E-mail addresses:

taguchi@math.metro-u.ac.jp (Yuichiro Taguchi)
wan@math.psu.edu (Daqing Wan)

Running title: L-functions of φ-sheaves and Drinfeld modules

L-functions of φ-sheaves and Drinfeld modules

Y. Taguchi^1 and D. Wan^2

0. Introduction In this paper, we apply Dwork’s p-adic methods to study the meromorphic continuation and rationality of various L-functions arising from π-adic Galois representations, Drinfeld modules and φ-sheaves. As a consequence, we prove some conjectures of Goss about the rationality of the local L-function and the meromorphic continuation of the global L-function attached to a Drinfeld module.

Let F_q be a finite field of q elements with characteristic p. Let π be a prime of the polynomial ring A = F_q [t]. Let A_π be the completion of the ring A at π. This is an analogue of the classical ring Z_p of p-adic integers. Let X be an irreducible algebraic variety defined over F_q and let π_1(X) be the arithmetic fundamental group of X/F_q with respect to some base point. The group π_1(X) may be regarded as the Galois group of a separable closure of the function field of X/F_q modulo the inertia groups at the closed points of X/F_q . Suppose now that we are given a continuous π-adic representation ρ : π_1(X) −→ GL_r(A_π).

We can then define the Artin L-function of the representation in a standard manner: L(ρ, T ) := ∏ x∈X_0 1 det(I − T^{deg(x)}ρ(Frob_x)) ,

where X_0 is the set of closed points on X/F_q and Frob_x is (the conjugacy class of) a Frobenius element of π_1(X) at the closed point x. This is a formal power series with coefficients in A_π. A fundamental question is then the meromorphic continuation (as a function of π-adic variable) and rationality of such L-functions. We shall see that such L-functions arise naturally in the theory of Drinfeld modules. It is not easy to work directly with the representation ρ itself because one does not know what a typical representation looks like. There is a much more transparent category of what we call smooth (or lisse) π-adic φ-sheaves (§1), which is functorially equivalent to the category of π-adic representations so that the corresponding L-functions are the same. It is in the category of smooth π-adic φ-sheaves (more generally, a larger category of π-adic φ-sheaves) that one can see what the Frobenius image ρ(Frob_x) looks like and one can transport Dwork’s trace formula to study meromorphic continuation and rationality of L-functions. The situation is analogous to the classical p-adic case, where one has a functorial equivalence between the category of continuous p-adic representations of π_1(X) and the category of unit

1Partially supported by JSPS Postdoctoral Fellowships for Research Abroad 2Partially supported by NSF and the UNLV Faculty Development Leave Committee 1

root F -crystals on X such that the corresponding L-functions are the same, and the Dwork-Reich-Monsky trace formula is the key to the meromorphic continuation of the L-function attached to an F -crystal.

Our first goal here is to extend the results in [W1, Section 7], established only for the torus and affine space cases, to an arbitrary X. How far the L-function of a π-adic φ-sheaf can be meromorphically extended depends on a certain convergence condition of the π-adic φ-sheaf. In particular, the L-function is meromorphic everywhere if the π-adic φ-sheaf is overconvergent (Corollary 4.2). The L-function is rational if the π-adic φ-sheaf is algebraic (Theorem 4.1 (ii); see §1 for the definition of overconvergence and algebraicity). Since a Drinfeld module gives rise to an algebraic φ-sheaf with all expected properties, these results are then used to prove some conjectures of Goss [G2], which we explain next.

Suppose that X is now a scheme of finite type over A and Φ is a Drinfeld Amodule over X. We first consider the finite characteristic case (the local case), i.e., the image of the structure morphism X → Spec A is one closed point of Spec A. We think of Φ as a family of Drinfeld modules parametrized by X/F_q . Fix a closed point π of SpecA which is different from the image of the structure morphism X → SpecA. Let T_π(Φ) be the π-adic Tate module of Φ and let H^1(Φ, A_π) = Hom_{Aπ} (T_π(Φ), A_π) be the π-adic cohomology group of Φ. This is a free A_π-module on which π_1(X) acts continuously. This group action gives a continuous π-adic representation ρ_Φ of π_1(X). The local L-function L(Φ/X, T ) attached to the Drinfeld module Φ/X is defined to be the L-function of the π-adic representation ρ_Φ. For example, in the case Φ is trivial and thus the representation ρ_Φ is trivial, the local L-function is just the reduction modulo p of the classical zeta function of the scheme X/F_q , which is well known to be a rational function. Goss’ local conjecture says that the local L-function L(Φ/X, T ) is always a rational function in T . In terms of π-adic φ-sheaves, the representation ρ_Φ corresponds to a smooth algebraic π-adic φ-sheaf, since it comes from an “algebraic object” Φ. Thus, by our result on the rationality of L-functions, the local L-function L(Φ/X, T ) is indeed rational.

Suppose again that X is a scheme of finite type over A and Φ is a Drinfeld A-module over X. We now consider the global case, that is, we do not assume that the image of the structure morphism X → SpecA is a point. For each non-zero prime ideal p of A, the fiber Φp of Φ over p is a Drinfeld module over the fibre variety Xp/Fp , where Fp is the residue field A/p. Its local L-function L(Φp/Xp, T ) is rational. Following the definition of the classical Hasse-Weil zeta function of schemes over Z, Goss defines the global L-function of Φ to be

(0.1) L(Φ/X, s) := ∏ p∈(SpecA)0 1 L(Φp/Xp, p^{−s}) . We now explain what the “complex variable” s is and how to define the exponentiation p^{−s} in the above expression. We choose π_∞ = 1/t as a uniformizer of F_q (t) at infinity. Let C_∞ be the completion of an algebraic closure of F_q (t) at π_∞. The “complex plane” of Goss is the space C^×_∞ × Z_p. Any non-zero ideal a of A has a unique monic generator a(t). We set

⟨a⟩ := π^{deg(a)}_∞ a(t),

where deg(a) = deg(a(t)) is the dimension of the F_q -vector space A/a. The quantity

⟨a⟩ is an element in Fq [[π∞]]^× ⊂ C^×_∞ which is congruent to 1 modulo π∞. For

s = (z, y) ∈ C^×_∞ × Z_p and a a non-zero ideal of A, one defines

a^s := z^{deg(a)}⟨a⟩^y.

This is a well defined element of C^×_∞ . If m is an integer and s = (t^m, m) (this is the way how the rational integers are embedded into the s-plane), then a^s is simply the m-th power a(t)^m of the monic generator a(t) of a. In the special case where Φ is trivial and X is Spec A itself, the global L-function is just the following analogue of the classical Riemann zeta function: ζ(A, s) = ∏ p 1 1 − p^{−s =} ∑ a 1 a^{s ,} where p runs over all non-zero prime ideals of A and a runs over all non-zero ideals of A.

Goss’ global conjecture says that the L-function L(Φ/X, s) is meromorphic and essentially algebraic. Namely, the L-function satisfies the following three properties: (i) For each fixed y ∈ Z_p, the L-function L(Φ/X, s) viewed as a function of 1/z is π_∞-adically meromorphic everywhere. (ii) L(Φ/X, s), viewed as a family of functions parametrized by the second variable y ∈ Z_p of s, is ∞-continuous in y (see §5 for the precise meaning of this statement). (iii) At y = −j, a negative integer, the L-function L(Φ/X, s) is a rational function in 1/z. Note that in Goss’ original definition of continuity (or entireness; see [G2, 3.5.1]), he only required that the L-function be continuous in y. Recently, Goss has strengthened his formulation of continuity of the L-function. We use the strengthened form of continuity in this paper. We prove this conjecture for arbitrary X and Φ with A = F_q [t] (§8).

Goss [G1] proved that his global conjecture is true in the case where X is a curve finite over A and Φ has complex multiplication, using the Riemann-Roch theorem. First interesting unknown case will then be the case of a Drinfeld A-module over SpecA which may not have complex multiplication. If Φ is a Drinfeld A-module over an A-scheme X, we associate to Φ a matrix B with entries in O_X ⊗F_q A, which can be explicitly calculated in terms of the defining equation of Φ as in (1.3). Then it turns out that the global L-function of Φ (for the specific case X = SpecA) is expressed as

(0.2) L(Φ/A, s) = ∏ p∈(SpecA)0 1 det(1 − B(p)^{σdeg(p)−1} · · · B(p)^σB(p)p^{−s}) ,

where B(p) is the value at p (or, the reduction modulo the ideal p) of the matrix B, and B(p)^{σi} means the entry-wise application to B(p) of the q^i-th power map of the finite field Fp = A/p (so the polynomial det(1 − B(p)B(p)^σ · · · B(p)^{σdeg(p)−1} T ) has coefficients in F_q ⊗F_q A = A). Our results imply that the global L-function in (0.2) is meromorphic and essentially algebraic in the sense of Goss.

Some of the points of our proof of the above conjecture are as follows: The reason for (i) to be true is that for a fixed y, the character ⟨p⟩^{−y} defines a rank one overconvergent π-adic φ-sheaf. Thus, the L-function for a fixed y is essentially the local L-function attached to the Drinfeld module Φ on X/F_q twisted by the overconvergent abelian character ⟨p⟩^{−y}. The reason for (ii) to be true is that the family of characters ⟨p⟩^{−y} parametrized by y defines a continuous family of uniformly overconvergent π-adic φ-sheaves (§5). As for (iii), when y is a negative integer, the character ⟨p⟩^{−y} defines a rank one algebraic φ-sheaf. Since Φ defines an algebraic φ-sheaf, its twist by a rank one algebraic φ-sheaf is still algebraic. This implies that the L-function is a rational function if y is a negative integer.

Sometimes our L-functions turn out to be analytic, rather than meromorphic; we give some remarks on this phenomenon. As Lemma 4.3 shows, the local L-function, raised to the (−1)^{dim(X)−1}-st power, of an overconvergent (resp. algebraic) φ-sheaf is analytic (resp. a polynomial) if X is an affine space or a torus. This happens only in characteristic p > 0; in the characteristic 0 case ([W1]), the L-function is a ratio of two analytic functions. By reduction modulo p, one of them reduces to 1, and an analytic function remains. This implies that, if X is an affine space or a torus, then (i) the local L-funciton L(Φ/X, T ), raised to the (−1)^{dim(X)−1}-st power, of a Drinfeld module Φ is a polynomial with coefficients in A; and (ii) the global L-function L(Φ/X, s), raised to the (−1)^{dim(X/}F^{q )−1}-st power, is π-adically analytic and essentially algebraic. For example, the L-function L(Φ/A, s) in (0.2) is analytic. More generally, we conjecture the analyticity of these L-functions for affine X satisfying certain conditions; see Conjecture 4.4 for a precise formulation. The conjectured results would generalize the above (i) and (ii).

One can further twist our global L-function by an arbitrary abelian character of π_1(X) of finite order. Since an abelian character of finite order will be shown to define a rank one algebraic φ-sheaf (§10), the global conjecture is true for these twisted L-function.

All of these results carry over to the v-adic global L-function for a finite prime v of A (§9), as conjectured also by Goss.

Goss defined the exponentiation a^s of ideals and formulated his global conjecture for a general Dedekind domain A which is of the form Γ(C − ∞, O_C ), where C is a smooth projective geometrically irreducible curve over F_q ; this has been done from the view point of “A-coefficient theory” (i.e. in the spirit of Drinfeld A-modules) for a general A. We have not been able to prove Goss’ conjecture in this generality because we have been unable to show that the character ⟨P⟩^y defined in his way is overconvergent, where P is a non-zero prime ideal in A, not necessarily principal; we could use any overconvergent character to define a meromorphic L-function. On the other hand, if we follow the classical definition of the Dedekind zeta function of a number field by taking the norm of an ideal all the way down to Z, then we can define a different global L-function. For this purpose, we fix an inclusion of F_q [t] into A (to set up the context of an F_q [t]-coefficient theory with complex multiplication by A). For a prime ideal P of A lying over a prime ideal p ≠ ∞ of F_q [t], the norm N(P) is defined to be p^{deg(}P^,p^) with deg(P, p) being the extension degree of the field A/P over F_q [t]/p. We then define

(0.3) L_A(Φ/X, s) := ∏ P 1 L(ΦP/XP, N(P)^{−s}) ,

where P runs over all non-zero prime ideals of A not lying over ∞ of F_q [t]. Then the global conjecture is still true for L_A(Φ/X, s). In fact, the new function L_A(Φ/X, s) is just the same global L-function defined in (0.1) for F_q [t] if we view X as defined over F_q [t] instead of its extension A. At this point, we point out that Thakur [Th] defines several different zeta functions for general A and X = SpecA. All definitions essentially agree for A = F_q [t].

Finally, we add some remarks: (1) To prove the Goss conjecture on the meromorphy of the L-functions of Drinfeld modules, we need only overconvergent π-adic φ-sheaves and no more general objects. If we restricted ourselves to the overconvergent case, the exposition would be simpler. Nevertheless, we decided to include all results on α log-convergent π-adic φ-sheaves (which have a much weaker convergence condition; see §3) in the belief that they should appear inevitably in a deeper study of φ-sheaves. For an account of the relevance of the α log-convergent objects in characteristic 0, we refer the reader to [DS] and [W1].

(2) In the study of π-adic φ-sheaves and their L-functions (§§1–6), we deal only with the A_π-module version. By inverting π, the K_π-module version (K_π: the fraction field of A_π) is also possible. In fact, the K_π-module version may be more natural for our purpose, since the L-functions are isogeny-invariant. Also, in Section 8, we actually need to invert π = π_∞, because of the “pole” at ∞ of the φ-sheaf arising from a Drinfeld module.

Acknowledgment. The authors wish to thank the Institute for Advanced Study and the Mathematics Research Institute at The Ohio State University for their hospitality. The authors are grateful also to the referee who gave useful comments, especially on our analyticity conjecture 4.4.

Notation. All schemes denoted X (the “base scheme”) in this paper are of finite type over F_q . X_0 denotes the set of closed points on a scheme X. Since we work on schemes over a finite field F_q , we use the notation F_x to denote the residue field of a closed point x on a scheme. If A_π is a complete discrete valuation ring with a uniformizer π, then ord_π is the valuation, normalized by ord_π(π) = 1, on any algebraic extension (and its completion) of the fraction field of A_π. Also, set |?|_π := q^{−ordπ (?)}. If X is a scheme of finite type over F_q , then for a closed point x on X, deg(x) denotes the degree [F_x : F_q ] of its residue field F_x over F_q .

1. φ-sheaves Let F_q be a finite field of q elements with characteristic p. In this paper, all rings and schemes are over F_q ; all tensor products and direct products without reference to the base are over F_q . For a scheme X, we denote by Fr_X the qth power Frobenius endomorphism of X relative to F_q . Let A be a Noetherian commutative F_q -algebra (this will be the “coefficient ring” of φ-sheaves). The map Fr_X induces an endomorphism of X × SpecA, being the identity on the second factor. We denote this map also by Fr_X . Slightly abusing the notation, we write O_X ⊗ A for the structure sheaf of X × SpecA.

Definition. A φ-sheaf on X over A is a locally free (O_X ⊗ A)-module E on X × Spec A of finite rank together with an (O_X ⊗ A)-linear map φ : Fr^∗_X E → E. Equivalently, we may regard φ as a Frobenius semi-linear map φ : E → E. (Frobenius semi-linearity means that it is additive and one has φ(ae) = Fr_X (a)φ(e) for all local sections a ∈ O_X ⊗ A and e ∈ E.) A morphism of φ-sheaves is an (O_X ⊗ A)-module homomorphism which is compatible with the φ’s.

The map φ will be calld the Frobenius on E.

Let C be a smooth projective geometrically irreducible curve over F_q and let K be its function field. Let π be a closed point of C. We denote by A_π and K_π respectively the completion of the local ring of C at π with respect to the π-adic topology and the fraction field of A_π. The letter π will also denote a uniformizer of A_π. For any scheme X, set X_π = X ⊗ A_π, and X ^_π = X ^⊗A_π, the formal completion of X × C along X × {π}. The Frobenius endomorphism Fr_X of X induces endomorphisms of X × C, X ⊗ K, X_π, and X ^_π, being the identity on the second factor. We denote these maps again by Fr_X .

We will mainly be interested in φ-sheaves over A_π, i.e. in the case A = A_π. A φ-sheaf over F_q will be called a finite φ-sheaf in Section 6.

Definition. A π-adic φ-sheaf on X is a locally free O_X b_π -module E on X ^_π of finite rank together with an O_X b_π -linear map φ : Fr^∗_X E → E. A morphism of π-adic φ-sheaves is an O_X b_π -linear map which is compatible with the φ’s. An isogeny of π-adic φ-sheaves is an injective morphism whose cokernel is killed by a power of π. A π-adic φ-sheaf is said to be smooth (or lisse) if the map φ is an isomorphism. A π-adic φ-sheaf E is said to be algebraic if both E and φ are defined over O_{Xπ} , i.e., obtained from an O_{Xπ} -module and an O_{Xπ} -linear map by the base change O_{Xπ} → O_X b_π .

If E is a smooth π-adic φ-sheaf on X, its dual Ě is defined as follows: the underlying sheaf of Ě is Hom_{OX} b_π (E, O_X b_π ) and the Frobenius on Ě is given by f → (σ ∘ f ∘ φ^{−1}) for a section f of Fr^∗_XĚ, where σ : Fr^∗_X O_X b_π → O_X b_π is the Frobenius map relative to A_π. If E is not smooth but if E ⊗_{Aπ} K_π is smooth (i.e., if φ ⊗ K_π is an isomorphism), then the dual Ě exists in the category of π-adic φ-sheaves modulo isogeny.

If E is algebraic and smooth, its dual Ě is also algebraic and smooth. If E is a φ-sheaf over A_π, it can be viewed in a natural way as an algebraic π-adic φ-sheaf. We shall use the terminology algebraic φ-sheaves to mean both algebraic π-adic φ-sheaves and φ-sheaves over A_π. The categories of algebraic φ-sheaves and π-adic φ-sheaves on X are stable under direct sum and tensor product. If Y is an Xscheme of finite type, then the base extension E ⊗_{OX} b_π O_Yb_π of a π-adic φ-sheaf E on X is a π-adic φ-sheaf on Y (Y^_π has the same meaning for Y as X ^_π has for X), which is algebraic if E is algebraic.

As noted in the Introduction, π-adic φ-sheaves are a function field analogue of F -crystals in the p-adic theory. Here we have suppressed the use of a connection since it is irrelevant for our purpose. It is natural to expect that many results on F -crystals carry over to π-adic φ-sheaves. Here we apply Dwork’s p-adic methods to prove some general results on meromorphic continuation and rationality of Lfunctions of π-adic φ-sheaves. Since the (Teichmüller) lifting problem disappears in characteristic p, we can work with π-adic φ-sheaves on general base schemes.

Algebraic φ-sheaves arise from Drinfeld modules. To explain this, we first recall the definition of Drinfeld A-modules over an A-scheme X (here A is the ring of functions on C which are regular outside a fixed closed point ∞ of C). If L is a line bundle on X, then it can be regarded as a group scheme which is isomorphic, locally on X, to the additive group scheme G_a . To describe the ring End_X (L) of endomorphisms of L as a group scheme over X, suppose L is isomorphic to G_a on an affine open U = Spec R of X. Then one can choose a coordinate function Z of L|_U , so that L|_U = Spec R[Z]. One has

End_R(L|_U ) = {additive polynomials ∈ R[Z]} = { finite∑ x_iZ^{pi} ; x_i ∈ R} ≃ R{τ}, where τ is the p-th power map on L|_U (corresponding to Z^p ∈ R[Z]) and R{τ} is the “twisted” polynomial ring with commutation relation τx = x^pτ for all x ∈ R. The ring R acts on the group scheme L|_U and R contains F_q , hence F_q also acts on L|_U . The F_q -linear endomorphisms of L|_U form the subring

End_{R,}F_{q -mod}(L|_U ) = {

finite∑ x_iZ^{qi} ; x_i ∈ R} = R{σ}, where σ is the q-th power map on L|_U . Now let γ be the structure morphism A → O_X (so in particular we have a ring homomorphism γ : A → R for each affine open Spec R of X). Let r be a positive integer. A Drinfeld A-module (L, Φ) over X of rank r is a pair of a line bundle L on X and an A-module structure Φ on L (i.e. a ring homomorphism Φ : A → End_X (L); a → Φ_a) which satisfies the following condition: there exists an affine open covering {U_i} of X such that the line bundle L is trivialized on each U_i = Spec R_i and, for all a ∈ A and i, Φ_a restricted to U_i is of the form

Φ_a = γ(a) + x_1σ + · · · + x_nσ^n, x_j ∈ R_i, x_n ∈ R^×_i ,

where n = n(a) is the integer such that q^n = #(A/aA)^r if a ≠ 0 and n = 0 if a = 0. Note that, if A = F_q [t], the Drinfeld A-module Φ is determined by the action of t, i.e., by the equation Φ_t = γ(t) + x_1σ + · · · + x_rσ^r.

In the following, we shall write simply Φ for a Drinfeld module in place of (L, Φ) (so Φ may be thought of as a ring homomorphism or a line bundle).

Given a Drinfeld A-module Φ over X, set

(1.1) E := HomF_{q -mod}(Φ, G_a ),

the Zariski sheaf on X of F_q -module homomorphisms of Φ to G_a , both regarded as F_q -module schemes over X (cf. [An], §1). The action of the ring A on Φ induces an A-action on E. Thus it becomes an (O_X ⊗ A)-module. It is known that it is locally free of finite rank. If A = F_q [t], which is the relevant case for us, the sheaf E will be described explicitly in the following Example (in particular, it is “X-locally free” in this case, i.e., there exists an open affine covering (U_i) of X such that E|_{Ui⊗A} is free over O_{Ui} ⊗ A for all i). The Frobenius endomorphism on G_a relative to X induces an (O_X ⊗ A)-linear map φ : Fr^∗_X E → E. Thus (E, φ) is a φ-sheaf on X over A. Its formal completion along X × {π} is an algebraic π-adic φ-sheaf. We call it the π-adic completion of the φ-sheaf E. It is smooth if π is not in the image of the structure morphism γ : X → SpecA.

Example. Let A = F_q [t]. Let R be an A-algebra and set X = Spec R. Denote by θ the image of t ∈ A in R. We fix a coordinate Z on the additive group G_a over X (so G_a = Spec O_X [Z]). Let σ be the q-th power Frobenius endomorphism Z → Z^q on G_a relative to X. Consider the Drinfeld A-module Φ of rank r over X of which the underlying line bundle is G_a and the A-module structure on it is defined by

(1.2) Φ_t = θ + x_1σ + · · · + x_rσ^r,

where x_i ∈ R and x_r ∈ R^×. Then the φ-sheaf E = HomF_q (Φ, G_a ) on X over A corresponding to Φ is simply the non-commutative ring (R ⊗ A){σ} (in which elements of A commute with σ) modulo the left ideal (t − (θ + x_1σ + · · · + x_rσ^r)). More precisely, it is described as follows: E ≃ (O_X ⊗ A)^{⊕r}, with a basis e_0, · · · , e_{r−1} (where we think of e_i : G_a → G_a as the map σ^i : Z → Z^{qi} ), and the Frobenius φ on E is given by φ(e_i) = e_{i+1} for 0 ≤ i ≤ r − 2 and

φ(e_{r−1}) = (x^{−1}_r ⊗1) ((1 ⊗ t)e_0 − ((θ ⊗ 1)e_0 + (x_1 ⊗ 1)e_1 + · · · + (x_{r−1} ⊗ 1)e_{r−1})) .

Thus its matrix is

(1.3) B = (x^{−1}_r ⊗ 1) 1 ⊗ t − θ ⊗ 1 x_r ⊗ 1 −x_1 ⊗ 1 .. . . . x_r ⊗ 1 −x_{r−1} ⊗ 1 .

Let x be a closed point of SpecR. The action of the Frobenius Frob_x on the πadic Tate module T_π(Φ) of Φ can be explicitly described as follows in terms of this matrix: Let B(x) be the value of B at x (i.e., the reduction B mod m if m is the maximal ideal of R corresponding to x). Then by (6.4), the action of Frob_x on T_π(Φ) is given by the transpose of the matrix B(x)^{σdeg(x)−1} · · · B(x)^σB(x) with respect to a suitable basis of T_π(Φ).

A φ-sheaf does not have enough data to recover a Drinfeld module (in fact, it can correspond to a much wider class of objects, such as abelian t-modules ([An])). To recover a Drinfeld module, one needs the notion of F -sheaves ([Dr]). For our purpose, we could dispense with F -sheaves, but since we refer to some results in [Dr], we explain here the relation of our φ-sheaves and Drinfeld’s F -sheaves.

A right F -sheaf on X is a diagram

(1.4) Fr^∗_X E^φ→ F^ι← E

where (1) E and F are locally free O_{X×C} -modules of the same finite rank, (2) φ and ι are injective morphisms of O_{X×C} -modules, (3) Coker(φ) is supported on the graph Γ_α of a morphism α : X → C and is locally free of finite rank as an O_{Γα} - module, and (4) Coker(ι) is supported on the graph Γ_β of a morphism β : X → C and is locally free of finite rank as an O_{Γβ} -module. Moreover, F is minimal in some sense. In [Dr], it is expressed by the condition that Coker(φ) and Coker(ι) are of rank one on their supports. (For our purpose, it will be enough to assume that there is no proper sub-O_{X×C} -module of F which both φ and ι factor through. Such a loosening may be compared to abelian t-modules’ generalizing Drinfeld modules ([An]). This means that our method should be applicable to families of abelian t-modules, though in this paper we restrict ourselves to Drinfeld modules.) We say that α is the zero of the F -sheaf E, and β is its pole. Drinfeld modules over an Ascheme X are in one-to-one correspondence with a certain class of right F -sheaves on X ([Dr], §1). To construct the corresponding right F -sheaf from a Drinfeld module, one starts with the E of (1.1) to be fit into the diagram (1.4).

The map ι is an isomorphism on (X × C) − Γ_β , and we may think F = E here by means of ι. For example, if ∞ := Im(β) is a closed point on C, then (X × C) − Γ_β = X × Spec A. If this is the case and if the F -sheaf comes from a Drinfeld A-module, then the restriction to X ×Spec A of the left half of the diagram (1.4) yields a φ-sheaf on X over A. Thus if we are given a Drinfeld module, then we have a φ-sheaf by way of F -sheaves. The two constructions of φ-sheaves from Drinfeld modules coincide – one by way of (1.1) and the other by way of F -sheaves (in fact, they coincide by construction).

2. L-functions of φ-sheaves Let E be a φ-sheaf over the coefficient ring A (resp. π-adic φ-sheaf) on a scheme X of finite type over F_q . For the sake of brevity, we write A in this section for either the general A or A_π. For a closed point x on X of degree d, the stalk E_x of E at x is a φ-sheaf on x = Spec F_qd over A, that is, a projective F_qd ⊗ A-module of finite rank together with a Frobenius semi-linear map φ_x. The d-th iterate φ^d_x is then F_qd ⊗ A-linear. Recall that the characteristic polynomial det(I − T^dφ^d_x|E_x) of φ^d_x on E_x is well defined (to recall the definition of the characteristic polynomial of an endomorphism of a projective module, let A be a commutative ring, M a projective A-module of rank r, and ϕ an endomorphism of M. Write M[T ] for A[T ] ⊗_A M, where A[T ] is the polynomial ring in one variable over A. Then 1 − T ϕ is an endomorphism of the projective A[T ]-module M[T ] of rank r, and it induces an endomorphism of the projective A[T ]-module ∧^r_{A[T ]}M[T ] of rank one. Since End_{A[T ]}(∧^r_{A[T ]}M[T ]) is canonically isomorphic to A[T ], it determines an element of A[T ], called the (inverse) characteristic polynomial of ϕ on M). It is a polynomial in T with coefficients in A, whose constant term is 1. In terms of matrices, the characteristic polynomial is written as det(I − T^dB(x)^{σd−1} · · · B(x)^σB(x)), where B(x) is the matrix, with respect to some basis, of the map induced by φ_x on a suitable free module which is a localization of E_x, and B(x)^{σi} means the entry-wise application of σ = (q-th power Frobenius) ⊗ id on F_qd ⊗ A. In the π-adic case, the characteristic polynomial depends only on its isogeny class of E, since an isogeny changes φ^d_x only by a conjugation. Following Grothendieck [Gr] and Katz [K1], we define

(2.1) L(E/X, T ) := ∏ x∈X_0 det(I − T^dφ^d_x|E_x)^{−1}.

This is a power series in T with coefficients in A. We will be concerned with the rationality of this L-function.

Suppose now that we are in the π-adic case. Let C_π be the π-adic completion of an algebraic closure of the fraction field of A_π. We consider L(E/X, T ) as a function on C_π . A formal power series f(T ) ∈ C_π [[T ]] is said to be entire if it is convergent for all T ∈ C_π . A formal power series f(T ) ∈ C_π [[T ]] is said to be meromorphic if it can be written as the quotient of two entire functions. The L-function L(E/X, T ) is in general not meromorphic for an arbitrary E. How far L(E/X, T ) can be meromorphically extended depends on a certain growth condition on E which we explain in the next section.

The following trick will be convenient and frequently used in our proofs to reduce the situation to a simpler one.

Trick (2.2). Take any finite affine open covering (U_i) of X. Then L(E/X, T ) is written as an alternating product of L-functions of the restrictions of E to U_i×SpecA and to their intersections. Thus we are reduced to the affine case; X = SpecR. Then E is identifed with a projective (R ⊗ A)-module. We can find a free (R ⊗ A)-module F of finite rank into which E injects as a direct factor; F = E ⊕ G. Extending the Frobenius to φ_F := φ ⊕ 0 on F, we obtain a φ-sheaf F which is a free (O_X ⊗ A)-module and whose L-function coincides with that of E. Thus our proofs of rationality and meromorphy of L-functions reduce to the case where the base scheme X is affine and the φ-sheaf is free as an O_X ⊗ A-module.

When we want to prove the entireness of the L-function assuming that the base scheme is affine, the trick “φ⊕0” again allows us to make an additional assumption that the φ-sheaf is free over O_X ⊗ A.

3. Overconvergent and α log-convergent φ-sheaves Let R be an F_q -algebra of finite type. Put R_π := R ⊗ A_π and R^_π := R ^⊗A_π, the completion of R_π with respect to the π-adic topology. Choose a finite set of generators {x_1, · · · , x_n} of R as an F_q -algebra. Any element of R^_π can be written (non-uniquely) in the form

(3.1) ∑ k c_kx^k with c_k ∈ A_π and c_k → 0 (|k| → ∞).

Here k = (k_1, · · · , k_n) is a multi-index with k_i ≥ 0; we put x^k = x^{k1}_1 · · · x^{kn}_n and |k| = k_1 + · · · + k_n.

Definition. (1) An element of R^_π is said to be overconvergent if there exists an expression as above in which

(3.2) lim inf_{|k|→∞} ord_πc_k |k| > 0. (2) Let α be a non-negative real number. An element of R^_π is said to be α logconvergent if there exists an expression as above in which

(3.3) lim inf_{|k|→∞} ord_πc_k log_q |k| ≥ α. An element is said to be ∞ log-convergent if it is α log-convergent for all α ≥ 0.

These definitions do not depend on the choice of the generators x_i because, if {y_1, · · · , y_m} is another set of generators, each x_i can be expressed as a polynomial of the y_j ’s. We denote by R^†_π (resp. R^α_π ) the subset of R^_π consisting of overconvergent (resp. α log-convergent ) elements. These subsets are in fact subrings of R^_π. Fulton [Fu] showed that R^†_π is noetherian. More generally, it is shown in [W2] that R^α_π is noetherian for any α. Note that algebraicity (i.e., being in R_π) implies overconvergence, overconvergence implies α log-convergence for any α and, if α ≥ β, α log-convergence implies β log-convergence. In other words, we have the inclusions

(3.4) R_π ⊂ R^†_π ⊂ R^α_π ⊂ R^β_π ⊂ R^_π (α ≥ β).

If S is another F_q -algebra of finite type which is a localization of R, and S^†_π (resp. S^α_π ) is the overconvergent (resp. α log-convergent ) subring of S^_π = S ^⊗A_π, then we have R^†_π ⊂ S^†_π (resp. R^α_π ⊂ S^α_π ).

Let X be a scheme of finite type over F_q . Let O^†_{Xπ} (resp. O^α_{Xπ} ) be the sheafification of the presheaf U → (O_X b_π (U))^† = (O_X (U)^⊗A_π)^† (resp. the presheaf U → (O_X b_π (U))^α = (O_X (U)^⊗A_π)^α). These are subsheaves of O_X b_π .

Definition. A π-adic φ-sheaf (E, φ) on X is said to be overconvergent (resp. α logconvergent ) if it can be defined over O^†_{Xπ} (resp. O^α_{Xπ} ) (i.e., if there exists a pair of an O^†_{Xπ} -module (resp. O^α_{Xπ} -module) and a Frobenius semi-linear map on it which yields (E, φ) by extension of scalars to O_X b_π ). A π-adic φ-sheaf E is said to be ∞ log-convergent if it is α log-convergent for all α ≥ 0.

In down-to-earth terms, this means that there exists an affine open covering {U_i} of X such that, for each i, E|_U c_{i,π} (where U ^_{i,π} = U_i ^⊗A_π) is free and the map φ|_U c_{i,π} on it is represented, with respect to some basis of E|_U c_{i,π} , by a matrix whose entries (a priori in O_U c_{i,π} ) are all overconvergent (resp. α log-convergent, resp. ∞ log-convergent). In particular, algebraic φ-sheaves are overconvergent. Clearly we have

Lemma 3.1. The category of algebraic φ-sheaves (resp. overconvergent φ-sheaves, resp. α log-convergent φ-sheaves) is stable under direct sum and tensor product.

4. Meromorphic continuation and rationality of L-functions Let X be a scheme of finite type over F_q . Our first main theorem is:

Theorem 4.1. (i) Let E be a π-adic φ-sheaf on X. If E is α log-convergent, then the L-function L(E/X, T ) is π-adically meromorphic in the open disk ord_π(T ) > −α of C_π .

(ii) Let A be a commutative ring containing F_q , and E a φ-sheaf on X over A. Then the L-function L(E/X, T ) is a rational function in T . In particular, the L-function of an algebraic π-adic φ-sheaf is rational.

Corollary 4.2. If E is an overconvergent or ∞ log-convergent π-adic φ-sheaf on X, then L(E/X, T ) is π-adically meromorphic on the whole plane C_π .

Remark. This theorem is the function field analogue of a p-adic result in [DS] and [W1], except that here we work in a more general setting. In function field case, we show that the case of general X can be reduced to the affine space case as studied in [W1]. We note that Theorem 4.1 is in general best possible as the counterexamples in [W1] show.

We now prove Theorem 4.1. For the brevity of exposition, we pretend as if A in (ii) were A_π since the proof for a general A is the same; then the two statements in the Theorem will be proved almost at the same time (for a φ-sheaf over a general A, one should replace the infinite sum (4.1) below by a finite sum).

Since α log-convergence and algebraicity for E are local properties, we may assume (cf. Trick (2.2)) that X is affine, say X = Spec R, and E is a free R^_π-module of rank r (where R^_π = R ^⊗A_π). Write R = F_q [X_1, · · · , X_n]/I with an ideal I of the polynomial ring. The map φ on E is represented, with respect to some basis, by an r ×r matrix B with entries in R^α_π . The matrix B can be written as a power series in X = (X_1, · · · , X_n) modulo I (the context will distinguish the two uses of the same letter X, one for the scheme X and the other for the variable X = (X_1, · · · , X_n)) with coefficients in M_{r×r}(A_π). Namely, B(X) = ∑ k∈N^n b_kX^k with b_k ∈ M_{r×r}(A_π) and

(4.1)

lim inf |k|→∞ ord_π(b_k) log_q |k| ≥ α, where ord_π(b_k) is defined to be the minimum of ord_π of the entries in b_k. Choosing such an expression of B in terms of X = (X_i), we regard E as lifted to A^n . Let {f_1, · · · , f_h} be a set of generators of I, i.e., a system of defining equations of the scheme X in the affine space A^n . For a subset S ⊂ {1, · · · , h}, we define

(4.2) B_S(X) = B · ∏ i∈S f_i(X)^{q−1} (so B_ϕ = B). Each B_S(X) defines a π-adic φ-sheaf E_S on A^n . All of them can be taken to be polynomials in X with coefficients in M_{r×r}(A_π) if E is algebraic because a regular function on A^n is a polynomial in X.

For any point x ∈ A^n , let B_S (x) denote the value of B_S at x. Then we will show that L(E/X, T ) = ∏ S L(E_S/A^n , T )^{(−1)|S|} , or, more precisely, that

(4.3) ∏ x∈X_0 1 det(I − T^{deg(x)}B(x)^{σdeg(x)−1} · · · B(x)^σB(x)) = ∏ x∈(A^n )0 ∏ S⊆{1,··· ,h} ( 1 det(I − T^{deg(x)}B_S (x)^{σdeg(x)−1} · · · B_S(x)^σB_S (x)) )_{(−1)}|S| . This equality is essentially the multiplicative form of the inclusion-exclusion principle. Indeed, if the closed point x ∈ (A^n )_0 is on the subscheme X, then f_i(x) = 0 for all 1 ≤ i ≤ h. Thus, we deduce that B_S(x) = 0 for each non-empty S and B_ϕ(x) = B(x). In this case, the product over S in (4.3) is equal to the expected Euler factor at x. If the closed point x is not on X, we can assume that the first k (1 ≤ k < h) polynomials f_1(X), · · · , f_k(X) do not vanish at x and the last h − k polynomials f_{k+1}(X), · · · , f_h(X) vanish at x. In this case, the matrix B_S (x) is zero if S has a non-empty intersection with {k + 1, · · · , h}. Thus, in the product over S we can assume that S is a subset of {1, · · · , k}. Under this assumption, we have that

B_S (x)^{σdeg(x)−1} · · · B_S(x)^σB_S (x) = B(x)^{σdeg(x)−1} · · · B(x)^σB(x) ∏ i∈S f_i(x)^{qdeg(x)−1} = B(x)^{σdeg(x)−1} · · · B(x)^σB(x).

The multiplicity of the factor 1/det(I − T^{deg(x)}B(x)^{σdeg(x)−1} · · · B(x)^σB(x)) occurring in the product over S of (4.3) is given by ∑ S⊆{1,··· ,k} (−1)^{|S|} = (1 − 1)^k = 0.

We have thus shown that (4.4) L(E/X, T ) = ∏ S⊆{1,··· ,h} L(E_S/A^n , T )^{(−1)|S|} . This reduces us to the affine space case, viz., the base scheme X is the affine space A^n , the π-adic φ-sheaf E is free of rank r and the matrix B(X) which represents the Frobenius φ on E is an α log-convergent power series in X (resp. a polynomial in X if E is algebraic) with coefficients in M_{r×r}(A_π). We can now quote the following result [W1, Theorems 7.1 and 7.3] to conclude the proof of Theorem 4.1.

Lemma 4.3. (i) If B(X) is an α log-convergent power series with coefficients in M_{r×r}(A_π), then the L-function L(B/A^n , T )^{(−1)n−1} is π-adically analytic in the open disk ord_π(T ) > −α.

(ii) If B(X) is a polynomial in X with coefficients in M_{r×r}(A) of degree d, then the L-function L(B/A^n , T )^{(−1)n−1} is a polynomial in T whose degree is at most r ( [d/(q − 1)] n ) . Note that the conclusion in Lemma 4.3 (i) is stronger than the conclusion in Theorem 4.1 (i). It says that the L-function L(B/A^n , T )^{(−1)n−1} is not only meromorphic but also analytic in the disk ord_π(T ) > −α. The question of entireness can be viewed as an analogue of the classical Artin conjecture over number fields. In our characteristic p function field case, it is unreasonable to expect that the L-function L(E/X, T ) (or its reciprocal) should be entire for a general X. For example, when X is an ordinary elliptic curve over F_q and E is trivial, then L(E/X, T ) is just the reduction modulo p of the classical zeta function of X/F_q . Since X is ordinary, neither L(E/X, T ) nor its reciprocal is a polynomial. However, if X is affine, we have the following conjecture:

Conjecture 4.4. Let X be an affine scheme of finite type over F_q and of equidimension n. Suppose further that X is a complete intersection in some smooth affine Y of finite type over F_q . Then the L-function L(E/X, T )^{(−1)n−1} is π-adically analytic on the open disk ord_π(T ) > −α if E is α log-convergent.

Perhaps X could be permitted to have less mild singularities than the one in the above Conjecture. To deal with such a general base scheme, one would need to develop a suitable cohomology theory. For the case where the φ-sheaf E is trivial (so that the L-function is nothing but the classical congruence zeta function modulo p), see [K3] and [De].

As a first evidence for Conjecture 4.4, we have the following:

Proposition 4.5. Let X be the complement in A^n of a hypersurface defined by a polynomial f(X). If E is an algebraic φ-sheaf on X/F_q , then the L-function L(E/X, T )^{(−1)n−1} is a polynomial in T .

Proof. By Trick (2.2), we may assume E is free. The Frobenius matrix B of E is a polynomial in X and 1/f. One can choose a sufficiently large positive integer k such that Bf^{k(q−1)} is a polynomial in X. Now, the twisted Frobenius matrix Bf^{k(q−1)} defines a free algebraic φ-sheaf on the total affine space A^n . It is easy to check from the Euler product definition of L-functions that L(B/X, T ) = L(Bf^{k(q−1)}/A^n , T ). We can now apply Lemma 4.3 to conclude the proof.

5. Uniform variation of L-functions For applications to global L-functions of Drinfeld modules, we need to consider the variation of a family of π-adic φ-sheaves and their L-functions parametrized by the p-adic integers y ∈ Z_p.

For a family (E(y))_{y∈}Z_p of π-adic φ-sheaves E(y) on X parametrized by y ∈ Z_p, we require in the following that there exists an affine open covering {U_i} of X such that, for each i, the restriction E(y)|_U c_{i,π} (where U ^_{i,π} = U_i ^⊗A_π) is free and the map φ(y)|_U c_{i,π} on it is represented, with respect to some basis of E(y)|_U c_{i,π} which is independent of y, by a matrix of the form

(5.1) B(X, y) = ∑ u∈N^n b_u(y)X^u,

where X = (X_1, · · · , X_n) is a set of generators of the affine algebra of U_i over F_q , and b_u(y) ∈ M_{r×r}(A_π) for each y and b_u(y) approaches zero uniformly in y as |u| approaches infinity.

We shall say “the family E(y)”, simplifying the notation.

Definition. The family E(y) is said to be uniformly overconvergent if there exists, for all i, an expression of the Frobenius matrix as in (5.1) for which we have

(5.2) lim inf_{|u|→∞} inf_{y∈}Z_p ord_πb_u(y) |u| > 0. The family E(y) is said to be uniformly α log-convergent if there exists, for all i, an expression of the Frobenius matrix as in (5.1) for which we have

(5.3) lim inf_{|u|→∞} inf_{y∈}Z_p ord_πb_u(y) log_q |u| ≥ α. The family E(y) is said to be continuous in y if the Frobenius matrix B(X, y) is continuous in y, i.e., if each coefficient b_u(y) is a continuous function from Z_p to M_{r×r}(A_π). This continuity is automatically uniform in u since b_u(y) goes to zero uniformly in y as |u| goes to infinity.

As an analogue of lemma 3.1, one sees immediately that the following holds.

Lemma 5.1. The category of uniformly overconvergent (resp. uniformly α logconvergent, resp. continuous) families of π-adic φ-sheaves parametrized by y ∈ Z_p is stable under direct sum and tensor product.

Given a family of π-adic φ-sheaves E(y) on X, the L-function L(E(y)/X, T ) is well defined for each y. If this family E(y) is uniformly α log-convergent, then

Theorem 4.1 shows that each L-function L(E(y)/X, T ) is meromorphic in the disk ord_π(T ) > −α for each fixed y. Next we will show that L(E(y)/X, T ) varies “nicely” if E(y) varies “nicely”.

Let D be a subset of C_π (e.g., an open or closed disk of finite radius). A formal power series f(T ) = ∑ n>−∞ fnT n ∈ C_π ((T )) is said to be (π-adically) analytic on D if it converges at every point in D. Let f(T, y) be a family of formal power series ∑ n>−∞ fn(y)T n, f_n(y) ∈ C_π , parametrized by y ∈ Z_p. We say f(T, y) is a family of analytic functions on D if, for each y ∈ Z_p, the power series f(T, y) is analytic on D. We say f(T, y) is a family of meromorphic functions on D if it can be written as a quotient of two families of analytic functions on D.

Definition. Let β be a real number. Let f(T, y) = ∑ n>−∞ fn(y)T n be a family of power series in T with coefficients in C_π . We say that the family f(T, y) is βcontinuous (in y) if the following condition holds: For any y_0 ∈ Z_p and ϵ > 0, there exists a δ > 0 such that |f_n(y_0) − f_n(y_1)|_π < ϵq^{−βn} for all n > −∞ and y_1 ∈ Z_p satisfying |y_0 − y_1|_p < δ.

If we define a norm ‖ · ‖_β on the space C_π ((T )) by ‖ ∑ n>−∞ f_nT^n‖_β := sup_{n>−∞} |f_n|_πq^{βn}, then the above condition is equivalent to saying that the map Z_p → C_π ((T )); y → f(T, y) is continuous with respect to the topology on C_π ((T )) defined by this norm.

We say that the family f(T, y) is ∞-continuous if it is β-continuous for all real number β.

Note that these notions are defined for families of any formal power series (not only for convergent series). In other words, they are concerned only with the “ydirection” (and not with the “T -direction”).

We have the following strengthened form of Theorem 4.1.

Theorem 5.2. Let E(y) be a continuous family of uniformly α log-convergent πadic φ-sheaves. Then for any given ϵ > 0, the family of L-functions L(E(y)/X, T ) is an (α−ϵ)-continuous family of meromorphic functions on the closed disk ord_π(T ) ≥ −(α − ϵ). The same reduction steps as in the proof of Theorem 4.1 reduce Theorem 5.2 to the following affine space case proved in [W1, Theorem 7.4].

Lemma 5.3. Let B(X, y) = ∑ u∈N^n b_u(y)X^u, where b_u(y) ∈ M_{r×r}(A_π) for each y. Assume that B(X, y) is a continuous family of uniformly α log-convergent matrices over X = A^n . Then the L-function L(B(X, y)/A^n , T )^{(−1)n−1} is π-adically analytic in the open disk ord_π(T ) > −α for each y. Furthermore, for any given ϵ > 0, the family of L-functions L(B(X, y)/A^n , T )^{(−1)n−1} is an (α − ϵ)-continuous family of analytic functions on the closed disk ord_π(T ) ≥ −(α − ϵ).

Note. If E(y) is a continuous family of uniformly ∞ log-convergent π-adic φ-sheaves, the theorem follows from the mod p reduction of the Dwork trace formula ([W1,

§7]) together with standard properties of the Fredholm determinants of completely continuous operators (cf. [S2, Proposition 8]).

6. Smooth φ-sheaves and π-adic representations As always, we assume that the base scheme X is of finite type over F_q . In addition to that, we assume in this section that X is connected (note that the study, as in this paper, of L-functions for a general scheme X is reduced to the case where X is connected, so we do not need the assumption of connectivity in the following sections). We recall the functorial equivalence between smooth π-adic φsheaves and continuous π-adic representations of the arithmetic fundamental group π_1(X) (cf. [Dr], [Ta]). The situation is exactly parallel to its p-adic counterpart, where one has a functorial equivalence between unit root F -crystals and continuous p-adic representations of the arithmetic fundamental group (see [K2], 4.1).

A finite φ-sheaf on X is a locally free O_X -module E of finite rank together with an O_X -module homomorphism φ : Fr^∗_X E → E (cf. [Dr], §2; where it was called a φ-sheaf). It is said to be étale if φ is an isomorphism. Note that a π-adic φ-sheaf of rank r can be regarded as a projective system (E_n, p_n)_{n≥0} of finite φ-sheaves in which each E_n is equipped with an A_π-action and is locally free of rank r as an O_X ⊗ A_π/(π^n)-module and the transition map p_n : E_{n+1} → E_n identifies E_n with Coker(π^n : E_{n+1} → E_{n+1}) (here we identify π with a uniformizer of A_π).

For a finite φ-sheaf E, put

(6.1) Gr(E) := Spec ( Sym^·_{OX} E/I ) , where I is the ideal of Sym^·_{OX} E generated by the local sections (frob − φ)(x), x ∈ E ⊂ Sym^·_{OX} E, and frob is the q-th power Frobenius map Fr^∗_X Sym^·_{OX} E → Sym^·_{OX} E relative to O_X . Then Gr(E) is a finite subgroup scheme over X of the vector group Spec Sym^·_{OX} E with a natural F_q -action induced by the F_q -module structure of E. In the terminology of [Ta], Gr(E) is a finite F_q -module scheme (by an F_q -module scheme, we mean a commutative group scheme G together with an F_q -action α : F_q → End(G) such that the action of F_q on the co-Lie module Lie^∗(G) induced by α coincides with the action of F_q as a subring of O_X .)

If the map φ of a finite φ-sheaf is given, locally on X, by a matrix B ∈ M_{r×r}(O_X ) with respect to an O_X -basis (x_i)_{1≤i≤r} of E, then

Gr(E) = Spec O_X [x]/(x^{(q)} − Bx),

where x =^t(x_1, · · · , x_r) and x^{(q)} =^t(x^q_1, · · · , x^q_r). This correspondence E → Gr(E) is a contra-variant functor and gives an anti-equivalence of the category of finite φ-sheaves on X to the category of finite locally free F_q -module schemes, which preserves étale objects ([Dr], Proposition 2.1; [Ta], §1). The oposite direction of the correspondence is obtained, for a finite F_q -modules scheme G over X, by taking the Zariski sheaf E(G) := HomF_{q -mod}(G, G_a ),

with φ induced by the Frobenius endomorphism of G. It is a subsheaf of the structure sheaf of G.

Example. Let A = F_q [t]. We consider the affine case X := Spec R with R an A-algebra, so that sheaves of O_X -modules can be regarded as R-modules. Let Φ be a Drinfeld A-module over X of rank r defined, as in the Example of §1, by Φ_t = θ + x_1σ + · · · + x_rσ^r, with x_i ∈ R and x_r ∈ R^×. Here σ is the q-th power Frobenius endomorphism Z → Z^q on G_a = SpecR[Z] relative to R. For a ∈ A − {0}, the group scheme_aΦ of a-division points of Φ is defined by the equation Φ_a(Z) = 0 in the affine line G_a over R. Thus aΦ = Spec R[Z]/(Φ_a(Z)).

The finite φ-sheaf corresponding to_aΦ is then E_a = E(_aΦ) = HomF_{q -mod,R-sch}(_aΦ, G_a ) = deg(a)−1 ⨁ i=0 R · Z^{qi} . It is the “essential part” of the structure sheaf R[Z]/(Φ_a(Z)) = Hom_{R-sch}(_aΦ, A^1 ) = q^{deg(a)}−1 ⨁ j=0 R · Z^j .

It coincides with the cokernel of multiplication by 1 ⊗ a ∈ R ⊗ A on the φ-sheaf over A E = HomF_{q -mod,R-sch}(Φ, G_a ) = ⨁ i≥0 R · Z^{qi}

corresponding to Φ, which was described in the Example of §1.

Clearly the construction E → Gr(E) commutes with any base change Y → X. As is seen from (6.1), for any X-scheme Y , the Y -valued points of G = Gr(E) is G(Y ) = Hom_{OX [φ]}(E, O_Y ) := {f ∈ Hom_{OX} (E, O_Y ); f(φ(x)) = f(x)^q

(6.2) for all local sections x of E}.

This is an F_q -vector space, which is of finite dimension if, e.g., Y/X is of finite type or the finite φ-sheaf E is étale. If Y/X is étale, π_1(X) acts continuously on G(Y ). Thus the action of Frobenius on G(Y ) is described by φ. For π-adic φ-sheaves over a field, this will be made precise after the following proposition.

Proposition 6.1. (1) The category ΦM^{ét}_X ⊗ A_π of finite étale φ-sheaves on X equipped with A_π-action is anti-equivalent to the category Rep_{Aπ} (π_1(X)) of A_πmodules of finite length with continuous π_1(X)-action.

(2) The category of smooth π-adic φ-sheaves on X is anti-equivalent to the category of free A_π-modules of finite rank with continuous π_1(X)-action.

Proof. By the above results of Drinfeld, with A_π-action taken into account, ΦM^{ét}_X ⊗ A_π is anti-equivalent to the category of finite locally free étale F_q -module schemes over X equipped with A_π-action. (1) follows then by the A_π-module version of the equivalence [SGA1, Exp.V, §7 (p.140)] of the category of étale X-schemes and the category of finite sets with continuous π_1(X)-action. (2) follows from (1) by taking the projective limit.

The Galois representation corresponding to a finite étale (resp. smooth π-adic) φ-sheaf E will be denoted by V (E). Explicitly, if E is a smooth π-adic φ-sheaf over a field k containing F_q , then the corresponding Galois representation is given as the A_π-module version of (6.2) for Y = Spec k^{sep}:

V (E) = Hom_k b_{⊗Aπ [φ]}(E, k^{sep} ^⊗A_π)

(6.3)

= {f ∈ Hom_k b_{⊗Aπ} (E, k^{sep} ^⊗A_π); f(φ(x)) = f(x)^σ for all x ∈ E},

where σ is the endomorphism (q-th power Frobenius)^⊗id_{Aπ} and the ^ means the π-adic completion. (cf. Appendix to [G3]; but note that we use a contra-variant functor here, whereas a co-variant functor is used in that Appendix). The above expression (6.3) says that, on V (E), the map induced by the q-th power Frobenius of k^{sep} coincides with the one induced by the transpose^tφ of φ. If k is a finite filed F_qd , the action of the Frobenius FrobF_{qd} is therefore given by the d-th iterate of^tφ;

(6.4) FrobF_{qd} =^tφ^d on V (E).

In particular, the characteristic polynomials of FrobF_{qd} on V (E) and φ^d on E coincide;

(6.5) det(1 − T^dFrobF_{qd} |_{V (E)}) = det(1 − T^dφ^d|_E ).

If X is of finite type over F_q , each closed point x of X has a finite residue field, so there is a unique (up to conjugation) Frobenius Frob_x ∈ π_1(X).

Definition. For a free A_π-module V with continuous π_1(X)-action, define L(V/X, T ) := ∏ x∈X_0 det(I − T^{deg(x)}Frob_x|V )^{−1}.

This is a power series in T with coefficients in A_π. Noticing (6.5), we have

Corollary 6.2. If E is a smooth π-adic φ-sheaf on X and V = V (E) is the corresponding A_π[π_1(X)]-module, then we have L(E/X, T ) = L(V/X, T ).

For the later use, we next consider L-functions of π-adic φ-sheaves twisted by certain abelian characters. In this paper, a character of a group means a homomorphism into C^×_π .

Let χ_0 : Z_0(X) → C^×_π be a character of the discrete group Z_0(X) of zero-cycles on X. For simplicity, we assume that the image of χ_0 is contained in A^×_π . For such a character χ_0 and a π-adic φ-sheaf E on X, define

(6.6) L(E/X, χ_0, T ) := ∏ x∈X_0 det(1 − T^{deg(x)}χ_0(x)φ^{deg(x)}_x |_{Ex} )^{−1},

where a closed point x of X is naturally regarded as an element of Z_0(X) and χ_0(x)φ^{deg(x)}_x is regarded as an endomorphism of the free (F_x ⊗ A_π)-module E_x. Each Euler factor has coefficients in A_π and L(E/X, χ_0, T ) is a power series in T with coefficients in A_π.

Suppose now we are given a continuous character χ : π_1(X)^{ab} → A^×_π of the abelian arithmetic fundamental group. Via the reciprocity map θ : Z_0(X) → π_1(X)^{ab} (x → Frob_x), the character χ induces a character χ_0 := χ∘θ : Z_0(X) → A^×_π so that we have, for each closed point x of X,

(6.7) χ(Frob_x) = χ_0(x).

By Proposition 6.1, the character χ corresponds to a smooth π-adic φ-sheaf (F, ψ) of rank one on X. By (6.2), χ(Frob_x), hence χ_0(x), coincides with ψ^{deg(x)}_x (here ψ_x is regarded as a Frobenius linear map; if it is regarded as an element of (F_x ⊗ A_π)^×, then ψ^{deg(x)}_x must be read as ψ^{σdeg(x)−1}_x · · · ψ^σ_x ψ_x). Hence twisting by the character χ_0 means nothing but tensoring with F; L(E/X, χ_0, T ) = L(F ⊗ E/X, T ). Thus an L-function twisted by a character χ_0 of Z_0(X) can be interpreted as an L-function without twist if χ_0 extends to a continuous character of π_1(X)^{ab}. An arbitrary character χ_0 may not extend continuously to π_1(X)^{ab}; it does if and only if it is expressed, as above, as

(6.8) χ_0(x) = ψ^{σdeg(x)−1}_x · · · ψ^σ_x ψ_x

by a local section ψ of (O_X ^⊗A_π)^× around each point x ∈ X_0. Cf. [S1, Chap.VI, §24, Th.2].

7. Local L-functions of Drinfeld modules In the rest of the paper, we always assume that A = F_q [t].

Let X be an A-scheme of finite type and let Φ be a Drinfeld A-module over X. We assume that there exists a closed point π of SpecA which is not in the image of the structure morphism X → SpecA. Let T_π(Φ) be the π-adic Tate module of Φ and let H^1(Φ, A_π) = Hom_{Aπ} (T_π(Φ), A_π) be the π-adic cohomology group of Φ. This is a free A_π-module on which π_1(X) acts continuously. Define the local Lfunction L(Φ/X, T ) of Φ to be L(H^1(Φ, A_π), T ) by means of Galois representation as in Section 6. It coincides with the L-function defined in [G2, 3.2.15] if X has finite characteristic over A (i.e., the image of the structure morphism is a closed point of SpecA) which is different from π.

Given a Drinfeld module Φ on X as above, by Drinfeld ([Dr], §1), to Φ is associated (1.4) a right F -sheaf E (or rather, a φ-sheaf (1.1) over A, which is the “left half” of the F -sheaf). Let E_π be its π-adic completion. This is a smooth algebraic φ-sheaf. The dual Ě_π of E_π is again smooth and algebraic. Its L-function L(Ě_π/X, T ) is independent of the choice of the good prime π and has coefficients in A, because E_π and the Frobenius on it is actually defined over O_X ⊗ A. It is a rational function by Theorem 4.1, (ii).

In §2 of [Dr], it is explained that the π^n-division points_πn Φ of Φ correspond to E_π/π^nE_π; that is,_πn Φ ≃ Gr(E_π/π^nE_π). Taking the projective limit of the Galois representations associate to them, we have canonically T_π(Φ) ≃ V (E_π). Or, we can see this isomorphism from (6.3). Indeed, if Φ is a Drinfeld module over a field k (say, the function field of X if it is integral), we have

π^n Φ(k

sep) ≃ Hom_{k-alg}(k[Z]/(Φ_πn (Z)), k^{sep})

≃ Hom_{k[φ]-mod}(E_π/π^nE_π, k^{sep}) (by (6.2)).

Via a residue map (cf. Section 3 of the Appendix to [G3]), the last module is isomorphic to

Hom_{(k⊗A/π}n_{A)[φ]}(E_π/π^nE_π, k^{sep} ⊗ A/π^nA) ≃ Hom_{(k} b_{⊗Aπ )[φ]}(E_π, k^{sep} ^⊗A_π/π^nA_π).

Taking the projective limit as n → ∞, we obtain the expression in (6.3).

By Corollary 6.2, we see that L(Φ/X, T ) = L(Ě_π/X, T ). Now the following rationality theorem for the local L-function of Φ, which was conjectured in [G2], is clear.

Theorem 7.1. The local L-function L(Φ/X, T ) of a Drinfeld module Φ over X is a rational function in T with coefficients in A. It is independent of π as far as π is not in the image of the structure morphism X → SpecA.

Remark 7.2. Let K be the fraction field of A. Suppose E is an algebraic φ-sheaf on X over A coming from a Drinfeld module Φ as above. Set E_K := E ⊗_A K; this is an algebraic φ-sheaf on X over K.

(1) Since the L-function is isogeny-invariant, the most intrinsic L-function is L(Ě_K /X, T ); we have L(Φ/X, T ) = L(Ě_K /X, T ). (2) Let K_∞ be the completion of K at ∞, and set E_{K∞} := E_K ⊗_K K_∞. Although E_{K∞} does not correspond to a Tate module of Φ, we have L(Φ/X, T ) = L(Ě_{K∞} /X, T ). (Note that L(Ě_K /X, T ), L(Ě_π/X, T ) and L(Ě_{K∞} /X, T ) are defined by the “same” formula.) In the next section, we have to consider such an Ě_{K∞} .

8. Global L-functions of Drinfeld modules In this section, we consider the ∞-adic global L-function. Let π_∞ = 1/t and A_∞ = F_q [[π_∞]]. Let U^{(1)}∞ be the group of units of A_∞ which are congruent to 1 modulo π_∞. In this case, the Goss complex plane S_∞ is defined simply by

S_∞ := C^×_∞ × Z_p with the obvious topology, where C_∞ is the completion of an algebraic closure of the quotient field K_∞ of A_∞.

The L-functions below tend to behave better around (∞, y) (rather than (0, ∞)) on the complex plane S_∞. We shall look at the expansion of a function f(z, y) ((z, y) ∈ S_∞) in the variable z^{−1}. To keep the same notaion as in Sections 4, 5 and 7, it will be convenient to write T = z^{−1}. Also, for a subset D of S_∞, put D^∗ := {(z^{−1}, y); (z, y) ∈ D}. For a function f : D → C_∞ ∪ {∞}, define a function f^∗ : D^∗ → C_∞ ∪ {∞} by f^∗(z, y) := f(z^{−1}, y).

For a real number α, put

D_α := (punctured open disk ∞ > ord_{π∞} (T ) > −α) × Z_p.

This is an open subset of S_∞. The following definition is essentially due to Goss.

Definition. A function f : D → C_∞ ∪ {∞} on an open subset D of S_∞ is said to be α-analytic (resp. α-meromorphic) if the following conditions are satisfied: (0) one has D_α ⊂ D^∗; (1) the function f^∗ is expressed by a formal power series f^∗(T, y) = ∑ n≥0 f_n(y)T^n, with f_n(y) ∈ C_∞ , for all (T, y) ∈ D_α, and it is a family of analytic (resp. meromorphic) functions on the open disk ord_{π∞} (T ) > −α in the sense of §5; (2) for any ϵ > 0, the function f^∗(T, y), viewed as a family of formal power series as in (1), is (α − ϵ)-continuous in the sense of §5.

A function f : S_∞ → C_∞ ∪{∞} is said to be entire (resp. meromorphic) if f^∗|_{Dα} is α-analytic (resp. α-meromorphic) for all real numbers α.

A function f(z, y) on S_∞ is said to be essentially algebraic if, for any fixed negative integer y = −j, the function f(z, −j) is a rational function in z.

To define the global L-function for a π_∞-adic φ-sheaf, we first recall the definition of the Goss exponentiation ([G2], 3.3) in the case A = F_q [t]. For any non-zero integral ideal a of A, there is a unique monic generator a(t) of a. Set

⟨a⟩ := t^{−deg(a(t))}a(t) ∈ U^{(1)}_∞ .

Given an element s = (z, y) ∈ S_∞, we define the exponentiation of the ideal a by

a^s := z^{deg(a)}⟨a⟩^y.

This is a well-defined element in C^×_∞ .

Let X → SpecA be an A-scheme of finite type and let (E, φ) be a π_∞-adic φsheaf on X. For each non-zero prime ideal p of A (or, closed point p of Spec A), the fibre (Ep, φ) of (E, φ) over p defines a π_∞-adic φ-sheaf on the fibre variety Xp, whose local L-function L(Ep/Xp, T ) is well defined as in Section 2. Note that the fibre variety Xp is defined over the extension field Fp , where Fp is the residue field

A/p. For s = (z, y) ∈ S∞, the ∞-adic global L-function is then (8.1) L(E/X, s) := ∏ p 1 L(Ep/Xp, p^{−s}) ,

where p runs over all non-zero prime ideals of A.

We now explain why the global L-function is in fact a family of local L-functions parametrized by y ∈ Z_p. For a closed point x of X/F_q , let p_x be the image of x in SpecA under the structure morphism. Thus, the closed point x on X lies on the fibre Xp_x . We define a character N : Z_0(X) → A^×_π of the zero-cycles on X by setting N(x) = ⟨p_x⟩^{deg(x,}p^{x )} for any closed point x on X , where deg(x, p_x) is defined to be the degree of x relative to the residue field Fp_x . Thus, we have the relation deg(x) = deg(x, p_x) · deg(p_x). The values N(x) are one-units in A_∞. For s = (z, y), the above global L-function of (E, φ)/X can then be rewritten as L(E/X, s)^{(−1)} = ∏ x∈X_0 1 det(1 − p^{−s×deg(x,}p^{x)} x φ^{deg(x)}_x |E_x)

(8.2) = ∏ x∈X_0 1 det(1 − (1/z)^{deg(x)}N(x)^{−y}φ^{deg(x)}_x |E_x) , where we have to use the reciprocal L-function L(E/X, s)^{(−1)} because we used the reciprocal of the local L-functions in (8.1). Note that, for each y ∈ Z_p, the map x → N(x)^{−y} defines an abelian character on the zero-cycles Z_0(X). We will show that it actually extends continuously to π_1(X)^{ab}. Writing T = z^{−1} for the inverse of the first variable of s = (z, y), one sees that for a fixed p-adic integer y, the reciprocal L-function L(E/X, s)^{(−1)} is just the local L-function in Section 2 of the π_∞-adic φ-sheaf (E, φ) twisted by the abelian character N(x)^{−y} of π_1(X)^{ab} (cf. §6). Thus, to understand the meromorphic continuation of L(E/X, s) for a fixed y, it suffices to know the convergence property of the abelian character N(x)^{−y} as a function on X.

Theorem 8.1. (i) Assume that the π_∞-adic φ-sheaf E is α log-convergent over the scheme X. Then the L-function L(E/X, s) is an α-meromorphic function on D^∗_α. In particular, if E is overconvergent (resp. algebraic), then L(E/X, s) is a meromorphic function on the whole plane S_∞.

(ii) Assume that the π_∞-adic φ-sheaf E is algebraic. Then the L-function L(E/X, s) is an essentially algebraic meromorphic function on S_∞.

Since E ⊗_{A∞} K_∞ is algebraic if it comes from a Drinfeld A-module, it follows from the Theorem together with Remark 7.2 that

Corollary 8.2. (Goss’ global conjecture [G2. 3.5.4 and 3.7]) The global L-function L(Φ/X, s) of a Drinfeld A-module Φ over X is essentially algebraic and meromorphic on S_∞

Proof. Let the notations be as before; so the closed point x is on the fibre Xp_x , and the ratio deg(x)/deg(p_x) is the relative degree deg(x, p_x) of x over the residue field Fp_x . The prime ideal p_x is generated by a monic irreducible element a(t) of A which splits into a product of linear factors in an extension field of F_q :

a(t) = (t − λ)(t − λ^q) · · · (t − λ^{qdeg(px)−1} ), λ ∈ Fp_x .

Thus, ⟨px⟩ = (1 − π∞λ)(1 − π∞λ^q) · · · (1 − π∞λ^{qdeg(px)−1} ). One then computes that

N(x) = ⟨p_x⟩^{deg(x,}p^{x )} = (1 − π_∞λ)(1 − π_∞λ^q) · · · (1 − π_∞λ^{qdeg(x)−1} ), which is in the same form as (6.8). It follows that the character N(x) corresponds to the rank one algebraic φ-sheaf on X/F_q defined by the linear polynomial (1 − π_∞λ) in λ. The quantity λ as a function of x̄ (a geometric point on x ∈ X) is exactly the regular function on X which is the structure morphism X → SpecA. To prove (i), it now suffices to prove that the family of rank one π-adic φ-sheaves corresponding to N(x)^{−y} parametrized by y is uniformly overconvergent and continuous. For (ii), it suffices to prove that the π-adic φ-sheaf corresponding to N(x)^{−y} is algebraic if y is a negative integer.

If y is a p-adic integer, the p-adic power (1 − π_∞λ)^{−y} can be developed using the binomial theorem:

(1 − π_∞λ)^{−y} = ∑ u≥0 ( −y u ) (−π_∞)^uλ^u.

This is a uniformly overconvergent series in λ with respect to the π_∞-adic topology since the coefficient of λ^u is uniformly divisible by π^u_∞ for all y. It is clear that the family (1−π_∞λ)^{−y} is continuous in y since (_{−y} u ) is a continuous function from Z_p to C_∞ . Thus, the family (1 − π_∞λ)^{−y} parametrized by y defines a continuous family F(y) of uniformly overconvergent rank one π_∞-adic φ-sheaves. Now L(E/X, s) has turned out to be the L-function of the continuous family E ⊗ F(y) of uniformly α-convergent π_∞-adic φ-sheaves, which is α-meromorphic on D^∗_α by Theorem 5.2.

If y = −j is a negative integer, then (1 − π_∞λ)^{−y} = (1 − π_∞λ)^j is a polynomial in λ of degree j and thus it defines an algebraic φ-sheaf. By Theorem 4.1,(ii), the L-function L(E/X, (T, −j)) is a rational function in T . The proof is complete.

If X is an affine scheme which is of finite type over F_q , of equi-dimension n over F_q , and is a complete intersection in some smooth affine Y of finite type over F_q , then the global L-function L(E/X, s)^{(−1)n−1} in Theorem 8.1 is implied by Conjecture 4.4 to be an entire function on S_∞.

Lemma 4.3 can be used to prove the entireness of the global L-function of Theorem 8.1 in some cases. For example, if X is the family of affine elliptic curves X^2_1 = X_2(X_2 − 1)(X_2 − t) over A = F_q [t] with p > 3 and E is trivial, then the global L-function is entire. In fact, for each closed point p of Spec A, the fibre Xp is a curve defined over Fp and its zeta function Z(Xp, T ) modulo p is given by the linear polynomial 1 − H(p)H(p^q) · · · H(p^{qdeg(p)−1} )T^{deg(}p^), where H(t) is the Hasse polynomial associated with the family X^2_1 = X_2(X_2 − 1)(X_2 − t) and H(p) is the value of H at any geometric point in p. Thus, the global L-function L(1/X, s) in this case is just the local L-function L(H(x)(1 − xπ_∞)^{−y}/A^1 , T ) on the affine line. By Lemma 4.3, we conclude that L(1/X, s) is entire in T = z^{−1} for each fixed y. Since H(x)(1 − xπ_∞)^{−y} defines a continuous family of overconvergent π_∞-adic φ-sheaves on A , L(1/X, s) is an entire function on S_∞ by Theorem 8.1. The same argument proves the entireness of the L-function given in (0.2).

9. v-Adic theory In this section, we explain how our arguments for the ∞-adic version can be modified to treat the v-adic version of the global conjecture.

Let v(t) be a monic irreducible polynomial in A = F_q [t]. Let A_v be the completion of A at v. Let η be the unique root of the polynomial v(t) in A_v such that t − η is a uniformizer of A_v. Denote the uniformizer t − η by π_v. Let C_v be the completion of an algebraic closure of the quotient field of A_v. Let U^{(1)}_v be the multiplicative group of units in A_v which are congruent to 1 modulo v.

To define the v-adic global L-function for a π_v-adic φ-sheaf, we first recall the definition of the Goss v-adic exponentiation. The Goss v-adic complex plane S_v is essentially S_v := C^×_v × Z_p.

Note that in Goss’ original definition, there is another direct factor (A/(v))^×. This extra factor is a finite abelian group. It contributes only to an abelian character of finite order in the exponentiation, which will be shown to be algebraic in the next section. Thus, we can just work with S_v defined in our way.

α-analyticity (resp. entireness, α-meromorphy, meromorphy) are defined for functions on (a subset of) S_v in the same way as in the ∞-adic case.

Let s = (z, y) ∈ S_v. For any non-zero integral ideal a in A which is prime to v, we define

a^s := z^{deg(a)}⟨a⟩^y,

where ⟨a⟩ ∈ U^{(1)}v is defined by ⟨a⟩ = a(t)/a(η) and a(t) is any generator of a.

Let X → SpecA be an A-scheme of finite type and let (E, φ) be a π_v-adic φ-sheaf on X. For each non-zero prime ideal p of A (or, closed point p of Spec A), the fibre (Ep, φ) of (E, φ) over p is a π_v-adic φ-sheaf on the fibre variety Xp, whose local L-function L(Ep/Xp, T ) is well defined as in Section 2. Note that the fibre variety Xp is defined over the extension field Fp , where Fp is the residue field A/p. For s = (z, y) ∈ S_v, the v-adic global L-function is then L_v(E/X, s) := ∏ p≠v 1 L(Ep/Xp, p^{−s}) .

Here, we removed the Euler factor at v because p^{−s} is not defined at p = v.

As in the last section, the global L-function is in fact a family of local L-functions parametrized by y ∈ Z_p. For a closed point x of X/F_q , let p_x be the image of x in Spec A under the structure morphism. Thus, the closed point x on X lies on the fibre Xp_x . If x is a closed point such that p_x ≠ v, we define N(x) := ⟨p_x⟩^{deg(x,}p^{x)}, where deg(x, p_x) is defined to be the degree of x relative to the residue field Fp_x . It gives rise to a character N : Z_0(X − X_v) → A^×_v . Its values N(x) are one-units in A_v. For s = (z, y) ∈ S_v, the above v-adic global L-function of (E, φ)/X can be rewritten as L_v(E/X, s)^{(−1)} = ∏ x∈(X−X_v )_0 1 det(1 − p^{−s×deg(x,}p^{x)} x φ^{deg(x)}_x |E_x) = ∏ x∈(X−X_v )_0 1 det(1 − (1/z)^{deg(x)}N(x)^{−y}φ^{deg(x)}_x |E_x) .

Note that, for each y ∈ Z_p, the map x → N(x)^{−y} defines an abelian character on the zero-cycles Z_0(X − X_v). We will show that it actually extends continuously to π_1(X − X_v)^{ab}. Writing T = z^{−1} for the inverse of the first variable of s = (z, y), one sees that for a fixed p-adic integer y, the reciprocal L-function L_v(E/X, s)^{(−1)} is just the local L-function in Section 2 of the π_v-adic φ-sheaf (E, φ) twisted by the abelian character N(x)^{−y} of π_1(X)^{ab} (cf. §6). Thus, to understand the meromorphic continuation of L(E/X, s) for a fixed y, it suffices to know the convergence property of the abelian character N(x)^{−y} as a function on X − X_v.

For a real number α, put D_α := (punctured open disk ∞ > ord_{πv} (T ) > −α) × Z_p.

Theorem 9.1. (i) Assume that the π_v-adic φ-sheaf E is α log-convergent over the scheme X. Then the L-function L_v(E/X, s) is an α-meromorphic function on D^∗_α. In particular, if E is overconvergent (resp. algebraic), then L_v(E/X, s) is meromorphic on the whole plane S_v.

(ii) If the π_v-adic φ-sheaf E is algebraic, then the L-function L_v(E/X, s) is an essentially algebraic meromorphic function on S_v.

Since E is algebraic if it comes from a Drinfeld A-module, it follows from the Theorem that

Corollary 9.2. The v-adic L-function L_v(Φ/X, s) of a Drinfeld A-module Φ over X is essentially algebraic and meromorphic on S_v.

Proof. Let the notations be as before. The prime ideal p_x is generated by a monic irreducible element a(t) ≠ v(t) of A, which can be factorized in an extension field of F_q :

a(t) = (t − λ)(t − λ^q) · · · (t − λ^{qdeg(px)−1} ), λ ∈ Fp_x .

Write g(λ) = v(λ)/(λ−η). This is a polynomial in λ with coefficients in the residue field F_q [η] of A at v. This residue field is contained in A_v. Now, we compute that t − λ = (t − η) + (η − λ) = (η − λ)(1 − π_v λ − η ) = (η − λ)(1 − g(λ) v(λ) π_v). Thus, as in (6.8),

N(x) = ( a(t) a(η) )^{deg(x,}p^{x)} = (1 − g(λ) v(λ) π_v)(1 − g(λ^q) v(λ^q) π_v) · · · (1 − g(λ^{qdeg(x)−1} ) v(λ^{qdeg(x)−1} ) π_v). Since 1/v(λ) is a regular function on the scheme (X − X_v)/F_q , the character N(x) corresponds (§6) to the rank one algebraic φ-sheaf on (X − X_v)/F_q defined by the polynomial 1−(g(λ)/v(λ))π_v in λ and 1/v(λ) with coefficients in A_v. To prove (i), it now suffices to prove that the family of the rank one π-adic φ-sheaves corresponding to N(x)^{−y} parametrized by y is uniformly overconvergent and continuous. For (ii), it suffices to prove that the π-adic φ-sheaf corresponding to N(x)^{−y} is algebraic if y is a negative integer.

For each p-adic integer y ∈ Z_p, the p-adic power (1−^{g(λ)}_{v(λ)} π_v)^{−y} can be developed using the binomial theorem:

(1 − g(λ) v(λ) π_v)^{−y} = ∑ u≥0 ( −y u ) (−π_v)^u( g(λ) v(λ) )^u.

As in the proof of Theorem 8.1, it is uniformly overconvergent and continuous in y, hence defines a continuous family F(y) of uniformly overconvergent rank one π_v-adic φ-sheaf on X − X_v. Now L_v(E/X, s) has turned out to be the L-function of the continuous family E ⊗ F(y) of uniformly α-convergent π_v-adic φ-sheaves, which is α-meromorphic on D^∗_α by Theorem 5.1.

If y = −j is a negative integer, then (1−(g(λ)/v(λ))π_v)^{−y} = (1−(g(λ)/v(λ))π_v)^j is a polynomial in λ and 1/v(λ). By Theorem 4.1,(ii), the L-function L_v(E/X, (T, −j)) is a rational function in T . The proof is complete.

10. Twist by a finite abelian character In this section, we show that a finite abelian character χ of the arithmetic fundamental group defines a rank one algebraic φ-sheaf. This immediately implies that Theorem 8.1 and Theorem 9.1 remain true for a global L-function twisted by a finite abelian character.

Since χ is of finite order, we may assume that χ is a character of the Galois group G of a finite unramified abelian covering Y/X. Let χ : G → C^×_π be an abelian character of G. For a closed point x of X/F_q , we define χ(x) to be χ(Frob_x) where Frob_x ∈ G is the Frobenius element at x.

Lemma 10.1. Over some finite extension F_ql of F_q , there exists a rational function b(x) on X ⊗ F_ql such that χ(x) = b(x)b(x^q) · · · b(x^{qd(x)−1} ) for any closed point x of X − (b), where x is a geometric point on x and (b) is the support of the divisor of b. Proof. Since χ is a product of characters of cyclic subgroups of G, we may assume G is cyclic. Since χ has values in C^×_π and C^×_π has no torsions of order p, we may assume G is of order prime to p. Then according to Reich’s arguments in [Re, p.848], if we identify G with a subgroup of F^×_{ql} for some l ≥ 1 in a suitable way, there exists a rational function b on X ⊗ F_ql such that the Frobenius of a closed point x of X − (b) is expressed as

Frob_x = b(x)b(x^q) · · · b(x^{qd(x)−1} ) ∈ F^×_{ql} .

(This b comes from Kummer theory.) Since any character χ of G (G being regarded as a subgroup of F^×_{ql} ), is of the form g → g^k for some integer k, the above shows that χ(x) is also written in a similar form. The lemma is proved.

Since the covering Y/X is unramified, for any given closed point x of X, one can choose such a function b so that x ∈ X − (b).

Note added in proof: We have now proved Conjecture 4.4 in full generality.

References

[An] G.W. Anderson, t-motives, Duke Math. J., 53(1986), 457–502. [De] P. Deligne, Fonctions L modulo ℓ^n et modulo p, in: Cohomologie étale (SGA 4^1_2 ), 110–128, Lecture Notes in Math. 569, Springer-Verlag, 1977 [Dr] V. G. Drinfeld, Moduli variety of F -sheaves, Funcktsional’nyi Analiz i Ego Prilozheniya, 21(1987), 23-41.

[Dw] B. Dwork, On the rationality of the zeta function of an algebraic variety, Amer. J. Math., 82(1960), 631-648.

[DS] B. Dwork and S. Sperber, Logarithmic decay and overconvergence of the unit root and associated zeta functions, Ann. Sci. E.N.S., 24(1991), 575-604.

[Fo] J.-M. Fontaine, Représentations p-adiques des corps locaux, in: The Grothendieck Festschrift Volume II, Birkhäuser, 1990, Cartier et al. (eds.), 249 – 309. [Fu] W. Fulton, A note on weakly complete algebras, Bull. Amer. Math. Soc., 75(1969), 591-593.

[G1] D. Goss, L-series of Grössencharacters of type A_0 for function fields, in p-Adic Methods in Number Theory and Algebraic Geometry, A. Adolphson, S. Sperber, M. Tretkoff (eds.), Contemporary Mathematics, Volume 133(1992), 119-139. [G2] D. Goss, L-series of t-motives and Drinfeld modules, in: The Arithmetic of Function Fields, D. Goss, D.R. Hayes and M.I. Rosen (eds.), Walter de Gruyter, Berlin-New York, 1992, 313-402.

[G3] D. Goss, The adjoint of the Carlitz module and Fermat’s last theorem, Finite fields and their applications, 1(1995), 165-188.

[Gr] A. Grothendieck, Formule de Lefschetz et rationalité des fonctions L, Séminaire Bourbaki, exposé 279, 1964/65.

[SGA1] A. Grothendieck, Revêtements étales et groupe fondamental, Lecture Notes in Math. 224, Springer-Verlag, 1971.

[K1] N. Katz, Travaux de Dwork, Séminaire Bourbaki, Exp. 409(1971/72), Lecture Notes in Math. 317, 1973, 167-200.

[K2] N. Katz, p-Adic properties of modular schemes and modular forms, Lecture Notes in Math. 350, 1973, 69-190.

[K3] N. Katz, Une formule de congruence pour la fonction ζ, in: Groupes de monodromie en géométrie algébrique (SGA 7 II), Exp. XXII, 401-438, Lecture Notes in Math. 340, Springer-Verlag, 1973 [Re] D. Reich, A p-adic fixed point formula, Amer. J. Math., 91(1969), 835-850. [S1] J.-P. Serre, Groupes algébriques et corps de classes, Hermann, 1959, Paris. [S2] J.-P. Serre, Endomorphismes complètement continus des espaces de Banach p-adiques, Publ. Math. IHES, 12(1962), 69-85.

[Ta] Y. Taguchi, A duality for finite t-modules, to appear in J. Math. Sci. Univ. Tokyo.

[Th] D. Thakur, On characteristic p zeta functions, to appear in Compositio Math. [W1] D. Wan, Meromorphic continuation of L-functions of p-adic representations, to appear in Ann. of Math.

[W2] D. Wan, Noetherian subrings of power series rings, Proc. Amer. Math. Soc., 123(1995), 1681-1686.

Yuichiro Taguchi Tokyo Metropolitan University, Hachioji, Tokyo 192-03, JAPAN

taguchi@math.metro-u.ac.jp

Daqing Wan University of Nevada, Las Vegas, NV 89154 Current address: Pennsylvania State University, University Park, PA16802

wan@math.psu.edu