in
Lemma 2.2 and the lower bound in the norm equivalence to get

[ (v i)

as required. O

S o=l <V (-]
g~ UK ko, x ™~ k=) o, x
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Following [2], we introduce the L2-projection 1'12 : Wk (K) — Py (K) and verify
the stability of another stabilization using 1'[2. For moments up to k — 2, the d.o.f.s of
VEM function v € Wy (K) can be used, and l'[kvv is used for higher moments. That
is: given v € W (K), define Hgv € P (K) such that

(Hgv, m)K = (v,m)g for all m € Pr_»(K),
(v, m) . = (v, m), forallm e Pr(K)\Pr_a(K).

Using the slice operator I — 1'12, the stabilization can be reduced to the d.o.f.s on the
boundary only.

Corollary 4.8 (Norm equivalence for stabilization using 1'[2) Forv € Wi(K), the
following norm equivalence holds

2 2
ot = [0 ] + res(0- )

2

Proof As both I'Ikv and 1'12 preserve polynomial of degree k, (I — Hg)v = —
NI —MYyvand (I — IM))v = (I — ) — TY)w.

Using the stability of HZ in H'-seminorm and the inverse inequality for VEM
functions, we get

[v(r=md) o], = v (=) (r=md)o],, = |v(r-m0)e]
0,K 0K 0K

-1 0
S hy H(I_Hk>vH0K'

Going backwards, using the approximation property of the L2-projection yields

(=)ol = (=) (1= m) o], S v (1= mE) o]

In summary, the following norm equivalence is obtained

(= m) el = v (=m)el, o

Furthermore, observing that the moment d.o.f.s x x for v — Hgv vanish, we have

from Theorem 4.5 that /i | (I — TIQ)v]lo, & is equivalent to || X 5 (v — 10v)]|,2. This
combined with (25) implies the desired result readily. O

Remark 4.9 An L>-projection 1'[2 to Pt (K) can be defined using moments d.o.f.s of
a VEM function in Vj ;(K). Given a function v € Vi x(K), denote by W0 = Hgv and
v = v|sk, then (vb , vo) is a variant of the so-called weak function introduced in the
weak Galerkin methods (cf. [24]). The stabilization term can be formulated as

(Xak(ub —u), xyx W7 - UO)) .
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The approximated gradient Vl'Iva is indeed a variant of a weak gradient of the weak

function (v?, v0). It is also equivalent to a special version of HDG: the embedded
discontinuous Galerkin method (cf. [18,22]).

5 Interpolation error estimates

In this section, we shall provide interpolation error estimates for several interpolations
to VEM spaces. The following projection and interpolants of a function v € H "K)N
CY(K) are used in this section:

e v, € P((K): the L? projection of v to the polynomial space;

e v. € S;(7k): the standard nodal interpolant to finite element space S (7x ) based
on the auxiliary triangulation 7x of K;

e v; € Vi(K) defined as the solution of the local problem

Avy = Av; in K, vy =v.onokK.
e Ixv € Vi(K) defined by d.o.f., i.e.,
Ixkv=vc.ondkK, (Ixv,p)x = (,p)k, Vp € Pra(K).
o I}v € Wi(K) defined by d.o.f., i.e.,
IYv=v.0ondK, (v, p)x =, pk, ¥p € Pr_a(K).
Error estimates of v, and v, are well known (see e.g. [10]): for wgx = v, or v,

v = wkllo.x +hxlv —wklig S Kol x Yo e HHEK). (26)
Remark 5.1 Error estimate for v, is usually presented for a star-shaped domain but
can be generalized to a domain which is a union of star shaped sub-domains (see [21]).
Under Assumption A1, the polygon K satisfies the previous condition, so the estimate
(26) holds for wg = vy.

The following error estimate can be found in [23, Proposition 4.2]. For complete-
ness, we present a shorter proof by comparing v; with v,.

Lemma 5.2 (Interpolation error estimate of ujy) The following optimal order error
estimate holds:

v —vrllo.x +hglv — vl S A vl Yo e HYYK). @)

Proof By the triangle inequality, it suffices to estimate the difference v; —v, € HOl (K).
By the Poincaré-Friedrichs inequality [[v]o.x < hk|Vvlok forv € HO1 (K), it

suffices to bound the H!-seminorm of v; — v,.
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Recalling the definition of v; and noting v; — v, € HO1 (K), we have
(Vur, Vv —ve))k = Vg, V(v —ve))k .

Therefore

IV (v = v)ll§.x = (Vv — ve), V(vr = ve))k -
By the Cauchy—Schwarz inequality and the triangle inequality, there holds

IV(vr —vollo,x = IV(r —vollo,x = V(0 —vo)llo,x + IV —va)llok-
The desired result then follows readily from error estimates for v, and v, together. O
Now we estimate v — Ix v by comparing /g v with v;.

Theorem 5.3 (Interpolation error estimate of Ixv) For v € H k+1(K), the following
optimal order error estimate holds in both L* and H"'-norm

k+1
lv — Igxvllo,x +hglv— Ixvlix S HE Ik k-

Proof By the triangle inequality and error estimate on vy in (27), it suffices to estimate
vy — Igv € HOl (K) as follows:

(V(vy — Ixv), V(v — Igv))k = —(A(v; — Igv), vy — Igxv)g
= (A(v; — Igv), v —v))k
<A — Igkv)llo,x llv — vrllo,x

-1 k1
S h Vs — Ik v)llo, g A Tvllks1 & -

The first step involves integration by parts and the fact v; — Ixv € H(} (K). The term
(A(vy — Igv),v — Igv) = O is due to A(v; — Ixv) € Pr_o(K) and the moment
preservation of the canonical interpolation. The last step uses the inverse inequality
for A(v; — Ixv) € Pr_»(K) in (3.1) and error estimate of v — vy in (27). The desired
error estimate then follows from canceling one ||V (v; — Ixv)|lo,x- O

Next, we present the interpolation error estimate of v — [ IZV v by comparing / IEV v
with Igv.

Theorem 5.4 (Interpolation error estimate of / IZV v) For v € H*"'(K), the optimal
order error estimate holds in both L* and H'-norm

w w k+1
Hv—IKvHOK+hK HV(U—IK v) fjhk‘|r lvllk+1.x-

»
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Proof Again by the triangle inequality and the obtained error estimate for v — Ix v,
it suffices to estimate / IEV v—Igv € HOl (K). A crucial observation is that both inter-
polants, although in different VEM spaces, share the same d.o.f., i.e., x (/ I‘;V v) =
X (Ixv). Therefore HZIIZVv = HkVIKv = Hva.

Using the norm equivalence in Theorem 4.7, we have:

s, = (- )it o) e

H KV kv 0,K — k K 0,K+ k Kv 0,K
N T
NX< k) Ik V|, T k) KV &
— — N — v
= (=) tee],+ v (1 =) 1],
S|v(r-n¥) v

0.K

< v(v—n,Yu)HoK+||V<v—11<v>||o,1<
SV @ —=Igvlk,

as required. O

Remark 5.5 Notice that the norm equivalence to / I‘;V v— I g v cannot be applied directly
since they are in different spaces. Here we use the relations H,Y 1 IV(V v = HZ Ixv = HZ v
and x (I,‘év v) = x (Ixv) as a bridge to switch the estimate for I,‘?’v to that of /g v.

6 Conclusion and future work

In this paper we have established the inverse inequality, norm equivalence between the
norm of a virtual element function and its degrees of freedom, and interpolation error
estimates for several VEM spaces on a polygon which admits a virtual quasi-uniform
triangulation, i.e., Assumption Al.

We note that A1 rules out polygons with high aspect ratio. Equivalently the constant
is not robust to the aspect ratio of K. For example, a rectangle K with two sides /ax
and Apin. It can be decomposed into union of shape regular rectangles but the number
depends on the aspect ratio Amax / Amin. In numerical simulation, however, VEM is also
robust to the aspect ratio of the elements. In a forthcoming paper, we will examine
anisotropic error analysis of VEM based on certain maximum angle conditions.

We present our proofs in two dimensions but it is possible to extend the techniques
to three dimensions. The outline is given as follows. Given a polyhedral region K, we
need to assume A1 holds for each face F C 9K and are able to prove results restricted
to each face. Then we assume A1 holds for K and prove results as for the 2-D case.
It is our ongoing study to develop the details in this case.
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