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Motivation to Study Primal Dual Algorithms

Split Bregman and PDHG, both primal-dual methods, dematesdr
clear potential to be significantly more efficient than poes methods
used to solve convex models in image processing, but cosneegy
properties were Iinitially unclear

Overwhelming number of seemingly related methods, but wifidn
unclear connections

Need for methods with simple, explicit iterations capalfleaiving
large scale, often non-differentiable convex models



A Model Convex Minimization Problem

min J(Au) + H(u) (P)

ueR™

J, H closed proper convex
H:R™ — (—o00,00]
J: R" — (—o0, ]

A € Rxm

Assume there exists an optimal solutiehto (P)



The PDHG Method

min J (Au) + H(u) (P)

J(Au) = J*(Au) = sup(p, Au) — J*(p)

p

Saddle Point Formulation:

minsup —J*(p) + (p, Au) + H(u) (PD)

v p

Interpret PDHG as primal-dual proximal point method:

) 1
p"t = arg max —J*(p) + (p, Au”) — Ellp — "3

peR™
1
k+1 _ in H AT k-+1 i k2
u arg min (u) + (A" p" ", u) + 2akHu u” |3

M. ZHU, AND T. F. CHAN, An Efficient Primal-Dual Hybrid Gradient Algorithm for Total Variation Image
Restoration, UCLA CAM Report [08-34], May 2008.



Dual Problem and Strong Duality

The dual problem is
max Fp(p) (D)

peER™

where the dual functional’, (p) is a concave function defined by

Fp(p) = inf Lpp(u,p) = inf (p, Au)—J*"(p)+H(u) = —J*(p)—H*(—A"p)

ueRm™ ueR™

Having assumed® is an optimal solution to (P), it follows that there
exists an optimal solutiop* to (D)

Strong duality holds, meaninflp(u*) = Fp(p*)
u* solves (P) ang* solves (D) iff(u*, p*) is saddle point of.pp

Ref. R. T. ROCKAFELLAR, Convex Analysis, Princeton University Press, Princeton, NJ, 1970.



Saddle Point Formulations

Introduce the constraint = Aw in (P) and form the Lagrangian
LP(ua ’lU,p) — J(w) + H(U) + <p7 Au — w>
The corresponding saddle point problem is

inf L PP
max inf  Lp(u,w,p) (SPP)

Introduce the constraint = — A’ p in (D) and form the Lagrangian
Lp(p,y,u) = J*(p) + H*(y) + (u, A" p — y)
Obtain yet another saddle point problem,

inf L PD
max inf o Lp(py,u) (SPD)



rpy -~~~ -~ T T T~ 7 ! -~~~ - T T T~ 7
|(P) min, Fp(u) | | | (D) max, Fp(p) |
| Fp(u)=J(Au)+ H(w) | | | Fp(p) = —J*(p) — H*(—ATp) |
L o j ! Lo j
|
o~ - - - - - - - -~ 1
|(PD) minu Supp LPD (u> p) |
I Lpp(u,p) = (p,Au) — J*(p) + H(u) |
L - |
__________________ | o ___
I 1 I 1
I(SPP) max, infuyw Lp(u, w, p) | : (SPD) maXy, infp,y LD(p7 Y, ’U,)

I LP(uvva):J(w)+H(u)+<p7Au_w> | | I LD(p7y7u):J*(p)+H*(y)+<u7_ATp_y> |
L J L - il
{ | }
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+%(u—uk,(i — AT A)(u — u*))

k+1

Legend:

I
p - I U —
9phtt _ p | o — k1
I
I
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Primal AMA: Alternating Minimization Algorithm (4.2.1)

P):

D): Dual

PD): Primal-Dual
p): Split Primal

(
(
(
(SP

(SPp): Split Dual

PFBS: Proximal Forward Backward Splitting (4.2.1)
ADMM: Alternating Direction Method of Multipliers (4.2.2)
PDHG: Primal Dual Hybrid Gradient (4.2)

PDHGM: Modified PDHG (4.2.3)

Bold: Well Understood Convergence Properties




Moreau Decomposition

Moreau’s decomposition will be a main tool in demonstrattiognections
between the algorithms that follow.

Let f € R™, J a closed proper convex function &%, andA € R"*™,
Then:

1
f = arg min J(Au)—i——2 |u — fH;—|—ozAT arg min J*(p)-l-%
Q

Alp — =
ueR™ pER™

J. J. MOREAU, Proximité et dualité dans un espace hilbertien, Bull. Soc. Math. France, 93, 1965, pp.
273-299.



PFBS on (D)

PFBS alternates a gradient descent step with a proximal step

1
k+1 _ in J* e
p arg min (p) + 25,

whereu ! = VH*(—ATp").

lp — (p* + 6 Au*T)]]3,

Sinceu*t! = VH*(—ATpF) & —ATp* ¢ 90H (u**1), which is equivalent
to

w1 = arg min H(u) 4+ (AT p", ),
u€R™

PFBS on (D) can be rewritten as

uF Tl = arg m%&n H(u) 4+ (ATpF )
uelk™

. * 1
p**t! = arg min J*(p) + (p, —Au*™) + —||p — p"||3
peR™ 25kz

Ref: P. ComBETTES AND W. WAJS, Signal Recovery by Proximal Forward-Backward Splitting, Multiscale
Modeling and Simulation, 2006.
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AMA on Split Primal

AMA applied to (SPP) alternately minimizes first the Lagriamgl p (u, w, p)

with respect ta: and then the augmented Lagrangian + %’“ | Au — w|3
with respect tav before updating the Lagrange multiplier

w1 = arg min H(u) 4+ (AT p", )

ueR™
)
whtl = arg min J(w) — (pk,w> + —k||AukJrl — wH%
weR™ 2

pk—l—l _ pk + (Sk(Auk—i_l . wk—l—l)

Ref: P. TseEnG, Applications of a Splitting Algorithm to Decomposition in Convex Programming and
Variational Inequalities, SIAM J. Control Optim., Vol. 29, No. 1, 1991, pp. 119-138.
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Equivalence by Moreau Decomposition

AMA applied to (SPP):

uF Tt = arg min H(u) 4+ (AT p", )

UER™M
)
W = arg min J(w) — (pF, w) + = || At — w3
wER™ 2

pk—l—l _ pkz + 5k(Auk+1 . wk—i—l)
PFBS on (D) and AMA on (SPP) already have the same first step.

Combining the last two steps of AMA yields

2
J
pF Tl = (p* + 6, AuFT) — ) arg min J(w) + é{: w

(p* + S Aurt)
Ok

Y

2

which is equivalent to the second step of PFBS by direct egpdiin of
Moreau’s decomposition.

k+1

N 1
" = argmin J* (p) + 5 |lp - (p* + ok Au™ 1|3

25k 12



AMA/PFBS Connection to PDHG

PFBS on (D) with additional proximal penalty,

1
k+1 in H AT k T k12
U = argurg%&% (u) + (A" p",u) + 20 lu —u”[]3

D 1
pP = arg min J*(p) + (p, —Au*T) + —|p — p"|I3
pER™ 25k

AMA applied to (SPP) with first step relaxed by same additigremalty,

1
k—i_l p— ] H AT & _ k12
u arg min (w) + (A p™, u) + o lu —u”[3
)
wh T = arg min J(w) — (p*, w) + —k||AukJrl — w3
weR™ 2

PP = pF 4 6 (AubtL — k)

PFBS on (P) and AMA on (SPD) are connected to PDHG in the
analogous way.
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AMA Connection to ADMM

ADMM applied to (SPP):

§
uF Tl = arg min H(u) + (AT p*, u) + §HAU — w2

ueR™
)
w' = arg min J(w) = (p%,w) + 5[ Au"T - w];
wER™

pkz—}—l _ pk + 5(Auk—|—1 . wk—i—l)

Ref: J. EcksTEIN, AND D. BERTSEKAS, On the Douglas-Rachford splitting method and the proximal point
algorithm for maximal monotone operators, Math. Program. 55, 1992.
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Equivalence to Douglas Rachford Splitting

Can apply Moreau decomposition twice along with an appaterchange of
variables to show ADMM on (SPP) or (SPD) is equivalent to Oasg
Rachford Splitting on (D) and (P) resp.

Example: Douglas Rachford splitting on (D) with = p* + Jw*:

o 1
¢" ! = arg min H (—ATq) + ol + 2F —2p"|3

k+1

Ly 1
p zargrrgnJ(p)+2—5\\p—zk+pk—qk“\\§

i SRR S .

Ref: S. SETZER, Split Bregman Algorithm, Douglas-Rachford Splitting and Frame Shrinkage,
http://kiwi.math.uni-mannheim.de/ ssetzer/pub/setita fbs frames08.pdf, 2008.

Ref: J. EcksTEIN, Splitting Methods for Monotone Operators with Applications to Parallel Optimization, Ph.
D. Thesis, Massachusetts Institute of Technology, DepEiaf Engineering,

http://hdl.handle.net/1721.1/14356, 1989.
15



Split Inexact Uzawa Method

Consider adding (u — u*, (£ — §AT A)(u — u*)) to the first step of the
Alternating Direction Method of Multipliers (ADMM) appleto (SPP), with
0<a< s

JIEYE

Split Inexact Uzawa applied to (SPP):

uF T = arg mI%Rn H(u) + (ATp" u) + —Hu —uf + 6a AT (AuF — w")||3
uclk™
J
w ™ = arg min J(w) — (p*, w) + S| Au"T —wlf;

weR™
pkz—i—l _ p + 5(Auk—|—1 . wk—l—l)

Note: In general we could similarly modify both minimizatisteps in
ADMM, but by only modifying the first step we can obtain an m&sting
PDHG-like interpretation.

Ref: X. ZHANG, M. BURGER, AND S. OSHER, A Unified Primal-Dual Algorithm Framework Based on
Bregman lteration, UCLA CAM Report [09-99], 2009.
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Equivalence to Modifiled PDHG (PDHGMp)

Split Inexact Uzawa applied to (SPP):

1
uF Tl = arg min H(u) + (ATp*, u) + %Hu — uF 6o AT (AuF — wh)||2

ucR™
)
w*t = arg min J(w) — (p*,w) + || Au*H —w]|3
weR™ 2

pkz—}—l _ pk 4+ 5(Auk—|—1 . wk—i—l)

Replace)(Au* — wk) in theu®+! update withp® — p*~1. Combinep**! and
w1 to get

5w 5

k k+1
pkz—i—l _ (pk + 5Auk—|—1) . 5argmin J(w) 4 0 (p ‘|‘5A’LL )H2

and apply Moreau’s decomposition.

PDHGMp: (the only change from PDHG is that becamep® — pF—1)

. _ 1
WM = arg min H(u) + (AT (28 —p") )+ o - 3
u€eER™ 2c
1
k+1 _ in J* o A k41 T k2
p arg min J*(p) — (p, Au™"") + o<llp — P73

17
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More Related Works

Ref: T. GOLDSTEIN AND S. OSHER, The Split Bregman Algorithm for L1 Regularized Problems,
SIIMS, Vol. 2, No. 2, 2008.

Ref: S. SETZER, Split Bregman Algorithm, Douglas-Rachford Splitting and Frame Shrinkage,
LNCS, 2008.

G. CHEN AND M. TEBOULLE, A Proximal-Based Decomposition Method for Convex Minimization
Problems, Mathematical Programming, Vol. 64, 1994.

X. ZHANG, M. BURGER, AND S. OSHER, A Unified Primal-Dual Algorithm Framework Based on
Bregman lteration, UCLA CAM Report [09-99], 2009.

Ref: T. Pock, D. CREMERS, H. BISCHOF, AND A. CHAMBOLLE, An Algorithm for Minimizing the
Mumford-Shah Functional, ICCV, 2009.

A. CHAMBOLLE, V. CASELLES, M. NOVAGA, D. CREMERS AND T. POcCK, An introduction to Total

Variation for Image Analysis,

http://hal.archives-ouvertes.fr/docs/00/43/75/8 IFRiDeprint.pdf, 2009.

Ref: J. EcksTEIN, Splitting Methods for Monotone Operators with Applications to Parallel
Optimization, Ph. D. Thesis, MIT, Dept. of Civil Engineering, 1989.

Ref: C. Wu anD X.C Tal, Augmented Lagrangian Method, Dual Methods, and Split Bregman
Iteration for ROF, Vectorial TV, and High Order Models, 2009.

Ref: E. ESSER, X. ZHANG, AND T. F. CHAN, A General Framework for a Class of First Order
Primal-Dual Algorithms for TV Minimization, UCLA CAM Report [09-67], 20009.
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Comparison of Algorithms

AssumeJ andH are closed proper convex functions

PFBS on (D) convergence requirBs differentiable,V(H*(—A%p))
Lipschitz continuous with Lipschitz constant equa%tpand

0 < infdr <supdp < 20

AMA on (SPP) convergence analogously requikestrongly convex
Variables not coupled by matrit

ADMM on (SPP) convergence requirés> 0 and H (u) + || Aul||? to be
strictly convex (ensures convergence to saddle point, eedad for
Douglas Rachford)

Variables coupled by

SIU on (SPP) and PDHGMp convergence requires ¢ < W
Variables not coupled by

PDHG convergence in general is still an open problem
Variables not coupled by

20



Application to TV Minimization Problems

Discretize||u||ry using forward differences and assuming Neumann BC

lullry = ZZ V(DFu,.0)? + (Dituy,.)?

r=1c=1

VectorizeM, x M. matrix by stacking columns

Define a discrete gradient matrdX and a norni| - || g such that
|1Dul|g = [lullzv-.

To compare numerical performance on TV denoising,

, A
min Juflrv + Sllu = fll2,

firstletA = D, J(Au) = ||Du||g and H (u)

= 2|lu — f|3 to write the model
In form of

urgli&rgn J(Au) + H(u) (P)



Original, Noisy and Benchmark Images

Use256 x 256 cameraman image.
Add white Gaussian noise having standard devia2ian

Let A = .053.
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lterations Required for TV Denoising

Algorithm tol=10"2 | tol=10"% | tol=10"°
PDHG (adaptive) 14 70 310
PDHGMu (adaptive) 19 92 365
PDHGa = 5,6 = .025 31 404 8209
PDHGa =1,6 = .125 51 173 1732
PDHGa = .2,§ = .624 167 383 899
PDHGMua = 5,6 =.025 | 21 394 8041
PDHGMua =1,6 = .125 | 38 123 1768
PDHGMua = .2, = .624 | 162 355 627
PDHGa = 5,6 = .1 22 108 2121
PDHGa =1, = .5 39 123 430
PDHGa = .2,0 = 2.5 164 363 142
PFBSS = .0132 48 750 15860
ADMM 6§ = .025 17 388 7951
ADMM § = .125 22 100 1804
ADMM § = .624 97 270 569

23



Conclusions

The PDHG-related framework for a class of primal-dual at@ons
hopefully reduces the dauntingly large space of potentethads by
showing some close connections between them.

These primal dual algorithms (with the exception of PDHG)w&yge
under few assumptions.

The methods discussed can be efficiently applied to convelelnavith
separable structure which can be written in the form of (RgyTare
practical for many large scale convex optimization proldehat arise in
Image processing, including total variation minimization

24
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