CANONICAL COHEN RINGS FOR NORM FIELDS
BRYDEN CAIS AND CHRISTOPHER DAVIS

ABSTRACT. Fix K/Q, a finite extension and let L/K be an infinite, strictly APF extension in the sense
of Fontaine-Wintenberger [21]. Let Xk (L) denote its associated norm field. The goal of this paper
is to associate to L/K, in a canonical and functorial way, a p-adically complete subring AJLr/K C At
whose reduction modulo p is contained in the valuation ring of X (L). When the extension L/K is of
a special form, which we call a @-iterate extension, we prove that X (L) is (at worst) a finite purely

inseparable extension of Frauc(Azr /K / pAz / ). The class of p-iterate extensions includes all Lubin-Tate

extensions, as well as many other extensions such as the non-Galois “Kummer” extension occurring
in work of Faltings, Breuil, and Kisin. In particular, our work provides a canonical and functorial
construction of every characteristic zero lift of the norm fields that have thus far played a foundational
role in (integral) p-adic Hodge theory, as well as many other cases which have yet to be studied.

1. INTRODUCTION

Let K be a finite extension of Q, with residue field £k, fix an algebraic closure K of K, and let
Gk = Gal(K/K) be the absolute Galois group of K. A natural approach to the classification of p-adic
representations of G is to first study their restrictions to subgroups G, of Gk for L/K an infinite
extension. When L/K is arithmetically profinite (APF) in the sense that the higher ramification
subgroups G% G, are open in Gk, a miracle occurs: by the field of norms machinery of Fontaine-
Wintenberger [21], there is a canonical isomorphism of Galois groups

(1.1) Gal(K/L) ~ Gal(X g (L)**?/ Xk (L)),

where X (L) is the field of norms of L/K, which is a discretely valued field of equicharacteristic p,
noncanonically isomorphic to kr((u)), where kr, is the residue field of L. As a consequence of (1.1),
Fontaine proved [13] that G1-representations on F,-vector spaces are classified by étale p-modules over
Xk (L). In order to lift this to a classification of G -representations on Z,-modules, it is necessary to
lift the norm field X, (L) together with its Frobenius endomorphism to characteristic zero. Provided
that this can be done, one then aims to recover the entire G g-representation via appropriate descent
data from GG, to Gg. This strategy has successfully been carried out in three important cases:

(1) For L = K(up~), Fontaine’s work [13] provides the necessary lift of Xk (L), and results in
the theory of (p,I')-modules which has played a pivotal role in the development and major
applications of p-adic Hodge theory. This lift of the norm field is also essential in Berger’s
theory of Wach modules, which provides a classification of (certain) crystalline representations
of Gk when K is an abelian extension of an absolutely unramified extension of Q,, [1], [3].

(2) More recently, the natural generalization of Fontaine’s theory in which the cyclotomic extension
of K is replaced by an arbitrary Lubin—Tate extension determined by a Lubin—Tate formal
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group over a subfield F' of K has been studied by several authors [14], [8], [17]. As in (1)
(which is the special case F' = W(kg) with formal group é:n), the underlying formal group
plays an essential role in constructing a characteristic zero lift of the norm field Xy (L) that
has enough structure to encode the desired descent data from G to G.

(3) For L=K (7r(1)/ P Oo) the (non-Galois) “Kummer” extension obtained by adjoining a compatible
system of p-power roots of a uniformizer my in K, the resulting theory of p-modules (due to
Fontaine) has been extensively exploited by Faltings [12], Breuil [5] [6], and Kisin [16] in their
development of integral p-adic Hodge theory. In this case, the ramification structure of L/K
is such that for crystalline Gi-representations, there is a unique descent datum from Gp, to
G so that one obtains a classification of these representations by ¢-modules alone (without
any I').

In each of these special cases, the required lift of the norm field to characteristic zero is constructed
in a rather ad hoc manner, and it is not in general clear that it is independent of the choices made to
construct it.

In this paper, we propose a candidate for a canonical and functorial lift to characteristic zero of the
valuation ring Ag (L) of the norm field X (L). In order to encompass the aforementioned special cases,
we work in slightly greater generality: let I’ be a subfield of K with residue field kg C kg of cardinality
q := |kp|, choose a uniformizer 7 of F, and for any W (kr)-algebra A, write Ap := A @y (,.) OF.

Theorem 1.2. Let L/K be an arbitrary strictly* APfotension imd let k1, denote the residue field
of L. There is a canonical W (kr) p-subalgebra AI/K of AL .= W(E")p, depending only on L/K and
the choices F, w, such that:

(1) A’LL/K is m-adically complete and separated, and closed for the weak topology on 11;:

(2) AZ/K is stable under the gq-power Frobenius automorphism of K;

(3) Via the inclusion A}
subalgebra of Ax(L).
(4) The ring AZ/K is functorial in L/K: for any strictly APF extension L'/K and any K-
embedding T : L < L' with L' /7(L) finite and of wild ramification degree a power” of ¢ = |kr|,
there is associated a canonical embedding AZ/K s Az,/K whose reduction modulo 7 is the

— A;, the residue ring Az/K/WAJr of A}JL/K 1s naturally a ki -

/K L/K

restriction of the map on norm fields induced by 7 [21, 3.1.1]; in particular, AZ/K s naturally
equipped with an action of Aut(L/K).

For general strictly APF extensions L/K, the canonical homomorphism W (kr)r — Az JK is often
an isomorphism, and our candidate ring Aj.: /K is too small; following recent work of Berger [2], we
prove that this happens, for example, whenever L/K is Galois with group that is a p-adic Lie group
admitting no abelian quotient by a finite subgroup (see Remark 5.15). Nevertheless, we isolate a large
class of (not necessarily Galois) strictly APF extensions L/K—containing each of the extensions (1)—
(3) above as special cases—for which we are able to prove that Az K provides the desired functorial

lift of the valuation ring in the norm field of L/K:

Definition 1.3. With notation above, let my be any choice of uniformizer of K, and let p(z) € O[]
be any power series satisfying ¢(0) = 0 and ¢(z) = 2? mod 7. Beginning with 7y € O, recursively

IThe strictness hypothesis guarantees that A (L) is naturally a subring of Fontaine’s ring E* := @IHIF O/ (p).

2This restriction is vacuous if q=p, i.e. if F/Q, is totally ramified
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choose 711 € O a root of ¢(x) — m;, and let L := U;K(m;). We call a strictly APF extension L/K
of this form?® a p-iterate extension.

For any p-iterate extension L/K, we prove that our candidate ring AJLr K lifts the valuation ring

Ak (L) of the norm field of L/K, up to possibly a finite, purely inseparable extension (which for
applications to p-adic Hodge theory is sufficient; see e.g. [13, 3.4.4 (a))]):

Theorem 1.4. Let L/K be a p-iterate extension. There exists u € AZ/K whose reduction modulo m is
the q%-th power of a uniformizer in Ax (L), for some integer d > 0. In particular, AEK ~ W(kr)r[u],
and the norm field X (L) is a finite, purely inseparable extension of Fl"aC(Az/K/T(’AZ/K).

Our work thus provides a unified and canonical construction of every characteristic zero lift of the
norm fields that have thus far played a foundational role in (integral) p-adic Hodge theory, and raises
the possibility of a general theory for arbitrary strictly APF extensions.

Throughout this article, we keep the following conventions and notations:

Notation 1.5. We fix a finite extension F' of Q, and a choice 7 of uniformizer of O, and we denote
by mp and kp the maximal ideal and residue field of O, respectively. We write p® = ¢ := |kp|, and for
any W (kp)-algebra A we set Ap := A @y (1) Or. When we consider a strictly APF extension L/K,
the bottom field K is assumed to contain F. We let Ky and K; denote, respectively, the maximal
unramified and tamely ramified subextensions of L/K. We let k denote the residue field of L (or
equivalently, of Kj). Our construction of AJLr K will depend implicitly on our choices F' and m, though
we suppress this in our notation.

Acknowledgments. The authors are very grateful to Laurent Berger, Jim Borger, Lars Hesselholt,
Kiran Kedlaya, Abhinav Kumar, Ruochuan Liu, Jonathan Lubin, and Anders Thorup for many helpful
discussions. The first author is supported by an NSA “Young Investigator” grant (H98230-12-1-0238).
The second author is partially supported by the Danish National Research Foundation through the
Centre for Symmetry and Deformation (DNRF92).

2. GENERALIZED WITT VECTORS

Let F,q,7m,¢(x) be defined as in Notation 1.5 and Definition 1.3. Our construction of AJLF/K is

inspired by the alternative description At yLnFr W(0c,) due to the second author and Kedlaya
[10] (see also Proposition 3.4 below), in which the inverse limit is taken along the Witt vector Frobenius
map. To account for ramification and to account for g-powers instead of p-powers, we use generalized
Witt vectors.

The power series ¢ determines a unique continuous r-algebra homomorphism

Oplz] — Or[z], x — @(x).

In the special case that F' = Q,,, meaning ¢ = p and we can take m = p, then such a ring homomorphism
determines a unique ring homomorphism

Ao 2 Oplz] = W(OF[x])
which is a section to the projection map W (Op[z]) — Or[z] and which satisfies
Ap o =TFrol,,

3Together with Jonathan Lubin, the authors expect to show that the strictly APF condition is automatically satisfied
by every extension of this type.
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where Fr is the Witt vector Frobenius. In fact, a completely analogous result holds for the general fields
F/Q, considered in this paper; see Proposition 2.13. For this result, we will require a generalization
of the classical p-typical Witt vectors. These generalized Witt vectors have appeared in the work of
Drinfeld [11, §1] and Hazewinkel [15, (18.6.13)]. Our exposition follows that of Borger® in [4]. The
goal of this section is to recall the properties of these generalized Witt vectors.

Define functors o from sets to sets, from &p-algebras to sets, and from ¢p-algebras to Op-algebras
in the obvious way.

Definition 2.1. Let W (e) denote the unique functor from &r-algebras to p-algebras satisfying the
following two properties:
e The induced functor from @p-algebras to sets agrees with e,
e The ghost map W (e) — N given by
(ag,ai,as,...) — (ao,al + was, a?f +mal + n2as,...)
is a natural transformation of functors.

Remark 2.2. Perhaps the notation Wy , would be more precise. We hope the notation W is sufficient
to remind the reader that these are not the usual p-typical Witt vectors.

This defines the ring operations on Wi (R) for any &p-algebra R in the usual way: If R is m-torsion
free, then the ghost map is injective, and so the ring operations are uniquely determined by the
requirement that the ghost map be a ring homomorphism. In the general case, we take a surjection
from a m-torsion free ring S to R; we then use the ring operations on .S to define the ring operations
on R.

Proposition 2.3. The functor Wy(e) defined above exists. In particular, for any Op-algebra R,
Wr(R) is an Op-algebra.

Proof. The functor W (e) is constructed in a more abstract way in [4]. For the agreement with our
definition, see [4, §3.1]. See also page 235 of loc. cit. for a more direct formulation. [

Lemma 2.4. Let R denote an Or-algebra, and let a,b € R satisfy a = b mod 7', Then a¢ = b? mod
7+ In particular, if a = b mod =, then a? = b? mod 7T,

Proof. The second statement follows from the first by induction. To prove the first statement, we
write b = a + 7'z and compute

b = (a + n'z)? = a? 4+ 7%29 mod pr’
by the binomial theorem. Using that p € (7), this completes the proof. [

Proposition 2.5 (Generalized Dwork Lemma). Let R denote a m-torsion free Op-algebra, and let ¢
denote an Op-algebra homomorphism such that

¢(x) = 27 mod .
Let (y;) denote a sequence of elements such that
¢ (yi—1) = y; mod .
Then the sequence (y;) is in the image of the ghost map.

4B0rger has indicated to the authors that the constructions and arguments of his paper work equally well under the
more general hypotheses ¢(z) = 27 mod 7 for any j > 1 and »(0) = 0; we stick to the present assumptions for simplicity.
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Proof. We will construct (z;), the pre-image of (y;), inductively. Constructing zg is trivial. Now
assume we have constructed (zg,...,Z,—1). Then we wish to choose z,, such that

n .

j 4"
E 7T]$j = Yn.
§=0

We know by our inductive hypothesis that

n—1 ) .
S it .
j=0
Applying ¢ to both sides
n—1
. n—1—j
> g (x)) = ¢(Yn—1)-
j=0

q

; mod 7, and so by

The right side is congruent to i, modulo 7™. On the other hand, ¢(z;) = «
n—1-j n—j
Lemma 2.4, ¢(z;)?" 7 = a]
n—1 n—1

Zﬁjgb(wj)qn_l_j = 7Tj$§

=0 =0

mod 7”7, This shows

Hence we can find z,, such that
n
a7 _
g ™aL; =Y,
=0

which completes the construction. |

Definition 2.6 ([4, §1.7]). The generalized Witt vector Frobenius is the unique natural transformation
Fr: Wr(e) — W;(e) which has the following effect on ghost components:
(ao, ai,az, .. ) — (al,ag, .. )

In particular, for any fixed &p-algebra A, the map Fr: W, (A) — W;(A) is an Op-algebra homomor-
phism.
Definition 2.7 ([4, §3.7]). The generalized Witt vector Verschiebung V is defined on Witt vector
components by

(ao, a,az, .. ) — (0, ap,at, . . )
It is Op-linear but not multiplicative.

Lemma 2.8. The Witt vector Frobenius has the following description in terms of Witt components:

(ag,a1,...) = (ag + 7 folao, a1), ad + 7 fi(ao, a1, a2), .. .).

In other words, for arbitrary i, the i-th Witt component of Fr(a) has the form al + 7 f;, where f;
is some universal polynomial over Uy in the variables ag, ..., a;+1. Moreover, f; is homogeneous of
degree ¢"1 under the weighting in which a; has weight ¢’ .

Proof. The proof of the analogous result in the p-typical case [9, Lemma 1.4] easily adapts to this
case. The idea for proving homogeneity is to use induction and the fact that the ghost components
have this property. See also [4, Lemma 3.2] for a proof of everything except homogeneity. |
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Lemma 2.9. If R is any Op-algebra, we have FrV = 7, where m on the right side refers to the map
Wr(R) — Wr(R) given by multiplication by 7. If R is a kp = Op/7m-algebra, then we furthermore
have VFr =FrV = .

Proof. The fact that FrV = 7 is clear in terms of ghost components. Using Lemma 2.8, it is clear in
terms of Witt components that when 7 = 0 in R, then FrV = V Fr. |

Corollary 2.10. If the Op-algebra R is a kp = OF/m-algebra, then multiplication by ™ on Wr(R)
has the following effect on Witt coordinates:

7 (ag,a1,az,...) — (0,ad,af,...).

Proposition 2.11. If the Or-algebra R is a perfect kp-algebra, then Wr(R) is the unique m-adically
complete and separated mw-torsion free Op-algebra which satisfies Wr(R)/7Wr(R) = R.

Proof. Corollary 2.10 makes it clear that when R is a kp-algebra for which the ¢g-power map is injective,
then W (R) is m-torsion free, m-adically complete, and m-adically separated. This corollary, together
with surjectivity of the g-power map, also makes it clear that 7W (R) = V(W (R)), and so the residue
ring is isomorphic to R.

It remains to prove that W;(R) is the unique such ring. The proof is similar to the usual proof
for Witt vectors; see for example [20, §IL.5]. The idea is to first note that if « = b mod 7, then
a? = b9 mod 7’ as in Lemma 2.4. Using this fact one constructs a unique family of Teichmiiller lifts,
and then notes that elements in a ring satisfying the properties of the proposition can be expressed
uniquely as 7-adic combinations of Teichmiiller lifts. |

Let ET := T&anmP Oc,/pOc,; this is a perfect ring of characteristic p and its fraction field E is
algebraically closed. By [21, §4], the norm fields which we seek to lift can be embedded naturally into
E. Note that the usual p-typical Witt vectors appear on the right side of the following corollary.

Corollary 2.12. W, (Et) = AJIQ = W(ET) QW (k) OF -
Proof. This follows from the uniqueness assertion of Proposition 2.11. [

Borger’s approach to Witt vectors emphasizes the importance of the following result. It is also of
central importance to our work, in that we use it to lift a (power of a) uniformizer for Ef /i to our

Jr
L/K
part of our construction which fails to work for arbitrary strictly APF extensions L/K.

Cohen ring A in the case that L/K is a g-iterate extension. This existence of a lift is the only

Proposition 2.13. Let R denote a w-torsion free Op-algebra, and let ¢ : R — R denote an Op-algebra
homomorphism that induces the q-power Frobenius modulo w. Then there is a unique Op-algebra
homomorphism

Ao : R — Wr(R)
which is a section to the projection Wr(R) — R, and such that

Ap o =TFrol,.
Proof. See [4, Proposition 1.9(c)]. The m-torsion free requirement in our statement of the proposition
corresponds to the “FE-flatness” condition in Borger’s paper. |
Corollary 2.14. Keep notation as in Proposition 2.13. For anyr € R, the ghost components of A, (1)
are (r, (1), 9*(r), - ..).
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Proof. Notice that for any n > 1,
Apo @™ (r) =Fr" oA, (r).

Consider the first Witt component (which is also the first ghost component) of both sides. Consider
the left-hand side first. Because A, is a section to the first Witt component, we have that this first
Witt component is ¢™(r). Now consider the right-hand side. By the definition of the Witt vector
Frobenius (Definition 2.6), the first ghost component of Fr" o\, (r) is the (n + 1)-st ghost component
of Ay(r). This completes the proof. [

The preceding results, especially Proposition 2.13, are the fundamental properties we will require
of Wr(R). We conclude this section with several lemmas of a more technical nature which we will
require in our proofs.

Lemma 2.15. If x = (zg,71,%2,...) € Wr(R) is divisible by 7, then x; € m" IR for all 0 < j < i.
Proof. This follows easily using induction and ghost components. |
Lemma 2.16. If the Op-algebra R is w-torsion free, then Wr(R) is also m-torsion free.

Proof. If mx = 0 for z € W;(R), then at least the component z( is zero (because R is assumed
m-torsion free). But using the fact that Verschiebung is injective and &'p-linear, we reduce to this
case. |

Lemma 2.17. If the Op-algebra R is w-adically separated, then Wy (R) is w-adically separated.

Proof. Assume x € Wr(R) is non-zero, and say for example that x; # 0. Then by the assumption
that R is m-adically separated, we know that z; ¢ 7V R for some suitably large N. But then by
Lemma 2.15, we know that = & /N W, (R). [ |

Remark 2.18. The authors suspect that when R is w-adically complete and w-adically separated, then
W (R) is also m-adically complete. It is not hard to find a candidate limit by working componentwise,
but proving it is actually the limit seems difficult, because w-divisibility of elements in W (R) seems
difficult to detect when R is m-torsion free.

Lemma 2.19. Let (R, m) denote a complete local Op-algebra such that m € m. Let zq,zq,... € Wx(R)
denote a sequence of Witt vectors such that the ghost components

(xio, Tily - - ) S RN

converge termwise to some sequence (Toc0, Tools---). Lhen there is a Witt vector x., € W(R) whose
ghost components are equal to (Toc0, Tools - --). In fact, the Witt vector components of xy,z,,... con-
verge termwise to .

Proof. We work momentarily in R; := R [%] In this setting, the ghost map Wy(R,;) — RN is
an isomorphism, and the inverse is given in terms of sequences of polynomials. In particular, the
components of the inverse map are m-adically continuous functions. The element z exists in Wr(Rx),
and its components are m-adic limits of elements in R. Hence its components are themselves elements
of R, and the claim follows. |
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3. WITT VECTOR CONSTRUCTIONS

As in Notation 1.5, let F//Q, be a finite extension, ¢ := |kp| its residue cardinality, and = a uni-
formizer of Op. Let W (R) denote generalized Witt vectors with coefficients in R, as in Definition 2.1.
Consider the inverse system lim Wr(Oc, ), where the transition maps are the Witt vector Frobenius
as in Definition 2.6. We first note that this Witt vector inverse limit enjoys the same functoriality
properties as the Witt vectors.

Remark 3.1. Let v : Oc, — Oc, denote any Op-algebra homomorphism. This extends to a ring
homomorphism Wi () : Wr(Oc,) — Wx(Oc,) by Witt vector functoriality, and because the compo-
nents of the Witt vector Frobenius are defined by polynomials with coefficients in & (Lemma 2.8),
we have that Fr oW, () = Wy (v) o Fr. Hence ~ induces a ring homomorphism

W We(Ocp) = ImWe(Ocp), (21,24, ) = (We(9)(@1), Wa(V)(2g), - )
Fr Fr

There is also a natural action of Fr on lim Wr(Oc,.), defined as follows.
Definition 3.2. Define the Frobenius ring homomorphism on @Fr Wr(Oc,) by the formula
Fr: lim Wr(Oc,) — lim Wr(0c,.), (z1, 220, .) = (Fr(zy), 21,24 - ).
Fr Fr

This definition is equivalent to applying Fr to each entry in the inverse system.

Despite the fact that the Witt vector Frobenius Fr : W (0¢,) = Wx(Oc,.) is neither injective nor
surjective, the above map Fr : @Fr Wr(Oc,) — @Fr Wr(Oc,.) is an automorphism.

Lemma 3.3. The ring homomorphism Fr of Definition 3.2 is an automorphism.
Proof. Tt’s clear that the left-shift map
(ihgq? . ) = (£q7£q2a - )

is a two-sided inverse to Fr. Hence the ring homomorphism Fr is bijective, hence an isomorphism. H

We will now use this Witt vector inverse limit construction to describe a familiar ring from p-adic
Hodge theory. Recall the perfect characteristic p ring ET described above Corollary 2.12.

Proposition 3.4 ([10, Proposition 4.5]). There are canonical isomorphisms

lim Wr(6,) 3 lim Wi(Gcy /() S Wallim Oc,./ (7)) 5 W(E) @y O = Al
Fr Fr

Here the transition maps in @ﬁCF/(W) are the g-power Frobenius, and only the Witt vectors in the
right-most term are the classical p-typical Witt vectors; all other Witt vectors are the generalized Witt
vectors as in Definition 2.1.

Note that the statement that these isomorphisms are canonical includes equivariance with respect
to the action of the absolute Galois group of F' on every term.

Proof. The ring &iﬂ Oc /() is isomorphic to E* (¢f. the proof of Proposition 4.2), which is a perfect
kp-algebra of characteristic p. Hence the final isomorphism follows from Proposition 2.11. Thus we
concentrate on the first two maps.
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The map w is induced by functoriality of Witt vectors. We check that it is injective. Write an
element x € lim W3 (0c,.) as (z,), where z,; € W;(0c,) and where Fr"(z,i4n) = z,. Using the
definition of treWitt vector Frobenius, we obtain the equation

n
. n—j .
(3.5) Tyig = ijxgi+nj (i,n > 0).
7=0

Suppose now that @(z) = 0. This implies that v(z,;) > 1 for all i,j > 0, where we write v for the
m-adic valuation on Oc,. By (3.5), for all i,n > 0, we have v(z,) > n because j + ¢"~7 > n for
0 < j < n. Hence Tgig = 0 for all 4 > 0. If for some n we have Tgij = 0 for all 7 and all j < n, then
from (3.5) we immediately obtain x:, = 0 for all i > 0. We thus conclude that z,; = 0 for all 7, j > 0,
so w is injective.

To see that @ is surjective, we construct a preimage of z € lim Wr(Oc,/(m)). For each i,j > 0,
choose any lift y,:; € Oc, of v,; € Oc,/(m), and put Y = (Ygi0: Ygi1s - --) € Wa(Oc,.). Using the
polynomials expressing Frobenius in terms of Witt components (Lemma 2.8), one can check that for
each 7,5 > 0, as k — oo, the j-th Witt component of Frk(yqi 1) converges m-adically to some limit

zgij- These define an element z € lim Wi (Oc, ) with w(z) = z.

Having proved that w is an isomorphism, we now consider the map «, which we must first define.
For z € lim_ Wr(Ocp/(m)), the sequence y. = (x1i, gi, Ty24, - - - ) defines an element of lim Oc,/(m)
because the Witt vector Frobenius on W(&¢,, /(7)) is the map which in each coordinate sends x — x9.
Using the polynomials defining the ring operations on generalized Witt vectors [4, §1.19], we can check
that setting a(z) = (y,,y,,.--) in W(l&l Oc,/(m)) defines a ring homomorphism. Finally, the map
a is clearly injective and surjective, as it simply involves permuting certain indices. This completes
the proof. |

Remark 3.6. Recall that the weak topology on W(E') is obtained by identifying W (E*) with [JE*
(as a set), and equipping the latter with the product topology, where each factor is given its valuation
topology. In terms of @ Wr(Oc, ), this corresponds to the coarsest topology such that the maps

I&HW(ﬁCF) - I&H ﬁCF/(ﬂ-)v (gl,gq,gq% c) (flﬁj%”jq%?' »
Fr T

(which are not ring maps if j > 0) are continuous for all j > 0.

Recall that we write ¢ = p®. Using the fact that modulo 7, the Witt vector Frobenius is the same
as raising each coordinate to the g-th power, one can check that our map Fr defined in Definition 3.2
agrees with the map Fr* ®1 on W (E™) ®w (kp) OF, via the isomorphism in Proposition 3.4.

Definition 3.7. For an element z,; € Oc,., write Z,; for its image in Oc, /(). Let 3 denote the
ring homomorphism

5:I'£1W7r(ﬁcl,)—> 1&1 ﬁCF/(ﬂ'), @H(Elhfql,fqzh...).
Fr Tzl

Remark 3.8. Under the isomorphism

lim W (0c,) = W(EY) @y () O = Af.
Fr

from Proposition 3.4, the ring homomorphism 3 corresponds to reduction modulo the ideal generated
by 1 ® w. In terms of W, (E™), the map § corresponds to projection onto the first Witt component
(or equivalently, onto the first ghost component).
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Proposition 3.4 allows us to relate lim Wr(0c¢,) to At = W(E"). One pleasant feature of this
comparison is that it provides a simple description of the # map from p-adic Hodge theory. We first
recall this map.

Definition 3.9. Define the 6 map

9W<£n ﬁCF/(ﬂ')> —)ﬁCF’ Zpi[ai]Hpijirganpfv

TP

where a;; is the j-th term in the inverse system corresponding to a;, and where a;; is any lift from
Oc,/(m) to Oc,.. If we replace the transition maps z — zP by z +— 29, the map becomes

: i, i lim o
Q.Zp [a;] — p jlgéloam .
For ramified Witt vectors, this becomes
. i i1 ~qJ
0: W (;,_%1(1 ﬁCF/(TF)> QW (kg) Or — Oc,, Z?T [a;] — ZT( jlgjgoaijq .

Proposition 3.10. For an element x € lim Wr(Ocy), write (21,2, ...,24,...) for the Witt vectors
in this inverse system and write xy; for the j-th Witt component of the Witt vector z,i. Define 6 to
be the ring homomorphism

GI@Wn(ﬁcp)%ﬁcp, T > Tgo-
Fr

Under the isomorphisms of Proposition 3.4, this induces the same map 0 as in Definition 3.9.
Proof. We adapt the argument [10, Proposition 5.8] which is due to Ruochuan Liu. Assume
a= Zﬂi[ai] € W(ET) @w(ry) OF

corresponds to an element x € limFr Wr(Oc, ) under the isomorphisms of Proposition 3.4. Recall that
we let a;; denote an arbitrary lift of a;; € O¢, /(7) to Oc,.. To prove the proposition, we will describe

_ i i
O(a) = ZT[‘ ]15210 agj
in terms of the coordinates of x € l'&lﬁ Wr(Oc,.). If we view a as an element of W (l'glexq ﬁcp),

then by Corollary 2.10 it has coordinates (ay, af, ag2, ...). By definition of the maps w, « in Propo-

sition 3.4, we find that z4; is a lift of ag;. Then we can take xg+i; for a;;, our lift of a;;. We then
compute

S J

S g ) g
E 7 lim a;% = lim E g’
. Jj—o0 Jj—o0 4
=0 1=0

J v

. ; J

= lim E m'al .

j—00 g
=0

J o
. g
= lim g 7TZ£L‘q7-. .
j—ro0 gt
1=0
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The term ZLO 77%32: € Ucy, is the j-th ghost component of the Witt vector z ;. If we write w; for
this ghost component, then the above limit becomes

= lim w;(z,,).

Jim wj(z4)
Because z € @Fr Wr(Oc,), we have Fr@qj) = Z,-1. By the definition of the Frobenius map
(Definition 2.6), we find that w;(z,;) is independent of j. Taking j = 0 completes the proof. |

4. NORM RINGS

Let L/K denote an arbitrary strictly APF extension. Recall [21, 1.4] that canonically attached to
L/K is the sequence of ramification breaks {by, }m>0: this is the increasing sequence of real numbers b
for which GEI’(%G L# GI;(G 1, for all € > 0. Let K be the maximal unramified extension of K contained
in L, and for m > 0 denote by K, the fixed field of GI;;" G, acting on K; it is a subfield of L of finite
degree over K with the property that K, 1/K, is elementary of level in, := W /i (bn), where Wy p is
the transition function of Herbrand as in [21, 1.2.1]. Following [21, 1.4], we call { K}, }m>0 the tower of
elementary extensions associated to L/K, and for m > 1 we write r,, for the unique positive integer
determined by p'™ = [K,, : K1].

Lemma 4.1. Each K,, is preserved by Aut(L/K). In particular, when L/K is Galois, so is K., /K.

Proof. Fix o € Aut(L/K), and let & € G be any extension of o to an automorphism of K. Then
7 1GGLe = (671G E) (671G Le) = Ghr Gy

as Gi? is normal in Gx and G, is stable under conjugation by any automorphism of K that preserves
L. The result follows. u

Let us recall the definition of the perfect norm field associated to L/K:

Proposition 4.2. Let a C O, be any ideal with the property that the a-adic and p-adic topologies on
01, coincide. Then reduction modulo a induces a multiplicative bijection

(43) mxi—)xl’ ﬁi e @x»—mp ﬁL/a‘

In particular, EE/K = yinx»—mp O'1/a is naturally a subring of E* that is independent of a.

Proof. This is standard (e.g. [7, Proposition 4.3.1]): if (zp)n € ]TZI/K, then for any choices of lifts

Tp € O of x,, our hypotheses on a ensure that the a-adic and p-adic topologies on 07 coincide,
so for each fixed n, the sequence {fﬁim}m converges to an element y;,, of 07 that is independent of
these choices with the resulting sequence {y,}, compatible under the p-power map. The association

Ty ~ Yp gives the desired inverse mapping to (4.3). The rest of the Proposition follows easily. |

The strictness hypothesis on the APF extension L/K amounts to the assumption that the quantities
in/[Kn+1 : Ky] are bounded below by a positive constant, and we define the constants [21, 1.2.1, 1.4.1]

(4.4) ¢(L/Ky,) := inf 2771

Denote by b the ideal of &7, defined by
(4.5) b:={a€ 0 : vk, (a) > c(L/K1)}.
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If a is any ideal of O, then for any extension E of K7 contained in L we write ag := anN Of for the
induced ideal of @, which is visibly the kernel of the canonical map 0 — 0 — Or/a. For any
subfields E' O E of L containing K, we may (and do) therefore view O /ag as a subring of Op//ag.

Definition 4.6. Let L/K be an infinite and strictly APF extension, and let a C &, be any ideal such
that a®¥ C b C a for some integer N > 1. We define

TP

Ez/K(a) = {(:L‘n) € lim Op/a : ., €im (0O, [ag, < Or/a) for all m}

+ — ET

For ease of notation, we set EL/K : LK

(b) and Ep ) = Frac(Ez/K).

y definition, is a subring o E —depending only on —which, thanks to Lemma 4.1,
By definition, E; ;. i bring of E} ,—depend ly on L/K—which, thanks to L 4.1

is stable under the natural coordinate-wise action of Aut(L/K) on Ez K
Let Xk (L) be the imperfect norm field attached to L/K as in [21, §2.1]. For each finite intermediate

extension F/K1, define
-1

47 r(B) = [(p )
p

Due to [21, 2.2.3.1], the integers r(E) are nondecreasing and tend to infinity with respect to the directed
set &7/1¢, of intermediate extensions L 2 E 2 K that are finite over K1. Let s := {s(E)}ges, i,

Z(L/E)-‘ where i(L/E) :=sup{i > -1 : GG = GEg}.

be any fixed choice of positive integers s(E) < r(E) with s(E) nondecreasing and tending to infinity
(with respect to @@L/Kl)- Thanks to [21, 2.2.1, 2.2.3.3], the norm maps induce ring homomorphisms

Nmp/ /g ﬁE//msE(,E,) — ﬁE/mSE(E) by and we put

(4.8) A(L)s:= lim  Op/my?.
EEgL/Kl

Lemma 4.9. Let r := {r(E)}ges, ., andlet s :={s(E)}pes, ., be any choice of positive integers as
above. Then the natural reduction map A (L), — A (L)s is an isomorphism of rings; in particular,
the ring Ax (L) := Ak (L) is independent of the choice of s. Moreover, Ak (L) is canonically identified
with the valuation ring of the norm field X (L).

Proof. Given a norm compatible sequence (zg)g € @ Og/ mSE(E), we choose for each n an arbitrary
lift g € OF of g, and we set yp := @E, NmE//E(EEE/); this limit exists and is independent of
E€L/E

the choices of lifts Zgs by the proof 2.3.2 of [21, Proposition 2.3.1]. By construction, (yg mod mTE(E))E

is then a norm compatible sequence in l'&nNm O /m%(E) lifting the given sequence (zg)g, and the

association (xg)g — (yg)g provides the desired inverse to the reduction map A (L), — A (L)s; see
[21, §2.3] for further details. That Ax (L) is canonically identified with the valuation ring of X (L) is
[21, Proposition 2.3.1]. |

By 4.4, we have
i(Kn+1/Kn)
(K10 K1

and it follows that r(K,) > [(p—1)[K,, : Ki]e(L/K7)]. In particular, the sequence of positive integers
s(Ky) = [[Kn : Ki]e(L/K1)] has s(K,) < r(K,), is nondecreasing and tends to infinity with n.

i(L/Kn) = i(Kny1/Kn) = [Kny1 1 K1 > [Knt1 0 Ki]e(L/Ky),
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Furthermore, as the value group of vk, is Z, we have by definition (4.5) of b
b, = {2 € Ok, : vk, (2) > [Kn: Ki]e(L/K1)} = mic )

If a C 0y is any ideal with a®¥ C b C a, then for any F € &1k, we have ag C (aMg C bg C ag,
so defining integers sq(F) by ag = m?(E) we have sq(Kp) < s(K,) < Nsq(K,,) and the sequence
{34(Kp)}n tends to infinity with n and has sq(K,,) < r(K,). We claim that the sequence s,(K},) is
nondecreasing. To see this, let E'/E denote any two fields in &7, /K- We then have

(E) sa(E) sa(E")

msEa :aE:aElmﬁE‘:mE/ mﬁE;(mElmﬁE)sa(El):mE 7

comparing the left and right sides shows that sq(E) < sq(E’), as desired.

We thus obtain natural maps of rings

forget

d iCI(*)
(410)  lm  Op/my” lim O, /mi R i O, fmie ™ = Tim O, Jag,
Ee€&y /i ,Nm n,Nm n,Nm n,Nm

Lemma 4.11. The maps (4.10) are ring isomorphisms.

Proof. The first is an isomorphism as {Kp} is cofinal in the directed system &7/, of intermediate
extensions L/FE/K. That the second is an isomorphism follows from the proof of Lemma 4.9. |

Corollary 4.12. For any ideal a C O, with a¥ C b C a for some integer N, there is a canonical iso-
morphism of rings A (L) ~ EZ/K(a). In particular, EZ/K(CL) o~ E}L_/K and these rings all correspond
to the same subring of ET.

Proof. As the sequence {r,,} is cofinal in N, the forgetful map induces an isomorphism of rings

(4.13) E} k(@) = {(za) : 2, € Ok, /ak,, and glfnifn—1l — 2 inside 0, /al.

On the other hand, we claim that Nmg, ./, (@) — alfn+1:Knl € p Ca for all @ € OF,,,,, so that the
right sides of (4.10) and (4.13) are equal. In other words, we claim that

VK, (NmKnH/KH (a) — OK[K"“:K"]) > c(L/Ky).
This follows from
UKy <NmKn+1/Kn (@) — a[KnH:Kn]) > c(Kn+1/Kn) > ¢(L/Ky) > (L) K1)[Ky : Ki],

with the first two inequalities given by 4.2.2.1 and 1.2.3 (iv) of [21], respectively, and the final inequality
following immediately from the definition (4.4) of ¢(L/K,,). This completes the proof of the claim.
We have subrings

EZ/K(b) < EE/K(C‘) CE",

with the first inclusion given by reduction modulo a in each coordinate. On the other hand, as
observed in the previous paragraph, these first two rings are equal to the rings Ag (L)s, and Ag(L)s,,
respectively. We then in fact have

E} (b)) =E] (a) CET,

by Lemma 4.11. [ ]



14 BRYDEN CAIS AND CHRISTOPHER DAVIS

If K' e & /i if any finite extension of K contained in L, then as the finite subextensions of L/K "and
L/K are co-final among each other, there is a canonical isomorphism of abstract rings Ax (L) ~ Ak (L)
cf. [21, 2.1.4]. We warn the 1reader7 however, that the embedding of Ay (L) into ET described in [21,

4.2]—whose image is exactly ET LK —is sensitive to K. More precisely:

Proposition 4.14. Let K' be a finite extension of K contained in L. Let Ky (resp., K’) be the

mazimal tamely ramified subextension of L/K (resp., L/K'). Considered as subfields of E via the
embedding described in [21, 4.2], we have that X/ (L) is a purely inseparable extension of X (L) of
degree [K{ : K1]. In particular, the group Aut(L) = Aut(L/Q,) acts naturally on Xy (L).

Proof. As abstract rings, both X (L) and Xg/(L) are isomorphic to k((z)) by [21, Théoreme 2.1.3].
Let (7g)E denote a uniformizer for either Xy (L) or Xk/(L); we may choose the same elements 7g in
both cases, although the index sets differ. Then the map in [21, 4.2] sends this element to the p-power

compatible sequence with n-th term
lim b, or lim

p"[E:K{]
E,[E:K1]>>0 B E,[E:K{]>>0 ‘

Thus we have subfields k((z)) C k((#')) C E, and clearly (z')51K1] = . Because K is a subextension
of the totally wildly ramified extension L/Kj, we have that [K] : K;j] is a power of p. The final
assertion follows by taking K = Q, and L/K’ arbitrary strictly APF and the fact that Aut(L) acts
naturally on Ep,/q, by the preceding constructions and discussion. This completes the proof. |

+
5. THE RING AL/K

In Section 3, we described the ring ;‘;;C using inverse limits of Witt vectors. In this section, we will
use this formulation to construct canonical rings A}f /K sitting inside of A;,C for any infinite strictly
APF extension L/K with K O F. (We remark that our ring AL/K

this dependence is suppressed from our notation.) We show in this section that the ring Az /K is always

depends on F), w as in Notation 1.5;

m-adically complete and separated, and always has residue ring contained within E7 In the special

L/K"
case that L/K is a p-iterate extension (Definition 1.3), we prove in Section 7 that Ej, /K is a finite

purely inseparable extension of Frac (Az /K / 7TAJLr / K)

The ring f)‘g /K of Proposition 4.2 is a perfect ring of characteristic p, so the classical theory of Witt

vectors suffices to lift it to a Cohen ring. In the next proposition, we put this classical description in
our “Witt inverse limit” framework.

Proposition 5.1. Let L/K be an infinite strictly APF extension, Then there is a canonical identifi-
cation

(5.2) AT = Wae(E] 1) &_W
Proof. 1t is straightforward to adapt the proof of Proposition 3.4. Note that it is important to work
with 07 instead of &7, because we require m-adic completeness. |

Remark 5.3. Note that E L/K and At LK are independent of K in the sense that for any finite extension

K'/K contained in L we have EL/K/_E KandA _AZ/K

L/ L/K'
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The following is the key definition of this paper.

Definition 5.4. Let F,7,q be as in Notation 1.5. Let K/F denote a finite extension and let L/K
be a strictly APF extension. Let {K,,}m>0 be the tower of elementary extensions of L/K defined in
Section 4. We define

AZ/K = {(ivqi)i € limWr(0z) : zy5 € Wr(Ok,,) whenever @ | [Km: Kl]} ,
Fr

viewed as a subring of Az/K C A; via Proposition 5.1.

Remark 5.5. As observed in Lemma 4.1, the elementary fields K,, are stable under the action of

Aut(L/K) on L, so the ring AZ/K carries a natural action of Aut(L/K). In particular, if L/K is

Galois, then AJLr /K is a G g-stable subring of A; that is fixed element-wise by G,

Because W (0OF) is always an Op-algebra for any intermediate field K C E C L and because the

Witt vector Frobenius Fr is an &r-algebra homomorphism, we find that Az K is an Op-algebra.

Recall that the weak topology on 11} ~ @Wﬂ(ﬁc ») was described in Remark 3.6.
Proposition 5.6. The Op-subalgebra AZ/K of _/1; 1s closed for the weak topology.

Proof. We will show that the complement is open. Let x = (gqi) denote an element in the complement.
Then there exist some indices i, j such that ¢* | [K, : Ki] and 2,; € Ok,,. Let n be such that there is
no element of Of,, congruent to z,; modulo 7" 0cp. The collection of all elements y € ILn W (Oc,)
such that vr(yi; — 24i;) > n is an open set containing x and contained in the complement of AJLr K
This completes the proof. |

Proposition 5.7. Recall that [ : 1'&11:‘lr Wr(Oc,) — E* was defined in Definition 3.7. The induced

+

map B: AT, — E* has 1mage contained in EL/K.

L/K

Proof. Let a := (b,7). This ideal satisfies the hypotheses of Corollary 4.12. By that lemma (and
using its notation), it suffices to show that for z € AZ/K, we have f(z) € EZ/K(a). We will show
B(x)y, € Ok, /() for all n. Write ¢ = p* and let s, be the smallest index such that ¢*» | [K,, : Ki].

Then by the definition of AJLF/K, we know that zgsno € Ok, . This shows that §(z)pesn € O, /(7).

Because 7, = as, — d for some d > 0, we have that 3(z),, is the p?-th power of some element in
Ok, /(m), and hence is itself in Ok, /(m), which completes the proof. [

+
L/K*

results to show that Az /K is m-adically complete and separated. Recall that Lemma 2.15 showed that
for a Witt vector € Wy(R) which is divisible by n?, then z; is divisible by 7*~J for any 0 < j < i.
The converse to this lemma is not true; for example, the first Witt component being divisible by 7= does
not imply that the Witt vector is divisible by 7. For example, V([1]) € W, (Ok) is not divisible by ,
even though its first component is zero. However, we do have the following result (whose proof was
suggested to us by Abhinav Kumar), which states that if we take a Witt vector whose first component
is divisible by 7, and apply Frobenius to it, then the result is a Witt vector which is divisible by 7.
This result will be very useful with respect to our inverse systems under Frobenius maps.

Lemma 5.8. Let R denote any Or-algebra, and let y € Wr(R) with yo € nR. Then Fr(y) € W (R).

Our next goal is to study the effect of multiplication by 7 on an element in A We will use these
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Proof. Write y = n[y/] + V (y), for some y' € R and y € Wr(R). Applying Fr to both sides, and using
the facts that Fr is an Op-algebra homomorphism (Definition 2.6) and that the composition FrV is
equal to multiplication by 7 (Lemma 2.9), immediately yields the result. |

The following proposition shows that the ring Aj.: /K satisfies many of the desired properties which
were enumerated in Theorem 1.2.

Proposition 5.9. Recall that k denotes the residue field of Or, (or, equivalently, of Ok,) and that
B @Fr Wr(Oc,) — ET was defined in Definition 3.7. The ring AI/K s a m-torsion free, w-adically

complete and separated Wy (k)-algebra. Furthermore, the map [ : AI/K — Ez/K has kernel equal to
WAJL“/K.
Proof. We first show that Aj.: /K is a Wy (k)-algebra; this is slightly harder than showing it is a Wy (kp)-

algebra. The Witt vector Frobenius Fr : W (k) — Wy (k) is an Op-algebra homomorphism which in-
duces the g-power map modulo 7. Hence using Proposition 2.13, we have a natural ring homomorphism
Afy 2 Wr(k) = Wi (Wr(k)), and the family of ring homomorphisms A, o Fr™" : Wi (k) — W (Wr(k))
are Frobenius compatible, so we have an induced map to l'&lﬁ Wr(Wx(k)). From the explicit descrip-
tion of Wy (k) given in Proposition 2.11, we know that we have a natural inclusion Wy (k) — Ok,, so
we have a natural map W (k) — l'glFr Wr(Ok,). Because Ky C K, for all n, this completes the proof
that Az/K is a Wy (k)-algebra.

Lemma 2.16 shows that AT

L/K
arated. To check that AJLr /K is m-adically complete, let 2. 2@ .. denote a m-adic Cauchy sequence

of elements in AT, .. Lemma 2.15 shows that for any i, j, the coordinates x(?.,x(%)., ... € O3 form
L/K a'j’ "'y L

is m-torsion free and Lemma 2.17 shows that Az K is m-adically sep-

a m-adic Cauchy sequence. The resulting limits form a Frobenius-compatible system of Witt vectors
in Wr(07), because the definition of Fr in terms of coordinates involves polynomials over Or by
Lemma 2.8, and such polynomials are in particular m-adically continuous. We thus have a well-defined

candidate for the limit z € Az K On the other hand, we know that there does exist a m-adic limit
in _/i}f JK because AJLF K = W(E}f / i)» and the latter is m-adically complete. Each Witt vector z,: in

the inverse system corresponding to x has at least the same first Witt coordinate as the actual limit
(because addition and multiplication are defined in the obvious way on the first Witt coordinate). But
Lemma 5.8 and the fact that KZ K is m-adically separated shows that an element in Az /K is uniquely
determined by its sequence of first Witt components. We have shown that our m-adic Cauchy sequence
A z K> We note that each elementary subfield
K,, is a finite extension of K, and hence is m-adically complete.

Next we check that the kernel of 3 is equal to WAZ K The fact that every element divisible by

has a limit in A; K To show that the limit is in fact in A

7 is contained in the kernel of 8 follows immediately from the definitions (or from the fact that the
target is characteristic p). So to prove the reverse inclusion, let z denote an element in the kernel of
B. From the fact that 3(x) = 0, we have that x is divisible by 7 for every i. Using Lemma 5.8,
this shows that each Witt vector x,; comprising z is divisible by m. Using that W(&7;) is m-torsion
free by Lemma 2.16, we deduce that the Witt vectors z: /m are Frobenius-compatible, and hence z is
divisible by m, as required. |

Our hope is that the ring AJLr /K provides a functorial lift of the valuation ring in the norm field
of L/K in many situations. In §7, we will prove that this is indeed the case (up to a finite, purely
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inseparable extension) for a large class of strictly APF extensions. However, in many cases of interest
(e.g. when L/K is Galois with Gal(L/K) admitting no abelian quotient by a finite subgroup) our
candidate lift Az /K is too small. The remainder of this section is devoted to making this statement
precise.

Corollary 5.10. Write ET and E for AZ—/K/WAZ/K and its fraction field, respectively. If the residue
ring ET is strictly larger than k, then E; i is a finite extension of E. In particular, there is a non-
canonical isomorphism of rings Az/K ~ W, (k)[y].

Proof. By [21, Théoreme 2.1.3] and our results from Section 4, we know that E} Kk = k[x]. Let
y € (z) C k[z] denote an element in the image of ET such that ord,(y) is minimal. We can find a

lift y € AJLF/K of y of the form [y] + 7z, where z € 11; (Note that we do not claim z € AI/K.) We
have an inclusion of rings W (k) [y] C A} /- Because Al xS K'} is weakly closed (Proposition 5.6),

using our explicit description of g, we see that in fact Wi (k)[y] C Aj.: K which implies k[y] C ET.
As k((y)) C k((z)) is a finite extension of degree ord,(y) (see for example [19, Theorem 3]), the first
assertion follows.

We next claim that k((y)) = E as subrings of E; k. Consider more generally any field k((y)) C 1 C
k((z)). Any element of I N k[x] can be written uniquely in the form

ap+ a1z + -+ ap_q2"
where n := ord,(y) and where ag,...,a,—1 € k[y]. Unless a; = -+ = a,—1 = 0, one may (after
subtracting off ag) divide by y™, where m = min (ordy(a1),...,ord,(an—1)) to produce an element g

in [ such that 0 < ord;(g) < n. In the specific case | = E, this contradicts the minimality of ord(y).

This proves the claim. The embedding of rings W (k)[y] — A} /i is surjective modulo 7, and hence

is an isomorphism because the target is m-adically separated. |
Lemma 5.11. The group Aut(L) acts faithfully on X (L).

Proof. One adapts the proof of [21, Lemme 3.1.3.1]: if 7 is an automorphism acting trivially on X (L),
then in particular 7 fixes the residue field k of L and also fixes uniformizers for subfields £ C L which
are finite over K. |

Lemma 5.12. Continue to write E := Frac (AZF/K/WAX/K) and write E5P for the separable closure
of E in B . The kernel of the action of Aut(L/K) on Az/K has order at most oy /i = [E**P : E].

Proof. Let H denote the kernel of the action of Aut(L/K) on Az K We have natural maps
H — Aut(Ep/k/E) — Aut(E*P/E) — Aut(E).

The first two maps are injective (by Lemma 5.11 and the fact that E, /K /EP is purely inseparable,
respectively). The composite map H — Aut(E) is clearly trivial, by our definitions of H and E.
It thus suffices to bound the size of the kernel of the third map, and the result follows by Galois
theory. |

The reduction map & — k induces a ring homomorphism

p: AJLF/K — Wa(OL) — Wr(k),

where the first map is projection onto the first Witt vector in the inverse system.
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Lemma 5.13. Assume that the residue ring ET := AJLF/K/WAI/K 1s strictly larger than k, so that by
Corollary 5.10 we have a noncanonical isomorphism

AL = Wa(k)[l.

Then Fr(y) € ker p and for any unit u € Wr(k)[y] we have

() ()

Proof. The first result follows from

p(Fr(y)) = Fr (p(y)) = Fr(0) = 0.
The second result follows from the fact that u is a unit, and hence so are Fr(u) and p(Fr(u)/u). 1

It follows from Lemma 5.13 that if the residue ring E™ strictly contains k, then we may choose an
isomorphism AJLF/K ~ Wy (k)[y], and writing Fr(y) = a1y + - - -, the absolute value | Fr'(0)| := |a1] is
well-defined (i.e. is independent of any choices and depends only on Az / K-

Proposition 5.14. Let L/K be a strictly APF extension and suppose that the residue ring E™ strictly
contains k, so that Er,x is a finite extension of E. Let oy /i be the separable degree of EL/K/E, and
suppose that |Fr'(0)] # 0. There is a natural homomorphism of groups Aut(L/K) — Wy(k)™ with
finite kernel of order at most oy ic. In particular, if Ep i is a purely inseparable extension of E, then

Aut(L/K) is abelian.

Proof. Lemma 5.12 shows that the kernel H of the action of Aut(L/K) on AZ/K
or k- By Corollary 5.10 and our hypotheses, we thus have a power series ring Wx(k)[y] equipped
with an endomorphism Fr determined by Fr(y) = fiy + --- with f; # 0 and a commuting, faithful
action of the group G := Aut(L/K)/H. Put E := Frac(W,(k)). Under these circumstances, we prove
that G is isomorphic to a subgroup of Wy (k)* and is in particular abelian. For each g € G, we have
gu = aj1(g)u+ --- with a1(g) # 0 as G acts by automorphisms. As in the proof of [2, Theorem 4.1],
there is a unique power series A(u) := aju+--- € EJu] with a; = 1 which satisfies A(Fr(u)) = f1A(u)
(¢f. [18, Proposition 1.2]). As the action of G commutes with Fr, we have

ai(g) "' A(g Fr(u)) = a1(9) " A(Fr(gu)) = f1 (ar(g)”" Algu))
for all g € G, and it follows from a;(g)"'A(gu) = u + --- and the uniqueness of A that

Agu) = a1(g)A(u).
From the construction of A one sees that A(gu) = A(w) if and only if gu = w, which happens if and
only if g = 1 since G acts faithfully. We conclude that the mapping G — Wi (k)* given by g — a1(g)

is an injective homomorphism, whence G is isomorphic to a subgroup of Wi (k)* and in particular is
abelian. |

Remark 5.15. If L/K is Galois with group that is a p-adic Lie group, then one has | Ft/(0)| # 0 thanks
to [2, Lemma 4.5]. It follows that if the residue ring A} K /AT /i is strictly larger than &, then
Gal(L/K) admits an abelian quotient by a finite subgroup.

has order at most

The above results complete the proof of Theorem 1.2 (1)-(3). The proof of Theorem 1.2 (4), concern-
ing functoriality of our construction, is completed in Section 6. In Section 7, we prove Theorem 1.4,
which says that in the case that L/K is a g-iterate extension, then the norm field Ej, /K 1s a finite,
purely inseparable extension of E.
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6. FUNCTORIALITY

The goal of this section is to prove Theorem 6.9, which describes a sense in which the association

L/K ~ A}

is functorial in L. This functoriality is compatible with the functoriality of E}f K In order to prove

functoriality, we are restricted to working with finite extensions L'/L which have wild ramification
degree equal to a power of q.

Lemma 6.1. Let L/K denote a strictly APF extension and let L'/L denote a finite extension of
degree N. Let K, (respectively, K],), denote the associated elementary subfields of L/ K (respectively,
L'/K). For every n, there exists an r(n) such that K, N L = K, ).

Proof. There exists some u such that
K| = Fix(G%Gr).
Because G < G, we have (for the same u),
K! N L =Fix(G%GGr) = Fix(G%Gy).

Every such fixed field occurs in the tower of elementary extensions of L/K, which completes the
proof. |

Lemma 6.2. If LK) = L', then the natural map
s an isomorphism.

Proof. Surjectivity of the map is clear, so we concentrate on injectivity. It suffices to show that
L ®1nk, K, is a field, which we prove by showing it is an integral domain, and in particular is not a
direct sum of multiple fields.

Let u be such that K], = Fix(G%Gr/). Set K], := Fix(GY}). Then K] is a Galois extension of K,
and hence is a Galois extension of any intermediate field between itself and K. In particular, K/ is a
Galois extension of L N K,/. This implies that the natural map

(6.4) L@k K, = LK),
is injective. Because L C L', we have
LNK)=Ln(K/NnL)=LNnK],.
Using this result and flatness, we have an injective map
L®rng: K, = L®rag: K = LOragn K.

By (6.4), the right-hand side injects into a field, and hence the left-hand side L ®nx K], is an integral
domain. |

Corollary 6.5. For n sufficiently large, the degree of K/ over K| N L is independent of n.

Proof. Indeed, the previous lemma shows that if n is sufficiently large that LK, = L', then this degree
is always the degree of L'/L. [
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Corollary 6.6. For any n, let r(n) be such that K/, N L = K, (n); this is possible by Lemma 6.1. For
n sufficiently large, there exists a constant a independent of n such that

(K« K] = alK, )« K.

Proof. A calculation shows that we may take a = [K, : K,(,)]/[K] : K1] and we have already seen

n
that the numerator of this is independent of n for n sufficiently large. |

The formula stated in the previous proof, together with the descriptions of K; and K| as the
maximal tamely ramified subextensions, shows the following.

Corollary 6.7. The constant a of Corollary 6.6 is equal to the wild ramification degree of L'/ L.
Corollary 6.8. Let a denote the same constant as in Corollary 6.6. Then for all n > 1
K] : K] < a[Kr(n) s K.
Proof. The assumption that n be sufficiently large was used only only to ensure the surjectivity of
(6.3); the proof given in Lemma 6.2 shows that this map is always injective. This shows that
(K, K] < [L': L) = a[K7 : K]
for all n. Using this, we have
(K7 Ko ()| [ K (n) * K
(K7 : K]

as required. [

K, K] =

< a[K,(n) * K1,

Theorem 6.9. If L' /L has wild ramification degree a power of q, say ¢°, then the map

+ +
ALk 7 Ak
given by
(qu)i = (l;/qj)ﬁ ﬂfgﬂb =Ty

lifts the norm field map EJLF/K —ET

1/ defined in [21, 3.1.1].

Proof. By Corollary 6.7, we may write a = ¢°, where a is the constant of Corollary 6.8 and the
surrounding results. We first claim that this map does have image in AJLF, K In other words, we are
given an element

(24) € lim W (67)
Fr

such that for all j, if ¢/ | [K,, : Ki] then z,; € Ok,,, and we want to show that if ¢/** | [K}, : K{],
then z,; € Ok;. By Corollary 6.8, the condition @0 | [K! : K}] implies ¢’ | [K(ny + K1]. Hence
Ty € Ok, = Ok, NL C Ok, as required.

We now show that the given shift map does lift the functorial map on norm fields. By Corollary 4.12,
we may view the non-zero elements of EJLr /K @s norm compatible families of elements in O, for n

large enough that the statement of Corollary 6.6 holds, and similarly for L'/K. The description in
[21, 3.1.1], together with Lemma 6.2, shows that the norm field map is given by

(ZKn) = (2%2)7 Z;(,;Z = ZKr(n)'

To complete the proof, we must relate this norm-compatible description of the norm field to the
g-power compatible description of the norm field, as in our definition of EJLr K If we begin with an
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element (zg, ) of the norm field, viewed as a norm-compatible family, we may find a corresponding
g-power compatible family using the map in [21, Proposition 4.2.1]. In particular, the ¢°-component
in the g-power compatible system is equal to

. . —s—b K/ ZK/
= lim 2K,y o = lim (Z/K;L)q (KK
This is equal to the ¢*t? component of the image of (ZKg) This shows that the norm field map, in
terms of g-power compatible systems, is given again by the “b-shift” map. This is clearly compatible

with our “b-shift” map on Az KT Az, JK which completes the proof. [

7. LIFTING A UNIFORMIZER TO AT

L/K FOR @-ITERATE EXTENSIONS

Throughout this section, we fix a ¢-iterate extension L/K in the sense of Definition 1.3. This
definition includes the (likely redundant) hypothesis that L/K is strictly APF, so there is a positive
constant ¢ such that

. Vi i (w)
- [GK : G}‘(GL]

for all u. The goal of this section is to prove Theorem 1.4. This theorem says loosely that, in the
case of a (-iterate extension, the map § : AJLF/K — EJLF/K is nearly surjective. The ring EJLF/K is
noncanonically isomorphic to k[z], and our strategy is to construct a lift of some ¢?-th power of the
uniformizer z. From our assumption that L/K is a p-iterate extension, we know explicit uniformizers
m; for a tower of intermediate fields K (m;). This enables us to construct an explicit uniformizer for

EJLr K The difficulty then is to relate these elements 7; to the elementary extensions K, which appear

in the definition of Az K

(7.1)

Lemma 7.2. Let L/K denote a p-iterate extension. There exist positive constants A, B such that for
any i > 1, and any non-trivial embedding o of K(m;) into L fixing K (m;—1), we have

Aq' < ordy, (o(m;) — ;) < Bq'.
Proof. We first find an A such that
Aq' < ordy, (o(m;) — ).
We know that ¢(m;) = ¢(o(m;)), which shows that
ordy, ((o(m))? — wl) > ordy, m,
where 7 is as in the definition of a ¢-iterate extension. On the other hand,
(o(m:) — m)7 = ()7 — 7¢ mod p.

Thus
d,..
ordy, (o(m;) —m) > OT%W.
ord7r0 T

This shows that we may take A =
We now find B such that for all 4,

ordy, (o(m;) —m) < B¢'.
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Write ¢(x) = > ajz’. Let jo be the smallest index at which the minimum B := min; ordy,(ja;) is
attained. (Note that By > 0, because a; is a unit only for j = ¢.) We then claim that for i >> 0, we
have

ord,, ¢'(m;) = ord, (joajoﬂgo_l) = jo— 1+ Biq".
It suffices to show that for all j # jo and ¢ >> 0, we have
Jj—1+ordq(jaj) > jo— 1+ Bi¢'.

If j > jo, then this follows immediately from the definition of By. This leaves only the finitely
remaining values j < jo. We must show that for i sufficiently large, we have

(ordny (ja;) = Br) g" > jo = j.
and this is clear. After choosing B to account for the finitely many values of ¢ which are not sufficiently
large, we find that for every ¢ > 1, we have

ordy, ¢'(m;) < Bq'.
We now show how this implies the result. By Weierstrass preparation, we can write
e(x) = mio1 = w(x)h(z),

where h(z) is a monic polynomial of degree ¢ and where w(z) is a unit in Ok, ,)[z]. Taking the
derivative of both sides and evaluating at m; yields

¢ (mi) = w'(m)h(ms) + w(m)h' (m) = w(m) [ (mi — ().
o#id
(Here the product is over the ¢ — 1 embeddings of K (7;) into L which fix K (m;_1).) Hence we have
ordy, (m; — o(m;)) < ordy, (¢ (1)) < B¢,
as required. |
Lemma 7.3. Let 7 denote a non-trivial embedding of K (r;) into L, fixing K. Then
ordy, (1(m;) — m;) < Bq',
where B is the same as in Lemma 7.2.

Proof. We already know the result if 7 fixes K (m;_1), so choose a 7 which doesn’t fix K (m;_1). Assume
towards contradiction that
ordy, (7(m;) — m;) > Bq'.
Considering the power series ¢ which relates m; and m;_1, we then have
ordy, (1(mi—1) — mi—1) > ordy, (1(m;) — 7;) > Bq',
and so
Ordm,l(T(ﬂ'i—l) - 7Ti_1) > qufl.

Using descent on i, we reach a contradiction. |

Lemma 7.4. Let K(m;) denote the Galois closure of K(m;) over K. Let w; denote a uniformizer of
K (m;). There exists a constant B, independent of i, such that if T € Gal(K (m;)/K) is nontrivial and
acts trivially on the maximal unramified subextension. Then

ordy, (7(w;) — w;) < Bq'.
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Proof. We have
orde, (7(w;) — w;) = ordy, (m;) - ordy, (7(w;) — w;)
< ordg, (m;) - ordy, (7(m;) — ;)

(to obtain this bound, write m; as a polynomial in w; with coefficients in the maximal unramified
subextension)

< ordg, (m;) - Bq',

where the last inequality follows from Lemma 7.3. Because the degree of K(m;)/K(m;) is bounded by
(¢ — 1)! (independent of i), taking B = (¢ — 1)!B proves the inequality. |

Lemma 7.5. For any i and any x < Aq’, we have

QﬁK(Wi)/K(Mﬂ)(:U) =x.

In particular, for any i and any v < Agt!

VK () (T) = T
Proof. For the first assertion, it suffices to show that ¢ (r,)/r(x;_1) (x) = x for z < Aq¢'. By Lemma 7.2,
every embedding o of K (m;) into L which fixes K (m;_1) satisfies
ordy, (o(m;) — m;) > Ad'.
Thus using the definition of [21, §1.1.1], we see that ¢x(r,)/K(m_,)(x) = 2 for z < Ag'.
For the second assertion, we use the first assertion and the fact that for any j > 1
VL/K (mi) = VLK (ri1j) © VR (riag) /K (risgo1) © " © UK (i) [ K (i)
|
Lemma 7.6. There exists an increasing and unbounded sequence of real numbers (independent of i,7)
Ag, A1, As, ... such that for all i,j we have

1 for xz < Apg'tt

o i+1
Uity K () (@) < 1 for Ao < 1 < Agg

¢ for Aj1¢"Tt < oz < oo

Proof. Note first that for any finite extension of fields E/F, we have that 1, / p(r) < [E: F]. This

fact will be used without further comment below. ' '
Let A be defined as above. We claim that we may take A;_1 = jA — W. (Because A;_1 > 1A,

these numbers do approach infinity.) We prove this using induction on j. The claim for j = 1 follows
from Lemma 7.5, together with the fact that [K(m;1+1) : K(m;)] = g. Now assume the claim for some
fixed j — 1. Our strategy is to use the fact that

V(i) /1) () = U)K (1) <¢K<m+j-1>/z<<m>(”3)> V(i) /K () (2
together with Lemma 7.5 and the inductive hypothesis. Because
¢}<(Wi+j)/K(7Ti+j—1)(y) S ]-
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for y < A¢'t7 and
Ui (risg) K mrs 1) (¥) 4
for all y, we are finished by induction if we can show that
VK (miyy 1)/ K () (Aj-10) < Ag'H.
Using our slope bounds and (0) = 0, we know that for all z > A;_»¢"™!, we have
UK (ries 1) K () (@) < Aog™ + q(Ar — Ag)g ™+ + 7@ — Ajag™™).

Evaluating at © = A;_1¢""! and using our formula for Ao, ..., A;_1 in terms of A, we complete the
proof. |

Corollary 7.7. Let B denote some fized constant. There exists a constant D, depending on B but
independent of i, such that

Dq' > 1k (ny)(Bq).-

Proof. In the notation of Lemma 7.6, choose a j such that B¢’ < qu”l; note that this does not
depend on i. Then as a coarse bound, we have ¢L/K(m)(3qi) < ¢Bq'. Hence for D we may take ¢/ B.
Note that this is independent of 1. |

Lemma 7.8. Let K C K1 C Ky be two Galois extensions of K, with Galois groups G1,G2. Then
Fix(G4) N K7 = Fix(GY).
Proof. Let H; < G9 denote the subgroup corresponding to the field Ki; we thus have Ga/H; = Gj.
By properties of ramification groups in the upper numbering, we have
(G3H1/Hy) = (G2/Hy)" = GY.
The claim follows immediately. |

Proposition 7.9. There exists a constant D, independent of i, such that K(m;) is contained in the

fized field corresponding to Gd)L/K( )GL.

Proof. Write K (m;4;) for the Galois closure of K (m;1;) over K. It suffices to show that there exists a
constant D, independent of ¢ and j, such that

K(ﬂ’z) - Fix <Gal(K(7ri+j)/K)wk(wi+j)/K°¢L/K(in)> .
By Lemma 7.8, it suffices to consider the case j = 0. We want to show that if o(m;) # m;, then

g ¢ Gal (WZ)/K)%/KoqﬁL/K(in) - Gal( (771 /K)W/K(w oL K (n; )(Dq )
Because 9(z) > x, it suffices to prove that there exists a D, independent of i, such that

g € Gal( (W’)/K)¢L/K(wi)(in)’
By Lemma 7.4, we know
o & Gal(K (Wl)/K)B i
Because ¢/ (x,) 18 an increasing function, it suffices to show that there exists a constant D, indepen-
dent of i, such that

Dq' > 1k (ny)(Bd').-
We are finished by Corollary 7.7. |
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Lemma 7.10. There exists a constant N, independent of i, such that

(

Dq’ ,
Gk : GiL/K ? )GL] < N¢'

for all i.
Proof. By (7.1), using the fact that 1,/ is the inverse to ¢, /x, we have

Di
Gr) < Cq'

Thus we may take N = D/c. [ |

(Dg)

G - GRS

Let D be as in Proposition 7.9. Let v; := ¢r,, x(Dq') and let F; denote the fixed field corresponding
to G%GL.

Lemma 7.11. There does not exist an infinite sequence 0 = ig < i1 < iy < --- such that

[Fy,., : Fy] > gl

for all j.

Proof. By Proposition 7.9, we know that K(m;) C F;. We also know that [K(7;) : K] = ¢* for all i.
By these observations and Lemma 7.10, we have that

¢ | [F;: K] and [F;: K] < N¢'

for all 7.

Now assume towards contradiction that there does exist a sequence as in the statement of the lemma.
We have [F;, : Fy] > ¢%, and also ¢* | [F}, : Fy), so [F}, : Fo] > 2¢"t. We also have [F}, : Fj,] > ¢4,
so [Fy, : Fy] > 2¢%, and also ¢*2 | [F}, : Fyl, so [F, : Fy] > 3¢™. Continuing in this way, we eventually
pass Nq', and thus reach a contradiction. |

Corollary 7.12. There exists an ig >> 0 such that [Fi 1j : Fy,] < ¢ for all j. In particular, there
exists a field K; in the tower of elementary extensions such that

q" | [Kiyj : Ki
implies Tig4m € Kitj.

Proof. The first assertion follows immediately from Lemma 7.11. We now prove the second assertion.
Notice that each of the fields F};, being the fixed field of G%G L, occurs in the tower of elementary
extensions, since the tower of elementary extensions contains the fixed field of G% G/, for every v. Take
K; = F;,. We know that m;,4; € Fj,1; by Proposition 7.9, and we know that Fj,;; occurs somewhere
in the tower of elementary extensions. Because [Fi,+m : Ki] = [Fig+m : Fi,] < ¢, we deduce that if
qm" | [Ki—i-j : KZ], then Tio+m € Fio-‘,-m - Ki+j7 as required. |

The preceding results provide a connection between the elementary fields K,, and the fields K (m;).
The fields K,, are important because of their appearance in the definition of A’LL /K (and because they
are canonically associated to the extension L/K'). The fields K (m;) are important because in each such
field we know an explicit uniformizer 7;, and from these uniformizers we can produce a uniformizer

+
for EL/K'
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Lemma 7.13. Let b be as in (4.5) and let a = (m,b). Let ¢ = p*. A uniformizer for EJLF/K is given

by the p-power compatible system in
@ ﬁL/a
TP
which has ai component equal to m; mod a.

Proof. Using that the system of fields K (m;) is cofinal among the system of all intermediate fields
between L and K, we may express the valuation ring inside of X (L) as @Nm Ok (x;)- Using Weier-
strass preparation, write p(z) = w(x)h(x), where w(z) € Op[x] is a unit and where h(x) is a monic
degree ¢ polynomial with no constant term. Because ¢(z) = 2? mod 7, we must have w(z) = 1 mod .
Because ¢(m;) = m;—1, we must have that h(m;) = m;—1 mod 7.

Let fi(r) = x?mod ;1 € Ok, ,)[7] denote the minimal polynomial for m; over K(m;—1). We
compare this polynomial to h(z) — m;—1. Write

fz(.%') — (h(x) — 7Ti_1) = alxq_l +---taq € ﬁK(m,l)[x]'

Evaluating this polynomial at 7; yields a sum of g elements of Ok (r,) which have distinct ;-valuations.
On the other hand, evaluating this polynomial at 7; yields an element divisible by 7. This shows that
each of the ¢ terms, and in particular the constant term, must be divisible by 7. We deduce that the
constant term of f;(z) differs from —m;—1 by a multiple of 7. In particular, Nmg(r,)/x(r,_;)(mi) =
mi—1 mod 7. (This holds for both p = 2 and for p odd.) Thus, for the ideal a as in the statement of
the lemma, we have that the elements (7; mod a) are norm-compatible. As in the proof of Lemma 4.9,
this sequence lifts to a norm-compatible family of uniformizers, which in turn is a uniformizer for
E] k- |

Recall that the map 8 was defined in Definition 3.7 (see also Proposition 5.7). The following result
shows that the image of 8 contains the uniformizer of Lemma 7.13 raised to some power of q.

Proposition 7.14. Fori > 0, set m_; := ©'(m). There exists some iy > 0 and some x € AZ/K such
that f(z) = (mp—i, mod b),,.

Proof. We first show that there exists a Frobenius-compatible family of elements z,, € Wx(Ok(x,))
such that their first components satisfy

Tno — Tp.
Consider the unique continuous Og-algebra homomorphism ¢ : Op[x] — Op[z] which sends z to
¢(z). By Proposition 2.13, there is a unique ring homomorphism

)\90 : ﬁp[[a:]] — Wﬂ(ﬁp[[a?]])

which is a section to the projection Wr(O0r[z]) = Or[z] and which satisfies Fro\, = A, 0 p. By
Corollary 2.14, the element A,(z) has ghost components (z,¢(z),¢?(z),...). Now for any n, con-
sider the Op-algebra homomorphism Op[z] — Ok(s,) determined by z + m,. This determines a
map Wr(Ofp[x]) = Wa(Ok(x,)). Because the ghost components are defined by polynomials with
coefficients in O, we see that the composite

Orplz] = Wr(OF[z]) = Wi(Ok(r,))

sends x to a Witt vector with ghost components (7, ©(7,), ©*(70n), - . .) = (Tn, Tn_1, - - -, 70, ©(70)5 - - .)-
We define z,, to be the image of x under this composite. In particular, z,9 = m,, and Fr(z,,) = x
This completes our construction of the elements x,, € Wr(Ok (x,))-

n—1-
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To construct the desired element in AJLr /K> We need to work with the elementary subfields K,,,
rather than the fields K (m,). Let K; be is as in Corollary 7.12, and let i; be such that [K; : Ki] | ¢".
Using notation of the previous paragraph and the statement of the proposition, we claim that (z,,_;, )n,
which we know is an element of K*’, is in fact an element of A}f K Recalling the definition of Aj.: K
we need to show that if ¢" | [K,, : Ki], then m,_;, € K,,,. We deduce this as follows:

q" | [Km : Ki]
qn ‘ [Km . Kz][Kz . Kl]
¢ | (K ¢ K
and by Corollary 7.12, this implies

Tig+n—i; € Kma

and in particular m,—;, € OF,,. This completes the proof, at least for n —i; > 0, but if n — i1 <0,
then m,_;, = "' "(mg) € O C O, for all m. [ |

Proposition 7.15. As subrings of E+, we have AZ/K/WAZ/K C EZ/K’ and moreover Ep e is a

finite purely inseparable extension of Frac (AI/K/WAJLF/K).
Proof. The inclusion Az /K /WAZ kS Ez /K follows from Proposition 5.7. We know that Ez K18
abstractly isomorphic to kJu]. We also know that the image of § contains the coefficient ring &k by

Proposition 5.9. By Proposition 7.14, we know that there exists v € Az/K such that B(v) = ud™.

Because A}f /K C At s weakly closed (Proposition 5.6), we deduce that the image of 8 contains

k[u?"], which completes the proof. [ |
Proposition 7.15 immediately implies our second main theorem from the introduction, Theorem 1.4.

Remark 7.16. Continue to assume L/K is a p-iterate extension. Here we provide a significantly simpler

description of a subring of W (I?]JLr / ) = Jim Wy (€3) which lifts E;

LK Consider the continuous map

bz - Wa()[u] = lim W (67)

which sends u to (z,,)n, where z,, is the (unique) Witt vector in W (07) with ghost components
(Tny =1, - - -, T0, ©(m0), - - .). (Such Witt vectors exist by the Dwork Lemma, Proposition 2.5.) We
write A, for the image of tr. It is a m-Cohen ring for Ez /K and it is related to our ring Az /K by

P (Ay) C Aj{ K where ¢; is as in Proposition 7.14. The downside to A is that it seems to depend

+

L/K
can be canonically associated to the p-iterate extension L/K. In particular, if L/K is Galois, it is not
clear that Ay is stable under the action of G on @WW(ﬁz). Also it is not clear how to define an
analogue of A, for an arbitrary strictly APF extension L/K (i.e., for extensions other than ¢-iterate

extensions).

heavily on the choice of the elements m;, and hence it is not obvious from this point-of-view that A

Remark 7.17. Our Proposition 7.15, in conjunction with Proposition 5.14, implies that if L /K is both
a @-iterate extension and Galois, then its Galois group is necessarily abelian. It would be interesting
to prove this fact directly.
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