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ABSTRACT OF THE DISSERTATION

Primal Dual Algorithms for Convex Models and
Applications to Image Restoration, Registration
and Nonlocal Inpainting

by

John Ernest Esser
Doctor of Philosophy in Mathematics
University of California, Los Angeles, 2010
Professor Tony F. Chan, Chair

The main subject of this dissertation is a class of practical algorithms for
minimizing convex non-differentiable functionals coming from image processing
problems defined as variational models. This work builds largely on the work of
Goldstein and Osher [GO09] and Zhu and Chan [ZC08] who proposed respectively
the split Bregman and the primal dual hybrid gradient (PDHG) methods for total
variation (TV) image restoration. We relate these algorithms to classical methods
and generalize their applicability. We also propose new convex variational models
for image registration and patch-based nonlocal inpainting and solve them with

a variant of the PDHG method.

We draw connections between popular methods for convex optimization in
image processing by putting them in a general framework of Lagrangian-based al-
ternating direction methods. Furthermore, operator splitting and decomposition
techniques are used to generalize their application to a large class of problems,
namely minimizing sums of convex functions composed with linear operators and

subject to convex constraints. Numerous problems in image and signal process-

Xiv



ing such as denoising, deblurring, basis pursuit, segmentation, inpainting and
many more can be modeled as minimizing exactly such functionals. Numerical
examples focus especially on when it is possible to minimize such functionals by
solving a sequence of simple convex minimization problems with explicit formulas

for their solutions.

In the case of the split Bregman method, we point out an equivalence to
the classical alternating direction method of multipliers (ADMM) and Douglas
Rachford splitting methods. Existing convergence arguments and some minor

extensions justify application to common image processing problems.

In the case of PDHG, its general convergence is still an open problem, but in
joint work with Xiaoqun Zhang and Tony Chan we propose a simple modification
that guarantees convergence. We also show convergence of some special cases
of the original method. Numerical examples show PDHG and its variants to
be especially well suited for large scale problems because their simple, explicit
iterations can be constructed to avoid the need to invert large matrices at each

iteration.

The two proposed convex variational models for image registration and non-
local inpainting are novel because most existing variational approaches require

minimizing nonconvex functionals.
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CHAPTER 1

Introduction

An important class of problems in image processing, and now also compressive
sensing, is convex programs involving [y or total variation (TV) minimization.
The use of [; and TV regularizers has been shown to be very effective in regulariz-
ing inverse problems where one expects the recovered image or signal to be sparse
or piecewise constant. The [; norm encourages sparsity of the signal while the
TV seminorm encourages sparsity of the gradient. Illustrative examples include
ROF denoising [ROF92] and basis pursuit [CDS98]. A lack of differentiability
makes minimizing such functionals computationally challenging, and so there is
considerable interest in efficient algorithms, especially for large scale problems.
There is an additional need for algorithms that can efficiently take advantage of
the separable structure of more complicated models consisting of sums of convex
functionals composed with linear operators and subject to convex constraints. Al-
gorithms such as split Bregman [GO09], the split Inexact Uzawa method [ZBO09]
and the primal dual hybrid gradient (PDHG) method [ZC08| have been shown
to yield simple, fast and effective algorithms for these types of problems. These
recent algorithms also have many interesting connections to classical Lagrangian
methods for the general problem of minimizing sums of convex functionals subject
to linear equality constraints. There are close connections for example to the al-
ternating direction method of multipliers (ADMM) [BT89, EB92, GM76, GMT75]

and the alternating minimization algorithm (AMA) of [T'se91]. These algorithms



can be especially effective when the convex functionals are based on [y and [;-like
norms. Connections between these algorithms as well as the operator splitting
techniques that allow them to be effectively applied are discussed in Chapters 2
and 3.

Chapter 2 is based largely on the paper, Applications of Lagrangian-Based Al-
ternating Direction Methods and Connections to Split Bregman [Ess09]. We show
that analogous to the connection between Bregman iteration and the method of
multipliers [Hes69, Pop80] that was pointed out in [YOGO8|, a similar connec-
tion can be made between the split Bregman algorithm and ADMM. Existing
convergence theory for ADMM [EB92] can therefore be used to justify both
the alternating step and inexact minimizations used in split Bregman for the
cases in which the algorithms are equivalent. Application of these algorithms
to different image processing problems is simplified by rewriting these problems
in a general form that still includes constrained and unconstrained TV and [y
minimization as was investigated in [GO09]. Numerical results for the applica-
tion to TV-/; minimization [CEN06] are presented. The dual interpretation of
ADMM as Douglas Rachford splitting applied to a dual problem is well studied
[Gab83, GT89, Eck89, EB92, LM79], and we examine this dual interpretation in
some special cases. We also discuss applications of several related methods includ-
ing AMA and the split inexact Uzawa method of [ZBO09], which are sometimes

better suited for problems where further decoupling of variables is useful.

Chapter 3 is based on the paper, A General Framework for a Class of First
Order Primal-Dual Algorithms for TV Minimization [EZC09], which represents
joint work with Xiaoqun Zhang and Tony Chan. We generalize the primal-dual
hybrid gradient (PDHG) algorithm proposed by Zhu and Chan in [ZCO08], draw

connections to similar methods and discuss convergence of several special cases



and modifications. In particular, we point out a convergence result for a mod-
ified version of PDHG that has a similarly good empirical convergence rate for
total variation minimization problems. Its convergence follows from interpret-
ing it as the split inexact Uzawa method discussed in [ZBO09]. We also prove
a convergence result for PDHG applied to TV denoising with some restrictions
on the PDHG step size parameters. It is shown how to interpret this special
case as a projected averaged gradient method applied to the dual functional. We
discuss the range of parameters for which the inexact Uzawa method and the pro-
jected averaged gradient method can be shown to converge. We also present some
numerical results for these algorithms applied to TV denoising, TV deblurring,
constrained /; minimization and multiphase segmentation problems. The effec-
tiveness of the modified PDHG method for large scale, non-differentiable convex
problems is further demonstrated in Chapters 4 and 5 where it is successfully

applied to convex models for image registration and nonlocal inpainting.

Chapter 4 is based on the paper, A Convex Model for Image Registration
[Ess10]. Variational methods for image registration generally involve minimizing
a nonconvex functional with respect to the unknown displacement between two
given images. A linear approximation of the image intensities is often used to
obtain a convex approximation to the model, but it is only valid for small defor-
mations. Algorithms such as gradient descent can get stuck in undesirable local
minima of the nonconvex functional. Here, instead of seeking a global minimum of
a nonconvex functional, and without making a small deformation assumption, we
introduce and work with a different, convex model for the registration problem.
In particular we consider a graph-based formulation that requires minimizing a
convex function on the edges of the graph instead of working directly with the
displacement field. The corresponding displacement can be inferred from the

edge function. The convex model generally involves many more variables, but its



global minimum can be a better solution than a local minimum of the nonconvex
model. We use a convergent variant of the PDHG algorithm for the numerical

examples.

In Chapter 5 we propose a convex variational model for nonlocal image in-
painting that uses nonlocal image patches to fill in a large missing region in a
manner consistent with its boundary. Existing convex inpainting models, such
as TV inpainting [CS05] tend to be based on propagating local information into
the unknown region and therefore aren’t always well suited for filling in areas
far from the boundary. Usually greedy approaches are employed for exemplar-
based inpainting similar to the texture synthesis technique of [EL99]. Previ-
ous variational methods for nonlocal texture inpainting have also been proposed
[DSC03, ALMO08, ACS09, ZC09], but they are all based on nonconvex models.
Convexity in the proposed model is achieved by allowing unknown patches over-
lapping the inpainting region to be weighted averages of known image patches.
It’s possible to express the proposed functional solely in terms of these weights.
The functional consists of a data fidelity term that encourages the unknown
patches to agree with known boundary data and other patches that they over-
lap and a regularizing term to encourage spatial correspondence between the
unknown patches and the known patches they are weighted averages of. A non-
convex modification to the functional is also proposed to promote greater sparsity
of the weights when needed. Again we use a variant of PDHG to compute the

numerical examples.

The main contributions of this dissertation are summarized in the following

list:



Described a general framework for a class of primal-dual algorithms that
explains the connections between PDHG, ADMM, Douglas Rachford split-
ting, AMA, proximal forward backward splitting and split inexact Uzawa
methods (Chapter 3, Figure 3.1)

Clarified the convergence of split Bregman via its connection to ADMM

(Section 2.3.2.3)

Proposed a modification of the PDHG algorithm that converges by an equiv-
alence to the split inexact Uzawa method (Section 3.4.2.4)

Discussed operator splitting techniques for applying ADMM, PDHG and

their variants to a large class of convex models (Sections 2.1 and 3.6.1)

Used a generalized Moreau decomposition to explain the dual interpreta-
tions of ADMM, AMA and split inexact Uzawa (Sections 2.3.2.2, 3.4.2.1
and 3.4.2.4)

Explained both primal and dual derivations for general shrinkage (soft

thresholding) formulas (Section 2.4.2)
Proposed a convex model for image registration (Chapter 4)

Proposed a convex model for nonlocal patch-based image inpainting (Chap-

ter 5)

Demonstrated the successful application of ADMM and PDHG variants to
image restoration, multiphase segmentation and the proposed registration

and nonlocal inpainting models

Table 1.1: Summary of contributions



CHAPTER 2

Connection Between Split Bregman and
ADMM and Applications to Convex Programs

with Separable Structure

2.1 Introduction

There is extensive literature in convex optimization and numerical analysis about
splitting methods for minimizing a sum of two convex functions subject to linear

equality constraints. A general form of such a problem is

min F(z)+ H(u), (PO)
zeR" ueR™
Bz+Au=10

where ' : R" — (—o00,00] and H : R™ — (—o00,00] are closed proper convex
functions, A is a d x m matrix, B is a d x n matrix and b € R?. Many variational
models in image processing consist of minimizing sums of convex functionals
composed with linear operators and subject to convex constraints. Such problems
often have the form

min  J(u), (2.1)
u € R™

Ku=f



where J(u) has separable structure in the sense that it can be written as a sum
of closed proper convex functions H and G,

J(u) = H(u)+ > Gi(Au+b;).

i=1

Additional convex constraints besides linear equality constraints can be incorpo-
rated into the functional by way of convex indicator functions. For example, to
constrain u to a convex set S, one could define H or one of the G; terms to equal

the convex indicator function gg for S defined by

0 ifuels
gs(u) =
oo otherwise.

The separable structure of the convex program in (2.1) allows it to be written in
the form of (P0). To see how, suppose G; : R" — (—o00,00], f € R* b, € R™,
each A; is a n; xm matrix and K is a s Xxm matrix. An equivalent formulation that
decouples the G; is obtained by introducing new variables z; and constraints z; =

A;u+ b;. This can be written in the form of (P0) by letting F'(z) = Zf\il Gi(z),

Ay —by
<1
N . —I : : '
n=y.n,z=|:|, B= . , A= ) ,and b = , . Letting
N —bn
ZN K f

d = n + s, note that A is a d X m matrix, B is a d x n matrix and b _E R,

By the above equivalence, classical splitting methods for solving PO can be
straightforwardly applied to problems of the form (2.1). Similar decomposition
strategies are discussed for example in [BT89], [Ber99], [Roc70] and [T'se91]. The
goal is to produce algorithms that consist of simple, easy to compute steps that
can deal with the terms of J(u) one at a time. One approach based on duality
leads to augmented Lagrangian type methods that can be interpreted as split-

ting methods applied to a dual formulation of the problem. A good summary



of these methods can be found in chapter three of [GT89] and Eckstein’s thesis
[Eck89]. Here we will focus mainly on ADMM because of its connection to the
Split Bregman algorithm of Goldstein and Osher. They show in [GO09] how
to simplify the minimization of convex functionals of u involving the {; norm of
a convex function ®(u). They replace ®(u) with a new variable z, add a con-
straint z = ®(u) and then use Bregman iteration [YOGOS8] techniques to handle
the resulting constrained optimization problem. A key application is functionals
containing ||u||rv. A related splitting approach that uses continuation methods
to handle the constraints has been studied by Wang, Yin and Zhang, [WYZO07]
and applied to TV minimization problems including TV-/; (|[GLNO0S], [YZY09)).
The connection between Bregman iteration and the augmented Lagrangian for
constrained optimization problems with linear equality constraints is discussed
by Yin, Osher, Goldfarb and Darbon in [YOGO08]. They show Bregman iteration
is equivalent to the method of multipliers of Hestenes [Hes69] and Powell [Pop80]

when the constraints are linear. The augmented Lagrangian for problem (2.1) is
La(,2) = J() + O\, f = Ku) + 1 = Kul|

where || - || and (-, -) denote the Euclidean norm and standard inner product. The

method of multipliers is to iterate

uF T = arg min Ly (u, \Y) (2.2)

ueR™

)\k+1 — >\k +Oé(f _ Kuk—l—l)’
whereas Bregman iteration yields

uf = arg min J(u) = J(u) = (pFu— o) + SF - Kal? o (23)

uER™

pk-l—l _ pk + OZKT(f o Kukﬂ).



J(u)—J(uF)—(p*, u—u*) is the Bregman distance between u and u*, where p* is a
subgradient of J at u*. Similarly, in the special case when @ is linear, an interpre-
tation of the split Bregman algorithm, explained in sections 2.3.1.1 and 2.3.2.1,
is to alternately minimize with respect to u and z the augmented Lagrangian
associated to the constrained problem and then to update a Lagrange multi-
plier. This procedure also describes ADMM, which goes back to Glowinski and
Marocco [GMT75], and Gabay and Mercier [GM76]. The augmented Lagrangian
for problem (PO0) is

La(z,u,\) = F(2) + H(u) + (\b— Au — B2) + %Hb — Au— Bz|%,

and the ADMM iterations are given by

k+1l _ : koyk
277 = arg min Lo(z,u®, A%)
uFtt = arg min Lo (2FT, u, \F) (2.4)

ucR™

)\k-i-l — >\k+a(b_Auk+1 . sz—l-l).

ADMM can also be interpreted as Douglas Rachford splitting [DR56] applied to
the dual problem. The connection between these two interpretations was first
explored by Gabay [Gab83] and is also discussed by Glowinski and Le Tallec in
[GT89]. The dual version of the algorithm was studied by Lions and Mercier
[LM79]. The equivalence of ADMM to a proximal point method was studied
by Eckstein and Bertsekas [EB92], who also generalized the convergence theory
to allow for inexact minimizations. Direct convergence proofs in the exact mini-
mization case can also be found for example in [GT89, BT89, WT09]. Techniques
regarding applying ADMM to problems with separable structure can be found
for example in [FG83] and are discussed in detail by Bertsekas and Tsitsiklis
in ([BT89] Section 3.4.4). The connection between split Bregman and Douglas
Rachford splitting has also been made by Setzer [Set09].



Other splitting methods besides Douglas Rachford splitting can be applied
to the dual problem, which is a special case of the well studied more general
problem of finding a zero of the sum of two maximal monotone operators. See for
example [Eck89] and [LM79]. Some splitting methods applied to the dual problem
can also be interpreted in terms of alternating minimization of the augmented
Lagrangian. For example, Peaceman Rachford splitting [PR55] corresponds to an
alternating minimization algorithm very similar to ADMM except that it updates
the Lagrange multiplier twice, once after each minimization of the augmented

Lagrangian [GT89).

Proximal forward backward splitting can also be effectively applied to the
dual problem. This splitting procedure, which goes back to Lions and Mercier
[LM79] and Passty [Pas79], appears in many applications. Some examples include
classical methods such as gradient projection and more recent ones such as the
iterative thresholding algorithm FPC of Hale, Yin and Zhang [HYZ07] and the
framelet inpainting algorithm of Cai, Chan and Shen [CCS08].

The Lagrangian interpretation of the dual application of forward backward
splitting was studied by Tseng in [Tse91]. He shows that it corresponds to an
algorithm with the same steps as ADMM except that one of the minimizations
of the augmented Lagrangian, L,(z,u,\), is replaced by minimization of the

Lagrangian, which for (P0) is
L(z,u,\) = F(2) + H(u) + (\,b — Au — Bz).

The resulting iterations are given by

k1 _ : k k
u —argggﬂglnL(z LUy AY)
= arg m%gn Lo (2, u" 2P (2.5)
z€R™

)\k-l-l — )\k+a(b—Auk+l . sz-i-l)‘
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Tseng called this the alternating minimization algorithm, referred to in shorthand
as AMA. This method is useful for solving (P0) when H is strictly convex but
including the augmented quadratic penalty leads to a minimization step that is

more difficult to solve.

There are other methods for decoupling variables that don’t require the func-
tional to be strictly convex. An example is the predictor corrector proximal
method (PCPM) by Chen and Teboulle [CT94], which alternates proximal steps
for the primal and dual variables. The PCPM iterations are given by

uFT = arg min L(2F, u, A\F) + L||u — u”||?
u€R™ 20y,

1
k1 _ : ko\k k)2
2 —arg;rrelinnL(z,u,)\)+2akHz—z |

Pz B + (ak—i-l —G—Ozk)(b— AukFtt — sz—i-l) —ak(b—Auk _ sz)

This method can require many iterations. Another technique to undo the coupling
of variables that results from quadratic penalty terms of the form || Ku— f||? is
to replace such a penalty with one of the form 55— [lu —u* + ardp K (Ku" — f)||?,
which instead penalizes the distance of u from a linearization of the original
penalty. This was applied to the method of multipliers by Stephanopoulos and
Westerberg in [SW75]. It was used in the derivation of the linearized Bregman
algorithm in [YOGO08]. This technique is also used with Bregman iteration meth-
ods by Zhang, Burger, Bresson and Osher in [ZBB09], leading to the Bregman
Operator Splitting (BOS) algorithm, which they apply for example to nonlocal

TV minimization problems. They also show the connection to inexact Uzawa

methods. Written as an inexact Uzawa method, the BOS algorithm applied to

11



(2.1) yields the iterations

1
uFtt = arg m[i&n J(U) + (Ak, f— KU> + ﬁ”u —u” + ak5kKT(KUk - f)||2
ueR™ k

(2.6)

>\k+1 — >\k +ak(f_ KukH).

This decoupling idea was extended to to splitting applications by Zhang, Burger
and Osher in ([ZBO09], Algorithm A;). It can be applied to (P0) by adding
an additional quadratic penalty to each minimization step of ADMM (2.4). The
resulting method will be referred to here by the split inexact Uzawa method. The

iterations when applied to (P0) are given by

1
k1 _ : ko\k k)2
z —arg?elinnLa(z,u ;A )+§||z—z 16,
1
k+1 _ ; k+1 k k2
' = arg min Lo (287 u, A¥) + §||u —u”[g, (2.7)

>\k+1 — )\k +Oé(b— Auk—l-l . ‘sz-‘rl)7

where @1, @ are positive definite matrices and |23, = (Qiz,2), [ull, =
(Qou,u). Although @1 and @) can be arbitrary positive definite matrices, they
can also be chosen to effectively linearize the quadratic penalties in the ADMM
minimization steps by letting Q1 = % —aBTB and Q, = % —aAT A, with § and «
chosen to ensure positive definiteness. An example of this application is given in

Section 2.3.3.2 and it’s connection to a variant of the PDHG method is discussed

in Chapter 3.

This chapter consists of three main parts. The first part discusses the La-
grangian formulation of the problem (P0) and the dual problem. The second
part focuses on exploring the connection between split Bregman and ADMM,
their application to (P0) and their dual interpretation. It also demonstrates how

further decoupling of variables is possible using AMA and BOS. The third part

12



shows how to apply these algorithms to some example image processing prob-
lems, focusing on applications that illustrate how to take advantage of problems’

separable structure.

2.2 The Primal and Dual Problems

Lagrangian duality will play an important role in the analysis of (P0). In this
section we define a Lagrangian formulation of (P0) and the dual problem. We

also discuss conditions that guarantee solutions to the primal and dual problems.

2.2.1 Lagrangian Formulation and Dual Problem

Associated to the primal problem (PO0) is the Lagrangian
L(z,u,\) = F(2) + H(u) + (\,b — Au — Bz), (2.8)

where the dual variable A € R? can be thought of as a vector of Lagrange multi-
pliers. The dual functional g()\) is a concave function ¢ : R? — [—o00, 00) defined
by

a =, it L(zu, ) (2.9)

The dual problem to (P0) is
max g(\). (D0)

AER4

Since (P0) is a convex programming problem with linear constraints, if it has an

optimal solution (z*,u*) then (DO0) also has an optimal solution \*, and
F(z*)+ H(u") = q(\"),

which is to say that the duality gap is zero, ([Ber99] 5.2, [Roc70] 28.2, 28.4). To

guarantee existence of an optimal solution to (P0), assume that the set

{(zyu) : F(2) + Hlu) <c¢, Au+ Bz = b}

13



is nonempty and bounded for some ¢ € R. Alternatively, we could assume that
Ku = f has a solution, and if it’s not unique, which it probably won’t be, then
assume F'(z) + H(u) is coercive on the affine subspace defined by Au + Bz =
b. Either way, we can equivalently minimize over a compact subset. Since F'
and H are closed proper convex functions, which is to say lower semicontinuous
convex functions not identically infinity, Weierstrass’ theorem implies a minimum

is attained [Ber99].

2.2.2 Saddle Point Formulation and Optimality Conditions

Finding optimal solutions of (P0) and (D0) is equivalent to finding a saddle point
of L. More precisely ([Roc70] 28.3), (2*,u*) is an optimal primal solution and \*

is an optimal dual solution if and only if
L(z",u*, \) < L(z*,u", \*) < L(z,u, \") Yoz, u, A (2.10)
From this it follows that

max F'(z*) + H(u") + (\, b — Au™ — Bz") = L(z",u", \")

AeRd

= min  F(z)+ H(u)+ (\",b— Au — Bz),

u€R™ zER"

from which we can directly read off the Kuhn-Tucker optimality conditions.

Au*+ Bz*=b (2.11a)
BT\* € OF (%) (2.11b)
A"X* € OH (u*), (2.11c)

where 0 denotes the subdifferential, defined by

OF(z")={peR": F(v) > F(z") + (p,v— 2") Yo € R"},
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OH(u")={q¢eR™: Hw) > H(u") + (¢, w — u*) YVw € R™}.

These optimality conditions (2.11) hold if and only if (2*, u*, A*) is a saddle point
for L ([Roc70] 28.3). Note also that L(z*,u*, \*) = F(2*) + H(u*).
2.2.3 Dual Functional

The dual functional g(A) (2.9) can be written in terms of the Legendre-Fenchel

transforms of F' and H.

qgA\) = _inf  F(z)+ (\,b— Bz — Au) + H(u)

= inf (F(z) — {\ B2)) + inf (H(u) — ), Au) + (\,D)
= - sup ((B™A, z) — F(z)) — sup ((A"X,u) — H(uw)) + (A, b)

= —F*(BTX) — H*(ATA) + (\, b),

where I and H* denote the Legendre-Fenchel transforms, or convex conjugates,

of F and H defined by

F*(BT)) = sup ((BT)\, z)y — F(z)) ,

z€R"
H*(A"X) = sup ((A"A\,u) — H(u)).
UGR"”

2.2.4 Maximally Decoupled Case

An interesting special case of (P0), which will arise in many of the following

examples, is when H(u) = 0. This corresponds to

min F(2). (P1)
u€eR™ zeR”
Bz+Au=1»
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As before, the dual functional is given by
@ (N) = —F*(B"A) — H*(A"A) + (\,0),
except here H*(AT)) can be interpreted as an indicator function defined by

0 if ATA=0,
H*(AT)) =
oo otherwise.
This can be interpreted as the constraint A7\ = 0, which is equivalent to PA = ),
where P is the projection onto Im(A)* defined by
P=1-AA"

Therefore the dual problem for (P1) can be written as

max  —F*(BTP)) + (P),b). (D1)
A€ R4
ATXA =0
The variable u can also be completely eliminated from the primal problem,
which can be equivalently formulated as
min F(z). (P2)
zeR"
P(b—Bz)=0
The associated dual functional is
@(\) = —F*(B"PA) + (PAb),
and the dual problem is therefore
max —F* (BT PA) + (P, b), (D2)
AERY
which is identical to (D1) without the constraint. However, since ga(A) = g2(P\)
the AT\ = 0 constraint can be added to (D2) without changing the maximum.

16



2.3 Algorithms

In this section we start by analyzing Bregman iteration (2.3) applied to (P0)
because the first step in deriving the split Bregman algorithm in [GO09] was
essentially to take advantage of the separable structure of (2.1) by rewriting it
as (P0) and applying Bregman iteration. Then we show an equivalence between
ADMM (2.4) and the split Bregman algorithm and present a convergence result
by Eckstein and Bertsekas [EB92]. Next we interpret AMA (2.5) and the split
inexact Uzawa method (2.7) as modifications of ADMM applied to (P0), and we
discuss when they are applicable and why they are useful. Throughout, we also
discuss the dual interpretations of Bregman iteration/method of multipliers as
gradient ascent, split Bregman/ADMM as Douglas Rachford splitting and AMA

as proximal forward backward splitting.

2.3.1 Bregman Iteration and Method of Multipliers
2.3.1.1 Application to Primal Problem

Bregman iteration applied to (P0) yields

Algorithm: Bregman iteration on (PO0)

k+1 ) k+1y _ . _ kY ok ook
(7 u™) =arg _min F(z) — F(2%) — (p;, 2 — 25)+

H(u) — Hw") — (pF,u — u*)+ (2.12)

Y

11b — Au— Bz|)?
2
plzﬂ-l-l — plzf + OéBT<b . Auk-i-l . sz-‘rl)

PPl = pF 4 AT (b — AuMT! — B2AT).
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For the initialization, p? and p? are set to zero while z° and u° are arbitrary. Note
that for k > 1, p* € 9H(u*) and p* € OF(2*). Now, following the argument in
[YOGO8] that shows an equivalence between Bregman iteration and the method
of multipliers (2.2) in the case of linear constraints, define A* for k > 0 by A =0
and

ML= AP (b — AuMTt — BZFTY), (2.13)
Notice that if p* = BTA* and p* = ATA* then pt™! = BTAM 1 and pft! = ATN\EFL

So by induction, it holds for all k. This implies that
—(pk,2) — (P u)y = —(BTAR 2) — (ATAF u) = (AF, —Au — Bz).,

This means the objective function in (2.12) up to a constant is equivalent to the

augmented Lagrangian at \*, defined by
La(z,u, \¥) = F(2) + H(u) + (\*,b— Au— Bz) + %Hb ~ Au— Bz|)%. (2.14)

Then (251, uf*1) in (2.12) can be equivalently updated by the method of multi-
pliers (2.2),

Algorithm: Method of multipliers on (P0)

(P uF Y =arg min Lo(z,u, \F) (2.15)
z€R™ ueR™
ML= A\F (b — AuMTt — BT, (2.16)

This connection was also pointed out in [TW09].

Note that the same assumptions that guaranteed existence of a minimizer for
(P0) also guarantee that (2.15) is well defined. Having assumed that there exists

¢ € R such that

Q={(zu): F(z2)+ Hu) <c, Au+ Bz = b}
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is nonempty and bounded, it follows that
k o 2
R= {(z,u) (=) + H(u)+ (X, b— Au— Bz) + Zlb— Au— Bz|]* < c}

is nonempty and bounded. If not, then being an unbounded convex set, R must
contain a half line. Because of the presence of the quadratic term, any such line
must be parallel to the affine set defined by Au + Bz = b. But since R is also
closed, by ([Roc70] 8.3) a half line is also contained in that affine set, which
contradicts the assumption that () was bounded. Weierstrass’ theorem can then

be used to show that a minimum of (2.15) is attained.

2.3.1.2 Dual Interpretation

Since Bregman iteration with linear constraints is equivalent to the method of
multipliers it also shares some of the interesting dual interpretations. In particu-
lar, it can be interpreted as a proximal point method for maximizing g(\) or as
a gradient ascent method for maximizing g, (\), where ¢, () denotes the dual of

the augmented Lagrangian L, defined by

ga(A\) = inf  L,(z,u,\). (2.17)

z€R™ ueR™
Note that from previous assumptions guaranteeing existence of an optimal solu-
tion to (P0), and because the augmented term $||b— Au — Bz||* is zero when the
constraint is satisfied, the maximums of ¢(\) and ¢,(\) are attained and equal.
Following arguments by Rockafellar in [Roc76] and Bertsekas and Tsitsiklis in
[BT89], note that

1
Lo(z,u, A") = max L(z,u, A) — =—||A — A¥||2.
(7,4, A") = max Lz, u, A) — 5| I

As in (2.15), let (2**1 u*1) (possibly not unique) be where the minimum of

Lo(z,u, \F) is attained. Also let \**! be defined as the Lagrange multiplier
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update (2.16),
)\k-i-l — >\k —|—Oé(b— Auk-i-l . sz—l-l).
We can verify that (zF™1, u*™ A1) is a saddle point of L(z,u, A) — 5= [|A — A¥||2

by showing that

1 1
R e N e LB UL AT
a Q

1
N e e L (2.19)
200
for all (z,u, ). The first inequality (2.18) is true because
1
M — argmax L(2M w1 A) — — || A — A2
A 2ae

by definition. For the second inequality, we first notice that by plugging in A\¥+1,

1
L(z,u, )\k—i-l) o ﬁn)\k-i-l o )\k||2

= L(z,u, )\’f) +alb— Akt — sz+1,b — Au— B2) — %Hb _ Aukt sz+1||2.
(2.20)

Furthermore, finding a minimizer of (2.20) is equivalent to solving
arg min L(z, u, \*) + (V(%Hb — Au = B2|?)| s iy, (2, 1)) (2.21)

It follows ([BT89] Lemma 4.1, p. 257) from the fact that (z**1 «*™1) is a min-
imizer of L(z,u, \*) + %||b — Au — Bz||* that it is also a minimizer for (2.21).

Therefore,

1
(M1 ) = argmin L(z, u, A¥) — 2_||)\k+1 —OR2,
«

verifying the second inequality (2.19).

By the definition of ¢,

1
o (AF) = mi L A) — —|IX = MF2,
G (A7) TN MaX (z,u, ) 2a|| |

zZ,u
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From the existence of a saddle point, the min and max can be swapped ([Roc70]

36.2), implying

1
L(AF) = inf L A) — —|IX = M2
Ga(A") = maxinf L(z,u, A) — o—| I
By the definition of g,
Go(AF) = max g(A) — ——[[A — AF|J? (2.22)
A 20 ’

and because (zF1 w1 A+ is a saddle point, this maximum is attained at \¥+1

([Roc70] 36.2). In other words, the Lagrange multiplier update (2.16) is given by
1

AL = A) — — A= XF)? 2.23

argmax ¢(A) — | [ (2.23)

which can be interpreted as a step in a proximal point method for maximizing
q(A). The connection to the proximal point method is also derived for example
in [BT89]. Since from (2.23), A*! is uniquely determined given \*, that means
that AuP™! + B2 is constant over all minimizers (2**1 u**1) of L, (z,u, A\¥).

Going back to the Bregman iteration (2.12), we also have that p**! = BT \F!

k41

ML = AT \F+L were uniquely determined at each iteration.

and p

One way to interpret (2.23) as a gradient ascent method applied to g, (\) is
to note that from (2.22), g, (\*) is minus the Moreau envelope of index « of the
closed proper convex function —¢q at A* ([CW06] 2.3). The Moreau envelope can
be shown to be differentiable, and there is a formula for its gradient ([BT89] p.
234), which when applied to (2.22) yields

an()\k) _ \¥ — arg maxy (q()\) - i“k _ >‘kH2) |

(%

Substituting in A**! we see that

>\k+1 _ >\k
Vg (\') = ———,

«
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which means we can interpret the Lagrange multiplier update as the gradient

ascent step

A= A+ Vgl (M),

where Vg, (\*) = (b — AuF+t — B2M1),

2.3.2 Split Bregman and ADMM Equivalence
2.3.2.1 Alternating Minimization

The split Bregman algorithm uses an alternating minimization approach to min-

imize (2.15), namely iterating

A = arg min F(z) + (\F, —Bz) + %Hb — Auf — Bz|]?
z€R™

uFtt = arg min H(u) + (N, —Au) + %Hb — Au — BZFY2
ue m

T times and then updating
)\k-l-l — )\k +a(b—Auk+l . sz-i-l)‘

When T = 1, this becomes ADMM (2.4), which can be interpreted as alternately
minimizing the augmented Lagrangian L,(z,u, \) with respect to z, then u and

then updating the Lagrange multiplier A,

Algorithm: ADMM on (P0)

= arg min F(2) + (A", =Bz) + %Hb — Au* — Bz||? (2.24a)

ut* = arg yoin H(w)+ (%, —Aw) + Sl — Au=BSP - (2240)
u€eR™

AHLZ W (b — Aubt! — BzR, (2.24¢)
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A similar derivation motivated by the augmented Lagrangian can be found in
[BT89]. Note that this equivalence between split Bregman and ADMM is not in

general true when the constraints are not linear.

Also note the asymmetry of the u and z updates. If we switch the order, first
minimizing over u, then over z, we obtain a valid but different incarnation of

ADMM, which we are not considering here.

2.3.2.2 Dual Interpretation

Some additional insight comes from the dual interpretation of ADMM as Douglas-
Rachford [DR56] splitting applied to the dual problem (DO0), which we recall can
be written as

max —F*(BTA) 4+ (A, b) — H*(AT)).

AER
Define operators ¥ and ¢ by
W(\) = BOF*(BT)\) —b (2.25)
d(N) = AOH*(AT)). (2.26)

Douglas Rachford splitting is a classical method for solving parabolic problems

of the form
d\
SN+ =0
by iterating
AR — N Lk k
L SO+ g =0
>\k+1 _ )\k .
T TR g =,

where At is the time step. By iterating to steady state, this can also be used to

solve

FO) + g(\) = 0.
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Solving the dual problem (DO0) is equivalent to finding A such that zero is in

the subdifferential of —¢ at A. One approach is to look for A such that
0€ TN+ p(N). (2.27)

Such a A necessarily solves (D0). Some additional minor technical assumptions,
usually true in practice, are needed for (2.27) to be equivalent to (DO0). See

([Roc70] 23.8, 23.9).

By formally applying Douglas Rachford splitting to (2.27) with « as the time

step, we get

e )R
0¢

+ U(NF) 4 p(AF), (2.28a)

o
)\k-i—l _ )\k Ak i1
0€ — 7 U(AY) + op(A"). (2.28Db)

Following the arguments by Glowinski and Le Tallec [GT89] and Eckstein and
Bertsekas [EB92], we can show that ADMM satisfies (2.28). Define

M= 2\ 4 a(b — BzM — AuP).

Then from the optimality condition for (2.24a),

BTX\F € 9F (5.
Then from the definitions of subgradient and convex conjugate it follows that

e 9FF (BT Y.
Multiplying by B and subtracting b we have

Bz — b e BOF*(BTAF) — b= w(\F).

The analogous argument starting with the optimality condition for (2.24b) yields

AurTt € ADH* (AT AR = g(AFT).
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With M+1 defined by (2.24c) and noting that Au* € ¢(\¥), we see that the
ADMM procedure satisfies (2.28).

It’s important to note that ¥ and ¢ are not necessarily single valued, so
there could possibly be multiple ways of formally satisfying the Douglas Rachford
splitting as written in (2.28). For example, in the maximally decoupled case where
H(u) =0, ¢ can be defined by

Im(A) for y such that ATy =0
o(y) = :

0 otherwise

The method of multipliers applied to either (P1) or (P2) with P’ = X0 is

equivalent to the proximal point method applied to the dual. This would yield

R 1
ML = A\ — argmax — F*(BT Py) + (Py, b) — %Hy I

yERd
wit = A", 1s also formally satisnes (2.28), but the updates are
ith PAF AE. This also f 1y isfles (2.28), b he \Ft! d

different from ADMM and ususally more difficult to compute.

The particular way in which ADMM satisfies (2.28) can be derived by applying
the Moreau decomposition [Mor65, CWO06] to directly rewrite ADMM applied to
(P0) as Douglas Rachford splitting applied to (DO0).

Theorem 2.3.1. (Generalized Moreau Decomposition,)

If J is a closed proper convex function on R", f € R™ and A € R™™  then
. 1 2 T - QT fie
f =argmin J(Au) + %Hu — fll3 + A" argmin J*(p) + §||A p— EHQ. (2.29)
u p

Proof. [Tse09] Let p* be a minimizer of J*(p) + ¢||ATp — L||3. Then

f

0 € 0J*(p*) + aA(ATp* — a).

Let
u = f —aAlp*.
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Multiplying by A we see that
Au* € 9J*(p*).
By the definitions of the subdifferential and Legendre transform, this implies

p" € dJ(Au)
ATp € ATOJ(Au¥)

/ ;“ e ATOJ(Au*)

u*—f.

0c ATOJ(Au*) + 5

This implies that
1
t = inJ(A —|lu — f|?
u’ = arg min ( u)+2aHu flI7,

which verifies that the Moreau decomposition is given by
f=u"+aAlp*.

O

To rewrite ADMM as Douglas Rachford splitting, first combine (2.24b) and

(2.24c¢) from (2.24) to get

A+ (b — B2k 2
- :

M=\t a(b— BZFY) — A |arg min H(u)+ %HAU -
Applying the Moreau decomposition (2.29) then yields

N = argmin (A7) + %HA ~ (Ot a(b— B2
We can also apply the Moreau decomposition to (2.24a) to get

. 1 .
aBT A = Nk 4 a(b — Au¥) — argmin F*(BT)) + 2—||)\ — (N +a(b— Au)) |2
3 a
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Let
. . . 1 .
M\ = argmin F*(BTX) — (A, b) + 2—H>\ — (AF — aAub) |2 (2.30)
A a
Then since aBT2F1 = M 4 (b — AuF) — NP,

1 ~
AL — arg mAin H*(ATX) + 2—||)\ — aAuf — \F|2. (2.31)
a

It’s straightforward to verify that since AufF € ¢(AF) and BzFt1 — b e W(AF)
that (2.30) and (2.31) are consistent with (2.28). These Douglas Rachford steps
can furthermore be rewritten in a more implementable way by removing the

k+1

dependence on AuF. We can plug the expression for Bz into the Lagrange

multiplier update (2.24c¢), which implies
Aubt = Ak 1 é(j\k R
Letting y* = A\¥ 4+ aAu”, this becomes
yFH = b (AF AR,

Substituting Au* = # into (2.30) and (2.31) and combining these steps with
the y**1 update, we arrive at an implementable form of Douglas Rachford split-

ting applied to (DO) which produces the same sequence of \* as ADMM applied
to (PO).

Algorithm: Douglas Rachford on (DO0)

. R R 1 .
M\ = argmin F*(BT)\) — (\,b) + 2—||>\ — (20" —yM)1? (2.32a)
A o
1 .
M = arg m}n H*(ATX) + 2—||)\ — (" =X A)1? (2.32b)
(6%
TAARIER YL LU, (2.32¢)

The following theorem from [Eck89] shows that convergence of A\* can be ensured

with very few assumptions.
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Theorem 2.3.2. [Eck89] Assume F and H are closed proper convex functions.
Let o > 0 and let (\°,4°) be arbitrary. Suppose (¥, \¥, y*) satisfies (2.32). Then
{\F} converges to a solution of (DO).

It’s also possible to express (2.30) and (2.31) in terms of the resolvents (I +
a¥)~t and (I + ag)™,

A= (I + a0)"H(AF — aAuk) (2.33a)

NHL = (T + )M A + aAub). (2.33b)

Since u* by assumption is uniquely determined, Au* is well defined. One way to
argue the resolvents are well defined is using monotone operator theory [Eck89].

Briefly, a multivalued operator ® : R — R? is monotone if
(w—w',u—u"y >0 whenever w € ®(u) , w' € d(u) .

The operator ® is maximal monotone if in addition to being monotone, its graph
{(u,w) € R x RYw € ®(u)} is not strictly contained in the graph for any
other monotone operator. From a result by Minty [Min62], if ® is maximal
monotone, then for any o > 0, (I + a®)™! is single valued and defined on all of
R? ([EB92], [Tse91]). Then from a result by Rockafellar ([Roc70] 31.5.2), @ is
maximal monotone if it is the subdifferential of a closed proper convex function.
Since ¥(y) and ¢(y) were defined to be subdifferentials of F*(BTy) — (y,b) and
H*(ATy) respectively, the resolvents in (2.33) are well defined.

It’s possible to rewrite the updates in (2.33) completely in terms of the dual
variable [EB92]. Combining the two steps yields

N = (I +ag)™ (I 4+ a®) (N — adu®) + adub). (2.34)

Suppose
yF =\ + aAu”.
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Since Auf € ¢(\F), y* € (I + ag)\k. So Ak = (I + ap)~1y*. We can use this to

rewrite (2.34) as
Nt =T +ag) ' [T+a®) " 22U +ap)™ = 1)+ (I — (I +ad) )] y"
Now let
Y =[I+a) " 20 +ad) ™ =I)+ (I - (I+ap)™")]y" (2.35)
Recalling the definition of A* and AF+!

Y = (I + a¥) ' (N — aAu®) + aAu”)
=\ 4 aAu®
=\ 4+ a(b — B2M1)

= A4 a Ayt

Thus assuming we initialize y° = \° + aAu® with «® € OH*(AT\0), y* = I\ +
aAu* and M = (I + a¢)~'y* hold for all k& > 0. So ADMM is equivalent to
iterating (2.35). This is the representation used by Eckstein and Bertsekas [EB92]
and referred to as the Douglas Rachford recursion. Note that in the maximally
decoupled case, (I + a¢)~! reduces to the projection matrix P, which projects

onto Im(A)™.

2.3.2.3 Convergence Theory for ADMM

In [EB92], Eckstein and Bertsekas use the dual Douglas Rachford recursion form
of ADMM to show that it can be interpreted as an application of the proximal

point algorithm. They use this observation to prove a convergence result for

k+1 k+1

ADMM that allows for approximate computation of z°** and u**", as well some

over or under relaxation. Their theorem as stated applies to (P0) in the case
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when A = I, b = 0 and B is an arbitrary full column rank matrix, but the
same result also holds under slightly weaker assumptions. In particular, we will
assume F(z)+ || Bz||? and H(u)+ || Au||? are strictly convex and let b be nonzero.
Note the strict convexity assumptions automatically hold when A and B have
full column rank. We restate their result as it applies to (P0) under the slightly

weaker assumptions and in the case without over or under relaxation factors.

Theorem 2.3.3. (Eckstein, Bertsekas [EB92]) Consider the problem (P0) where
F and H are closed proper convex functions, F(z)+ | Bz||? is strictly convex and
H(u) + [|Aul||? is strictly convez. Let \° € R? and u® € R™ be arbitrary and let
a > 0. Suppose we are also given sequences {ux} and {vy} such that p, > 0,

Vg >0, > oo < 00 and Yo vy < 00. Suppose that

24 —arg min F() + (O, —B2) + 50— At — BolPl < (230)
Ze n

[+ — arg min H(u) + (X, —Au) + S[b— Au— B2 < (237)

ueR™

ML= AF L a(b — AuMT — BZFTY). (2.38)

If there exists a saddle point of L(z,u,\) (2.8), then 2* — 2*, u*¥ — u* and
N — X* where (2, u*, \*) is such a saddle point. On the other hand, if no
such saddle point exists, then at least one of the sequences {u*} or {\*} must be

unbounded.

Note that the convergence result carries over to the split Bregman algorithm
in the case when the constraints are linear and when only one inner iteration is

used.

Only a few minor changes to the proof in [EB92| are needed to accommodate
the slightly weaker assumptions made here. The proof that A\¥ converges to a
solution of the dual problem (D0) remains unchanged. It follows from the equiv-

alence between ADMM applied to (P0) and Douglas Rachford splitting applied
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to (D0) and a convergence proof for a generalized form of Douglas Rachford split-
ting ([EB92] p. 307). The argument that (2%, u*, A\¥) converges to a saddle point
is what requires the additional assumptions. This is needed to ensure that u*
converges to a solution of (P0). In [EB92] it is assumed that A and B have full
column rank, an assumption that doesn’t hold for some important image pro-
cessing models like the TV-l; minimization example discussed in Section 2.4.5.
In that case, one of the matrices corresponds to the discrete gradient, which
doesn’t have full column rank. But it can still be true that F'(z) + ||Bz||* and

k+1

H(u) + ||Au||? are strictly convex, which still ensures the 2! and u**! updates

are uniquely determined and is enough to guarantee that (2*,u*  \¥) converges
to a saddle point. Although the assumptions on A and B have been slightly
weakened in Theorem 2.3.3, this version is less general in other ways because it

ignores the relaxation factors py in [EB92], which here we take to be one.

Proof. This proof of theorem 2.3.3 is due to Eckstein and Bertsekas and is taken
from their paper [EB92]. The entire proof is not reproduced here. Just enough

is sketched to make the changes clear.

Let Jou and J,s be shorthand notation for the resolvents (I + a¥)~! and
(I + ag)™! respectively. Also define

y* =Nt adut >0

M= X\ pa(b— Bz — AdF), k>0
ar = a|Bllpe k=0

Bo = A° = Jas(\* — adu)

ﬁk = OéHAHI/k, k Z 1
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The main outline of Eckstein and Bertsekas’ proof is to first show that

(Y1) AN = JasyMI < Br
(Y2) N = Jaw @A =) <

hold for all £ > 0. If 8, = 0 and a; = 0 then this would be exactly the form of
the Douglas Rachford splitting algorithm in (2.32). To see this, note that since
N = (I + ag)~ty* (2.32b) can be replaced by

1
A= in H*(ATX) + — A — ¢*|I?
argmin H* (A7) + oA = *|I%,

and then (2.32b) and (2.32a) can be swapped. Assuming there exists a saddle
point of L(z,u, A) (2.8), Eckstein and Bertsekas apply an earlier theorem in their
paper to say that {y*} converges. This Douglas Rachford convergence argument
that allows for errors in the updates is the main part of their proof of the gener-
alized ADMM (2.3.3). But since this theorem still applies here with the slightly
different assumptions, there’s no need to reproduce the details. Finally they ar-
gue that zF — 2z*, v — v* and A\¥ — \*, where (2%, u*, \*) is a saddle point of
L(z,u,\). Some changes are made to this last part.

Noting that (Y1) is true for k£ = 0, they suppose it is true at iteration k and

show it follows that (Y2) is true at k. Define

ZF = arg min F(2) + (\*, —Bz) + %Hb — Bz — Au®|?

zZERM™

and

A=\ a(b— BZF — AuP).

Note that z* is uniquely determined because F(z) + ||Bz||? is strictly convex.

From the optimality conditions for the zZ* update, it follows that

ZF e OF*(BT\F),
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and therefore that
BZ* —b e U(\F),

Since

Nt a(BZF — b) = A — adu € N 4+ a T (\F),

it follows that
M= T (N — aAu®) = Jog (20F — ).

Then

N = Jaw (A =) = IA* = X¥| = | B(zF! = 24)]

< o B|[|**" = 2| < ol Bllux = ax.

Thus (Y2) holds at iteration k. Next they assume (Y1) and (Y2) hold at k£ and
define

sF = yF 4 AF A
=\ +a(b— B2
T argurg[;&% H(u) + (N, —Au) + %Hb — B2F — Aul?
§" =N+ a(b— B — Adh).
(Y3) holds trivially since

yk-i-l _ )\k-l-l +aAuk+1 — )\k —l—Oé(b— sz-l-l) _ yk + j\k . )\k

Next, from the assumption that H(u) + || Aul|? is strictly convex, it follows that

@" is uniquely determined. The optimality condition for the @* update yields
u* € OH*(AT3)

from which it follows that

Au* € ¢(3").

33



Since
sF = 3% 4 aAu” € 3 4 agp(5h),

we have that

Noting that y**! = s*,
INHE = Tag (0D = (IN = Jag (s8] = [N =38 = o A(u** = ab)|
< a||Allv, = Br,

which means (Y1) holds at k + 1. By induction, (Y1), (Y2) and (Y3) hold for
all k. Moreover, the sequences {0} and {a;} are summable by definition. Taken
together this satisfies the requirements of a previous theorem in ([EB92| p. 307),
Theorem 7. If there exists a saddle point L(z, u, \), then in particular there exists
an optimal dual solution, in which case Theorem 7 implies that y* converges to
y* = A 4 aw* such that w* € ¢(A\*) and —w* € U(A*). If there is no saddle
point, Theorem 7 implies the sequence {y*} is unbounded, which means either

{\*} or {u*} is unbounded. In the case where y* converges, note that
Yyt e N 4+ ap(X),
S0
A= Jag(y")-

From (Y1) and the continuity of J,4 it follows that \¥ — A*. Let w® = Au”.

k y*_)\*

— == = w*. If A had full column

Then wk = yk;)‘k, which implies w
rank, we could immediately conclude the convergence of {u*}. Instead, define
S(u) = H(u) + %||Aul|?, which was assumed to be strictly convex. Rewrite the

objective functional for the v minimization step
H(u) + (A*, —Au) + %Hb — B2F — Al = S(u) + (AF, —Au) + %”b _ B2

+aflb— BZ" —Au).
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The optimality condition for #* then implies that

0 € 9S(a*) — AT\ 4+ a(b — B2M))
0 € 9S(a*) — AT\ + aAur )
ATyk-l-l c 8S(ﬂk)

@k € 95" (ATyk).

Since S is strictly convex, S* is continuously differentiable ([Roc70] 26.3), so

u* = VS*(ATy 1), Since ||u**! — @*|| — 0, this implies
ub — VS (ATyY).

Let u* = VS*(ATy*). Since AuF — w*, we have that Au* = w*. Now since

NHL AR = (b — B2F! — AukFtl) — 0, we have that
B2 b — Au.

The argument for the convergence of {2*} is analogous to the one made for {u*}.
Define T'(z) = F(z) + §||Bz||*, which was assumed to be strictly convex. Then

rewrite the objective functional for the z minimization step

F(z) + <>\k, —BZ> + %Hb — Bz — Auk||2 = T(Z) + <)\k7 —BZ> + %Hb _ Auk||2

+alb — AuF, —B2).
The optimality condition for ¥ then implies

BT\ 4+ a(b — Au¥)) € 0T (¥

8 = VT (BT (\F 4 a(b — AuF))).
Since T* is continuously differentiable, A* — X\*, u* — u* and ||2**! — 2¥|| — 0,

2K 2= VT (BTN + a(b — Au™)))
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and
Au* 4+ Bz* =b.
Now note that we also have \F — M\*, §% — \*, 2 — 2* and @* — u*. Recalling

the optimality conditions for the u and z update steps,
e oF (BTN and @ e 9H*(AT3M).

Citing a result by Brezis [Br73| regarding limits of maximal monotone operators,

it then follows that
Z2f e 8F*(BT)\*) and u* € 0H*(AT)\*).

These together with Au* + Bz* = b are exactly the optimality conditions (2.11)
for (P0). Thus (2*,u*, \*) is a saddle point of L(z,u, \).

2.3.3 Decoupling Variables

The quadratic penalty terms of the form §||Ku— f||* that appear in the ADMM
iterations couple the variables in a way that can make the algorithm computa-
tionally expensive. If K has special structure, this may not be a problem. For
example, K could be diagonal. Or it might be possible to diagonalize K* K using
fast transforms like the FFT or the DCT. Alternatively, the ADMM iterations
can be modified to avoid the difficulty caused by the ||Kul|? term. In this section
we show how AMA (2.5) and the split inexact Uzawa method (2.7) accomplish
this by modifying the ADMM iterations in different ways. AMA essentially re-
moves the offending quadratic penalty, while the split inexact Uzawa method is
based on the preconditioning idea from BOS, which adds an additional quadratic
penalty chosen so that it cancels the || Kul|? term. A strict convexity assumption

is required to apply AMA, but not for the split inexact Uzawa approach.
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2.3.3.1 AMA Applied to Primal Problem

In order to apply AMA to (P0), either F' or H must be strictly convex. Assume
for now that H(u) is strictly convex with modulus o > 0. The additional strict
convexity assumption is needed so that the step of minimizing the non-augmented

Lagrangian is well defined.

Recalling the definitions of ¥ and ¢ (2.25), proximal forward backward split-
ting (PFBS) [LM79, Pas79, CW06] applied to the dual problem (DO0) is defined
by

N = (I +aW) (I — ag)\F, (2.39)

where \? is arbitrary. Note that ¢(\*) is single valued because of the strict con-
vexity of H(u). Also, (I +aW¥)~!is well defined because ¥ is maximal monotone.

So (2.39) determines A\*1 uniquely given \*.

As Tseng shows in [T'se91], (2.39) is equivalent to

Algorithm: AMA applied to (P0)

uPt! = arg m[;&n H(u) — (ATX* ) (2.40a)
u€R™

= arg mIiRn F(z) — (BY\F, 2) + %Hb — AuFTt — Bz|? (2.40b)
Ze n

ML= 2P (b — AuFtt — BT, (2.40¢)

To see the equivalence, note that optimality of u**! implies ATA* € 9H (uk*1).
It follows that

AurT € AOH*(ATAF) = p(NF).
k+1

Similarly, optimality of 27 implies

B2FE — b e (A,
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Since AFtt = AF + (b — AubT! — B2k,
0 € ML aU (W) — 2 4 ap(WF),

from which (2.39) follows. AMA and PFBS are are discussed in more detail in

Chapter 3 with regard to their close connection to PDHG.

Tseng shows that {u*, 2¥} converges to a solution of (P0) and {\*} converges
to a solution of (DO0) if «, which he allows to depend on k, satisfies the time step

restriction
4o

A2

e<oy < —€ (2.41)

for some € € (0, ||A”2).

2.3.3.2 BOS Applied to Primal Problem

The BOS algorithm applied to (2.1) was interpreted by Zhang, Burger, Bresson
and Osher in [ZBB09] as an inexact Uzawa method. It modifies the augmented
Lagrangian not by removing the quadratic penalty, but by adding an additional
proximal-like penalty chosen so that the || Ku||? term cancels out. It simplifies the
minimization step by decoupling the variables coupled by the constraint matrix
K, and it doesn’t require the functional J to be strictly convex. In a sense it
combines the best advantages of Rockafellar’s proximal method of multipliers
[Roc76] and Daubechies, Defrise and De Mol’s surrogate functional technique
[DDMO04]. Recall that the method of multipliers (2.2) applied to (2.1) requires

solving

uFT! = arg min J(u) + (W, f — Ku) + %Hf — Kul.

ucR™
The inexact Uzawa method in [ZBB09] modifies that objective functional by

adding the term
1 1
5(u—u (5 = aKTK)(u—u")),
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where ¢ is chosen such that 0 < 6 < in order that (3 —aK” K) is positive

1
af|KTK]|

definite. Combining and rewriting terms yields

1 At
W = arg min J(u) + o= u — uF + a6 KT (KuF — f — 2|2
u€ER™M 26 @

*1 close to a linear approximation of the old penalty

The new penalty keeps u*
evaluated at u¥, and the iteration is simplified because the variables u are no
longer coupled together by K. An important example is the case when J(u) =
|ul|1, in which case the decoupled functional can be explicitly minimized by a
shrinkage formula discussed in section 2.4.2. In [ZBOO09], the algorithm was

combined with split Bregman and applied to more complicated problems such as

one involving nonlocal total variation regularization.

2.3.4 Split Inexact Uzawa Applied to Primal Problem

Applying the same decoupling trick from BOS to the ADMM iterations means
selectively replacing some quadratic penalties of the form $||Ku — f[|* with their
linearized counterparts 5 [[u—u"+ad KT (Ku* — f)||?. An example application to
constrained TV minimization is given in section 2.4.7. This is a special case of the
more general form of the split inexact Uzawa algorithm ([ZBO09] Algorithm A;).
Let || - [l be defined by || - [|3 = (Q:, ) for positive definite Q. The split inexact
Uzawa method modifies the ADMM iterations by adding additional quadratic

penalties to the minimization steps and also generalizing the Lagrange multiplier

update.
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Algorithm: Split Inexact Uzawa on (P0)

1
N = arg min F(2) + (A, =Bz) + %Hb — Auf — Bz||* + §||z - zk||221

z€R™
(2.422)
k+1 _ : k @ k12, L k(|2
u = argggﬂlg%H(u) + (A", —Au) + §||b—Au—Bz 17 + §||u—u 16,
(2.42D)
CXTL = ONF 4 (b — AuFT! — B2ATh). (2.42¢)

where )1, Q2 and C' are positive definite matrices, and C' is such that 0 <

1
A

be effectively linearized by letting @y = 3 — «B"B and @, = ; — aATA, with

< a where A\’ is the smallest eigenvalue of C. The quadratic penalties can

0 > 0 and a > 0 chosen small enough to ensure positive definiteness.

The convergence theory from [ZBO09] for the split inexact Uzawa method
is further discussed in Chapter 3 in connection with a variant of the PDHG

algorithm.

2.4 Example Applications

Here we give a few examples of how to write several optimization problems from
image processing in the form (P0) so that application of ADMM takes advantage
of the separable structure of the problems and produces efficient, numerically sta-
ble methods. The example problems that follow involve minimizing combinations
of the [; norm, the square of the Iy norm, and a discretized version of the total
variation seminorm. ADMM applied to these problems often requires solving a

Poisson equation or [;-ls minimization. So we first define the discretizations used,
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the discrete cosine transform, which can be used for solving the Poisson equations,

and also the shrinkage formulas that solve the /-l minimization problems.

2.4.1 Notation Regarding Discretizations Used

A straightforward way to define a discretized version of the total variation semi-

norm is by
M, M,
lullry =373 /(D) + (Df uy)? (2.43)
p=1 g=1
for u € RM>Me Here, D} represents a forward difference in the k1 index and

we assume Neumann boundary conditions. It will be useful to instead work with
vectorized u € RM-Me and to rewrite ||u|lz7v. The convention for vectorizing an
M, by M, matrix will be to associate the (p,q) element of the matrix with the
(¢ — 1) M, + p element of the vector. Consider a graph G(&,V) defined by an M,
by M, grid with V = {1, ..., M, M.} the set of m = M,M, nodes and £ the set of
e =2M,M, — M, — M, edges. Assume the nodes are indexed so that the node
corresponding to element (p,q) is indexed by (¢ — 1)M, + p. The edges, which

will correspond to forward differences, can be indexed arbitrarily.

Define D € R°*™ to be the edge-node adjacency matrix for this graph. So for

a particular edge n € £ with endpoint indices ¢, j € V and i < j, we have

(

—1 for k =1,
Dyr=141 for k = 7, (2.44)
0 fork+#1i,j.

\

The matrix D is a discretization of the gradient and —D7 is the corresponding
discretization of the divergence. The product —D” D defines the discrete Lapla-
cian A corresponding to Neumann boundary conditions. It is diagonalized by

]RMT X M

the basis for the discrete cosine transform. Let g € denote the discrete
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cosine transform of g € RM-*Me defined by

My Me T 1 T 1
Jsit = Z ngvq cos (E(p - 5)3) cos (Mc(q — i)t)

p=1 ¢=1

Like the fast Fourier transform, this can be computed with O(M, M, log(M,M.,))

complexity. The discrete Laplacian can be computed by

B () 20 ()

Also define E € R¢*™ such that

1 if Dy = —1,
Epi = (2.45)

0 otherwise.
The matrix E will be used to identify the edges used in each forward difference.
Now define a norm on R¢ by
— T (12
lolle = Y- (VET@?) . (2:46)
k=1
Note that in this context, the square root and w? denote componentwise opera-

tions. Another way to interpret |w||g is as the sum of the I norms of vectors w”,

where w” = |w,| for e such that E,, = 1. Typically, away from the boundary,

Wev
€1

w” is of the form w” = , where e} and e} are the edges used in the forward

w, v
€2

difference at node v. So in terms of w”, ||w||g = >/~ ||w”|l2. The discrete TV

seminorm defined above (2.43) can be written in terms of || - || as

[ullzv = (| Dul|-
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Use of the matrix F is nonstandard, but also more general. For example, by re-
defining D and adding edge weights, it can easily be extended to other discretiza-
tions and even nonlocal TV. Such weighted graph formulations are discussed in

[ELBOS].

By definition, the dual norm || - ||g- to || - || g is
T||px = max (z,y). 247
Il ||Z/||ES1< 2 ( )

If ¥ is defined analogously to w”, then

||| g+ = max ||2"|2.
14

To see this, note that by the Cauchy Schwarz inequality,

m

_ Vo < v — U f D
max (z,y) zg;ﬂ33ﬁ|zglz<x 19") < max|[a”[|; = [|2”||; for some &

<1
lyll< —

The the maximum is trivially attained if ||z”]]; = 0 and otherwise the maximum

z?

B fv=r

is attained for y such that y* = . Altogether in terms of the
0 otherwise

matrix F,

lwlle = IVE ()] and  [lz]z = [V ET(2?)]|oo-

2.4.2 Shrinkage Formulas

When the original functional involves the [; norm or the TV seminorm, applica-
tion of split Bregman or ADMM will result in /;-/; minimization problems that
can be explicitly solved by soft thresholding, or shrinkage formulas, which will

be defined in this section.
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2.4.2.1 Primal Approach

Consider
. 1
min Y (sl + o= 7). 249

where w;, f; € R%, and ||| still denotes the Iy norm. This decouples into separate

problems of the form min,,, ©;(w;) where
1 2
Oi(wi) = pllwill + S llwi = fill " (2.49)
Consider the case when || f;|| < p. Then

1 1
Oiws) = pllwil| + Flwill* + S fll” = (ws, £i)

1 1
> pullwill + Sllwill® + 1A = w1
1

1
= Sllewill” + SIAIP + fwill (e = 150D

1
> SIAIE = ©1(0),

which implies w; = 0 is the minimizer when || f;|| < p. In the case where || fi|| > w,

let
fi
1fill”

which is nonzero by assumption. Then © is differentiable at w; and

we = (Il = 1)

w

which equals zero because
w; Ji
lwsll LA
So altogether, the minimizer of (2.48) is given by

wi = (1l = Wb NSl >
w; = 17:l : (2.50)

0 otherwise
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When f,,w, € R are the components of f,w € R™, ”jﬁ—:” is just sign (f,).

Define the scalar shrinkage operator S by

— si if
S“(f)ﬁ/: Iy ngn(f“/) |f“/| >M7 (2.51)

0 otherwise

where v = 1,2, ..., m. This can be interpreted as solving the minimization prob-

lem,
Su(f) = ang min gl + 5w — £ (2:52)
The formula (2.50) can be interpreted as w; = SM(||fZ||)”}£—z”, which is to say scalar
shrinkage of || f;|| in the direction of f;. Note also that the problem of minimizing
over w € R®
llwle + 5w 2|7 (253)
which arises in TV minimization problems, is of the form (2.48). In the notation

of the previous section, it can be written as

m 1
: T (142 - T )2
min [u( E(w))k+2(E (w—2)*),
k=1
Let
s = E\/ET(2)2.

Similar to the scalar case, by applying (2.50) for v = 1,2, ..., e we can define the
operator S, (z) that solves (2.53) by

_ 2y —p2 ifs, > p
Su(2)y = ? . (2.54)
0 otherwise

2.4.2.2 Dual Approach

The shrinkage formulas in the previous section can also be directly derived using

duality by applying the Moreau decomposition (Theorem 2.3.1) to the [;-Iy min-
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imization problem (2.48). Define J(w) = >, ||w;|| so that (2.48) can be written

as
min J(w) + iuw — fI2 (2.55)

It’s straightforward to compute the Legendre transform of J.
J(p) = sup(p, w) = J(w)
= ZSB}?@i,wi) — [Jw]
= 3 sup (i)~ 1)

0 if max;||pi|| <1
oo otherwise.

We could also have used the fact that the Legendre transform of a norm is the
indicator function for the unit ball in its dual norm. Applying the Moreau de-

composition to (2.55) implies that

: 1 - 1 f
argmin J(w) + = lhw — fIP = £ — paxgmin *(5) + Lo — |
w 2u 2 2 W
H J 2
=f—par min “lp— =
S g {pmax; [[pi[| <1} 2 Ip 2 |

f
= f - ,UH{p:maxi ||pi||§1}(_)

1
= J = Wipmmas pifj <y ()

where II denotes the orthogonal projection onto the given set. In the scalar

shrinkage case (2.52),
Su(f) = F = Wipipllooziar (f)- (2.56)

Similarly, in the TV case (2.53),

Su(2) = 2 = Wpppl g <13 (2); (2.57)

which agrees with (2.54).
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2.4.3 ADMM Applied to Constrained TV Minimization

One of the example applications of split Bregman that was presented in [GO09]
is constrained total variation minimization. Here we consider the same example

but in the context of applying ADMM to (P0). Consider

min  ||lul|zv,
u e R™

Ku=f

which can be rewritten using the norm || - |z defined in section 2.4.1 as

min || Du||g. (2.58)
u € R™

Ku=f

Writing this in the form of (P0) while taking advantage of the separable structure,

-1 D 0
z=Du B= A= b=
0 K f
Now the problem can be written
min 1] &-
zeR" ueR™
Bz+ Au=1»

We assume that ker (D) () ker (K) = {0}, or equivalently that ker (K) does not
contain the vector of all ones. This ensures that A has full column rank, so
Theorem 2.3.3 can be used to guarantee convergence of ADMM applied to this

problem. Introducing a dual variable A\, the augmented Lagrangian is

|lz||lg + (A, b— Bz — Au) + %Hb — Bz — Aul*.
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p . )
Let A = and rewrite the augmented Lagrangian as
q

(% «
el + (b, = Du) + (g, f = Ku) + S}z — DulP + S = Kul

Moving linear terms into the quadratic terms, the ADMM iterations are given

by

k+1 . a k P 2
2T = argmin ||z||g + = ||z — Du" + —||
z 2 «

k k
uFtt = argmingHDu — 2 — p_||2 + g||Ku —f— q—H2
u 2 @ 2 o
PP = pF - a(2FL — Dbt

qk—i-l _ qk —I—Oé(f . Kukﬂ),

where p° = ¢° = 0, u° is arbitrary and o > 0. Note that this example corresponds
to the maximally decoupled case, in which the v update has the interesting in-
terpretation of enforcing the constraint AT\ = 0. Here, since DTp? + K7¢° =0
and by the optimality condition for «**1, it follows that DTp* 4+ KT¢* = 0 for all
k. In particular, this makes the ¢! update unnecessary. The explicit ADMM
steps reduce to

k

(Du* ~ %)

Zk+1 =9

Q=

DT k KT k
uk—l—l:(_A_'_KTK)—l (DTzk+1+ ap _'_KTf_'_ aq )

= (-A+ K"K)™" (D" + KT f)
P = pF (2 — Dk,
Since the discrete cosine basis diagonalizes the discrete Laplacian for Neumann

boundary conditions, this can be efficiently solved whenever K7 K can be simul-

taneously diagonalized.
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2.4.4 ADMM Applied to TV-[;

The same decomposition principle applied to constrained TV minimization also

applies to the discrete TV-l; minimization problem ([CE04], [CENO06]),

min ullzv + B[ Ku = £,
which can be rewritten as

min || Dulle + 5| Ku = f1 (2.59)
Writing this in the form of (P0), we let

w Du D 0
z = = B=-1 A= b=

v Ku—f K f

Again assume that ker (D) [\ ker (K) = {0}, or ker (K) does not contain the
vector of all ones. With this assumption, Theorem 2.3.3 again applies. Intro-
ducing the dual variable A, which we decompose into A = b , the augmented

q
Lagrangian can be written

(0% «
lwlle+ Bllvlh+ (p, w = Du) + (g, v = Ku f) + 5 [lw = Dull* + 5 |lv— Ku+ f||*.

Minimizing over z would correspond to simultaneously minimizing over w and
v. But no term in the augmented Lagrangian contains both w and v, so it is

equivalent to separately minimizing over w and over v.
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The ADMM iterations are given by

k+1 : @ kP
w™ = argmin |w|| g + = |lw — Du" + —||
w 2 e}

k
) a
ot = argmUlnﬁHle + §||v — Ku* + f+ %Hz

vl

k
ubtl = argmingHDu —wh — p_||2 + g||Ku — -
u 2 « 2 «

P = pF 4 a(w ! — DubY)
¢ = ¢F 4 a0 — Kuf ),

where p° = ¢° = 0, ¥ is arbitrary and a > 0. Again, corresponding to the

AT\ = 0 constraint in the dual problem, since DTp" + K7¢" = 0 and by the

optimality condition for w**!, it follows that DTpF + K7g¢* = 0 for all k. The

explicit formulas for w* !, v**! and «**! are given by

wk—l—l =9

¢
V" = S (KuF — f — =)
a a

DT k KT k
uk-‘rl — (_A ‘I—KTK)_l Dka-i-l + ap +KT(Uk+1 +f) + aq )
— (_A —I—KTK)_l (Dka-i-l +KT(Uk+1 +f)) ]

To get a sense of the speed of this algorithm, we let K = I and test it
numerically on a synthetic grayscale image similar to one from [CE04]. The
intensities range from 0 to 255 and the image is scaled to sizes 64 x 64, 128 x 128,
256 x 256 and 512 x 512. Let § = .6, .3, .15 and .075 for the different sizes
respectively. Similarly let o« = .02, .01, .005 and .0025. Let @ denote u* at
the first iteration & > 1 such that |Ju* — u*7Y|, < .5, ||Duf — w*||, < .5 and
|[v* — u* + f]lo < .5. The original image f and the result @ are shown in Figure
2.1. The number of iterations required and time to compute on an average PC

running a MATLAB implementation are tabulated in Table 2.1.
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Figure 2.1: TV-l; minimization of 512 x 512 synthetic image

Image Size | Iterations | Time
64 x 64 40 1s
128 x 128 | 51 5s
256 x 256 | 136 78s
512 x 512 | 359 836s

Table 2.1: Iterations and time required for TV-/; minimization
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2.4.5 ADMM Applied to TV-/,

An example where there is more than one effective way to apply ADMM is the

TV-l; minimization problem
in |ull _A I Ku— f]”
min +
e u\\rv 9 U s
which can be rewritten as
in || Dull >\|| fI? (2.60)
min Dul|p + 5 Ku . .

The splitting used by Goldstein and Osher for this problem in [GO09] can be
written in the form of (P0) by letting

z = Du B=-1 A=D b=0.

Note that F(z) = ||z||g and H(u) = 3|[Ku — f||*. Introducing the dual variable

p, the augmented Lagrangian can be written
A 5 a )
l2lle + 1 Ku = fIIF + (p. 2 = Du) + F ||z = Dull*.

Assume again that ker (D) [\ ker (K) = {0}, or ker (K) does not contain the
vector of all ones. This ensures that || Ku — f||> + || Dul|? is strictly convex, so

Theorem 2.3.3 applies and guarantees the convergence of ADMM.

The ADMM iterations are given by

k+1 ' a w P

2 :argmzln||z||E+§||z—Du +E||

k+1 A 2 @ e P

u :argm1n§||Ku—f|| +§||Du—z —EH (2.61)

P = gk a2 — Dy,
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k+1

The explicit formulas for ¥+ and «**+' are

~ pk
Zk-i—l — S;(Duk o _)
o (%

W = (—aA+ AKTK) TN (AKT f + D" 4+ DTpF)

Another approach is to apply ADMM to TV-l, as it was applied to TV-
ly. This corresponds to the maximally decoupled case and involves adding new

variables not just for the TV term but also for the I term when rewriting (2.60)

in the form of (P0). Let

w Du D 0
z= = B=-1 A= b=
v Ku—f K f

Note that F(z) = [Jw||g + 3[jv]|* , H(u) = 0 and A has full column rank. The
augmented Lagrangian can be written

A Qo Qo
IIWI|E+§IIUIIQ+ (p,w—Du)+(q,v— Ku+ f) +§||w—DUI|2+§||v—KU+f||2-

As with the TV-l; example, minimizing over z would correspond to simultane-
ously minimizing over w and v, which here is equivalent to separately minimizing

over w and over v.

The ADMM iterations are then

A
wh™ = argmin ||w|| g + §Hw — DuF +

Pk 2
—|
k+1 LA @ k ¢" 2
0T =argmin S |[v|* + S flv — Ku" + f + |

v 2 2 Q

k k

uF = argmingHDu — Wkt — p_||2 + g||Ku — - q_||2

u 2 a 2 «Q
P = a(wht = Dyt

¢! = ¢* + a(wF ! — Kubtl 4 f),
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The formulas for w**!, v*+1 and «**+! are
o
wk—i—l — Sl (Duk . _)
a a
1
k1 _ Kb — af — o
v Y a(a u® —af —q%)

uk—l—l — (_A +KTK)_1 (KTf+Dka+1 +KTUk+1) )

By substituting v**! into the update for u**! and using the fact that D7p* +
KT¢¥ = 0 for all k, the updates for ¢ and v can be eliminated. The remaining
iterations are

k

wk—i-l:gl(Duk_p_)
g a
)\KT DT k KTK k
Wt = (-A+ KTK)™! AT | prgpa PP .
Ao Ao Ao

pEl = pk 4 a(wk—i-l _ Duk+1>.

This alternative application of ADMM to TVL2 is very similar to the first(2.61),
differing only in the update for v**'. Empirically, at least in the denoising case
for K = I, the two approaches perform similarly. But since the algorithm is
neither simplified nor improved by the additional decoupling of the I term, there

is no compelling reason to do it.

An approach suggested in [GO09] for speeding up the iterations of (2.61) is to
only approximately solve for u**! using several Gauss Seidel iterations instead of
solving a Poisson equation. Convergence of the resulting approximate algorithm
could be guaranteed by Theorem 2.3.3 if we knew that the sum of the norms
of the errors was finite, but this is a difficult thing to know in advance. Since
H(u) was strictly convex in the first method for TV-Iy, an alternative approach

to simplifying the iterations is to apply AMA.
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2.4.6 AMA Applied to TV-[,

Consider again the TV-l, problem (2.60) in the denoising case where K = I.
Since H(u) is strictly convex, we can apply AMA to obtain a similar algorithm
that doesn’t require solving the Poisson equation. Recall the Lagrangian for this

problem is given by
A 2
Ille + S llw = fI° + (p, 2 = D).

The AMA iterations are

A
1 = argamin 2 Ju— I — (D75, u)
k+1 . a k41 P 2
2 :argm1n||z]|E+§||z—Du + —| (2.62)
P = pF (M — DUk,
(2.63)
The explicit formulas for ¥+ and «**! are
DTpk
k+1
—f+
U f 3
Zk-i-l — Sl (Duk-i-l . _)
a a

Note that o must satisfy the time step restriction from (2.41). Since H (u)

is strictly convex with modulus %, a safe choice for a is to let a < i D’\”2. We

can bound ||D||? by the largest eigenvalue of DT D, which is minus the discrete
Laplacian corresponding to Neumann boundary conditions. The matrix DTD
from its definition has only the numbers 2, 3 and 4 on its main diagonal. All the
off diagonal entries are 0 or —1, and the rows sum to zero. Therefore, by the
Gersgorin Circle Theorem, all eigenvalues of DT D are in the interval [0, 8]. Thus
A

|D||* < 8, so we can take a = 3.
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For this example, since it is already efficient to solve the Poisson equation us-
ing the discrete cosine transform, the benefit of slightly faster iterations compared
to ADMM is outweighed by the reduced stability and the additional iterations

required.

The application of AMA to TV-ly minimization is equivalent to applying
gradient projection (3.37) to its dual problem. This connection will be discussed

in greater detail in Section 3.5.

2.4.7 Split Inexact Uzawa Applied to Constrained TV

Consider again the constrained TV minimization problem (2.58) but now with a

more complicated matrix K that makes the update for u*+!

k k
W = argmin S ||Du— A — 2124 S ku— - L2
u 2 o 2 «

difficult to compute. Applying the split inexact Uzawa algorithm, we can handle
the Ku = f constraint in a more explicit manner by adding %(u — uF, (% —
aKTK)(u — u*)) to the objective functional for the u**! update, with 0 < § <

W. Thls ylelds

& k
uk+1 :argmlngHDu_Zk—l—l_p_Hz_'_iHu_uk—i_a(SKT(Kuk_f_q_)||2
w2 «Q 20 o
1 1 "
= (5 —al)™! (aDTzkﬁ F DI Gt ol (K“k B qE)) |

Altogether, the modified ADMM iterations are given by

~ pk
= S0 (Duf — =)
@ (6%

1 1 k
uk+1:(5_aA)—1 <aDTZk+1+DTpk+guk_aKT (Kuk_f_%)>

el = pk 4 a(2k+1 _ Duk+1)

qk—i-l _ qk +a(f o Kukﬂ).
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Figure 2.2: Constrained TV minimization of 32 x 32 image subject to constraints

on 4 Haar wavelet coefficients

Although it no longer follows that DTp* + KT¢* = 0 as it did for ADMM applied

k+1

to constrained TV, all updates except for the u*" step remain the same.

As a numerical test, we will apply this algorithm to a TV wavelet inpainting
type problem [CSZ06]. Let K = X1, where X is a row selector and v is the matrix
corresponding to the translation invariant Haar wavelet transform. For a 2" x 2"
image, there are (1 4 3r)2?" Haar wavelets when all translations are included.
The rows of the (1 + 3r)2% x 22" matrix 1 contain these wavelets weighted such
that 7y = I. X is a diagonal matrix with ones and zeros on the diagonal. For
a simple example, let h be a 32 x 32 image that is a linear combination of four
Haar wavelets. Let X select the corresponding wavelet coefficients and define
f = Xvh. Also choose a = .01 and § = 50. Let @& = u!%%, the result after 10000
iterations. Figure 2.2 shows h and 4. Although @ may look unusual, it satisfies the
four constraints and does indeed have smaller total variation. ||hl|ry = 1.25x 10%

whereas ||d||7y = 1.04 x 10%.

Perhaps a more illustrative example is to try to recover an image from partial
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Figure 2.3: Constrained TV minimization of 256 x 256 cameraman image given

1% of its translation invariant Haar wavelet coeffienents

knowledge of its wavelet coefficients like in the examples of [CSZ06]. Let h be the
256 x 256 cameraman image shown on the left in Figure 2.3. Let ¢ again be the
translation invariant Haar wavelet transform as in the previous example. Note
that for this size image, these translation invariant Haar wavelets are redundant
by a factor of 25. Let X be a row selector that randomly selects one percent
of these wavelet coefficients and define f = Xyh. Given f, we try to recover h
by finding a minimizer u of (2.58). Let @ = u'" denote the result after 1500

iterations, which is shown on the right in Figure 2.3.
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CHAPTER 3

A General Framework for a Class of First Order

Primal-Dual Algorithms

3.1 Introduction

In this chapter, we study the primal dual hybrid gradient (PDHG) algorithm
proposed by Zhu and Chan [ZC08] and draw connections between it and related
algorithms including ADMM, AMA, and the split inexact Uzawa method.

The PDHG method starts with a saddle point formulation of the problem and
proceeds by alternating proximal steps that alternately maximize and minimize a
penalized form of the saddle function. PDHG can generally be applied to saddle
point formulations of inverse problems that can be formulated as minimizing a
convex fidelity term plus a convex regularizing term. However, its performance
for problems like TV denoising is of special interest since it compares favorably
with other popular methods like Chambolle’s method [Cha04] and split Bregman
[GO09.

PDHG is an example of a first order method, meaning it only requires func-
tional and gradient evaluations. Other examples of first order methods popular
for TV minimization include gradient descent, Chambolle’s method and split
Bregman. Second order methods like the method of Chan, Golub and Mulet

(CGM) [CGM99] work by essentially applying Newton’s method to an appro-
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priate formulation of the Euler Lagrange equations and therefore also require
information about the Hessian. These can be quadratically convergent and are
useful for computing benchmark solutions of high accuracy. However, the cost
per iteration is much higher, so for large scale problems or when high accuracy
is not required, these are often less practical than the first order methods that

have much lower cost per iteration.

PDHG is also an example of a primal-dual method. Each iteration updates
both a primal and a dual variable. It is thus able to avoid some of the difficul-
ties that arise when working only on the primal or dual side. For example, for
TV minimization, gradient descent applied to the primal functional has trouble
where the gradient of the solution is zero because the functional is not differen-
tiable there. Chambolle’s method is a method on the dual that is very effective
for TV denoising, but doesn’t easily extend to applications where the dual prob-
lem is more complicated, such as TV deblurring. Primal-dual algorithms can
avoid to some extent these difficulties. Other examples include CGM [CGM99],
split Bregman [GO09], and more generally other Bregman iterative algorithms

[YOGO8] and Lagrangian-based methods.

An adaptive time stepping scheme for PDHG was proposed in [ZC08| and
shown to outperform other popular TV denoising algorithms like Chambolle’s
method, CGM and split Bregman in many numerical experiments with a wide
variety of stopping conditions. Aside from some special cases of the PDHG
algorithm like gradient projection and subgradient descent, the theoretical con-

vergence properties were not known.

We show that we can make a small modification to the PDHG algorithm,
which has little effect on its performance, but that allows the modified algorithm

to be interpreted as an inexact Uzawa method of the type analyzed in [ZBO09).
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The specific modified PDHG algorithm applied here has been previously proposed
by Pock, Cremers, Bischof and Chambolle [PCB09] for minimizing the Mumford-
Shah functional. They also prove convergence for a special class of saddle point
problems. Here, in a more general setting, we apply the convergence analysis for
the inexact Uzawa method from [ZBO09] to show the modified PDHG algorithm
converges for a range of fixed parameters. An alternate proof can be found in
[CCN09]. While the modified PDHG method is nearly as effective as fixed param-
eter versions of PDHG, well chosen adaptive step sizes are an improvement. With
additional restrictions on the step size parameters, we prove a convergence result
for PDHG applied to TV denoising by interpreting it as a projected averaged
gradient method on the dual.

We additionally show that the modified PDHG method can be extended in
the same ways as PDHG was extended in [ZC08] to apply to additional problems
like TV deblurring, [; minimization and constrained minimization problems. For
these extensions we point out the range of parameters for which the convergence
theory from [ZBOO09] is applicable. We gain some insight into why the method

works by putting it in a general framework and comparing it to related algorithms.

The organization of this chapter is as follows. In Sections 3.2 and 3.3 we
review the main idea of the PDHG algorithm and details about its application
to TV deblurring type problems. Then in Section 3.4, we discuss primal-dual
formulations for a more general problem. We define a general version of PDHG
and discuss in detail the framework in which it can be related to other similar
algorithms. These connections are diagrammed in Figure 3.1. In Section 3.5 we
show how to interpret PDHG applied to TV denoising as a projected averaged
gradient method on the dual and present a convergence result for a special case.

Then in Section 3.6, we discuss how to use operator splitting to apply the modified
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PDHG algorithm to more general problems. In particular, we give examples
of its application to constrained TV and [; minimization problems and even
to multiphase image segmentation. Section 3.7 presents numerical experiments
for TV denoising, constrained TV deblurring and constrained l; minimization,

comparing the performance of the modified PDHG algorithm with other methods.

3.2 Background and Notation

The PDHG algorithm in a general setting is a method for solving problems of
the form

min J(Au) + H(u),

uER™

where J and H are closed proper convex functions and A € R™™. Usually,
J(Au) will correspond to a regularizing term of the form || Aul[, in which case

PDHG works by using duality to rewrite it as the saddle point problem

min max (p, Au) + H(u
ueRm ||p||*s1<p )+ H(u)

and then alternating dual and primal steps of the form

1
k+1 k k2
= arg max (p, Au”) — —||p —
p g max (p, Au%) 25k|lp Pl
1
k1 N S| k|2
utt = argéaelﬂl{%(p JAu) + H(u) + S lu —u”||3
for appropriate parameters oy, and ;. Here, || - || denotes an arbitrary norm on
R™ and || - ||« denotes its dual norm defined by

|l = lglllé’g(x,y%

where (-, -) is the standard Euclidean inner product. Formulating the saddle point
problem also uses the fact that || - ||« = || - || [HJ85], from which it follows that

| Aul|| = maX||p||*§1<p, Au).
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The applications considered here are to solve constrained and unconstrained

TV and [; minimization problems. Problems of the form
. A 9
min [[ullry + 5[ 5Ku — fll; (3.1)

are analyzed in [ZCO08]. If K is a linear blurring operator, this corresponds to a
TV regularized deblurring model. It also includes the TV denoising case when
K = I. Also mentioned in [ZC08] are possible extensions such as to TV denoising

with a constraint on the variance of v and !; minimization.

We will continue to use the same notation as in Chapter 2 for the discrete
gradient D (2.44), the matrix £ (2.45), the norm || -||g (2.46) defined so ||ul|7y =
g (2.47).

|Dul| g, and the dual norm || - |

3.3 PDHG for TV Deblurring

In this section we review from [ZCO08] the application of PDHG to the TV de-

blurring and denoising problems, but using the present notation.

3.3.1 Saddle Point Formulations

For TV minimization problems, the saddle point formulation that the PDHG is

based on starts with the observation that
HUHIV Ipng{x(p, U>a ( )

where

X ={peR:|p|

g <1} (3.3)

The set X, which is the unit ball in the dual norm of ||-|| g, can also be interpreted

as a Cartesian product of unit balls in the l; norm. For example, in order for
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Up+1,qg — Up,q

Du to be in X, the discretized gradient of u at each node (p, q)

Up,g+1 — Upq
would have to have Euclidean norm less than or equal to 1. The dual norm

interpretation is one way to explain (3.2) since

max (p, Du) = ||Dul|g,
||p||E*g1<p ) = 1Dl

which equals ||ul|7y by definition. Using duality to rewrite |ul|7y is also the
starting point for the primal-dual approach used by CGM [CGM99] and a second
order cone programming (SOCP) formulation used in [GY05]. Here it can be
used to reformulate problem (3.1) as the min-max problem

min max ®(u, p) := (p, Du) + %HKU il (3.4)

ueR™ peX

3.3.2 Existence of Saddle Point

One way to ensure that there exists a saddle point (u*, p*) of the convex-concave
function ® is to restrict u and p to be in bounded sets. Existence then follows
from ([Roc70] 37.6). The dual variable p is already required to lie in the convex
set X. Assume that

ker (D) (] ker (K) = {0}.
This is equivalent to assuming that ker (K) does not contain the vector of all
ones, which is very reasonable for deblurring problems where K is an averaging
operator. With this assumption, it follows that there exists ¢ € R such that the

set
A 2
w:[[Dullp+ SllEu— fllz < c

is nonempty and bounded. Thus we can restrict u to a bounded convex set.
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3.3.3 Optimality Conditions
If (u*,p*) is a saddle point of ®, it follows that
(p, Du) + 2| Ku* — fI3 = ®(u", p7) = min (", Du) + 2| Ku — f|}
max(p, Du") + 7 || Ku 2= O(u",p%) = min (p7, Du) + S| Ku— f5,

from which we can deduce the optimality conditions

DTp* + AKT(Ku* — f)=0 (3.5)
p*E\/ ET(Du*)? = Du* (3.6)
pr e X. (3.7)

The second optimality condition (3.6) with £ defined by (2.45) can be understood

as a discretization of p*|Vu*| = Vu*.

3.3.4 PDHG Algorithm

In [ZCO8] it is shown how to interpret the PDHG algorithm applied to (3.1) as a

primal-dual proximal point method for solving (3.4) by iterating

1
P = argma(p, D) — oo — 1 (3.89)

peX
1—

uF* = arg min (p", Du) + %HKU — fll3+ ML= ) 50 b)

K

ucR™

lu — uk||§ (3.8b)

The index k denotes the current iteration. Also, 7, and 6, are the dual and primal
step sizes respectively. The above max and min problems can be explicitly solved,

yielding
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Algorithm: PDHG for TV Deblurring

P =1Ix (p* + ADu") (3.9a)

W= (1= 6) + 6. KTK) ™ ((1 — O )u* + O (KT f — %DTp’““)) . (3.9b)

Here, IIx is the orthogonal projection onto X defined by

q
Emax< ET(), 1)’

Ix(g) = argmin ||p — q||3 = (3.10)
peX

where the division and max are understood in a componentwise sense. For ex-

ample, I[Tx(Du) can be thought of as a discretization of

% if [Vu| >1

Vu  otherwise

This projection Ilx is the same as the one that appeared in the shrinkage formula
(2.57). In the denoising case where K = I, the p**! update remains the same

and the ©**! simplifies to

1
Tt = (1 — O )u” + 0,(f — XDTpk“).

For the initialization, we can take u° € R™ and p° € X.

3.4 General Algorithm Framework

In this section we consider a more general class of problems that PDHG can be
applied to. We define equivalent primal, dual and several primal-dual formula-
tions. We also place PDHG in a general framework that connects it to other

related alternating direction methods applied to saddle point problems.
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3.4.1 Primal-Dual Formulations

PDHG can more generally be applied to what we will refer to as the primal

problem
min Fp(u), (P)
where
Fp(u) = J(Au) + H(u), (3.11)

Ae R J:R" — (00,00 and H : R — (—o00,00| are closed convex
functions. The form of (P) is chosen to be slightly simpler than (P0) in order
to facilitate comparisons between related algorithms in this chapter. Assume
there exists a solution u* to (P). We will pay special attention to the case where
J(Au) = ||Au/| for some norm || - ||, but this assumption is not required. J(Au)
reduces to ||u||ry when J = ||-||g and A = D. In Section 3.2 when .J was a norm,
it was shown how to use the dual norm to define a saddle point formulation of
(P) as

min max (Au,p) + H(u).
ueRm ||p||*§1< p)+ Hu)

This can equivalently be written in terms of the Legendre-Fenchel transform, or
convex conjugate, of J denoted by J* and defined by

J*(p) = sup (p,w) — J(w).

weR™

When J is a closed proper convex function, we have that J** = J [ET99]. There-

fore,

J(Au) = sup (p, Au) — J*(p).

peR™

So an equivalent saddle point formulation of (P) is

min sup Lpp(i, p), (PD)
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where
Lpp = (p, Au) — J*(p) + H(u).

This holds even when J is not a norm, but in the case when J(w) = ||w||, we can

then use the dual norm representation of ||w|| to write

J*(p) = sup(p, w) — max (w,y)
w vl <1

0 iffjpll. <1

Y

oo otherwise

in which case we can interpret J* as the indicator function for the unit ball in

the dual norm.

Let (u*,p*) be a saddle point of Lpp. In particular, this means

max(p, Au*) — J*(p) + H(u") = Lpp(u*,p*) = min (p*, Au) + H(u) — J*(p*),

peR™ ueR™
from which we can deduce the equivalent optimality conditions and then use the
definitions of the Legendre transform and subdifferential to write these conditions
in two ways
—ATp* € 0H (u*) & u* € OH*(—ATp") (3.12)
Au* € 0J*(p") & p* € 0J(Au”), (3.13)
where 0 denotes the subdifferential. Recall that the subdifferential 0F(z) of a
convex function F': R™ — (—o00, 00| at the point z is defined by the set

OF(z) = {q €R™: F(y) > F(2) + (¢,y — =) Vy € R™}.

Another useful saddle point formulation that we will refer to as the split
primal problem is obtained by introducing the constraint w = Aw in (P) and

forming the Lagrangian

Lp(u,w,p) = J(w) + H(u) + (p, Au — w). (3.14)

68



The corresponding saddle point problem is

RS enemn L1 0 P) (5Pv)

Although p was introduced in (3.14) as a Lagrange multiplier for the constraint
Au = w, it has the same interpretation as the dual variable p in (PD). It follows
immediately from the optimality conditions that if (u*, w*, p*) is a saddle point

for (SPp), then (u*, p*) is a saddle point for (PD).

The dual problem is
max Fp(p), (D)

pER™

where the dual functional Fpp(p) is a concave function defined by

Fp(p) = inf Lpp(u,p) = inf (p, Au) = J*(p) + H(u) = =J"(p) = H'(=A"p).
(3.15)

Note that this is equivalent to defining the dual by

Fp(p) = inf  Lp(u,w,p). (3.16)

u€ER™ weR?

Since we assumed there exists an optimal solution u* to the convex problem
(P), it follows from Fenchel Duality ([Roc70] 31.2.1) that there exists an optimal
solution p* to (D) and Fp(u*) = Fp(p*). Moreover, u* solves (P) and p* solves
(D) if and only if (u*, p*) is a saddle point of Lpp(u,p) ([Roc70] 36.2).

By introducing the constraint y = —AZp in (D) and forming the corresponding
Lagrangian

Lp(p,y,u) = J*(p) + H*(y) + (u,—A"p —y), (3.17)

we obtain yet another saddle point problem,

inf  Lp(p,y,u), SP
max inf  Lp(py,u) (SPp)
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which we will refer to as the split dual problem. Although u was introduced in
(SPp) as a Lagrange multiplier for the constraint y = —ATp, it actually has the
same interpretation as the primal variable v in (P). Again, it follows from the
optimality conditions that if (p*,y*, u*) is a saddle point for (SPp), then (u*, p*)
is a saddle point for (PD). Note also that

FP(U) = pER}LI,ZfERm Lp (pa Y, U)

3.4.2 Algorithm Framework and Connections to PDHG

In this section we define a general version of PDHG applied to (PD) and discuss
connections to related algorithms that can be interpreted as alternating direction
methods applied to (SPp) and (SPp). These connections are summarized in

Figure 3.1.

It was shown in [ZCO08] that PDHG applied to TV denoising can be interpreted
as a primal-dual proximal point method applied to a saddle point formulation of

the problem. More generally, applied to (PD) it yields

Algorithm: PDHG on (PD)

) 1
Pt = argmax —J*(p) + (p, Au*) — —||p — p"|)3 (3.18a)
peR? 25k
1
u*t = arg min H(u) + (A"p" u) + —|lu — u¥|]3, (3.18b)
ueR™ QOék

where p® = 0, «° is arbitrary, and oy, 6, > 0. The parameters 7, and 6, from

(3.9) in terms of d; and «y are

)\Oék 5k
= T, — —.
1 —|—Oék)\ b

O 3
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3.4.2.1 Proximal Forward Backward Splitting Special Cases of PDHG

Two notable special cases of PDHG are a, = oo and 6, = oo. These special
cases correspond to the proximal forward backward splitting method (PFBS)
[LM79, Pas79, CW06] applied to (D) and (P) respectively.

PFBS is an iterative splitting method that can be used to find a minimum of
a sum of two convex functionals by alternating a (sub)gradient descent step with

a proximal step. Applied to (D) it yields

N 1
PP = argmin J*(p) + —||p — (" + 6 A2, (3.19)
peER? 25k

where u**! € OH*(—ATp"). Since uF*! € OH*(—ATp*) & —ATpk € OH (uFH),

which is equivalent to

uFT! = arg min H(u) + (ATp" u),

ucR™
(3.19) can be written as
Algorithm: PFBS on (D)

uFt! = arg min H(u) + (ATp" u) (3.20a)

u€eR™
- 1

P = arg min J*(p) + (p, —Au*) + o |lp — p°5. (3.20D)

peER™ 25k

Even though the order of the updates is reversed relative to PDHG, since the
initialization is arbitrary it is still a special case of (3.18) where ay = 0.

k+1

If we assume that J(-) = || - ||, we can interpret the p"*' step as an orthogonal

projection onto a convex set,

P = <y (08 + 66 Autt1)
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Then PFBS applied to (D) can be interpreted as a (sub)gradient projection al-

gorithm.

As a special case of ([CW06] Theorem 3.4), the following convergence result

applies to (3.20).

Theorem 3.4.1. Fiz p° € R", «° € R™ and let (u*,p*) be defined by (3.20).
If H* is differentiable, V(H*(—ATp)) is Lipschitz continuous with Lipschitz con-
stant equal to %, and 0 < inf 6, < sup 0y, < 23, then {p*} converges to a solution

of (D) and {u*} converges to the unique solution of (P).

Proof. Convergence of {p*} to a solution of (D) follows from ([CWO06] 3.4). From
(3.20a), uF*! satisfies —ATpk € OH (u**1), which, from the definitions of the sub-
differential and Legendre transform, implies that u**! = VH*(—ATp*). So by
continuity of VH*, u* — u* = VH*(—ATp*). From (3.20b) and the convergence
of {p*}, Au* € 0J*(p*). Therefore (u*,p*) satisfies the optimality conditions
(3.12,3.13) for (PD), which means u* solves (P) ([Roc70] 31.3). Uniqueness fol-
lows from the assumption that H* is differentiable, which by ([Roc70] 26.3) means

that H(u) in the primal functional is strictly convex. O

It will be shown later in Section 3.4.2.4 how to equate modified versions of
the PDHG algorithm with convergent alternating direction methods, namely split
inexact Uzawa methods from [ZBO09] applied to the split primal (SPp) and split
dual (SPp) problems. The connection there is very similar to the equivalence
from [T'se91] between PFBS applied to (D) and what Tseng in [T'se91] called
the alternating minimization algorithm (AMA) applied to (SPp). Recall from
Section 2.3.3.1 that AMA applied to (SPp) is an alternating direction method
that alternately minimizes first the Lagrangian Lp(u,w, p) with respect to u and

then the augmented Lagrangian Lp + %HAU — w||3 with respect to w before
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updating the Lagrange multiplier p.

Algorithm: AMA on (SPp)

uFt! = arg min H(u) + (ATp" u) (3.21a)
ueR™

wh™ = arg min J(w) — {p*,w) + %HAukH —wl|3 (3.21b)
weR?

pk—l—l — pk + 5k(Auk+1 _ wk—l—l) (321C)

To see the equivalence between (3.20) and (3.21), first note that (3.21a) is
identical to (3.20a), so it suffices to show that (3.21b) and (3.21c) are together
equivalent to (3.20b). Combining (3.21b) and (3.21c) yields

O
2

(pk —l—(SkAu’H'l) )
6k ||2

P = (0" + 0, AUFY) — 6 arg min J(w) + < [Jw —

By the Moreau decomposition (2.29), this is equivalent to
- 1
P = argmin J*(p) + g llp = (0 + S AuT 5,

which is exactly (3.20Db).

In [Tse91], convergence of (u*,wk, p*) satisfying (3.21) to a saddle point of
Lp(u,w,p) is directly proved under the assumption that H is strongly convex,

an assumption that directly implies the condition on H* in Theorem 3.4.1.

The other special case of PDHG where §;, = oo can be analyzed in a similar

manner. The corresponding algorithm is PFBS applied to (P),
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Algorithm: PFBS on (P)

p**! = argmin J*(p) + (—Au”, p) (3.22a)
peR™
1
u* = arg min H(u) + (u, AT + —|lu — "3, (3.22b)
u€R™ 20%

which is analogously equivalent to AMA applied to (SPp).

Algorithm: AMA on (SPp)

pk—l—l — arg m}%ﬂ J*(p) + (—Auk,p> (323&)
peER™
. * Qg
y" = arg min H*(y) = (u",y) + —lly + A3 (3.23b)
WP =P g (AT =yt (3.23¢)

The equivalence again follows from the Moreau decomposition (2.29), and the

analogous version of Theorem 3.4.1 applies to (3.22).

Note that there are other ways to apply the algorithms described above. For
example, when applying PFBS to (P), we could have applied the gradient step to
H (u) and the proximal step to J(Au). This would have corresponded to swapping
the roles of p and y in AMA applied to (SPp). There is a corresponding alternate
version of AMA on (SPp). But these alternate versions aren’t considered here
because they aren’t as closely connected to PDHG. In addition, those alternate
versions involve more complicated minimization steps in the sense that variables

are coupled by either the matrix A or AT,

74



3.4.2.2 Reinterpretation of PDHG as Relaxed AMA

The general form of PDHG (3.18) can also be interpreted as alternating direction
methods applied to (SPp) or (SPp). These interpretations turn out to be relaxed
forms of AMA. They can be obtained by modifying the objective functional for
the Lagrangian minimization step by adding either i”u — u”¥||3 to (3.21a) or

o+l — P*[3 to (3.23a).

Algorithm: Relaxed AMA on (SPp)

1
k41 _ : T, k k2
u' = arg min H(u)+ (A p",u) + e |lu —u”||3 (3.24a)
)
wh = arg min J(w) — (p*,w) + 5k||Au’ngl — wl|3 (3.24Db)
weR™
pk+1 — pk + 5k(Auk+l _ wk—i—l) (3‘24(3)
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Algorithm: Relaxed AMA on (SPp)
1

Pt = argmin J*(p) + (—Au*, p) + =—|lp — p"[I3 (3.25a)
pER™ 20y,
. * a
g = ang i HY(y) — (b0 + Sy + AR (3:250)
W = b 4 (— ATpETL — Rt (3.25¢)

The equivalence of these relaxed AMA algorithms to the general form of PDHG

(3.18) follows by a similar argument as in Section 3.4.2.1.

3.4.2.3 Connection to ADMM

Although equating PDHG to the relaxed AMA algorithm doesn’t yield any direct
convergence results for PDHG, it does show a close connection to ADMM, which
does have a well established convergence theory, discussed in Section 2.3.2.3. If,
instead of adding proximal terms of the form ﬁ |u—u*|)3 and ﬁ lp—p"||2 to the
first step of AMA applied to (SPp) and (SPp), we add the augmented Lagrangian
penalties % || Au — w*||3 and % || ATp + y¥||2, then we get exactly ADMM applied
to (SPp) and (SPp) respectively.

Algorithm: ADMM on (SPp)

)
WM = ang min H (u) + (A"p",u) + < Au — w|; (3.262)
)
W = arg min J(w) — (pF,w) + || At — wlf (3.26b)
weR™
P = pb 4 5 (Aukt! — ) (3.26¢)
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Algorithm: ADMM on (SPp)

. * a
P = arg min J* (p) + (—Au", p) + 7’“||y’“ + Apll3 (3.27a)
. % Qg
y* ! = arg min H*(y) - (s y) + S lly+ AT (3.27b)
uM = g (AT =yt (3.27¢)

ADMM applied to (SPp) can be interpreted as Douglas Rachford splitting
[DR56] applied to (D) and ADMM applied to (SPp) can be interpreted as Dou-
glas Rachford splitting applied to (P) [Gab79, GT89, Eck93, EB92]. Section
2.3.2.2 shows how these connections are made. It is also shown in Section 2.3.2.1
[Ess09, Set09] how to interpret these as the split Bregman algorithm of [GO09].
Assuming that we are most interested in finding a solution u* to (P), when we
apply ADMM to (SPp), we want to ensure that (u*, w*, p*) converges to a saddle
point. Conditions for this are given in Theorem 2.3.3 [EB92].

On the other hand, when applying ADMM to (SPp), it isn’t necessary to
insist that (p¥,y*, u*) converge to a saddle point if we are only interested in
the convergence of {u*} to a solution of (P). Instead we can make use of the
convergence theory for the equivalent Douglas Rachford splitting method on (P),
see Theorem 2.3.2 [Eck93].

An interesting way to arrive at a version of Douglas Rachford splitting that
corresponds exactly to ADMM applied to (SPp) is to apply ADMM to yet another

Lagrangian formulation of (P), namely

maxinf Lp, . (v,u,y) := J(Av) + H(u) + (y,v — u).
Yy v
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This yields an easily implementable way of writing the Douglas Rachford splitting
algorithm [Eck93].

Algorithm: Douglas Rachford on (P)

) 1
P = arg min J(Av) + EH’U —u® 4 a3 (3.28a)
1
k1 _ : kL k2
u' = arg min H(u) + e |lu—wv ary" 5 (3.28Db)
1
yk+1 _ yk: + a_(vk‘-i-l _ uk+1) (328C)
k

Douglas Rachford splitting applied to (D) can be derived in an analogous manner

or by referring to (2.32).

Algorithm: Douglas Rachford on (D)

1
¢ = argmin H*(=A"q) + -—llg — p* + dw"|3 (3.29a)
qeR” 25k
- 1
P = argmin J'(p) + 5o llp — ¢ = bl (3.29b)
1
W = ko 5_<qk+1 _ (3.29¢)
k

3.4.2.4 Modifications of PDHG

In this section we show that two slightly modified versions of the PDHG algo-
rithm, denoted PDHGMp and PDHGMu, can be interpreted as a split inexact
Uzawa method from [ZBO09] applied to (SPp) and (SPp) respectively. In the
constant step size case, PDHGMp replaces p**! in the u**! step (3.18b) with
2pF ! —p¥ whereas PDHGMu replaces u* in the p*+1 step (3.18a) with 2u* —uk~1,

78



The variable step size case will also be discussed. The advantage of these modified
algorithms is that for appropriate parameter choices they are nearly as efficient as
PDHG numerically, and some known convergence results [ZBO09] can be applied.
Alternate convergence results for PDHGMu are also proved in [PCB09, CCN09]

based on an argument in [Pop80].

The split inexact Uzawa method from [ZBOO09] applied to (SPp) can be
thought of as a modification of ADMM. Applying the main idea of the Bregman
operator splitting algorithm from [ZBB09], it adds 3 (p—p", (é — o, AAT) (p—ph))
to the penalty term %||A”p + y¥||3 in the objective functional for the first mini-

mization step. To ensure & — a; AAT is positive definite, choose 0 < J;, <

1
Sk gl Af?

Adding this extra term, like the surrogate functional approach of [DDMO04], has
the effect of linearizing the penalty term and decoupling the variables previously
coupled by the matrix A”. The updates for y**! and v**!' remain the same as
for ADMM. By combining terms for the p**! update, the resulting algorithm can

be written as

Algorithm: Split Inexact Uzawa applied to (SPp)

1
pF = argmin J*(p) + —|lp — p* — SrAu" + @S A(ATPF +¢F)|3 (3.30a)
peR? 25k
R a
y" = arg min H'(y) — (u*,y) + 5= lly + AT (3.30D)
W = uF 4y (— ATpRY R, (3.30¢)

The above algorithm can be shown to converge at least for fixed step sizes a and

0 satisfying 0 < 9 < m.

Theorem 3.4.2. [ZBO09] Let oy, = o« > 0, 6, =6 >0 and 0 < < m. Let
(p*, y*, uk) satisfy (3.30). Also let p* be optimal for (D) and y* = —ATp*. Then
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° HATpk —i—kag —0
o JH(pF) — J*(p*)
o H*(y*) — H*(y*)

and all convergent subsequences of (p*,y*,u*) converge to a saddle point of Lp

(3.17).

Moreover, the split inexact Uzawa algorithm can be rewritten in a form that
is very similar to PDHG. Since the y**1 (3.30b) and u*** (3.30c) steps are the
same as those for AMA on (SPp) (3.23), then by the same argument they are
equivalent to the u*™! update in PDHG (3.18b). From (3.30c), we have that

k-1 k
U u

Yt = — — ATpk. (3.31)
A1 77|

Substituting this into (3.30a), we see that (3.30) is equivalent to a modified form
of PDHG where u* is replaced by ((1 + %)uk — %uk*) in (3.18a). The

Qg _

resulting form of the algorithm will be denoted PDHGMu.

Algorithm: PDHGMu

1
k+1 _ inJ* + _A 1+ o7 k Ok 1 4 k2
p arg min J*(p) + (p, <( O%_1)u " )+ 3 5 lp = p"[I3

(3.32a)

1
uMh = arg min H(u) + (AP u) + 5 lu— *|3, (3.32b)
u€R™ 20%

Note that from (3.31) and (3.32b), y**! = 9H (u**!), which we could substitute
instead of (3.31) into (3.30a) to get an equivalent version of PDHGMu, whose

updates only depend on the previous iteration instead of the previous two.
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The corresponding split inexact Uzawa method applied to (SPp) is obtained
by adding §(u — u*, (3~ — 0, AT A)(u — u*)) to the u**! step of ADMM applied
to (SPP)

Algorithm: Split Inexact Uzawa applied to (SPp)

1
uk+1 = arg mﬂi@n H(u) + 2—||u — uk + OékATpk + 5kakAT(Auk — wk)||§ (333&)
u€ER™ (077

1 = axg i J(0) = )+ 2 (3330
we n
P = o Sy (Aukt — (3.33¢)

Again by Theorem 3.4.2; the above algorithm converges for fixed stepsizes «

1

and 0 with 0 < a < STATE -

Note this requirement is equivalent to requiring

_1
0<d< AT

Since from (3.33c), we have that
W' =—— — — + Au", (3.34)

a similar argument shows that (3.33) is equivalent to a modified form of PDHG
where p* is replaced by ((1 + (Si—fl)pk - ijk‘l). The resulting form of the
algorithm will be denoted PDHGMp.

Algorithm: PDHGMp

' 5 S o 1
uFtt = arg min H(u) + (AT ((1 + E)Pk - Epk 1) ,u) + 20, lu — w3,
(3.352)
. * 1
p*t = arg min J*(p) — (p, AuFT) + —||p — png (3.35b)
pER™ 25k
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The modifications to «* and p* in the split inexact Uzawa methods are remi-
niscent of the predictor-corrector step in Chen and Teboulle’s predictor corrector
proximal method (PCPM) [CT94]. Despite some close similarities, however, the
algorithms are not equivalent. The modified PDHG algorithms are more implicit

than PCPM.

The connections between the algorithms discussed so far are diagrammed in

Figure 3.1. For simplicity, constant step sizes are assumed in the diagram.

3.5 Interpretation of PDHG as Projected Averaged Gra-
dient Method for TV Denoising

Even though we know of a convergence result (Theorem 3.4.2) for the modified
PDHG algorithms PDHGMu (3.32) and PDHGMp, it would be nice to show
convergence of the original PDHG method (3.18) because PDHG still has some
numerical advantages. Empirically, the stability requirements for the step size
parameters are less restrictive for PDHG, so there is more freedom to tune the
parameters to improve the rate of convergence. In this section, we restrict atten-
tion to PDHG applied to TV denoising and prove a convergence result assuming

certain conditions on the parameters.

3.5.1 Projected Gradient Special Case
In the case of TV denoising, problem (P) becomes

| N
min [ullry + 5w - fI3 (3.36)
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Legend: (P): Primal AMA: Alternating Minimization Algorithm (4.2.1)
(D): Dual PFBS: Proximal Forward Backward Splitting (4.2.1)
(PD): Primal-Dual ADMM: Alternating Direction Method of Multipliers (4.2.2)
(SPp): Split Primal PDHG: Primal Dual Hybrid Gradient (4.2)
(SPp): Split Dual PDHGM: Modified PDHG (4.2.3)

Bold: Well Understood Convergence Properties

Figure 3.1: PDHG-Related Algorithm Framework
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with J = || - ||z, A = D and H(u) = 3||u — f||3, in which case PFBS on (D)

2

simplifies to
. 1 *
PkH = arg min J (p) + —||p - (pk +0,DVH (—DTPk))Hg-
pER™ 25k

Since J* is the indicator function for the unit ball, denoted X (3.3), in the dual

norm ||-|| g, this is exactly an orthogonal projection onto the convex set X (3.10).

Letting 7, = % and using also that

1 A
*( T —- o T2 _ - 2
I (~D"p) = - IAF — DTpll = 115

the algorithm simplifies to

Algorithm: Gradient Projection for TV Denoising

PP =TIy (p* — D(D"p" — Af)). (3.37)

Many variations of gradient projection applied to TV denoising are discussed in
[ZWCO08]. As already noted in [ZCO08], algorithm PDGH applied to TV denoising
reduces to projected gradient descent when 0, = 1. Equivalence to (3.9) in the
0r = 1 case can be seen by plugging u* = (f — %DTpk) into the update for p*+1.
This can be interpreted as projected gradient descent applied to

, 1
min G(p) == 5[|D"p — AfII2, (3.38)

peX 2
an equivalent form of the dual problem.

Theorem 3.5.1. Fiz p° € R™. Let p* be defined by (3.37) with 0 < infr, <

sup 7, < i, and define uFt' = f — Dipk. Then {p*} converges to a solution of

(3.38), and {u*} converges to a solution of (3.36).
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Proof. Since VG is Lipschitz continuous with Lipschitz constant ||[DDT| and

uktt = VH*(=DTp*) = f — Dipk, then by Theorem 3.4.1 the result follows if

0 <infr <supm < The bound ||[DDT|| < 8 follows from the Gersgorin

2
DD

circle theorem. O

3.5.1.1 AMA Equivalence and Soft Thresholding Interpretation

By the general equivalence between PFBS and AMA discussed in Section 2.3.3.1,

the gradient projection algorithm (3.37) is equivalent to

Algorithm: AMA for TV Denoising

DT k
uFt = f - Ap (3.39a)
. 1
W = 51 (Dut! + 5—pk) (3.39b)
k k
pk+1 — pk + 6k(Duk+l _ ,wk-i-l)’ (339(3)

where S (2.54) denotes the soft thresholding operator for || - ||z. It can be

interpreted in terms of an orthogonal projection onto the set X.

i , 1
Sa(f) = argmin [|2]lp + o[z = f]l5 = | = Tax (). (3.40)
Similar formulas to (3.40) arise when J equals norms other than || - ||g, the

modification being that X is replaced by the unit ball in the respective dual
norms. In fact, it’s not always necessary to assume that J is a norm to obtain
similar projection interpretations. It’s enough that J be a convex 1-homogeneous
function, as Chambolle points out in [Cha04] when deriving a projection formula

for the solution of the TV denoising problem. By letting » = DTp, the dual
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problem (3.38) is solved by the projection

2= e prp ) pe <13 (AS),

and the solution to the TV denoising problem is given by

1

u” = f = S Mza=ntp <13 (AS).

However, the projection is nontrivial to compute.

3.5.2 Projected Averaged Gradient

In the 8 # 1 case, still for TV denoising, the projected gradient descent interpre-
tation of PDHG extends to an interpretation as a projected averaged gradient
descent algorithm. Consider for simplicity parameters 7 and # that are indepen-

dent of k. Then plugging u**! into the update for p yields
PP =1y (p* — 7dy) (3.41)

where

k
df =0 (1-0)""'VG(@p') + (1 - 6)"VG(°)

is a convex combination of gradients of G at the previous iterates p’. Note that

d¥ is not necessarily a descent direction.

This kind of averaging of previous iterates suggests a connection to Nesterov’s
method [Nes07]. Several recent papers study variants of his method and their
applications. Weiss, Aubert and Blanc-Féraud in [WABO7] apply a variant of
Nesterov’s method [Nes05] to smoothed TV functionals. Beck and Teboulle in
[BT09] and Becker, Bobin and Candes in [BBC] also study variants of Nesterov’s
method that apply to /; and TV minimization problems. Tseng gives a unified

treatment of accelerated proximal gradient methods like Nesterov’s in [Tse08].
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However, despite some tantalizing similarities to PDHG, it appears that none is

equivalent.

In the following section, the connection to a projected average gradient method
on the dual is made for the more general case when the parameters are allowed

to depend on k. Convergence results are presented for some special cases.

3.5.2.1 Convergence

For a minimizer p, the optimality condition for the dual problem (3.38) is
p=Ix(p—-7VG(P)), Vr=>0, (3.42)

or equivalently

(VG(p),p—p) >0, VpeX.

In the following, we denote G = min,ex G(p) and let X* denote the set of min-
imizers. As mentioned above, the PDHG algorithm (3.9) for TV denoising is
related to a projected gradient method on the dual variable p. When 7 and 6 are

allowed to depend on k, the algorithm can be written as

PP =1y (p* — md®) (3.43)
where
k k—1
d* =) "s\VG@p), sp=01]](1-06)).
i=0 j=i
Note that

dosio =1, si=(1—61)s,, VE>0i<k  and (3.44)
d* = (1 =60, )d" + 0,1 VG(PY). (3.45)

As above, the direction d* is a linear (convex) combination of gradients of all

previous iterates. We will show d* is an e-gradient at p*. This means d* is an
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element of the e-differential (e-subdifferential for nonsmooth functionals), 9.G(p),

of G at p* defined by
Glg) > G") + ("¢ —p*) —e,¥g € X

When e = 0 this is the definition of d* being a sub-gradient (in this case, the

gradient) of G at p*.

For p and ¢, the Bregman distance based on G between p and ¢ is defined as
D(p,q) = G(p) = G(q) = (VG(q),p—q) Vp,geX (3.46)
From (3.38), the Bregman distance (3.46) reduces to
1 L
D(p.q) = 51D (= )13 < S lIp — all*,
where L is the Lipschitz constant of VG.
Lemma 3.5.1. For any q € X, we have
k
Glg) = G") = (d"q = pF) = D _si(D D(p",p")).

Proof. For any q € X,

G(q) — GO") — (d*,q—p*) = Glg)—G@") - (Z sy VG (D), q — p")

S ZskG = 2_sVGw).a =)
k
+Y sl (GO — GOY) — (VG v = p*))
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Lemma 3.5.2. The direction d* is a ex-gradient of p* where e, = S5 st D(p", p').

Proof. By Lemma 3.5.1,
k
Glq) — G = (d",q—p*) > = siD(*,p') Vg€ X,
=0
By the definition of e-gradient, we obtain that d* is a e,-gradient of G at pF,

where

k
e =Y st D", p).
=0

Lemma 3.5.3. If 0, — 1, then ¢, — 0.

Proof. Let hy = G(p*) — G(p*~1) — (d*1, p* — p*~1), then using the Lipschitz

continuity of VG and the boundedness of d*, we obtain
_ _ _ _ L _ _
|| = [DP*, p" D) +H(VG (M) =d* 1 pP=p )| < §|lpk—pk HE+Cullp* =" o,

where L is the Lipschitz constant of VG, and C] is some positive constant. Since
e =3.F  siD(pF,p'), and 3,_ sk = 1, then ¢ is bounded for any k.

k—1

Meanwhile, by replacing ¢ with p* and p* by p*~! in Lemma 3.5.1, we obtain

hi = Zf olsk (D(p*, p) — D(p*1,p")). From
= (1= 0p1)sjp, V1<i<k—1,
we get

& = (1=61) Y st DO 1)

k—1

= (I —=0Op—1)ep—1+ (1 — 1) Z sk_1(D(p",p") — D", p"))
= (1 —0p_1)(ep—1+ h).
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By the boundness of h; and €, we get immediately that if ,_; — 1, then

€, — 0. I

Since €, — 0, the convergence of p* follows directly from classical [SKR85,
LPS03] e-gradient methods. Possible choices of the step size 75 are given in the

following theorem:

Theorem 3.5.2. [SKR85, LPS03][Convergence to the optimal set using divergent
series i, Let Oy — 1 and let 7y, satisfy 7, > 0, limg 0o 7 = 0 and Yo 7 = 00.
Then the sequence p* generated by (3.43) satisfies G(p*) — G and dist{p*, X*} —
0.

Since we require ¢, — 1, the algorithm is equivalent to projected gradient
descent in the limit. However, it is well known that a divergent step size for 7, is
slow and we can expect a better convergence rate without letting 7, go to 0. In
the following, we prove a different convergence result that doesn’t require 7, — 0

but still requires 6, — 1.

Lemma 3.5.4. For p* defined by (3.43), we have (d*, p**! — pk) < —L||pk+ —

Tk

PrI3.

Proof. Since p**! is the projection of p* — 7.d* onto X, it follows that
(pF — dt — pF p — pFY <0, Vpe X.

Replacing p with p*, we thus get

1
(dF, p"tt —p¥) < —T—kak“ —p*|3.
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Lemma 3.5.5. Let p* be generated by the method (5.43), then
Gl — k) — 5_13 ko k=12
(") — G(p") o Ip" =" 2

o + Bi)? Qg B _
e e A

(a3 ap + ﬁk o + 51@
where
1L 1— 6,
_ S e 3.47
A Telk—1 2’ i 20, 1Tk (3.47)

Proof. By using the Taylor expansion and the Lipschiz continuity of VG (or

directly from the fact that G is quadratic function), we have

L
G — G(p") < (VG(Y), pH Tt —pb) + gllp'”1 — p*|I3,

Since VG(p*) = 2= (d* — (1 — 0-1)d"*""), we have

1

1—0,_ _
K<dk7pk+l _pk> . ¢<dk 17pk+1 _pk>

G - GO =~

L
+S P -,

L 1 1-6,_ _
= (5 - W)HP]Hrl —png - Tll<dk 1,pk+l —Pk>-

On the other hand, since p* is the projection of p*~! — 7,_;d*~!, we get

(p" = d = pFp—pF) <0, WpeX.

F+1 we thus get

Replacing p with p
_ 1
<dk 1,pk+1 _pk> >
Tk—1
This yields

G =GO < —apllp™t = p8IP = 280"t = P8 P = )

SN . L S SR SV
(a3 g + ﬁk o + 51@

2
2 gt g
Q

91



where oy and f, are defined as (3.47).

Theorem 3.5.3. If ay, and By, defined as (3.47) such that oy > 0, 5 > 0 and

o0 o0 2
Z O‘”ﬁ’“ — o0, Z@«;o, lim 2 — 0. (3.48)
=0 P Q. k—o0 O

then every limit point pair (p™,d>) of a subsequence of (p*,d*) is such that p*™
is a minimizer of (3.38) and d>*° = VG(p™).

Proof. The proof is adapted from [Ber99](Proposition 2.3.1,2.3.2) and Lemma
3.5.5. Since p* and d* are bounded, the subsequence (p*,d*) has a convergent
subsequence. Let (p™, d*°) be a limit point of the pair (p¥, d*), and let (p*m, d*m)

be a subsequence that converges to (p>°,d>). For k,, > ng, lemma 3.5.5 implies

that
k
N (ap+ Br)? g Q. gy B ri1vy2
Gpt) =Gp™) < = )  ————p" = (——= "+ ———p
5h) =G < = 3 T - (8 R
77L 5
+Z k||k1 P*II3-
kno

By the boundness of the constraint set X, the conditions (3.48) for oy and p

and the fact that G(p) is bounded from below, we conclude that

Qg k41 B k—1

k
— — 0.
Ip (Oék +ﬁkp Oék—i‘ﬁkp )l

Given € > 0, we can choose m large enough such that [|pFm — p®|ly < £,
_ . By -
|p*— (52 k+1+0¢kﬁ‘:‘cﬁk U2 < Sforall k > ky,, and mu(pk LY <

. This third requirement is possible because limy, g—i = 0. Then

673

m

ko +1 00 /Bkm km—1 00
— —p) - ——p" T =) <
e ) ( I

p
( Qe T B,

| (pFm — p™) —
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implies

2
—€.

-3

ag,, 5km _
km~+1 _poo> + 7(]9167” 1 _poo)H2 <

— 5 P
g, + B, ( g, + B,

Since %fkf”};mH(pkm_l —p™)|l2 < §, we have

ok, + B,
M.

[pFmtt — p™|, <
A

Note that k,, + 1 is not necessarily an index for the subsequence {p*~}. Since

limy, O‘ka—zﬁk = 1, then we have [[p*=*1 — p>°||; — 0 when m — oo. According

(3.43), the limit point p>°, d* is therefore such that

p> =Tlx(p> — 7d™) (3.49)

for 7 > 0.

It remains to show that the corresponding subsequence d* = (1—0y,, _;)d*"~1+
Or,,_1VG(p*™) converges to VG(p>). By the same technique, and the fact that
O — 1, we can get [|[VG(p*) — d*®|| < e. Thus VG(p*m) — d*°. On the other
hand, VG(p*") — VG(p>). Thus d* = VG(p>). Combining with (3.49) and

the optimal condition (3.42), we conclude that p™ is a minimizer. a
In summary, the overall conditions on 6, and 7, are:

e 0, — 1,7 >0,
00<Tk9k<%,

0o (ap+Bi)® _
b Zk:o ay = 00,

o limy . g_i = 07

o~ B2
b Zk:oa_k < 00,
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where

1 L 1— 0,
Q= — = B =

Tkek_l 2 ’

= 3.50
20117k (3:50)

Finally, we have 6, — 1, and for 75 the classical condition for the projected
gradient descent algorithm, (0 < 75, < %), and divergent stepsize, (limy 7, —
0,>, 7 — 00), are special cases of the above conditions. Note that even though
the convergence with 0 < 0, < ¢ < 1 and even 6, — 0 is numerically demon-

strated in [ZCO08], a theoretical proof is still an open problem.

3.6 Applications

In this section we discuss the general types of functionals to which PDHG and
it’s variants can be applied. We show how seemingly more complicated models

can often still be written as the primal problem (P) and give several examples.

3.6.1 General Application to Convex Programs with Separable Struc-

ture

Analogous to the approach discussed in 2.1 about rewriting convex programs in
the form of (P0), similar operator splitting methods can be used to cast a large
class of problems in the form of (P). We will consider functionals that are sums
of convex functions composed with linear operators and subject to any number
of convex constraints. In particular, consider the problem of minimizing with

respect to u

F(u) = ¢i(BiAiu+b;) + H(u), (3.51)

i=1
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where ¢; and H are closed proper convex functions. By defining A= | ! | and
AN
J(Au) = Zf\il Ji(Azu) with J;(z;) = ¢;(Biz; + b;), we can rewrite
N
F(u) = Ji(Au) + H(u) (3.52)
i=1

= J(Au) + H(u),

which is of the form (P). The reason PDHG and it’s variants are still effective

for such problems is that the J; terms naturally decouple when the algorithms

b1
are applied. Letting p= | ® [, it follows that
PN
N
T(p) = (o)
i=1

Application of PDHG to (3.52) yields

N
u— <uk — g Z A?pf)
i=1

pF = argmin J} (p;) + L le — (pf + 5kAiuk+1) H; i=1,..,N. (3.53b)
Pi 25k

2
uFt = arg min H (u) + —

e (3.53a)

2

The application of PDHGMp to (3.52) with fixed time steps a and ¢ additionally
replaces p¥ in the u**! update with 2p¥ — p*~'. Recall that for PDHGMp to
converge, the parameters must satisfy a > 0, 6 > 0 and «ad < W.

The algorithm is most efficient when the individual minimization steps can

be explicitly solved. Some important examples of the types of functionals that

make this possible are when F'(u) is composed of I3, I, and [; norms, the l; norm
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squared, [;-like terms such as TV, [,.-like terms such as max, indicator functions

0 wuwes
gs(u) =
oo otherwise

for convex sets S that are easy to orthogonally project onto, and any of these
functions composed with linear operators. Additionally, the matrices B; in (3.51)

should be chosen so that functionals of the form
1 2
6i(Be +b) + 512 = fI3

are easy to minimize with respect to z. Often this means choosing B; to be
diagonal, which can still be useful for scaling purposes. If ¢; = %H -||% for example,
then the algorithm remains efficient for B; where I + BT B is easily invertible.
The ls norm squared terms are easy to deal with because they lead to quadratic
functions which can be explicitly minimized. The Iy, I; and [, norms are easy
to deal with because their Legendre transforms are the indicator functions for
the unit balls in the [, [, and [y norms respectively. It’s straightforward to

orthogonally project onto these convex sets. In the cases of the Iy and [, unit

balls

I z.< (f) = m (3.54)
and
Mz <y (f) = m (3.55)

where the division in IIj..|..<1} is understood in a componentwise sense. Al-
though there isn’t a formula for the orthogonal projection onto the /; unit ball,
g 2,<13(f) can be computed in O(mlog(m)) complexity for f € R™. Total

variation terms, as seen in previous examples, lead to the orthogonal projection

onto {z : ||z]|g= < 1} defined by (3.10). The Legendre transform of the max

function is the indicator function for the positive face of the [; unit ball. The
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projection onto this convex set is similar to the projection onto the [; unit ball
and can also be computed with complexity O(mlog(m)). This projection ap-
pears in Section 3.6.4 and plays an important role in the convex registration and

nonlocal inpainting examples in Chapters 4 and 5.

The extension of PDHG to constrained minimization problems is discussed
in [ZC08] and applied for example to TV denoising with a constraint of the
form ||u — f||> < 0? with 02 an estimate of the variance of the Gaussian noise.
Suppose the constraint on u is of the form ||[Ku — f|la < € for some matrix K
and € > 0. Let S = {u: ||Ku— f|]2 < e}. When H(u) = gs(u), applying PDHG
or the modified versions results in a primal step that can be interpreted as an
orthogonal projection onto S. For this to be practical, Il must be straightforward
to compute. In general for this constraint,

Kz if ||Kz— flla <e
Mg(2) = (I - KTK)z + KT :

—_ T .
Fr (REKISE) otherwise

where

r= /e — (I -~ KO3
and KT denotes the pseudoinverse of K. Note that (I — KTK) represents the
orthogonal projection onto ker (K'). A special case where this projection is easily
computed is when K = R® where R is a row selector and ® is orthogonal. Then
KKT =T and K" = K. In this case, the projection onto S simplifies to

Kz if ||Kz— flla <e
Mg(z) = (I - K'K)z+ K" :

f+e <||I?zz—_ff||2) otherwise

Without this kind of simplification, it’s often better to define T'= {z : ||z — f]|2 <

¢} and replace gs(u) with gr(Ku). By letting one of the J; terms equal gr(z)
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it’s only necessary to project onto 7', which is significantly easier than projecting

onto S. This projection Iz is defined by

z—f

. (3.56)
max (@, 1)

3.6.2 Constrained and Unconstrained TV deblurring

In the notation of problem (P), the unconstrained TV deblurring problem (3.1)

corresponds to J = || - ||g, A = D and H(u) = 3||Ku — f||3. PDHG applied to

(3.1) gives the following algorithm.

Algorithm: PDHG for Unconstrained TV Deblurring

1 k
uk-l—l — (_ + )\KTK)—l ()\KT][‘ o DTpk + u_)
o 677

pk-l-l — HX (pk + 5kDuk+l) ’

In the case when oy, + AKT K is not easy to invert, we can instead let
Hu)=0 and  J(Au) = J1(Du) + Jo(Ku),

D A 2 . P .
where A = , Ji(w) = ||w||g and Jo(2) = 5|z — fl|3. Letting p = , it

K D2
follows that J*(p) = Jy(p1) + J5(p2). Applying PDHG and using the fact that

2

2

J3(p2) = ”I;A” + (p2, f), we obtain
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Algorithm: PDHG for Unconstrained TV Deblurring
"t = — a (DTpY + KTph)

pllc+1 — Iy (plf + 5kDuk+1)

OpA K
k+1 _ k L TN O S

A constrained version of this problem,

min HUHTV7 (359)

[Ku—fll2<e

can be rewritten as
muin | Dul|g + gr(Ku).
Again let
H(u)=0 and J(Au) = Ji(Du) + Jo(Ku),

D
where A = , Ji(w) = ||w||g but now J2(z) = gr(z). Applying PDHG (3.18)
K

with the u**! step written first, we obtain

Algorithm: PDHG for Constrained TV Deblurring

uF Tt = uF — (DT Pl + KT pk) (3.60a)

pitt =1y (pf + 6 DuF*) (3.60b)
k

p§+1 = pg + 5kKuk+1 — 5kHT (% + Kukﬂ) . (360C)
k

In the constant step size case, to get the PDHGMp version of this algorithm, we
would replace DTp¥ 4+ KTpk with DT (2pF — pi=') + K7 (2pk — p5~'). Note that

P3|l

A in the unconstrained problem is related to € by A = =
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3.6.3 Constrained /{-Minimization

Compressive sensing problems [CRT05] that seek to find a sparse solution sat-
isfying some data constraints sometimes use the type of constraint described in
the previous section. A simple example of such a problem is

min
z€R™

Wz such that |RTz — fl2 <€, (3.61)

where Uz is what we expect to be sparse, R is a row selector and I is orthogonal.
RI" can be thought of as a measurement matrix that represents a selection of some
coefficients in an orthonormal basis. We could apply the same strategy used for
constrained TV deblurring, but we will instead let ¥ be orthogonal and focus on
a simpler example in order to compare two different applications of PDHGMu,
one that stays on the constraint set and one that doesn’t. Since V¥ is orthogonal,

problem (3.61) is equivalent to
m}li%n || w1 such that | Ku— fll2 <e, (3.62)
u€eR™

where K = R['UT,

3.6.3.1 Applying PDHGMu

Letting J = ||- |1, A=1,5 ={u:||Ku— f|l2 < €} and H(u) equal the indicator
function gg(u) for S, application of PDHGMu yields
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Algorithm: PDHGMu for Constrained [;-Minimization

(6% «
pk'H = H{p:llpllooﬁl} (pk + 05 ((1 -+ k )uk — k uk_l)) (3.63&)

a1 a1

WMt =TIg (u* — o), (3.63b)

where I, p|.<1y is defined by (3.55) and

Ku—f

Mg(u) = (I — KTK)u+ K" | f+
A (IIKu—fII2 1)

thanks to the special form of K. As before, Theorem 3.4.2 applies when aj =
a>0,0,=0>0and 9 < i Also, since A = I, the case when § = é is exactly

ADMM applied to (SPp), which is equivalent to Douglas Rachford splitting on

(P).

3.6.3.2 Reversing Roles of J and H

A related approach for problem (3.62) is to apply PDHGMu with J(u) = gr(Ku)
and H(u) = ||ul|1, essentially reversing the roles of J and H. This will no longer
satisfy the constraint at each iteration, but it does greatly simplify the projection

step. The resulting algorithm is
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Algorithm: PDHGRMu (reversed role version) for Constrained /;-Minimization

P = pF 4 5K ((1 + O:kl)uk _ O:ékluk—l) (3.64a)
k41 k+1 vttt

pr =0t = oplly 5 (3.64b)

Wt = uF — q KTpht! (3.64c)
k41 k41 wh

Tl = ot = arpllipplle<1} ( o ) . (3.64d)

Here, v**! and w**! are just place holders and Il is defined by (3.56).

This variant of PDHGMu is still an application of the split inexact Uzawa
method (3.30). Also, since | K| < 1, the conditions for convergence are the same
as for (3.63). Moreover, since KKT = I, if § = é, then this method can again
be interpreted as ADMM applied to the split dual problem.

Since Il7 is much simpler to compute than Ilg, the benefit of using operator

splitting to simplify the projection step is important for problems where KT is

not practical to deal with numerically.

3.6.4 Multiphase Segmentation

Another interesting application of PDHGMp is to the convexified multiphase seg-
mentation model proposed in [ZGF08] and discussed in [BYT09, BCB09]. The
goal is to segment a given image, h € R into W regions where the intensities in
the w'™ region are close to given intensities z,, € R and the lengths of the bound-

aries between regions should not be too long. This is modeled by minimizing over
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¢ € RMW 4 functional of the form

0+ 3 (Il + 3lew (=200, 569

where

W
C={c=(c1,ew) : Cu ERM,chzl,cw >0}

w=1

and g¢ is the indicator function for C. This is a convex relaxation of the related
nonconvex functional which additionally requires the labels, ¢, to only take on

the values zero and one.

To apply PDHGMDp, first define X, to be a row selector for the ¢, labels so
that X,¢c = ¢,. Define

A w
H() = go(0) + Sle, D2 XL (h - 20))

and

DX,

where A = : and

DXy

Ju(DXye) = | DXycl|p = | Dewlle = [lewllrv

Applying PDHGMp (3.35) yields

w
= I¢ <c’“ —a) XL(DT (2l —pih) + %(h = Zw)z))

w=1

pﬁfl ITx (p’fu + 5Dchk+1) forw=1,....,W.

The projection 11 can be computed with complexity of O(MW log(W)) and is

further discussed in Section 4.3.1.
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Empirically, most of the weights ¢, ,,, where m = 1, ..., M, automatically con-
verge to either 0 or 1. To guarantee this when visualizing the segmentation result,

we estimate a binary solution & such that Eﬁ%w € {0,1} from c* by thresholding

k

1 if w = argmax; ¢y, ;

0 otherwise.

If arg max; Cﬁz, ; 1s not uniquely determined, it is chosen to be the first index where

the maximum is attained.

3.7 Numerical Experiments

We perform three numerical experiments to show the modified and unmodified
PDHG algorithms have similar performance and applications. The first is a com-
parison between PDHG, PDHGMu and ADMM applied to TV denoising. The
second compares the application of PDHG and PDHGMp to a constrained TV
deblurring problem. The third experiment applies PDHGMu in two different
ways to a compressive sensing problem formulated as a constrained [; minimiza-
tion problem. We also demonstrate the application of PDHGMp to the convex

relaxation of multiphase segmentation discussed in Section 3.6.4.

3.7.1 Comparison of PDHGM, PDHG and ADMM for TV denoising

Here, we closely follow the numerical example presented in Table 4 of [ZC08|,
which compares PDHG to Chambolle’s method [Cha04] and CGM [CGM99] for
TV denoising. We use the same 256 x 256 cameraman image with intensities in
[0,255]. The image is corrupted with zero mean gaussian noise having standard
deviation 20. We also use the same parameter A = .053. Both adaptive and fixed

stepsize strategies are compared. In all examples, we initialize u® = f and p° = 0.
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Figure 3.2: Original, noisy and benchmark denoised cameraman images

Figure 3.2 shows the clean and noisy images along with a benchmark solution for

the denoised image.

Recall the PDHG algorithm for the TV denoising problem (3.36) is given
by (3.9) with K = I. The adaptive strategy used for PDHG is the same one

proposed in [ZCO08] where

5o 5
h=.2+.008k 6= 7715““ (3.66)
!
These can be related to the step sizes 05 and «y in (3.18) by

Ok
o = A = —.
k Tk Y =
These time steps don’t satisfy the requirements of Theorem 3.5.3, which requires
0 — 1. However, we find that the adaptive PDHG strategy (3.66), for which

0, — 0, is better numerically for TV denoising.

When applying the PDHGMu algorithm to TV denoising, the stability re-
quirement means using the same adaptive time steps of (3.66) can be unstable.

Instead, the adaptive strategy we use for PDHGMu is

1 1
A(1 + 5k) "7 8.01ay

o = (367)

Unfortunately, no adaptive strategy for PDHGMu can satisfy the requirements of

Theorem 3.4.2, which assumes fixed time steps. However, the rate of convergence
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of the adaptive PDHGMu strategy for TV denoising is empirically better than

the fixed parameter strategies.

We also perform some experiments with fixed o and §. A comparison is made
to gradient projection (3.37). An additional comparison is made to ADMM as
applied to (SPp). This algorithm alternates solving a Poisson equation, soft

thresholding and updating the Lagrange multiplier. The explicit iterations are

given by
Tt = (XN = 6A) Y f 4 6DTw® — DTpF) (3.68)
& p
wk+1 — S% (Duk-i-l + F)

pk—i-l — pk + 5(Duk+1 _ ,wk-i-l)’

where S is defined as in (3.40) and A = —DTD denotes the discrete Laplacian.
This is equivalent to the split Bregman algorithm [GO09], which was compared
to PDHG elsewhere in [ZCO08]. However, by working with the ADMM form of
the algorithm, it’s easier to use the duality gap as a stopping condition since u
and p have the same interpretations in both algorithms. As in [ZC08] we use the

relative duality gap R for the stopping condition defined by

R, p) — Fr0) = Folp) _ (lullrv + 3o = £18) = IS8 = 51070 = AIB)
’ Fp(p) MFIE = S11DTp — Af|2 ’

which is the duality gap divided by the dual functional. The duality gap is de-

fined to be the difference between the primal and dual functionals. This quantity
is always nonnegative, and is zero if and only if (u,p) is a saddle point of (3.4)
with K = I. Table 3.1 shows the number of iterations required for the rela-
tive duality gap to fall below tolerances of 1072, 10~* and 107%. Note that the
complexity of the PDHG and PDHGMu iterations scale like O(m) whereas the
ADMM iterations scale like O(mlogm). Results for PDHGMp were identical to
those for PDHGMu and are therefore not included in the table.
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Algorithm tol = 1072 | tol =107 | tol = 1076
PDHG (adaptive) 14 70 310
PDHGMu (adaptive) 19 92 365
PDHG o = 5,0 = .025 31 404 8209
PDHG a =1,0 = .125 51 173 1732
PDHG o = .2,0 = .624 167 383 899
PDHGMu a = 5,6 = .025 | 21 394 8041
PDHGMu a=1,0 = .125 | 38 123 1768
PDHGMu a = .2,§ = .624 | 162 355 627
PDHG a=5,0 = .1 22 108 2121
PDHG a=1,6=.5 39 123 430
PDHG a = .2, = 2.5 164 363 742
PDHGMu a=5,6=.1 unstable
PDHGMua=1,0=.5 unstable

PDHGMu a = .2,6 = 2.5 | unstable

Proj. Grad. 6 = .0132 48 750 15860
ADMM § = .025 17 388 7951
ADMM 6 = .125 22 100 1804
ADMM ¢ = .624 97 270 569

Table 3.1: Iterations required for TV denoising
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From Table 3.1, we see that PDHG and PDHGMu both benefit from adap-
tive stepsize schemes. The adaptive versions of these algorithms are compared
in Figure 3.4(a), which plots the [ distance to the benchmark solution versus
number of iterations. PDHG with the adaptive stepsizes outperforms all the
other numerical experiments, but for identical fixed parameters, PDHGMu per-
formed slightly better than PDHG. However, for fixed « the stability requirement,

o< for PDHGMu places an upper bound on § which is empirically about

1
of[ D2
four times less than for PDHG. Table 3.1 shows that for fixed o, PDHG with
larger ¢ outperforms PDHGMu. The stability restriction for PDHGMu is also
why the same adaptive time stepping scheme used for PDHG could not be used

for PDHGMu.

Table 3.1 also demonstrates that larger « is more effective when the relative
duality gap is large, and smaller « is better when this duality gap is small. Since
PDHG for large «v is similar to projected gradient descent, roughly speaking this
means the adaptive PDHG algorithm starts out closer to being gradient projec-
tion on the dual problem, but gradually becomes more like a form of subgradient

descent on the primal problem.

3.7.2 Constrained TV Deblurring Example

PDHGMp and PDHG also perform similarly for constrained TV deblurring (3.59).
For this example we use the same cameraman image from the previous section
and let K be a convolution operator corresponding to a normalized Gaussian
blur with a standard deviation of 3 in a 17 by 17 window. Letting h denote the
clean image, the given data f is taken to be f = Kh + 7, where 1 is zero mean
Gaussian noise with standard deviation 1. We thus set ¢ = 256. For the numer-

ical experiments we used the fixed parameter versions of PDHG and PDHGMp
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with @« = .2 and 6 = .55. The images h, f and the recovered image from 300
iterations of PDHGMp are shown in Figure 3.3. Figure 3.4(b) compares the Iy

Figure 3.3: Original, blurry /noisy and image recovered from 300 PDHGMDp iter-

ations

error to the benchmark solution as a function of number of iterations for PDHG
and PDHGMp. Empirically, with the same fixed parameters, the performance
of these two algorithms is nearly identical, and the curves are indistinguishable
in Figure 3.4(b). Although many iterations are required for a high accuracy so-
lution, Figure 3.3 shows the result can be visually satisfactory after just a few

hundred iterations.

3.7.3 Constrained /; Minimization Examples

Here we compare PDHGMu (3.63) and the reversed role version, PDHGRMu
(3.64), applied to the constrained /; minimization problem given by (3.62) with
e = .01. Let K = RI'UT where R is a row selector, I' is an orthogonal 2D
discrete cosine transform and W is an orthogonal 2D Haar wavelet transform.
It follows that KK7 = I and KT = K”. R selects about ten percent of the
DCT measurements, mostly low frequency ones. The constrained /; minimization

model aims to recover a sparse signal in the wavelet domain that is consistent
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(a) Denoising (adaptive time steps) (b) Deblwrring (o = .2, § = .55)

Figure 3.4: [y error versus iterations for PDHG and PDHGMp

Figure 3.5: Original, damaged and benchmark recovered image

with these partial DCT measurements [CRO05].

For the numerical experiments, we let & = 1 and 6 = 1. Let h denote the
clean image, which is a 32 by 32 synthetic image shown in figure 3.5. The data
f is taken to be RIT'h. For the initialization, let p® = 0 and let u® = W20,
where 20 = I'" RT RI'h is the backprojection obtained by taking the inverse DCT
of f with the missing measurements replaced by 0. Let u* denote the solution
obtained by 25000 iterations of PDHGRMu. Figure 3.5 shows h, 2% and 2*, where
2= 0Ty,

Both versions of PDHGMu applied to this problem have simple iterations
that scale like O(m), but they behave somewhat differently. PDHGMu (3.63) by
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definition satisfies the constraint at each iteration. However, these projections
onto the constraint set destroy the sparsity of the approximate solution so it can
be a little slower to recover a sparse solution. PDHGRMu (3.64) on the other
hand more quickly finds a sparse approximate solution but can take a long time

to satisfy the constraint to a high precision.

To compare the two approaches, we compare plots of how the constraint
and [; norm vary with iterations. Figure 3.6(a) plots |||[Ku* — f|| — €| against
the iterations k£ for PDHGRMu. Note this is always zero for PDHGMu, which
stays on the constraint set. Figure 3.6(b) compares the differences |||u®||; —
|u*||1| for both algorithms on a semilog plot, where ||u*||; is the [; norm of the
benchmark solution. The empirical rate of convergence to ||u*||; was similar for
both algorithms despite the many oscillations. PDHGRMu was a little faster
to recover a sparse solution, but PDHGMu has the advantage of staying on the

constraint set. For different applications with more complicated K, the simpler

projection step for PDHGRMu would be an advantage of that approach.
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L L L . L L L L L L L L
0 2000 4000 6000 8000 10000 12000 14000 0 2000 4000 6000 8000 10000 12000 14000
iterations iterations.

(a) Constraint versus iterations for (b) ;3 Norm Comparison (a =1, =1)

PDHGRMu (a=1,§=1)

Figure 3.6: Comparison of PDHGRMu and PDHGMu
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3.7.4 Multiphase Segmentation Example

Numerical experiments for the convex relaxed multiphase segmentation model
(3.65) are performed in [BY'T09], where an expectation maximization algorithm is
applied after forming a smooth approximation to the dual problem. As discussed
in Section 3.6.4, it’s also possible to directly apply PDHGMp without altering
the functional. This is tested on the problem of segmenting a brain scan image
into five regions. In terms of the functional (3.65), h is the original image shown

in Figure 3.7, A = .0025 and we let

22[75 105 142 178 180| -

The time step parameters o and 0 are each set to 3—2—2. The result, which is also

1000

shown in Figure 3.7, is obtained by thresholding ¢ and visualized by setting

the intensities to z on the segmented regions.

original image segmented image

region 4

Figure 3.7: Segmentation of brain image into 5 regions

It is possible to improve the regularization on the length of the boundaries

by introducing p,, parameters in front of the ||c,||7y terms and adjusting them
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according to any a-priori assumptions we can make about the shapes of the desired

regions.

If z is not known in advance, one can additionally minimize over z. The
resulting functional is nonconvex, but a practical method for approximating its
minimizers is to follow the approach of Chan-Vese segmentation [CV01] and al-
ternate minimization of ¢ with z fixed and minimization of z with ¢ fixed, which

leads to weighted average updates for the z,,.
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CHAPTER 4

A Convex Model for Image Registration

4.1 Introduction

In this chapter, we propose a convex model for image registration. The model
uses a graph-based formulation and minimizes a convex function on the edges
of the graph instead of working directly with the displacement field. A classical
approach for registering given images u, ¢ : & C R? — R is to minimize the

Horn-Schunck model, [HS81]
1 2 7 2 7 2
26+ (@) = u(@) | + 2IVol? + LIvoal?, (4.

with respect to the displacement field v. Instead of seeking a global minimum of
this nonconvex functional, we reformulate it as a convex minimization problem,
but without linearizing the fidelity term, which would require a small deformation
assumption, and also while avoiding the interpolation difficulty that arises when
discretizing ¢(x + v). Rather than discretizing a continuous model, we will work
in a discrete setting throughout. Given images u € R" > and ¢ € R"™*"e,
consider defining a graph as in Figure 4.1. The nodes correspond to pixel centers
in u and ¢, and the edges are defined to connect each pixel in u to a neighborhood
of pixels in ¢. The unknown edge weights will correspond to the coefficients of
a weighted average. The main idea behind the convex reformulation is then to

replace ¢p(z+v), vy and vy in (4.1) with weighted averages of intensities and pixel

114



I T

?
I
4

u phi

Figure 4.1: Construction of edges e; ;

locations. The discrete interpolation corresponding to ¢(z+v) will be a weighted
average of intensities of ¢ with the weights corresponding to edge weights on the
graph. Similarly the displacement will be modeled as the difference between the

pixel locations in u and the same weighted averages of the pixel locations in ¢.

A crucial requirement for the weighted average approach to be justified is
that the weights be localized. For the interpolation to make sense, it should only
depend on nearby pixels. Therefore the edge weights should be zero outside a
small neighborhood around the weighted average of the ¢ pixel locations. Di-
rectly enforcing this would unfortunately correspond to a nonconvex constraint.
However, it is possible to indirectly encourage the weights to cluster by adding
a convex term to the functional requiring the weights to be spatially smooth.

Details are in the following section.

There are many other approaches that aim to convexify or at least partially
convexify Horn-Schunck related models for image registration. Many authors
make use of a multiscale approach, working from coarse to fine images, since ap-
plying low pass filters to the images can make the energy more convex [LCO01]. As
already mentioned, one can obtain a convex approximation to (4.1) by linearizing

slo(x +v(x)) — u(x)||* to obtain 3||¢(x) + (Vo(x), v(z)) — u(x)||3. A multiscale
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approach can be used to get around the drawback that the linearization is only
valid for small deformations. It’s shown in [BBP04] that applying a coarse to fine
strategy to either the original nonconvex functional or to the linearized version
amounts to essentially the same thing. A coarse to fine approach is also used
in [ZPB07] in a real time algorithm for computing optical flow. Another very
interesting approach is the discrete functional lifting method in [GBOO09], which
recovers a global minimum of the nonconvex functional by solving an equivalent
convex problem. It is related to the discrete and continuous functional lifting

approaches of [Ish03] and [PSGOS].

The organization of this chapter is as follows. In Section 4.2, the weighted av-
erage based convex model for image registration is defined and discussed. Section
4.3 explains how a variant of the primal dual hybrid gradient (PDHG) method
[ZC08, EZC09] can be used to minimize the resulting functional. Numerical re-
sults for several registration examples are presented in Section 4.4. Section 4.5
discuses extensions of the convex model such as incorporating /; and TV terms
into the functional, modifications of the numerical scheme as well as other appli-

cations of the numerical approach to similar models.

4.2 Formulation of Convex Registration Model

Let the images u € R™*™e and ¢ € R"*" be given. Assume that the pixel
intensities are not changed by the optimal displacement. This is the key assump-
tion behind the data fidelity term in (4.1). Also assume we are given a guess
v = (v, 1) of the displacement field and upper bounds 71,7y > 0 such that if v*
is the true displacement, then [|1; — v]||o < 71 and ||va — 5|l < 72. The images
are allowed to be at different resolutions, but we assume that the dimensions of

the pixels are known and are such that there are no major scale differences be-
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tween the two images. Let M = m,m,. be the number of pixels in v and N = n,n,
the number of pixels in ¢. Consider a graph G(V, ) with a node for each pixel in
wand ¢. We can write V as V =V, |V, where V, = {1, ..., N} indexes the nodes
from ¢ and V, = {N +1,..., M + N} indexes the nodes from u. We will consider
u € RM to be a function on the nodes in V, and similarly ¢ € RY a function on
the nodes in V4. Also define x4, 29 € RM to be functions on nodes in V,, and
similarly define y; and y, to be functions on the nodes in Vj such that (2%, %) is
the location of the center of the pixel corresponding to node ¢ € V,,, and (y{, y%)
is the location of the center of the pixel corresponding to node j € V. Now let
there be an edge between node i € V, and node j € Vj if |yl — (2} + vi)| <
and |y — (2 4+ 14)| < ry. Denote the total number of edges by e. Figure 4.1

illustrates how these edges connect each node ¢ to a group of nodes j.

Note that if r is too large, the number of edges defined could be so large as
to cause memory problems in a numerical implementation. One way of avoiding
this is to limit the size of the allowed deformation. Some alternatives include only
defining edges on a subset of the nodes satisfying the displacement bounds, using
a coarse to fine multiscale approach, or designing a transformation that gives a
lower dimensional approximation of the edge weights. Here, we will make use of
the multiscale approach in numerical implementations.

Assume for simplicity that any (w;,ws) € R? satisfying |w; — (2} + 11)| <y
and |wy — (2 + )| < 1y for some i € V, also satisfies min;(y]) < w; < max;(y])
and min; (y3) < wy < max;(y3) (¢ can be padded if this doesn’t hold). Let ¢ € R®
be a function on the edges such that ¢; ; > 0 and Z]M. ¢j = 1 for each i € V,.

Now we model the displacement v to be the difference between the c-weighted
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average of y and .

(v, v5) ( Z Cw?h ) (Z Czyj?/g - Ié)) (4.2)
Jrvi ji

These weighted averages can be represented more compactly in terms of the
edge-node adjacency matrix [Q R] € R*M+N) for the graph G, where @ cor-
responds to the nodes in V,, and R corresponds to the nodes in V,. For each
edge e;; where i € V, and j € Vy, Q.; = —1 and R.; = 1. All other en-
tries of @ and R equal zero. Let diag(c) denote the diagonal matrix with the
vector ¢ along the diagonal. The operation of taking c-weighted averages of
a function on V, for each node @ € V, can be represented in matrix notation
by —(RT diag (¢)R) "' RT diag (¢)Q. The constraint that the weights on the edges
coming out of each node i sum to 1 can be written as Rc = 1 or RT diag (¢)R = 1.

Thus the c-weighted averages of ¢ can be written as —R” diag (¢)Q¢. Now define
Ay = —R" diag (Q9).

This means Ayc represents the c-weighted averages of ¢. Similarly, define
A, = —R" diag (Qu)

and
A, = —R" diag (Qu2).

Ay c and Ay,c represent the c-weighted averages of y; and y, respectively. In

terms of these matrices, the displacements vy, vo € RM are modeled by
U1 :Ale—SL’l s (%) :AyQC—LEQ.

Let C' denote the convex set that the weights ¢ are constrained to lie in. This

set is defined by

C = {CEReICiJ’ ZO and Zcmzl}. (43)

j~i
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Let g¢ be the indicator function for C' defined by

0 ifceC
go(c) = : (4.4)
oo otherwise
We also need to define the discretized gradient D that will act on vectorized
images in RM. The convention for vectorizing a m, by m. matrix will be to stack
the columns so that the (7, ¢) element of the matrix corresponds to the (c—1)m,.+r

element of the vector. Consider a new graph, Gp(V,, Ep) with nodes in V, and

edges that correspond to forward differences as is shown in Figure 4.2. Index the

R
L I
RN
R

Figure 4.2: Graph for defining D

M nodes by (¢ —1)m,. +r and the ep = 2m,m. —m, —m, edges arbitrarily. Now
define D € R®P*M to be the edge node adjacency matrix for the graph Gp. For

each edge ¢ with endpoint indices (i, 7), i < j, define

p

—1 fork=1
Dep=q1 fork=j - (4.5)
\O for k #£14,7

The matrix D thus defined can be interpreted as the discrete gradient, and like-
wise —D7T represents the discrete divergence operator. The graph definition im-

plicitly assumes Neumann boundary conditions.
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With this notation we can define the weighted average analogue to (4.1),
1 n n
sl Ase = ulls + S ID(Ay e — 25 + S D(Ay,e = 22) 13 + go(©)- (4.6)

We will assume that the displacement is smooth and therefore keep the reg-
ularization terms that penalize the [, norm squared of its gradient. It will be

convenient for notational reasons to define
R _1n D(s— 2
1(2) = 5|| (z —x1)|l3

and
_n 2
Ry(2) = S| D(z = z2)l3
so that these regularization terms can be rewritten as Ry(A,, c) + Ro(Ay,c). For

applications where discontinuities are expected in the displacement field, total

variation regularization terms could be used here instead.

Since the displacement is assumed to be smooth, the weights themselves
should also be spatially smooth. Moreover enforcing this should encourage the
weights to be localized, which needs to happen for the model of the displacement
to make sense. For simplicity, assume every node ¢ € V), has the same number
of edges connecting it to nodes in V,; and moreover that those nodes in V, form
a rectangle of dimension w, by w,. that will be referred to as the search win-
dow. To be consistent with the bounds r; and 79, we can take w, = 2ry + 1 and
w, = 2r1 + 1. There are W = w,w, weights for each node in V,. Note that the
total number of edge weights is e = MW. Let w be an index for the weights
in the search window and define X,, € RM*¢ to be a row selector (X, X% = I)
for the w' weight. So X, applied to ¢ returns a vector of just those M weights
that correspond to the index w. Now we can encourage spatial smoothness of the

weights by adding

w
> IDXucls
w=1
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to the functional. It will later be helpful to rewrite this in terms of an indicator

function gg for the unit [, ball

B=A{p:|pll. <1}

because the numerical approach will involve projecting onto this set. Since the
Legendre transform of a norm can be interpreted as the indicator function for

the unit ball in the dual norm,
[DXycllz = gp(DXye),

where g} denotes the Legendre transform of gp.

The quadratic data fidelity term doesn’t robustly handle outliers. To remedy
this, we will replace the quadratic term with convex constraints that control both
the local error and the average error for A,c — u. To control the local error, we

@Hoo < 1 for some data dependent 7 € RM and where the

can require that ||
division by 7 is understood to be componentwise. To control the average error we
can require that ||Asc — ul|2 < € for some € > 0. These constraints can be added

to the functional as indicator functions for the appropriate convex sets. Let
I=A{z:]z—ull2 <€}

and let

z —

u
Too ={z:] loo <1}

T

Let gr, and g7 be the indicator functions for 7, and T,. Another possibility is

to use the [; norm for the data fidelity term, which is considered in Section 4.5.1.

Altogether, the proposed convex functional for image registration is given by

F(c) = go(e)+ Y g5(DXue) +91,(As0) 91, (Asc)+ Ri(Ay )+ Ro(Ayye). (4.7)

w=1
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A minimizer exists as long as the set

A _
{cice O ||Apc —ull2s <€, | o

looe <13

is nonempty.

4.3 Numerical Approach

To solve (4.7) we will use the PDHGMp variant of the PDHG algorithm, which is
defined by (3.35). It’s application to (4.7) will make use of the operator splitting

techniques discussed in Section 3.6.1.

4.3.1 Application of PDHGMp

Since F' (4.7) is in the form of (3.52), the PDHGMp method can be directly
applied. However, the relative scaling of the matrices D&X,,, A4, A,, and A,, can
affect the numerical performance. We therefore introduce scaling factors s, s4,,

540, Sy, and sy, and define

(Zw) = (Swzw)
gT2 (Z¢>2) (S¢2Z¢>2>
0T (Z00) = 970 (S0 Z600)
(Zyl) =R (3y12y1)
(Zyz) R2(3yzzyz)
so that F' can be equivalently written as
V. DX,c Age Age. =~ Ayc. o~ Ac
Fe) = go(e) + D gu(—5) + i (525) + G (525) + Ra(F2) + Ro(=20).
w=1 Sw Sepo Stoo Sy1 Sya
(4.8)
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To apply PDHGMp, let

DX
Tl b1
DXy
g pw
A= f_j ) p= DPoo | o H(C) = gC(C)
Ay
8¢ p¢oo
Ay,
Syq pyl
Ay2
| Sua _py2 i
and
Yo DX,c Ayc Ayc A, ¢ A,c
J(A) = 3 75 (T2 90 (20) + r (525) o Ru(F2%) 4 Ro(225).
w=1 Sw $¢2 S¢oo syl Syz

The initialization is arbitrary. One iteration of PDHGMp applied to F(¢) and

including the scale factors consists of the following minimization steps:

w
XTDTQk— k—1
k+1 C—<Ck—0éz w (pw DPuw )

) 1
¢ =argmin go(c) + —
c 200

Sw

w=1

L Aeenh, ) A, —p)

S¢2 S¢oo
2
T k k—1 T k k—1
_aAy1(2py1_py1 ) _aAyz(me_pyz )
Sy1 Sya 9
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2

2 (pk + 6wack+1)
Pt = s, argmin gp(py) + =2 ||pw — — e forw=1,...,W
Pw 20 Sw )
82 (pg + 5A¢Ck+1) 2
k+1 . * o2 2 S
= S4, arg min + = —
D, 2 ATGINN g7, (Pg>) 55 |2 o
2
2
2 ( k 5A¢Ck+1 )
S Pooo
pET = sy, argmin gi,_(Pen.) + == ||py., — ’ e
it Poo 20 S
2
k41 2
2 ( k- —l— (SAylc )
S p B
k+1 . * Y1 Y1 Syq
Py = Sy argmin Ri(py,) + 95 |[Por ~ -

Ay cht1 ) 2

2 ko4
k41 s (py2 Syy

. . * Yy
Py = Sy, ATE TN R5(py,) + 2—; Py —

Sy2
2

There are simple to compute, explicit formulas for each of the minimization steps.
A helpful tool for writing down some of the formulas is the general Moreau

decomposition (2.3.1).

Substituting formulas for the minimization steps and using the Moreau de-

composition to simplify the last four updates, the PDHGMp method applied to
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F(c), still including the scale factors, is to iterate

w - T (9.,k k—1
XTDT 2 k _ k—1 AL (2 _

Ck-i-l:HC (ck—a§ w (pw Pw )—Oé ¢( p¢2 p¢2 )
Sw So

w=1

T k k—1 T k k— T k k—
A¢ (2p¢oo Py ) Ay1(2py1 — Py, 1) Ayz(prz — Py, 1)
- -« -«
Soo Syy Sya

k §DXy, k1

p _'_#

pErl = 5,115 <( 2 S )> forw=1,.., W
Sw

SA P+ ) SAycFH s
k+1l _ K ¢ _ I k ) $2
p¢2 b, - Sepo Sepo & <(p¢2 - Sepo ) 0 )
A cFH! ) SAscFH s
k+1 k @ k @ Poo
= + - II 4 =2 ) f=
Poe = Pour S b Som <(p¢°° Soo ) 4 )
§A,, ns? SA
k1l k y y1 T -1 T k y
py;i- =k + 81 — ([ + 5_1 D D) (77$le Dz, +py1 + Sl )
Y1 71
§A,, ! ns? SA. okt
B+l k Y2 y2 1T 1y —1 T k Y2
pr = py2 —+ T — (I + TD D) ’/]SyQD DLL’Q —|—py2 —+ T

Here I, 115, I11, and 117 denote the orthogonal projections onto the convex

sets C', B, T, and T, respectively. Formulas for the latter three are

p
Hp(p) = ——r—
5P) = axlpla D)
Z—U
Iz, (2) = u + ma(E=E 1)
and
Mr (2) =ut —0 "

max(@, 1)’

where for I11_ the max and division are understood in a componentwise sense.
Although there isn’t a formula for I1¢(c), it can still be computed efficiently with
complexity of O(MW log(W)). In describing this projection, it is helpful to rein-
dex c. Computing Ilc(c), where ¢ € RMW | amounts to orthogonally projecting
M vectors in R" onto the positive face of the [; unit ball in RY. Let ¢, € R

for m =1, ..., M denote those vectors. Then the elements ¢, ,, of c,, must project
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either to zero or to ¢, — 0, Where 6, is such that Zg;l Cmw = 1 and ¢, > 0.
Therefore the projection can be computed once the thresholds 6,, are found,
which can be done by sorting and using a bisection strategy to determine how
many elements project to zero. Finally note that D” D denotes minus the discrete
Laplacian corresponding to Neumann boundary conditions. The corresponding
discrete Poisson equation can be efficiently solved with O(M log(M)) complexity

using the discrete cosine transform.

4.3.2 Discussion of Parameters

There are some necessary conditions on the parameters. The parameters e € R
and 7 € RM which appear in the definition of the sets T5 and T}, must be large

enough so that a minimizer exists. Also, a and § must be positive and satisfy

1
lIA[1*

. Adjusting ¢ and 7 changes the underlying model and will affect the
solution. Changing a and J, as long as they satisfy the stability requirement,

only affects the rate of convergence.

The scaling factors s, S¢,, Se., Sy and sy, also affect the rate of convergence
but mostly they alter the relative weight that each term of the functional has on
each iteration. Adjusting these factors doesn’t change the model or the eventual
solution, but it can for example make the numerical solution satisfy the data
constraint in fewer iterations at the cost of it taking more iterations for the
weights to become smooth. Or vice versa, the scaling factors can encourage early
iterates to be smooth at the cost of more iterations being needed to satisfy the
data fidelity constraints. A natural approach to defining the scaling parameters
is to try to give the five terms (thinking of the sum over w as a single term) in

J(Ac) roughly equal weight.

The parameter n does affect the model in the sense of altering the relative
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importance of the smooth displacement regularizer and the smooth weights reg-
ularizer. If 7 is too large, then a smooth displacement might come at the cost of
having insufficiently smooth and therefore possibly nonlocal weights. If 7 is too
small, the weights themselves will be spatially smooth, but although the smooth-
ness of the displacement is indeed encouraged by smoothness of the weights, it
is not always sufficiently enforced that way. Moreover, it empirically takes many
more iterations to get a reasonable solution when 7 is too small. For some ex-
amples, choosing 7 too small can again result in nonlocal weights. Since the
displacement model assumes local weights, it’s therefore important to choose n

well to avoid errors in the registration.

4.3.3 Multiscale Approach

A downside of the model (4.7) is the large number of variables involved. Although
it’s a convex registration model that allows for large deformations, the number
of edge weights in the graph formulation can be impractically large. By practical
necessity, a coarse to fine multiscale approach is used for the numerical examples
in Section 4.4. A dimension reduction idea is mentioned in Section 4.5.4 but not

implemented.

The multiscale approach works by downsampling the original images by a
factor of two as many times as is necessary for the number of pixels within the
maximum displacement estimate not to be impractically large. The effect of one
level of downsampling is illustrated in Figure 4.3. The convex registration prob-
lem is first solved for the low resolution images. Then the resulting displacement
solution given by (A,,c¢ —xy, Ay,c— ) is upsampled by a factor of two and used
as an initial guess when solving the convex registration problem for the next finer

resolution. If one assumes the global coarse solution is close, say within half a
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Figure 4.3: Effect of downsampling on resolution and search window size

coarse pixel, to the global fine solution, then small search windows suffice for
all the successive applications of the method to the finer resolution images. For
example, after the coarse problem is solved, a three by three window of weights

could be used for the remaining problems.

An advantage of the multiscale approach is that by downsampling enough
times, the size of the search window of weights can be made small enough to
automatically satisfy the localized weights assumption. And the number of extra
variables can be made small enough so that the computation remains efficient.
However, the coarse solutions aren’t guaranteed to be close to the true global
minimum of the functional at the fine scale. In fact, downsampling too many
times will result in poor solutions. So it is best to employ the multiscale strategy
as little as possible, only as much as is practically necessary to achieve reasonable

computation times.
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4.4 Numerical Examples

In this section, the performance of the model and numerical approach is illus-

trated for three examples.

The first example is a synthetic image of the letter E which is to be registered
with a translated, rotated version. See Figure 4.4. This example illustrates that
the model succeeds in filling in the large homogeneous regions with a smooth

displacement field.

The second example is low resolution digital photo of two pencils on a desk
which is to be registered with a version that has undergone a large translation
and also some rotation. See Figure 4.5. The initial displacement is chosen to
align the rightmost pencil in v with the leftmost pencil in ¢. This would be a
local minimum for the classical registration model (4.1), but the global solution
of the convex model correctly registers the images despite the large translation
and challenging initialization. The pencil example will also be used to illustrate
the problems that occur if 7 is too small or if the fidelity terms are too weak.
These both result in nonlocal weights and a poor solution, whereas with well

chosen parameters the weights do indeed localize and the solution is good.

The third example is a brain scan where a section in the middle has been
deformed, leaving the outer regions unchanged. See Figure 4.6. This example
is from [TGS06, LGD09] and the ground truth is known. A comparison with
the ground truth displacement is plotted in Figure 4.7. In addition to showing
that the model can successfully register this medical image, the example is also
used to illustrate the need for the smoothing regularizer on the weights. If n
is chosen too large, the displacement should still of course be smooth but the

weights themselves may not be smooth enough. It’s then possible for nonlocal
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weights to conspire to satisfy the data fidelity constraints and yield a smooth

displacement while still giving the wrong solution.

4.4.1 Parameter Definitions

Most of the parameters are chosen similarly for the numerical examples. The pa-
rameter 1 that balances the smooth displacement and smooth weights regularizers
is usually chosen to be 1 except for the examples that illustrate what goes wrong
when 7 is too small or too large. The weights 7 € R™ for the [, data constraint
are data dependent, small in homogeneous regions and large near discontinuities.
For all the examples 7; is defined by taking the difference of the maximum and
minimum intensities in the three by three neighborhood around the i*" pixel,
multiplying by .75 and adding .5. This ensures |A,c — u| is never much larger
that could be expected from interpolation errors. Recall that Azc — w is the
difference between the c-weighted averages of ¢ and u. For the [y data fidelity
constraint, the best choice of € depends on the problem. The scaling parameters
are designed to normalize the matrices 31| XTDT, AT AT and A7 so that
they have roughly the same operator norms. For all the numerical examples,

define

Sw = 2V 10W

562 = [|0]locV/5W
Spoo = S¢2

Sy = nCAyC\/W
Syy = My, VEW,

where A, and A, denote the dimensions of a single pixel in ¢. The choice of

numerical parameters o and 6 can greatly affect the rate of convergence. It is
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best for ad to be close to the stability bound ll

- An upper bound, a for [|Af?

is
LS AT AGAT A AT ALAT

e= - + H 2 + 2 + 2 + P Hv

Sw So Shoo S SYo

which is straightforward to compute because AgAY, Ay, Al and A, Al are di-

: . 9955
agonal matrices. Reasonable choices for o and § are a = sfg\% and 0 = T‘”.
2

4.4.2 Multiscale Implementation and Stopping Condition

To speed up the numerical implementation, a coarse to fine multiscale approach
as described in 4.3.3 is used for all the following examples. The letter E and
pencil examples are both initially downsampled twice. The brain example is
initially downsampled three times. The downsampling is always by a factor of
two. Once a coarse solution is obtained and the displacement computed, bilinear
interpolation is used on the coarse displacement field to obtain an initial guess for
the next finer resolution. Since the coarse solution is assumed to be close to the
true solution, small search windows, (usually 3 x 3 or 5 x 5), are used for all the

finer resolution registration problems with good initial displacement estimates.
The stopping condition used for the E and pencil examples is

.002

k+1 kK - < 2= 4.9
e — o < T2, (19)
where W is the total number of weights in each search window. To speed up

computation for the brain example, .002 was replaced by .004.

4.4.3 Results

For the letter E example, Figure 4.4 shows the original 128 x 128 images u and

¢, the c-weighted averages of ¢ and the computed displacement. The parameters

995 Nivi . .
used are @ = —25_ § = 22 ¢ = YM and 5 = 1. The maximum displacement
Sga/a Va 2
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scale | iterations

2 3890
1 2348
0 1552

Table 4.1: Iterations required for registering E example

(r1,72) is set to (16,8). For all scales beyond the coarsest, three by three search
windows are used. The number of iterations required at each scale to satisfy the
stopping condition (4.9) is given in Table 4.1, where scale refers to the number

of downsamplings.

20
40
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120

0 50 100 0 50 100
c-weighted average of phi displacement
Of>— = —= — = = = = = ~ <~ ~ = ~
wpoiiZiiiiiiiics
O T T I ITIIINE
60 - - - _ - TZIIZZCIIC
| S,
007 oo
L
0 50 100

Figure 4.4: Registration of rotated and translated letter E

The pencil registration result plotted in Figure 4.5 uses the same parameters
as the E example except that five by five search windows are used after the coarse

solution is obtained. Recall that the initial displacement is chosen to make this
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scale | iterations

2 14276
1 6560
0 10403

Table 4.2: Iterations required for registering pencil example

problem challenging by lining up the right pencil in v with the left pencil in ¢.
The displacement plot shows the location of the 46 x 38 image u, bordered in
black, relative to the 79 x 98 image ¢ and draws the displacement field at a few
points. The maximum displacement (r1,73) is set to (32,16). Table 4.2 shows

the number of iterations required.

u

0 20 40 60 80

c-weighted average of phi displacement

W A ATARY//

Figure 4.5: Registration of low resolution photo of two pencils

Some parameters are changed for the brain example, where v and ¢ are both

186 x 197 images. The maximum displacement (7, r2) is set to (10, 10). Since the
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=

displacement is expected to be mostly zero, a smaller € is used, namely € = 7.

Adjusting a and ¢ to a = 3'29?/557 0 = 9'9524’2 sped up the rate of convergence
2

slightly for this example. Also, at the four scales computed in the multiscale
approach, a three by three search window was used for the finest while five by five
search windows were used for the two intermediate scales after the coarsest. The
registration result is shown in Figure 4.6 and the number of iterations required
are listed in Table 4.3. For this example, the ground truth displacement is known
and compared to the computed displacement in Figure 4.7. The root mean square
errors relative to the ground truth for the displacement components v; and vy

are .3995 and .5748 respectively.

u

0 50 100 150
c-weighted average of phi displacement
0
50
~ =~
NN
100 S
150
0 50 100 150

Figure 4.6: Registration of brain images

Although the convex registration model was successful on the previous exam-
ples, it can fail if the parameters are not well chosen. Three examples of what

can go wrong are when the data fidelity constraints are too weak, when 7 is too
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scale | iterations
3 3914

2 4919

1 6813

0 11303

Table 4.3: Iterations required for registering brain example

small or even when 7 is too large.

The pencil example will be used to illustrate the first two potential problems.
The solution of the coarse, twice downsampled, problem suffices to demonstrate
this. Figure 4.8 shows the c-weighted average of ¢, the displacement, the weights
corresponding to index w = 77 and the weights corresponding to pixel m = 102
that result from choosing € = 100v/M or choosing n = 1072, Since the I
constraint was already weak, the c-weighted average is not a good approximation
to u when € is large. Moreover, the computed displacement is poor. With € =
@ but n too small, the c-weighted average accurately approximates u but the
resulting displacement is not smooth or accurate. Part of the reason for these
poor results is the nonlocal weights. Weights that should be concentrated on
one pencil instead appear on both, which means the weighted averages of the
locations in ¢ are not even close to where the weights are large. The nonlocal

weights that result from poor parameter choices are also illustrated in Figure 4.8.

A large value of n actually works fine for the pencil example, but not for
the brain example. Looking at the coarse, three times downsampled problem,
Figure 4.9 compares the good brain image registration result for n = 1 to the
poor result when n = 10'2. In both examples, € = % and the stopping condition

was [|FT — ¥l < G2 In the case where 7 is too large, the displacement is
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Figure 4.7: Comparison of brain registration to ground truth displacement

zero in many places where it shouldn’t be. Figure 4.9 shows that for m = 247
corresponding to such a location, the ¢,, weights are more localized for the n =1
case than for the large n case. The figure also shows that example ¢, for w = 19

and w = 13 are less smooth in the large n case.

4.5 Modifications and Other Applications

4.5.1 Using Other Norms

Some image registration problems are better modeled using the [; norm or the TV
seminorm for either the data fidelity or the regularization terms. This is the case
when one expects discontinuities in the displacement field or a sparse difference
between the original and registered images. If the images have slight changes in

intensity, it makes sense to register the gradients of u and ¢. Even with all these
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possible changes to the model, the PDHGMp method is still applicable and the

overall numerical approach is very similar.

The optical flow problem of registering successive frames in a video sequence
is an example where it would make sense to use the [; norm for data fidelity
and total variation to regularize the displacement field. The convex registration
model, however, is not ideal for optical flow problems. When such problems
already satisfy a small deformation assumption, the convexity of the model isn’t
really needed. Moreover, speed of the algorithm is especially important for video
applications and the convex model is slow because of the many extra variables
it must take into account. Nevertheless, it serves as a good illustration of how
to substitute other norms into (4.7) and still apply PDHGMp to minimize the

functional.

Consider the following T'V-I; model for optical flow,

w
F(c) = go(e) + Y 1 Xuclrv + gr(Age) +nllAye = arllry + nll Aye — zllzv,

w=1
where gr is the indicator function for 7' = {z : ||z — ulj; < €} and the total

variation seminorm is defined in Section 2.4.1.

Let gx be the indicator function for X = {p : ||p|

g < 1} (3.3). Then the

functional can be rewritten as

F(c) = ge(e)+ ) gy (DXue) +gr(Asc) +ngx (D(Ay,c—21)) +ngix (D(Ay,c—a2)).

w=1

Applying PDHGMp analogous to the way it was applied in Section 4.3.1, again
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with scaling factors, yields the following iterations,

w - T(9..k k—1
XTDT2 k _ k—1 AL (2 _
Ck-i-l:HC (ck—az w (pw Puw )—Oé ¢( p¢ p¢ )

Sw S¢

w=1

T NnT k k—1 T NT k k—1
_aAle (2py1 — Dy, ) _ aAyzD (2py2 — Dy, )
Sy Sya

k IDXy k!
ply + 2P
pPt = 5, Ik <( = )) forw=1,...,W

S
A = B - e (w0 %)
o+ )
Pu = M5l N5y
o, + )
Pys = NSyllx Toum )

where IIx(p) is defined by (3.10). Although there isn’t an explicit formula for I,
the orthogonal projection onto T’ its computation is very similar to that for Ilx
as described at the end of Section 4.3.1 and can be computed with O(M log M)

complexity.

4.5.2 Different Multiscale Strategies

Although the convex registration model presented here doesn’t require a mul-
tiscale numerical approach, it is impractically slow without it. Even with the
coarse to fine approach, it took 20 to 30 minutes for the E and pencil exam-
ples and several hours for the brain example. Most of this time was needed for
computing the solutions at the finest scales. However, after solving the coarse
problem, a small deformation assumption is satisfied for all problems at finer
resolutions. Therefore, it might make sense to solve the convex model only for

the coarsest problem in the multiscale approach, switching perhaps to a more
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efficient linearized version of something like (4.1) for the finer scales.

4.5.3 More Implicit Numerical Methods

The special structure of the matrices A4, A,,, Ay, and DX, suggests that a
more implicit algorithm than PDHGMp might work well. Since AgA7}, A, Al
and Ay, A} are diagonal, terms like I + A Ay, I+ A} Ay, and I 4+ A] A, are
easy to invert using the Sherman Morrison Woodbury formula. A term like
I+ ,XEDTDX, is also easy to deal with because with the proper indexing
it is a block diagonal matrix with I minus the discrete Laplacian as each block.
So, with the addition of some extra variables, the application of split Bregman
[GO09] yields simple iterations. The equivalent application of ADMM (3.26 to

the Lagrangian

L = gc(C)

+ (g*B(Zw) + <pw> D‘qul - Zw>) + <’f’1, Cc — u1>

NE

w=1
+ gTz(Z¢2) + <p¢2a A¢u2 - Z<Z>2> + <T2> c— u2>
+ Rl(zyl) + <py1> Ay1U4 - Zy1> + <T4a c— U4>

+ Ra(2y,) + (pyy, Ayyis — 24,) + (15, ¢ — us)

was attempted but found to be slightly less efficient for the examples tested.
With the introduction of scaling parameters similar to those used for PDHGMp,
ADMM required similar numbers of iterations to meet the same stopping criteria.
However, the more implicit ADMM iterations were more time consuming and
memory intensive. It may still be possible to improve the performance with

better parameter choices or by working with a different Lagrangian formulation
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that involves fewer variables but requires solving slightly more complicated linear

systems for some of the subproblems.

4.5.4 Dimension Reduction

A possible idea for speeding up the method without resorting to a multiscale
approach is to try to approximate ¢ by a linear transformation of a lower dimen-
sional vector s. The motivation for this kind of dimension reduction is that the
cw € RM represent smooth images and can therefore be well approximated by,
for example, the low frequency terms in its representation via the discrete cosine
transform (DCT). Putting these | < M low frequency DCT basis vectors in the
columns of ¥ € RM*! we can try to represent ¢, = ¥s,, for w =1, ..., W. A dif-
ficulty with this approach is finding feasible constraints on s so that ¢ € C. The
situation can be somewhat simplified by using the above constraint relaxation
idea, but we still must have ¥s,, > 0 and ¥ s, = 1. Assuming UTW =], the

overall constraints on s could be written

sp = U1 , Us,, >0 Yw.

NE

w=1
If this approach is to succeed, it will likely be necessary to redesign ¥ so that
the constraints on s are feasible and also computable without reintroducing the

larger vector ¢ that we are trying to approximate in the first place.

4.5.5 Constraint Relaxation

It’s possible to slightly speed up the iterations for PDHGMp applied to (4.8) by
splitting up the constraint ¢ € C' into two separate constraints. Recall that this
normalization constraint enforces that for each pixel m € R™, the corresponding

vector of weights c,, € R" has to be nonnegative and sum to one. Consider
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adding a new variable s constrained to equal ¢ such that s is constrained to
be nonnegative and each vector ¢, is constrained to sum to one. Numerically
this can be handled by introducing indicator functions for these constraints into
the model and applying the split inexact Uzawa method from [ZBO09] to the

Lagrangian

95203 (8) + 91, emw=13(c) + J(2) + (p, Ac — 2) + (A, c — ),

where p and A are Lagrange multipliers for the Ac = 2 and s = ¢ constraints.
Compared to the PDHGMp implementation, the ¢ update is replaced by
1
A= — (P — aAT(2pF — pFTY) — adF),,—
w
mean((c® — AT (2p% — p"71) — alF),,) form =1,..., M,
)\k
s" = max(cF 4 =, 0),
the p updates are identical, and there is an additional update for the multiplier
A,

)\k-l-l — )\k + 5(Ck+1 o Sk—i—l)‘

The projection onto C' which could be computed with complexity O(MW log(W))
has now been replaced with two simpler projections that have complexity O(MW).
This does indeed speed up each iteration, but more iterations are also required,
especially when M is large. Overall the method tends not to be any faster unless

W is large or M is small.

141



— — / — 10— _ M
7’]—1,6—100 M T]—].O 12,6—7

c-weighted aver-

age of ¢

_ _ VM
n=1e="%3

displacement

A

(v1,v2)

Figure 4.8: Comparison of coarse pencil registration results
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Figure 4.9: Comparison of coarse brain image registration results
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CHAPTER 5

A Convex Model for Patch-Based Nonlocal

Image Inpainting

5.1 Introduction

In this chapter, a convex variational model for nonlocal image inpainting is pro-
posed. It uses patches from anywhere in the known part of the image to fill in
a large unknown area. There are many existing convex inpainting models, but
they tend to be based on propagating local information into the unknown region
and therefore aren’t well suited for filling in areas far from the boundary. For
example, total variation inpainting [CS05] works well for piecewise constant im-
ages and when missing pixels are close to known pixels. It is good for geometry

inpainting and interpolation but not for texture inpainting.

Greedy approaches for exemplar-based texture inpainting have been success-
fully considered by many authors. The idea is closely related to the texture
synthesis technique of [EL99] that sweeps through the unknown pixels, greedily
setting each to be the value from the center of the image patch that best agrees

with its known neighboring pixels.

Previous variational methods for texture inpainting have also been proposed.
A variational model proposed in [DSC03] and extended in [ALMO0S] is based on

a correspondence map I', which maps from the unknown region to the known

144



region such that the value u at the location x is given by u(z) = u(I'(z)). The
functionals to be minimized essentially require that u(x—y) be close to u(I'(x)—y)
for y in a neighborhood of 0, and that I" should locally behave like a translation
operator. A more easily computable variational approach in [ACS09] minimizes
a nonlocal means type energy but with dynamic weights that are determined by
also minimizing an entropy term. It produces the same kinds of updates for the
dynamic weights as the nonlocal total variation wavelet inpainting method in

[ZC09]. These variational approaches are all based on nonconvex models.

The approach proposed here is inspired by the method of Arias, Caselles
and Sapiro in [ACS09]. We first consider a small set of unknown patches that
cover the inpainting region. Each unknown patch will be a c-weighted average
of known patches with the weights ¢ to be determined by minimizing a convex
functional. All patches are of uniform size. To yield a good solution, the weights
¢ should be sparse, since each unknown patch should be a weighted average only
of very similar patches. For many examples, the ideal situation would be for the
weights to be binary where each unknown patch would exactly equal a known
patch. Unknown pixels are defined to be a weighted average of contributing
pixels from overlapping unknown patches with these weights fixed in advance and
emphasizing more heavily pixels near patch centers. The proposed functional
consists of two terms. The first term penalizes at each pixel in or near the
inpainting region the sum of the squares of the differences between the values
of the contributing pixels and the value at the current pixel. This encourages
the unknown patches to agree with each other where they overlap and to agree
with any known data they overlap. The second term regularizes the weights
by treating them like correspondence maps. The weights for a single unknown
patch correspond to the locations of the centers of known patches. Weights for a

neighboring unknown patch shifted by v should more likely than not correspond
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to the same previous locations also shifted by v. The second term of the functional
enforces this by penalizing the [; norm of the differences of these weights, wherever

these differences are defined.

Since the proposed model is convex, it can be solved using the PDHG algo-
rithm and its related variants discussed in Chapter 3. However, the global mini-
mum of this model is not always a great solution. The recovered image tends to
be somewhat blurry and averaged out, especially away from the boundary. The
method can still work reasonably well for simple examples with repetitive struc-
ture. An example of this is given in Section 5.3.2. The blurriness occurs when the
weights don’t converge to a sparse enough solution. The unknown patches can
therefore end up being averages of too many known patches. This causes a loss
of contrast in the unknown patches, which in turn can actually help them agree
with each other where they overlap. Moreover, having many nonzero weights can
still be consistent with the correspondence constraint. Although there would al-
most surely be disagreement near the boundary for non-sparse weights, this isn’t

enough by itself to enforce sparsity.

It’s difficult to encourage ¢ to be sparse while maintaining convexity of the
model. The constraint on ¢ helps by requiring that the weights in each weighted
average be nonnegative and sum to one. Another strategy is to use the [; norm
instead of the I, norm for the data fidelity term. This would determine unknown
pixels by taking a weighted median of the corresponding pixels from overlapping
patches. This modification is discussed in Section 5.4.1. It still doesn’t always

produce the desired sparsity of the weights.

To further encourage sparsity of ¢, the convex model can be modified by
adding a nonconvex term of the form v((c, 1) — ||¢||*). This is analogous to how

a double well potential is used to enforce the binary constraint in phase field
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approaches for image segmentation, except here it suffices to use a quadratic
function because c is already constrained to lie between zero and one. This mod-
ification can lead to much better solutions with binary weights as demonstrated
in Section 5.4.2. Unfortunately, the resulting model is no longer convex, and
the numerical scheme is also not guaranteed to converge to a global minimum.
We still use a modified version of PDHGMp (3.35) to produce the examples in

Section 5.4.2; but its convergence is no longer guaranteed.

5.2 Notation and Formulation of Model

The formulation of the model is notationally heavy despite being based on simple
ideas. Figure 5.1 shows a picture of the setup, and the key notation is defined in

the list in Section 5.2.1.
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Figure 5.1: Regions Defined for Nonlocal Inpainting Model
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5.2.1 Notation

h € R xme

Q

Ps

P e RP2xI0

u € R
S

cE R|Qp|><mup|

C

Pc € RP [l

B(q)

Bu(q)

Original image

Inpainting region: Set of pixels (7, 7) such that h(i,j) is un-
known

Patch size (assume ps = 6n + 3 for simplicity)

Region of unknown patches: Set of pixels (i,7) covered by
unknown patches. This should strictly contain (2.

Index for pixels in Q,, v =1, ..., ||

2ps
3 )

Subset of €2, consisting of a grid of pixels spaced apart by
corresponding to the unknown patches that will be solved for
Overlap region: Q, = Q, [ Q¢

Region of known patches: Set of pixels for which correspond-
ing patches are contained in €2°

Matrix of vectorized known patches. P(q,p) is the ¢'® pixel
in the p'* patch, q=1,..p° p=1,..]

Value at pixels in €, constrained so u(v) = h(v) for v € Q,
Set of valid w: {u: u(v) = h(v) for v € Q,}

Weights for representing (2,,, patches as weighted averages of
Q, patches. Must constrain c(p,m) > 0 and ) c(p,m) =
1 Vm, m =1, ..., |Qupl

Set of valid ¢: {c:c(p,m) > 0and 3 c(p,m) =1 Vm}
Matrix product of P and c is matrix of vectorized (2, patches
Vectorized 2D Gaussian weights (standard deviation £*) de-

fined on a single patch,

B(a)
Qo B(a)

Q. = {q: there exists a €,, patch whose ¢ pixel overlaps v}

where

Normalized weights 5,(q) = >
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5.2.2 Definition of Functional

The proposed functional will initially be defined in terms of ¢ and w. Later, the
expression for u in terms of ¢ will be substituted in. The constraints on ¢ and
will be handled by introducing indicator functions g¢(c) and gg(u) for the sets C'

and S.

0 ifceC 0 ifuels
gc(c) = gs(u) =
oo otherwise oo otherwise

The first term of the functional can be written

|€2u]

> (Bu(a)((Pe)(g,m) = u(v)))’,

v=1 contributing(q,m)

where the contributing (¢, m) indices are those for which the ¢*® pixel in the m!*

2, patch overlaps pixel v. This can be more conveniently rewritten as
IA(e) = B(u)ll%

where || - || is the Frobenius norm and A : RI% /X%l — ReEXI2ul apnd B« RI%! —
RPEXI] are linear operators defined as follows.
if there exists m such that pixel ¢
Ale)(q,v) = Bul@)(Pe)la, m) of the €, patch at m overlaps v

0 otherwise

if there exists m such that pixel ¢
Bu(q)u(v)
B(u)(q,v) = of the €2, patch at m overlaps v
0 otherwise
Note that u is only compared to pixels that come from weighted averages of

known patches. This is a potential weakness of this choice of data fidelity term.

It would be better to directly compare u to the information in the known patches
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in this weighted average, but we don’t because to do so would be much more

computationally intensive.

The correspondence term of the functional will be defined as

I% Z ipzl —c(p(p,m,m),m)| if defined
m=1 fm~m p=1 otherwise,

where p(p, m, m) denotes the index for the €2, patch shifted from p by the same
amount 1 is shifted from m, defined when contained in €2,,. These differences can
be more conveniently written in terms of a linear operator D : RI%[x[%uwl 5 Re,
with e the total number of differences taken. With this notation the correspon-

dence term can be rewritten as || D(c)||;.

The proposed functional is then

G(e,u) = gale) + gs(u) + gIIA(C) = B(u)|l7 +[1D(c)ll1, (5.1)

which is to be minimized with respect to v and c¢. Note, however, that u can be

easily solved for in terms of c.

h(v) v € Q
((B'B)™'B*A())(v) v e,

where B* denotes the adjoint of B. This formula for u can be thought of as
taking a weighted average at each unknown pixel of the contributing pixels from
overlapping patches. Pixels closer to the center of the patches are more heavily
weighted according to the Gaussian weights . This weighted averaging update
for u is very similar to the one used in [ACS09]. When plugging the formula for

u back into ||A(c) — B(u)||%, it makes sense to break the term into two parts, one
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defined on €2, and the other defined on ). To that end, define

1 veQ, 1 veQ
Xﬂo (Q> 'U) = Xﬂ(qa U) =
0 otherwise 0 otherwise
Also define
h(v) ve,
ho(v) =
0 otherwise

Plugging the expression for u into G yields
9(0)+ 5 1%, - A(0) = X, - Blho) [+ 51| Xa- (1= B(B'B) " BYAW) 3+ D).
where - denotes componentwise multiplication of matrices. Let
f=Xaq, - B(ho)
and define linear operators Ag, and Aq such that
Ag,(c) = Xq, - A(c)

and

Aq(c) = X - (I — B(B*B)'B*)A(c).

Now we can define a convex functional in terms of c,

F(e) = go(e) + 52 An, (0) = fllf + Sl Aa(@l; + D@, (5:2)

and attempt to solve the inpainting problem by finding a minimizer.

5.3 Numerical Approach

Variants of the PDHG method (3.18) are well suited for minimizing F' (5.2). In
this section, we demonstrate how to apply the algorithm and also present several

numerical examples that show some of the strengths and weaknesses of the model.
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5.3.1 Application of PDHGMp

To minimize F', we use the PDHGMp variant (3.35) of the PDHG method. Let

H(e) = golc),
Aq,
A= 4q
D
and
J(A(€)) = Ja,(Aa, () + Ja(Aa(e)) + Jn(D(e)).
where
Jo,(20,) = 52 120, = [,
Ja(za) = Zllzall;
and
In(zp) = ||zl

With the addition of dual variables pq,, pa, pp, time step parameters «,  and op-
tional scaling parameters sq,_, Sq, Sp as discussed in Section 4.3.1, the PDHGMp

iterations are given by

1 A* 2 ko k—1 A* 2 k k—1
s arg min go(c) + 2—||c— (Ck _a Qo( Pa, — Po, ) N o205 —pd )
c (6% S0, S0
D*(2ph =5 )\ 2
- ||F
SD
. 1 PQ, 1 0Aq, !
st = argmin J5, (222) + Slpa, — (o, + 2227 )y2
PQo SQO 2(5 o
. « / PQ 1 6AQ(ck+l)
po"! = argmin J5(—) + —lpa — (p§ + ——) 1%
j49) SQ 20 S0

. « PD 1 5AD(Ck+1)
P = argmin J5 (=) + =|lpp — (h + ———)|1%,
PD Sp 20 SD
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where the initialization is arbitrary. Each of the above minimizers can be explic-

itly solved by the following formulas,

* k—1 * — * —
M 1, <Ck . aAQO(Qp’;ZO — P, ) . aAQ(ng -5 ) . aD (2r} — pi 1))

SQ, SQ SD
(5.3a)
k P k+1
P, + = (Ag, (") = f)
port = B — (5.3b)
19058,
k& k41
P+ = Aa(c™)
Pl = o : (5.3¢)
HaS2 +
0
plz)—l-l — H{z:llzllooSSD} <p]z) + gD(ck—i-l)) (5.3d)

where Il¢ and Iy |2 <s,} denote orthogonal projection onto C and {z : [|z][ <
sp} respectively. The projection Il (c) amounts to projecting each column of ¢
onto the positive face of the [; unit ball. This ensures the weights are nonnegative
and normalized. The same projection appears in Section 4.3.1, but there it is

applied to the rows of a matrix.

5.3.2 Numerical Results

The convex inpainting model works best for simple images with repeating struc-
ture and we show its successful application to the problem of inpainting a missing
portion of a brick wall in Figures 5.2 and 5.3. These examples also demonstrate
the effect of the correspondence term ||D(c)||;, which encourages information in
the recovered image to have similar spatial correspondence as information in the
known part of the image. In the extreme case where the weights are binary and
the correspondence term equals zero, the recovered data would simply be a copy
of a contiguous block of known image. Figure 5.2 shows the inpainting result

without the correspondence term. The parameters pq, and puq were both set
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equal to one. The scaling parameters, which affect the efficiency of the numer-
ical scheme but don’t change the model, were chosen to be sq, = 100000 and
sq = 10000. Figure 5.3 shows the result with the correspondence term included.
For this example, 1000]|D(c)||; was added to the functional and sp = 100. As can
be seen in the figures, the addition of the correspondence term makes it possible
to better reproduce the repeating structure of the image even when far from the

boundary.

original damaged

50 100 150 50 100 150

recovered weighted average on overlap

Figure 5.2: Inpainting brick wall using 15 x 15 patches but without including the

correspondence term

For more complicated images like the picture of grass in Figure 5.4, the ad-
dition of the correspondence term is not always able to encourage recovery of
more detail in the inpainting region. In this example, with 15 by 15 patches,
it’s difficult to find known patches that agree well with the boundary informa-

tion. When that happens, weights minimizing the convex functional tend to be
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original damaged

50 100 150 50 100 150

recovered weighted average on overlap

Figure 5.3: Inpainting brick wall using 15 x 15 patches and including the corre-

spondence term

less sparse. That’s because when the unknown patches end up being averages of
many known patches, they become more nearly constant and therefore agree well
with patches they overlap. Figure 5.4 shows an example of such an unsatisfactory
over-averaged inpainting result. Modifications to the functional that address this

drawback are discussed in the next section.

5.4 Modifications to Functional

Some modifications to F' (5.2) intended to improve the sparsity of the weights are
discussed in this section. Using the [; norm instead of the [, norm for the data
fidelity term leads to slightly sparser weights, but the results are not significantly

different. On the other hand, we show that adding a nonconvex term to encourage

155



original damaged

50 100 150 200 50 100 150 200

recovered weighted average on overlap

Figure 5.4: Inpainting grass using 15 x 15 patches and including the correspon-

dence term

binary weights can lead to good quality sparse solutions. Unfortunately, the
model in that case is no longer convex, the numerical approach becomes somewhat
ad-hoc and the results can be sensitive to parameter choices. Even so, the superior

results such an approach can yield merits a brief discussion.

5.4.1 Using [; Data Fidelity

If the [y norm is used instead of Iy for the data fidelity term, then the resulting
problem is

min go () + g5(u) + S11A@0) = Bl + D), (5.4)

)

It’s still possible to solve for u as a function of ¢. At each unknown pixel v, u(v) is
given by a weighted median of the contributing pixels from overlapping patches,

which appear as the nonzero entries of the v column of A(c). The weights
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in this weighted median depend on the Gaussian weights § and the number of
contributing pixels. However, the resulting u depends nonlinearly on ¢, and so we
can’t use the same approach of substituting this formula back into the functional.

We could instead directly apply the PDHGMp algorithm, thinking of

U
as a single variable y and letting H(y) = gco(c) + gs(u), A = [A —B] and
J(A(y)) = £]|A(c) — B(u)||1 + || D(c)|li. Unfortunately, the stability restriction
that ad < m is too severe in this case because A and B can no longer be
scaled independently of each other.

An alternating version that works better in practice but is not theoretically
justified is to apply PDHGMDp to (5.4) as if u were fixed, and then directly update
u every few iterations by computing the appropriate weighted median. In practice
this did lead to slightly sparser weights for the examples tested, but the results

compared to the [, version did not differ significantly in visual quality.

5.4.2 Adding Nonconvex Term to Encourage Binary Weights

Motivated by the phase field approach for segmentation that enforces a binary
constraint by introducing a double well potential, we consider a similar strategy
for making ¢ sparser or even binary. The double well potential strategy would be

to add a term of the form

§ : 2
7 pm CPm

to (5.2). Since the normalization constraint ¢ € C already forces 0 < ¢,,,, < 1,

we instead choose to add the quadratic function

'VE :Cp7 — Cpm);
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which can be rewritten as
v(e, 1) —ylell?-

The resulting nonconvex functional is defined by

Fuele) = go(e) + (e, 1) = yllellF + 5211 4a,(0) = 1 + B Aa() I} + 1 D() .
(5.5)

We use the same numerical approach as in Section 5.3 after first redefining

H(c) = go(e) + (e, 1) — yllell-

The PDHGMp minimization steps in (5.3) remain the same except for the ¢**!

update, which becomes

Ay, (2086, — P&
SQO

. 1
T = argmin go(c) +v{e, 1) = Yleli + 5 lle = (ck —a

(5.6)

— A* (2pQ k 1) _ aD*(2plB —P]B_l) ||2
50 Sp E

Let 0 < v < i This ensures that the objective functional for the ¢**! update
remains convex. Naturally, if ¥ = 0 then the update is unchanged from before.
Altogether the PDHGMp iterations are given by

" (( 1 ) (Ck A0, (2p, — P, L Aapt — i)

1-— 2047 50, 50

D*(2
o (2p) — fya))
Sp

on"‘ . ( (kH f

k—l—l
Pa,
/J'QOSQO _I_ 1
k1 _ pQ _A a(c kH)
! unsz +1

0
plz)—l—l — H{z:llzllooSSD} <p]z) —+ ED(C/&—H))
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Note that the convergence theory for PDHGMp based on Theorem 3.4.2 no longer
applies because F,.(c) is not convex. In practice, the method does not find global
minimizers of F),., but it does produce good solutions with binary weights as

demonstrated in Section 5.4.2.1.

5.4.2.1 Numerical Examples using Nonconvex Model

The nonconvex modification of the inpainting model discussed in Section 5.4.2 is
tested on two example images, an image of grass and the brick wall image, both
missing a large rectangular region in the center. In both examples, the weights
end up being binary. Although the solutions are not a global minimizers of F},.(c),

they look more natural than the global minimizers of the convex model.

For both examples, uq, =1, ug = 1, the correspondence term was multiplied

by 1000, sq, = 100000, sq = 10000 and sp = 100.

The brick example in Figure 5.5 was computed in 400 iterations. For the first
200 iterations we set a = 1000, 6 = .001 and v = %. For the last 200 iterations

we set o = 100, 6 = .0001 and v = '20—5.

The grass example in Figure 5.6 was computed in 700 iterations. Similar to
the brick example, for the first 500 iterations we set a = 1000, § = .001 and
v =9 For the last 200 iterations we set o = 100, 6 = .0001 and v = %.

2a
These parameters were not exhaustively optimized and better parameter se-

lections may well lead to improved performance of the model.

Interestingly, the computed minimizers of F),. are demonstrably not global
minimizers. Even the global minimizers of F' for the same examples have lower
energy in terms of F,.. The fact that the computed minimizers of F,. lead

to better solutions suggests that perhaps we shouldn’t be looking for a global
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original damaged

50 100 150 50 100 150

recovered weighted average on overlap

Figure 5.5: Inpainting brick wall using the nonconvex model with 45 x 45 patches

minimizer of that functional. Since the computed minimizers of F},. are binary for
the examples tested, this indicates that we may be more interested in computing
minimizers of F' subject to an additional constraint that restricts ¢ to be binary.
Our procedure for minimizing F,. may be a practical approach for approximating

solutions to that nonconvex problem.

5.5 Conclusions and Future Work

The proposed convex model for nonlocal inpainting can successfully be applied
to simple images with repeating structure like the brick wall example. It’s also a
very good example of the efficiency of PDHGMp for large scale problems. Despite
the high dimensionality of the model, the PDHGMp method is a practical means

of solving it. However, in general the convex model tends to involve averaging
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original damaged

50 100 150 200 50 100 150 200

recovered weighted average on overlap

Figure 5.6: Inpainting grass using the nonconvex model with 15 x 15 patches

together too many known patches because this helps the unknown patches agree
where they overlap. For images with repeating structure, the global minimizer
prefers to at least take averages over similar patches to obtain better agreement at
the boundary. But, when boundary agreement is difficult, as in more complicated
images, the global minimizer can involve far too much averaging and yield visually
poor solutions. Adding the nonconvex sparsifying term proved to be a fairly
successful remedy to this problem, but the benefit of having a convex model was

then lost.

Future work will involve investigating whether it’s possible to achieve the
sparser solutions while still staying in a convex framework. It may help to modify
the strength of the data fidelity term depending on the distance to the boundary.
This idea is used to improve inpainting results in [ACS09] via the introduction of

a ‘confidence mask.” It’s also worth studying how to put the nonconvex model and
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its numerical solution in a better theoretical framework. Of particular interest is
the relationship between the binary computed minimizers of F},. and minimizers

of F' with ¢ constrained to be binary.

It may be possible to smooth the transition from the recovered solution on
) to the known portion of the image on )¢ by relaxing the u € S constraint.
To accomplish this, €2, could be enlarged to cover the entire image, and gs(u)
in (5.1) could be replaced with a quadratic penalty defined on €, of the form
srllXa, - (u = ho)||% By weighting the term 5.{|Xq, - (u — ho)||% more heavily
away from €, it should still effectively act as the constraint gg(u) away from €
and yet facilitate a smoother transition to the recovered image near §2. It would
also be interesting to combine this approach with a geometry inpainting model
such as Euler elastica inpainting applied only near the boundary, similar to how

texture synthesis and Euler elastica inpainting were combined in [Ni08§].

Other modifications to consider are multiresolution approaches and expand-
ing €2, to include patches that overlap the inpainting region. Multiresolution
techniques, while doable, would be considerably more complicated to implement.
Expanding €2, would make it possible to take weighted averages of patches which
themselves depend on the unknown solution. This would allow the model to be
more generally applicable, but it would also complicate the update for u and

make the overall functional nonconvex.
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