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ERIK WALSBERG AND JINHE YE

ABSTRACT. Let K be a field. The étale open topology on the K-points V(K) of a K-variety
V was introduced in [JTWY]. The étale open topology is non-discrete if and only if K is
large. If K is separably, real, p-adically closed then the étale open topology agrees with
the Zariski, order, valuation topology, respectively. We show that existentially definable
sets in perfect large fields behave well with respect to this topology: such sets are finite
unions of étale open subsets of Zariski closed sets. This implies that existentially definable
sets in arbitrary perfect large fields enjoy some of the well-known topological properties of
definable sets in algebraically, real, and p-adically closed fields. We introduce and study
the class of éz fields: K is éz if K is large and every definable set is a finite union of
étale open subsets of Zariski closed sets. This should be seen as a generalized notion of
model completeness for large fields. Algebraically closed, real closed, p-adically closed, and
bounded PAC fields are éz. (In particular pseudofinite fields and infinite algebraic extensions
of finite fields are éz.) We develop the basics of a theory of definable sets in éz fields. This
gives a uniform approach to the theory of definable sets across all characteristic zero local
fields and a new topological theory of definable sets in bounded PAC fields. We also show
that some prominent examples of possibly non-model complete model-theoretically tame
fields (characteristic zero Henselian fields and Frobenius fields) are éz.

Throughout K is a field. Recall that K is large if every K-curve with a smooth K-point
has infinitely many K-points. Largeness was introduced by Florian Pop for Galois-theoretic
purposes and has been studied under several different names. Separably closed fields, real
closed fields, Henselian fields (i.e. fields which admit non-trivial Henselian valuations), quo-
tient fields of Henselian domainsﬂ pseudofinite fields, infinite algebraic extensions of finite
fields, PAC fields, p-closed fields, and fields which satisfy a local-global principle are all large.
Finite fields, number fields, and function fields are not large. In particular local fields are
large and global fields are not.

All known model-theoretically tame infinite fields are large. We say a field is model-
theoretically tame if its first order theory is well-behaved. This is not a precise notion,
but it is an empirical fact that fields of interest typically either interpret the ring of integers
(in this case the theory is totally wild from the logical viewpoint) or there is a good de-
scription of definable sets, the latter usually follows from some form of model completeness.
Model-theoretically tame fields typically enjoy Shelah-style classification-theoretic properties
such as stability, NIP, or simplicity. We introduce and begin to study a precisely defined class
of infinite “éz fields” which we believe largely coincides with the (vaguely-defined) class of
infinite perfect fields with well-behaved first order theory. We show that many known model-
theoretically tame fields are éz. Ez fields are defined in terms of the étale open topology
which we now recall.

ISuch fields may not be Henselian, e.g. C[[x,y]] is a Henselian domain whose fraction field is not a
Henselian field.
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Let V' be a K-variety. The étale open (€x-) topology on the K-points V(K) of V' was
introduced in [JTWY]. The field K is large if and only if the &x-topology on K = A'(K)
is not discrete if and only if the €x-topology on V(K) is non-discrete whenever V(K) is
infinite. The étale open topology over a separably closed, real closed, and non-separably
closed Henselian field agrees with the Zariski, order, and valuation topology, respectively.
The Eg-topology agrees with the Zariski topology if and only if K is finite or separably
closed. We define an éz subset of V(K) to be a finite union of definable étale open subsets
of Zariski closed subsets of V(K'). By Lemma [4.2] below a definable subset of V(K) which
is a finite union of étale open subsets of Zariski closed sets is éz. Note that an éz subset of
K is a union of a definable étale open set and a finite set.

A subset of K™ is quantifier free definable if and only if it is a finite union of Zariski open
subsets of Zariski closed sets. Thus quantifier elimination for algebraically closed fields is
equivalent to the following geometric statement: If K is algebraically closed, f : V — W
is a morphism of K-varieties, and X C V(K) is a finite union of Zariski open subsets of
Zariski closed subsets, then f(X) is as well. Macintyre [Mac71] showed that an infinite field
with quantifier elimination is algebraically closed, so the geometric statement fails over an
infinite non-algebraically closed field. However, it generalizes to Theorem A.

Theorem A. Suppose that K is large and perfect and f : V. — W is a morphism of K-
varieties. If X is an éz subset of V(K) then f(X) is an éz-subset of W(K).

If K is not large then the conclusion of Theorem A trivially holds. If K is large, imperfect,
and of characteristic p, then the conclusion of Theorem A fails as the set of pth powers is
not an éz set, see Section [5 Theorem A immediately implies Theorem B.

Theorem B. Suppose K is large and perfect. Then any existentially definable subset of
any K™ is an éz set. In particular any existentially definable subset of K is a union of a
definable étale open subset of K and a finite set.

This prompts us to prove some general facts on éz sets. In particular we see that certain
properties of definable sets in algebraically closed fields generalize to éz sets in large perfect
fields. Note that if K is not large then any subset of V' (K) is trivially étale open, so largeness
is the minimal requirement necessary for a theory of éz sets. Given a subset X of V' we let
dim X be the dimension of the Zariski closure of X. If X C K™ then dim X is the maximal
number of polynomial functions on X that can be algebraically independent over K.

Theorem C. Suppose that K s large and perfect, V is a smooth irreducible K-variety, and
X,Y are nonempty éz subsets of V(K). Then

(1) There are pairwise disjoint smooth irreducible subvarieties Vi, ..., Vi, of V and X, ..., Xy
such that each X; is a definable étale open subset of Vi(K) and X =¥, X;.

(2) dim X = dimV if and only if X has nonempty & x-interior in V(K),

(3) if X CY and dim X = dimY then X has nonempty &k -interior in'Y.

(4) There is a smooth subvariety W of V', a nonempty étale open subset O of W(K), and
a dense open subvariety U of V' such that O = X NU and dim X \ O < dim X.

We say that K is an éz field if K is large and every definable set is an éz set. We view
this as a topological generalization of model completeness in the class of perfect large fields.

We will see that éz fields are perfect and that many of the known model-theoretically tame
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fields are éz. We say that K is model complete if K is model complete in the language of
rings and is model complete by constants if K is model complete after some collection
of constants is added to the language of rings.

Theorem D. Suppose that one of the following holds:

(1) K is large and model complete,

(2) K is large, perfect, and model complete by constants,
(3) K is Henselian of characteristic zero, or

(4) K is a perfect Frobenius field.

Then K is éz.

There are large perfect fields which are not éz, see Section [5| below. Model complete fields
are perfectf] so (1) and (2) are immediate from Theorem B. (3) follows from known results
on Henselian fields, see Section (4) is proven in Section [o]

We discuss examples of éz fields below, we first describe our other results on éz fields.
Following van den Dries [vdD89] we say that K is algebraically bounded if for every
definable X C K™ x K there are polynomials fi,..., fr € Klxi,...,Zy,t] such that if
X, ={b € K : (a,b) € X} is finite (a € K™) then X, C {b € K : fi(a,b) = 0} for
some ¢ € {1,...,k} such that f;(a,t) is not constant zero. Van den Dries showed that
characteristic zero Henselian fields are algebraically bounded [vdD89]. Jarden showed that
perfect Frobenius fields are algebraically bounded [Jar94]. Junker and Koenigsmann showed
that if K is large and model complete then model-theoretic algebraic closure in K agrees
with field-theoretic algebraic closure [JK10]. This property, together with elimination of 3%,
implies algebraic boundedness.

Theorem E. Ez fields are algebraically bounded.

Algebraically bounded fields are geometric (i.e. they eliminate 3° and model-theoretic
algebraic closure satisfies the exchange property) and the resulting notion of dimension agrees
with algebraic dimension. Corollary E follows, see [vdD89] for details.

Corollary E. Suppose that K is éz, X is a definable subset of K™, and f is a definable
function X — K™. Then

(1) Yy :={a € K" :dim f~(a) = d} is definable for all 0 < d < n, and

(2) dim X = max{d + dimY,;:0 <d < n}.
In particular dim f(X) < dim X.

If Char(K) = p and ¢ € K is not a pth power, then the map K? — K, (a,b) — aP + cl? is
injective. Hence algebraically bounded fields are perfect.

In Section [ we apply Theorems C and E to show that definable functions are generically
continuous in éz fields.

Theorem F. Suppose that K is éz and f : K™ — K™ is definable. Then f is € x-continuous
on a dense Zariski open subset of K™.

This gives a uniform proof that definable functions in characteristic zero local fields are
generically continuous. Theorem F follows from Proposition [0.3] a more precise result on
definable K-valued functions.

2If K is imperfect then the Frobenius K — K is not an elementary embedding.
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Examples of éz fields. See [EP05] for an account of Henselianity. Examples of character-
istic zero Henselian fields are Q,, algebraic extensions of QQ,,, and the fields of Laurent series
L((t)) and Puiseux series L{(t)) over an arbitrary characteristic zero field L.

Algebraically and real closed fields are model complete by classical work of Tarski. Macintrye
showed that Q, is model complete [Mac76]. Model completeness of finite extensions of Q,
follows from work of Prestel and Roquette [PR84, Theorem 5.1]. Hence every characteristic
zero local field is model complete. Derakhshan and Macintrye [DM16] showed that if (K, v)
is a finitely ramified characteristic zero Henselian valued field with value group Z and model
complete residue field, then K is model complete. In particular L((t1))((t2)) ... ((t,)) is
model complete when L is algebraically closed of characteristic zero, real closed, or p-adically
closed. As a corollary they show that any infinite algebraic extension of @, with finite
ramification is model complete.

We now discuss perfect PAC fields which are model complete by constants. See [FJ05,
Chapter 11] for an overview of PAC fields. Let Galx be the absolute Galois group of K.
Recall that K is bounded if K has only finitely many separable extensions of each degree,
equivalently: Galg has only finitely many open subgroups of each degree. In particular if
Galg is topologically finitely generated then K is bounded. Perfect bounded PAC fields are
model complete by constants [Whe79]. Pseudofinite fields and infinite extensions of finite
fields are bounded PAC, in either case boundedness follows from the basic theory of finite
fields and PAC follows from the Hasse-Weil estimates, see [FJ05, 11.2.3, 20.10.1].

We describe another natural family of bounded PAC fields. For each e < w let F, be the
free profinite group on e generators. Note that [, is topologically finitely generated when
e < w, so K is bounded when Galx = F.. Suppose that K is finitely generated over its
prime subfield. Equip Galgx with the unique Haar probability measure. If o4,...,0, are
chosen from Galg independently and at random then with probability one the fixed field of
o1,...,0y is a perfect PAC field with absolute Galois group F,,, see [FJ05, Theorem 20.5.1].

Bounded pseudo real closed fields are model complete by constants [Monl7, Corollary 3.6].
See [Monl7] and [Pre81] for an overview of pseudo real closed fields. If L is a field and <
is an arbitrary field order on L then the étale open topology over L refines the <-topology,
see [JTWY]. An n-ordered field is a structure (K, <y,...,<,) where each <; is a field order
on K. Van den Dries has shown that the theory of n-ordered fields has a model companion
0,, [vdD]. Models of O,, are pseudo real closed and the absolute Galois group of a model of O,
is a pro-2-group generated by n involutions, hence such a field is bounded. See Prestel [Pre8]1]
for more information. Suppose (K, <i,...,<,) E O,. Then the <;-topologies are distinct
and each <; is definable from the field structure [Monl17, Lemma 3.5]. There is also a similar
theory of pseudo p-adically closed fields, and bounded pseudo p-adically closed fields are
model complete by constants, see [Monl7, Section 6.

We now discuss Frobenius fields. A profinite group G has the embedding property if whenever
there are finite discrete groups H, H' and continuous epimorphisms f: G — H,g: H — H,
and h : G — H’', then there is a continuous epimorphism [’ : G — H’ such that f = go f'.
A Frobenius field is a PAC field whose absolute Galois group has the embedding property,
see [EJ0B, Chapter 24]. Frobenius fields are model-theoretically tame. Frobenius fields admit
quantifier elimination in a reasonable language (see Fact [6.4| below) and are NSOP; [Chal9],

the latter is a classification-theoretic property of recent interest. We give two examples.
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The first example is conjectural. Let QQy, be the maximal solvable extension of Q. It is a
well-known open conjecture that Qg is PAC [BSE14), 3.3]. Fried and Haran have shown that
if Qgorv 18 large then the absolute Galois group of Qg has the embedding property [FH20),
Theorem 1.5, Theorem 3.9]. Thus if Qg is PAC then Qg is Frobeniusﬂ.

We now describe an interesting theory of Frobenius fields. Recall that K is w-free if for any
Galois extension L/K, finite group G, and surjective homomorphism f : G — Gal(L/K)
there is an extension L'/L and an isomorphism ¢ : Gal(L'/K) — G such that L/K is Galois
and f o g agrees with the restriction Gal(L'/K) — Gal(L/K). If K is countable then K is
w-free if and only if Galy = F,, [FJ05, 24.8.2]. An w-free field is Frobenius. Let £ be the
expansion of the language of rings by an m-ary relation symbol R, for each m > 2. We
consider any field to be an L-structure by declaring

R (20, ..y T1) <= (™ + 2y 8™+ F aot® + 11t + 29 =0) for all m > 2.

Note that a field extension L/K induces an L-embedding if and only if L/K is regular. The
L-theory of fields has a model companion. A characteristic zero field is existentially closed
as an L-structure if and only if K is PAC and w-free [FJ05, 27.2.3]. It follows that any field
has a regular extension which is PAC and w-free, hence Frobenius.

We know very little about general model complete fields. All known model complete fields
are large. Macintyre has asked if a model complete field is bounded and Koenigsmann has
conjectured that a bounded field is large [JK10, p. 496].

Question. Is every model complete field large?

Equivalently: is every model complete field éz? We describe a related conjecture of Pillay.
Let K*# be the algebraic closure of K. We say that K has almost quantifier elimination if
any formula ¢(z),z = (21, ..., ) is equivalent to a formula Jyf(z, y) where y = (y1, ..., Yn),
0 is quantifier free possibly with parameters from K, and K& = Vo3<kyf(z,y) for some
k. It is easy to see that K has almost quantifier elimination if and only if every definable
subset of K™ is of the form f(V(K)) for a quasi-finite morphism V' — A™ of K-varieties.
Many of the familiar examples of model complete fields have almost quantifier elimination,
this includes pseudofinite fields and field which are algebraically, real, or p-adically closed.
See [Coul, Chapter 2] for more on this notion. The following conjecture is due to Pillay.

Conjecture (Pillay). If K has almost quantifier elimination then K is large.

Equivalently: a field with almost quantifier elimination is éz.

How we prove Theorem A. The proof is a straightforward application of Theorem G
and Noetherian induction.

Theorem G. Suppose that K is perfect and V. — W is dominant morphism between irre-
ducible K -varieties. Then there is a dense open subvariety U of V' such that U(K) — W(K)
18 E-open.

3In an earlier version we gave an incorrect justification for conjectural Frobeniusness of Qgo1y. Arno Fehm
alerted us to this error and made us aware of the work of Fried and Haran.
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Theorem G is also crucial for the proof of Theorem F.

The characteristic zero case of Theorem G is a consequence of generic smoothness of domi-
nant morphisms in characteristic zero (algebraic Sard’s theorem). Generic smoothness fails
in positive characteristic, in this case we factor V.— W as V. — V' — W where V — V'’
is a universal homeomorphism and the field extension K (V’)/K(W) induced by V' — W is
separable, hence V' — W is generically smooth. This decomposition arises from a decompo-
sition of the function field extension K(V')/K (W) into a purely inseparable extension and a
separable extension. The key lemma is that if K is perfect then a universal homeomorphism
V — W of K-varieties induces an & g-homeomorphism V(K) — W (K).

Acknowledgements. We thank Will Johnson and Chieu-Minh Tran for very useful conver-
sations. The term “éz field” is due to Minh and is pronounced “easy”. The proof of Theorem
A owes a debt to Arno Fehm: our original proof of Theorem A made crucial use of ideas
from Fehm’s proof of Fact below. Ye was partially supported by GeoMod AAPG2019
(ANR-DFG), Geometric and Combinatorial Configurations in Model Theory.

1. CONVENTIONS AND BACKGROUND

1.1. Basic conventions. Throughout m,n,i,j, k,r are natural numbers. Given a tuple

a=(a,...,a,) welet a* = (a¥,... a%). A “K-variety” is a separated reduced K-scheme

of finite type. By “morphism” without modification we mean a K-variety morphism. Let V'
be a K-variety. We let dim V' be the usual algebraic dimension of V' and if X is an arbitrary
subset of V' then we let dim X be the dimension of the Zariski closure of X. A subvariety
of V' is an open subvariety of a closed subvariety of V. A subset X of V' is constructible if
it is a finite union of subvarieties of V', equivalently if it is a boolean combination of closed
subvarieties of V. We let V(K) be the set of K-points of V', K[V] be the coordinate ring of
V', and K (V') be the function field of V' when V is irreducible. We let A™ be m-dimensional

affine space over K, i.e. A™ = Spec K|[z1,...,zy|. Recall that A™(K) = K™.

Suppose that W is a scheme. A W-scheme is a scheme V equipped with a morphism
V — W. Given W-schemes V- — W and V' — W a morphism V — V' of W-schemes is a
morphism of schemes such that the diagram below commutes.

\% s V7
w

Note that W-schemes and W-scheme morphisms form a category. The category of étale
schemes over W is the full subcategory of W-schemes V' such that V' — W is étale. If W
is a K-variety, and V is an étale WW-scheme, then V' is again a K-variety.

All facts below are presumably unoriginal. We include proofs for the sake of completeness.
Fact 1.1. Suppose V is K-variety. Then |V| < oo if and only if dimV = 0.

Proof. Suppose dim V' > 1. Note that V' contains an open subvariety of the form Spec A
for a finitely generated K-algebra A of dimension dim V. By Noether normalization A is
an irreducible extension of a polynomial ring over K and hence has infinitely many points.

Suppose dim V' = 0. It is enough to show that every affine open subset of V' has finitely many
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points. Suppose Spec A is an affine open subset of V. Then A is an Artinian K-algebra,
hence finite. In particular Spec A has finitely many points. 0

Fact 1.2. Suppose that V,W are K-varieties and X,Y C V' are constructible.

(1) If X is Zariski dense in'Y then X contains a dense open subvariety of Y and
dimY \ X <dimY. B
(2) If X is the Zariski closure of X in V then dim X \ X < dim X.

Suppose that f 'V — W is a morphism. Then

(3) Z={aeW:|fa)| < oo} is Zariski open. Moreover, there isn such that |f~'(a)] < n
foralla € Z.

(4) f(X) is a constructible subset of W and dim f(X) < dim X .

(5) If | f7'(a)] < oo for alla € W then dim f(V) = dim V < dim V.

We let k(a) be the residue field of a € W.

Proof. (1) follows by [Sta20), Lemma 005K], (2) is a special case of (1). We describe a proof of
(3). We let V, be the scheme-theoretic fiber of V' over a € W. The underlying set of each V,
is f~!(a). By [Gro6T, Theorem 13.1.3] Z := {a € W : dim V,, = 0} is Zariski open. Note that
each V, is a k(a)-variety and apply Fact . We now produce n. After replacing W with X
and V with f~1(X), we may assume that f is quasi-finite. By Zariski’s main theorem there
is a K-variety V', an open immersion ¢ : V' — V', and a finite morphism ¢g : V' — W such
that f = goi. Let n be the degree of g. Then |g7'(a)] < n for alla € W, so |f~(a)| < n
for all @ € W. The first claim of (4) is a special case of Chevalley’s theorem on constructible
sets. We prove the second claim. After replacing V', W with the Zariski closure of X, f(X),
respectively, we suppose that X is Zariski dense in V' and f(X) is Zariski dense in . Then
dim X =V and dim f(X) = dimW. By (1) f(X) contains a dense open subvariety of W.
Thus V' — W is dominant so dim W < dim V. For (5), by Zariski’s main theorem, it suffices
to show this when f is a finite morphism. This follows from [Sta20, Lemma 0ECG]. U

Fact 1.3. Suppose that V is a K-variety, Xi,..., Xy are subsets of V', and X = Ule X;.
Then dim X = max{dim X7, ..., dim X}}.

We let X be the Zariski closure of X in V. Note that dimY = dimY holds for any Y C V.

Proof. We have X = Ule X;, so we may suppose each X; is Zariski closed. The fact now
follows from the definition of the dimension of a Noetherian space. [l

Fact 1.4. Suppose that K is perfect, V is a K-variety, and V1, ..., Vi are closed subvarieties
of V such that V.= J,_, Vi. Then there are pairwise disjoint smooth irreducible subvarieties
Wi,....,Wy of V such that V = Ule W; and each W is either contained in or disjoint from
every V.

Proof. For each I C {1,...,k} we let V; = (N,e; Vi) \ (UZW V;). Note that each V; is a
subvariety of V', the V; are pairwise disjoint, and V = {1, k) Vr. It suffices to fix I such
that V7 is nonempty and show that V7 is a union of a finite collection of pairwise disjoint
smooth irreducible subvarieties. Thus we may suppose that k =1 and V; = V.

We now apply induction on dimV. If dimV = 0 then V is finite and we let Wy,... W,

be the irreducible components of V. Suppose dim V' > 1. The irreducible components of
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a smooth variety are pairwise disjoint, so it is enough to produce pairwise disjoint smooth
subvarieties Wy, ..., W, of V such that V' = Ule W;. Let W; be the smooth locus of V.
As K is perfect Wy agrees with the regular locus of V' [Pool7, Proposition 3.5.22], which is
open by [Mat80, (29.E) Remark 1]. The generic point of any irreducible component of V' is
regular, so dim V'\ W} < dim V. By induction there are pairwise disjoint smooth subvarieties
Wa, ..., Wy of V'\ Wy such that V \ Wy = J_, Wi. O

Finally, we leave the easy proof of Fact [L.5] to the reader.

Fact 1.5. Suppose that V is a K-variety, W is a subvariety of V', and W is the Zariski
closure of W in V.. Then W\ W is a closed subvariety of V.

Fact is certainly well-known, but we do not know a reference.

Fact 1.6. Suppose that K 1is not algebraically closed and V' is a closed subvariety of A™.
Then there is [ € K[xy,..., &) such that V(K) ={a € K™ : f(a) = 0}.

Given f € Klz1,...,x,] we let Z(f) be {a € K™ : f(a) = 0}.

Proof. As K|zy,...,xy] is Noetherian there are ¢i,...,9, € K[z1,...,2,] such that V =
Spec K[z1,...,%m]/(g1, .., gn). Then V(K) = (., Z(g:;). Therefore it is enough to fix
g,h € Klxy,...,2,) and produce f € Klxy,...,x,| such that Z(f) = Z(g) N Z(h). Let
p € K]Jt] be an irreducible polynomial of degree > 2 and ¢(¢,t’) be the homogenization of
p(t). If ¢(a,b) = 0 for some a,b € K, then a =0 = b. Take f = q(g,h). O

1.2. The relative Frobenius. We recall backgroud on the relative Frobenius. Our reference
is SGA 5 [Gro77, Expose XV]. We suppose that Char(K) =p >0 and V — W is a
dominant morphism of irreducible K-varieties. We first prove an elementary field-
theoretic lemma to be applied to the function field of V.

Lemma 1.7. Suppose that K is perfect, K(s1,...,Sm,t1,...,tn) S a finitely generated ex-
tension of K, and s = (s1,...,8m),t = (t1,...,t,). Then K(s,t?")/K(s) is separable when
r > 1 is sufficiently large.

Proof. Let K(s) C Ly C L; C K(s,t) be field extensions such that Lq/K(s) is purely tran-
scendental, K (s,t)/Ly is algebraic, L, /Ly is separable, and K (s,t)/L; is purely inseparable.
Then for each i € {1,...,n} there is r; such that /" € L;. Let r = max{r,...,7,}. Then
t”" € Ly for all i, so K (s,t*") is contained in L;. Thus K (s,t”")/K(s) is separable. O

For a K-variety X, we let Fry : X — X be the absolute Frobenius morphism. This morphism
is the identity on the underlying topological space of X and raises every section to the pth
power. If X = Spec A is affine then Fry is dual to the Frobenius A — A. The absolute
Frobenius is a K-variety morphism if and only if K is the field with p elements. We let
V® — W be the pullback of V. — W via Fry. Let 7 : V®) — V be the projection, so the
following diagram is a pullback square.

v

%%

Vi T

I/jv Fryy
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We let Fryw : V — V®) be the relative Frobenius of V over W. This is the morphism
induced by the universal property of the pullback square above. In particular the diagram
below commutes.

174%2)
FYVV \
\% V
FI‘V

The relative Frobenius is a morphism of W-schemes, so V' — W factors as

Fry w

1% Ve W,

Fact [1.8]is [Sta20, Lemma 0CCB].
Fact 1.8. Fry y is a homeomorphism V — 74528

Given a W-scheme Y — W and a W-scheme morphism f:Y — V we let f® . Y® — /@)
be the morphism given by base-changing along Fryy.

We explain the situation in the affine case. Suppose that W = Spec A and V' = Spec B for
K-algebras A, B. Then V® = Spec B4 A where the map A — A is the Frobenius and
Fryyw :V — V®) is dual to the map B®4 A — B given by b ® a — bPa.

We also require the r-fold iterates of the relative Frobenius. For all » > 1 we define Y@

to be (V)P and let Frg/)w V. — V@) be given by

Fl‘g/—’—wll) = FI‘V(pT)/W @) FI‘E;/)W .

Then Frg/)w is the rth iterate of the relative Frobenius. Furthermore V' — W factors as

Fr&;}w s
Vv L5y W

for each r > 1. By Fact and induction each Frg/)w is dominant so K (V)/K (W) de-
composes into K(V)/K(V®)) and K(V®))/K(W) for all » > 1. Fact follows by the

comments on the affine case above and induction.

Fact 1.9. If V and W are affine then V") is affine for all r > 1.

We now make some further remarks on the affine case. As V' — W is dominant the dual
K-algebra morphism K[W] — K[V] is injective, so we consider K[W] to be a subring of
K[V]. Let s = (s1,...,8,) and t = (t1,...,t,) be such that K[W| = K[s| and K[V] =
K|s,t]. Let K[s,y] be the polynomial ring over K|s| in the variables y = (y1,...,ym). Let
p: Kl[s,y] = K]s,t] be the K[s]-algebra morphism given by p(y;) = t; for each ¢, I be the
kernel of p, and identify K[s,t] with Kls,y]/I.

Given j = (ji,...,jn) € N we let v/ = (yI',...,y/"). For any f € Kls,y] we have
f = fiyt + ...+ fey’* for some fi,...,fr € Kls], and ji,...,7x € N". We then let
f®) = fPyit 4+ + fPyk and let I® be the ideal generated by f®), f ranging over I. Then
V¥ = Spec K|s,y]/1P.
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Let 7 : K[s,y| — K]Js,t] be the K[s]-algebra morphism given by 7(a) = a for all a € K][s]
and 7(y;) = t¥ for each i. Then I® is the kernal of 7. Therefore 7 factors as

Kl[s,y] — K[s,y]/l(p) % K|s, t]

for some injective K[s]-algebra morphism o. The relative Frobenius Fry,y is dual to 0. The
image of 7 is K|[s,t?], so o gives a K[s]-algebra isomorphism K[V ®)] — K|s, t?]. Fact [1.10
follows by induction.

Fact 1.10. As above let V' and W be affine and s = (s1,...,8m), t = (81,...,t,) be such
that K[W] = K[s| and K|V] = K|s,t]. For each r > 1 there is a K|s]-algebra isomorphism
K[V®)] — Kl[s,t*"] and a K(s)-algebra isomorphism K(V®)) — K(s,t7") for each r > 1.

Lemma 1.11. K(V®))/K (W) is separable when v > 1 is sufficiently large.

Proof. The case when V and W are affine follows from Fact and Lemma [I.7. We
now reduce to the case when V and W are affine. Suppose that U is a dense affine open
subvariety of W and O is a dense affine open subvariety of V' contained in the pre-image of
U. We have K(U) = K(W), K(O) = K(V), and we identify the extension K(V)/K (W)
with K(O)/K(U). Let h : O — V be the inclusion. Then A : O®) — V®) is an open
immersion as open immersions are closed under base change. By induction there is an open
immersion O®") — V@) for each r > 1. We consider O®") to be an open subvariety of
V®) and identify K(V®)) with K(O®")). By Fact (1.9 each O®") is affine. The morphism
O — W factors as o
0 o, 0w 1,

Thus by Fact the image of O®) — W is contained in U. Therefore the extension
KWV)/KV®)) K(V®))/K(W) can be identified with K(0)/K(O®)), K(O®))/K(U),
respectively. After replacing V' with O and W with U we can suppose that both V' and W
are affine K-varieties. 0

1.3. The étale-open topology. Let V be a K-variety. An étale image in V(K) is the
image of X(K) — V(K) for some étale morphism X — V of K-varieties. It is shown in
[JTWY] that étale images in V(K) form a basis for a topology on V(K) refining the Zariski
topology which we refer to as the étale open topology. Fact is proven in [JTWY].

Fact 1.12. The following are equivalent:
(1) K is large,
(2) the étale open topology on K = A'(K) is not discrete,
(8) the étale open topology on V(K) is non-discrete when V (K) is infinite.

Fact is also proven in [JTWY].

Fact 1.13. Suppose that V. — W is a morphism between K-varieties. FEquip V(K) and
W (K) with their étale open topologies and let V(K) — W (K) be the induced map. Then:
(1) V(K) — W(K) is continuous,
(2) if V.— W is a (scheme-theoretic) closed immersion then V(K) — W(K) is a
(topological) closed embedding,
(8) if V.— W is a (scheme-theoretic) open immersion then V(K) — W(K) is a
(topological) open embedding,
10



(4) if V.— W is étale then V(K) — W (K) is open,

(5) the projection V(K) x W(K) — V(K) is open when V(K) x W(K) = (V x W)(K)
15 also equipped with the étale open topology,

(6) the étale open topology on V(K) x W(K) refines the product of the étale open topolo-
gies on V(K) and W (K).

We define an éz subset of V(K) to be a finite union of étale open subsets of Zariski closed
subsets of V(K'). For this definition to make sense we need to define the étale open topology
on a Zariski closed subset of V(K). If Z C V(K) is Zariski closed then there is a closed
subvariety W of V such that Z = W (K), so we define the étale open topology on Z to agree
with the étale open topology W(K). Proposition ensures that this does not depend
on choice of W. Proposition follows immediately from the second and third items of
Fact and will be used implicitly below at many points.

Proposition 1.14. Suppose that W is a subvariety of V. Then the étale open topology on
W(K) agrees with the subspace topology on W (K) induced by the étale open topology on
V(K). If W is another subvariety of V' with W'(K) = W(K) then the étale open topology
on W(K) agrees with the étale open topology on W'(K).

Pop has shown that if K is large and V is a smooth irreducible K-variety with V(K) # ()
then V(K) is Zariski dense in V' [Pop96]. Fact generalizes this, it is [PW| Lemma 2.6].

Fact 1.15. Suppose that K is large and V' is a smooth irreducible K-variety. Then any
nonempty étale open subset of V(K) is Zariski dense in V.

Finally is also proven in [JTWY].

Fact 1.16. If K is separably closed then the étale open topology on V(K) agrees with the
Zariski topology. If K is not separably closed then the étale open topology on V(K) is
Hausdorff when V' is quasi-projective. If K 1is real closed then the étale open topology on
V(K) agrees with the order topology and if K is Henselian and not separably closed then the
étale open topology on V(K) agrees with the valuation topology.

Implicit in the last statement are the well-known facts that a real closed field admits a unique
field order and any two non-trivial Henselian valuations on a field induce the same topology.

1.4. Characteristic zero Henselian fields. We suppose that K is a characteristic zero
Henselian field and show that K is éz. First recall that Henselian fields are large [Popl 1.A.3].
If K is algebraically closed then quantifier elimination and Proposition below show that
every definable subset of K™ is éz. Suppose that K is not algebraically closed. By Fact
the étale open topology on each K™ agrees with the valuation topology. Van den Dries has
shown that every definable subset of K" is a finite union of valuation open subsets of Zariski
closed sets [vdD89], his proof makes crucial use of quantifier eliminations due to Delon.

2. UNIVERSAL HOMEOMORPHISMS AND (GALOIS ACTIONS

We prove some results on universal homeomorphisms between K-varieties. We also discuss
the action of the automorphism group of K. In this section, and this section only, we work
with scheme morphisms between K-varieties which are not K-variety morphisms. A mor-
phism V' — W of schemes is a universal homeomorphism if for every W-scheme X, the

morphism V' xy X — X produced from V' — W by base change is a homeomorphism,
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see [Gro65l, §2.4.2]. Tt is clear from this definition that the collection of universal homeo-
morphisms is closed under compositions and base change. In characteristic zero a universal
homeomorphism is an isomorphism. See [Sta20, Lemma 04DF, Theorem 04DZ] for Fact [2.1]
As above we let k(a) be the residue field of point a on a scheme.

Fact 2.1. Let VW be schemes and f :V — W be a universal homeomorphism. Then:

(1) [ is integral, universally injective, and universally surjective.

(2) If f(a) = b then the induced field extension k(a)/k(b) is purely inseparable.

(8) The functor X — Xy = X Xy V is an equivalence of categories between the category
of étale schemes over W and the category of étale schemes over V.

Lemma is well-known, we include a proof for the sake of completeness.

Lemma 2.2. Suppose that K is perfect, V. and W are K-varieties, and f : V — W is a

morphism of K -varieties that is a universal homeomorphism. Then the induced map V (K) —
W(K) is a bijection.

Proof. Note that f is bijective as f is a homeomorphism. Therefore V(K) — W(K) is
injective. We show that V(K) — W(K) is surjective. Fix b € W(K). As f is surjective
there is a € V such that f(a) = b. Let k(a)/k(b) be the induced field extension and note
that x(b) = K. By Fact[2.1]1 f is integral, hence x(a)/K is algebraic. By Fact[2.1]2 x(a)/K
is purely inseparable, so k(a) = K as K is perfect. Therefore a € V(K). d

Proposition 2.3. Suppose that K 1is perfect, V. and W are K-varieties, and f : V — W
is a K-variety morphism and a universal homeomorphism. Then the map V(K) — W(K)
induced by f is an Ex-homeomorphism.

Proof. By Lemma V(K) = W(K) is a bijection. By Fact [L.13]1 V(K) — W(K) is
Eg-continuous. We show that V(K) — W(K) is Ex-open. Let X be a K-variety and
g: X — V be étale. It is enough to show that f(g(X(K)) is étale open. By Fact [2.1]3 there
is an étale morphism A : Y — W such that g : X — V is the base change of h along f.
Taking K-points, we have the following pullback square.

X(K) -y (k)

Lg f jh
V(K) L w(K)

Note that both f and f;, are bijections. Hence f(g(X(K)) = h(Y(K)), which is étale
open. [

Next we look at Galois actions. Let ¢ : K — K be an automorphism, we also use ¢ to
denote the map o : K™ — K" (cy,...,¢,) — (0(c1), ..., 0(c,)). We have the following:

Proposition 2.4. o : K" — K™ as defined above is a homeomorphism with respect to .

Proof. The map o : K™ — K" can be seen as the induced by the dual of the following
isomorphism of rings (abusing notation, it is still denoted by o):

o: Klzy, ...z, = Kz, ...,z 2 = x; c— o(c) for c € K
12



We use o* to denote the induced scheme morphism A” — A™. Note that ¢* is invertible.
It therefore suffices to show that o : K™ — K" is Eg-open. Let e : U — A% be an étale
morphism of K-varieties. We have e? : U — A% such that the following is a pullback
diagram:

Uve —— U

Af —"—— A%
Note that o*(e?(U?(K)) = e(U(K)) by construction. This finishes the proof. O

Corollary 2.5. Suppose that ¢ : K — K s an automorphism. Then ¢ is an € x-homeomorphism.
In particular if K is perfect and Char(K) = p > 0 then the Frobenius map K — K given by
a v+ a? is an € -homeomorphism.

It should also be noted that both Proposition [2.4] and Corollary [2.9] are more or less obvious
as the étale open topology is defined in an automorphism-invariant manner.

Corollary 2.6. Suppose that K is not separably closed and ¢ : K — K s an automor-
phism of K. Then the fized field of ¢ is an Ex-closed subset of K. If A is a collection of
automorphisms of K then the fized field of A is an & -closed subset of K.

The second claim of Corollary follows directly from the first. The first follows from
Corollary [2.5 Fact [[.16] and the elementary fact that if 7" is a Hausdorff topological space
and f : T — T is continuous then the set of fixed points of f is closed. Corollary fails
when K is separably closed, as any infinite proper subfield of K is dense and co-dense in the
Zariski topology on K.

Suppose that L/K is a field extension and V' is a K-variety. Since one can naturally identify
V(L) with VL(L), we wish to equip the set V(L) of L-points of V' with the £ -topology. And
for an intermediate field, we identify V(F) C V(L) via the canonical embedding. A slight
technical issue arises as V;, might be a non-reduced L-scheme, and hence not an L-variety,
when L/K is inseparable. In [JTWY] we handled this issue by working with the slightly
broader class of separated finite type L-schemes. However, at present we only need the case
when L/K is separable, and in this case V7, is an L-variety [Sta20l, 030U].

Corollary [2.7 follows by relativizing the proof of Proposition [2.4/to o € Aut(L/K).

Corollary 2.7.

(1) Suppose that L is a field. If ¢ : L — L is an automorphism with fized field K and V
is a K-variety, then the map V(L) — V(L) induced by ¢ is an €-homeomorphism.

(2) If G is a subgroup of the automorphism group of L with fized field K and V is a
K -variety, then the action of G on V(L) is an action by &-homeomorphisms.

Corollary 2.8. Suppose that L/K is a Galois field extension, L is not separably closed, and
Vis a K-variety. If K C F C L is a subfield then V(F) is an Ep-closed subset of V(L).

Proof. The case when V' is quasi-projective follows from Corollary the second claim
of Fact and the fact that the fixed points of a continuous self-map of a Hausdorff

topological space form a closed set. We treat the case when V' is an arbitrary K-variety. Let
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Ui, ..., U be K-affine open subvarieties of V' that cover V. Note that the action of Gal(L/K)
on V(L) preserves each U;(L). Fix a subfield K C F' C L. The quasi-projective case shows
that U;(F) is an €p-closed subset of U;(L) for each i. Note that U;(L) NV (F) = U;(F) for
each i. It follows that V(F') is closed. O

We now recall Fact proven in Fehm [Feh10)].

Fact 2.9. Suppose that L is large, K is a proper subfield of L, and V' is a positive dimensional
irreducible K-variety with a smooth K -point. Then |V (L) \ V(K)| = |L|.

Recall that large fields are closed under algebraic extensions. Suppose that K is large, L/ K
is Galois, L is not separably closed, and V is a positive-dimensional irreducible K-variety
with a smooth K-point. Corollary shows that F' — V/(F') gives a morphism from the
lattice of intermediate subfields of L/K to the lattice of € -closed subsets of V(L). Fact
shows that this morphism is injective. For example if the maximal abelian extension Qg of
Q is large as conjectured then we can take K = Q,, and L = Q.

3. PrROOF OoF THEOREM G

3.1. The characteristic zero case. This case follows from Proposition [3.I]and an algebraic
analogue of Sard’s theorem.

Proposition 3.1. Suppose that f : 'V — W is a smooth morphism of K-varieties. Then
V(K) = W(K) is Ex-open.

Fact is [BLRI0, §2.2 Proposition 11].

Fact 3.2. Suppose that f : V — W is a smooth morphism of K-varieties, p € V', and the
relative dimension of f at p ism > 1. Then there is an open subvariety U of V' containing p
such that the restriction of f to U factors as wo g for an étale morphism g : U — W x A"
and the projection w : W x A" — W.

We now prove Proposition (3.1}

Proof. Fix p € V(K). We show that V(K) — W(K) is open at p. Let n be the relative
dimension of f at p. Suppose n = 0. Then f is étale at p, so f is étale on an open subvariety
U of V containing p. By Fact 4 the restriction of f to U(K) is € x-open. Suppose that
n>1 LetU,g:U— W x A" and 7 : W x A" — W be as in Fact 3.2 By Fact [[.13]4
U(K) = W(K) x K™ is Eg-open and by Fact [L.13]5 W(K) x K™ — W(K) is &g-open.
Hence the restriction of f to U(K) is € x-open. O

Fact is an algebraic analogue of Sard’s theorem. See [MO15, Corollary 5.4.2] for a proof.
The statement in [MO15] only covers the case when W is regular, but the proof goes through
in the more general case.

Fact 3.3. Suppose that V- — W is a dominant morphism of irreducible K -varieties.
The following are equivalent:

(1) the extension K(V')/K(W) of function fields associated to V- — W is separable,
(2) there is a dense open subvariety U of V' such that U — W is smooth.

If Char(K) = 0 then there is a dense open subvariety U of V' such that U — W is smooth.
14



Proposition [3.4] follows by Proposition [3.1] and Fact This gives the characteristic zero
case of Theorem G.

Proposition 3.4. Suppose that V- — W is a dominant morphism of irreducible K -varieties.
If the field extension K(V)/K(W) associated to V- — W is separable then there is a dense
open subvariety U of V' such that U(K) — W (K) is Ex-open. In particular if Char(K) =0
then there is a dense open subvariety U of V' such that U(K) — W(K) is Ex-open.

3.2. The positive characteristic case. We treat the positive characteristic case of Theo-
rem G. We use the notation of Section [1.2] Fact is [Sta20, Lemma 0CCB].

Fact 3.5. Suppose that Char(K) =p >0 and V. — W is a morphism of K -varieties. Then
Frg/)w .V = V) s a universal homeomorphism for every r > 1.

Corollary [3.6] follows from Fact and Proposition 2.3

Corollary 3.6. Suppose that K is perfect, Char(K) = p > 0, V. — W is a dominant
morphism of irreducible K -varieties, and v > 1. Then the map V(K) — V®)(K) induced

by Frg/)w 1s an & g-homeomorphism.

We now prove the positive characteristic case of Theorem G. Suppose that K is per-
fect, Char(K) = p > 0, and V — W is a dominant morphism of K-varieties. Ap-
plying Lemma we fix 7 > 1 such that K(V®))/K(W) is separable. By Proposi-
tion there is a dense open subvariety U’ of V®") such that U'(K) — W(K) is k-

open. Let U = (Frg/)w)_l(U ). By Fact U is a dense open subvariety of V. We factor
UK) — W(K) as

UK)—U(K)— W(K).
By Corollary U(K) — U'(K) is an €g-homeomorphism. Thus U(K) — W(K) is Ex-
open.

We now drop the assumption that Char(K') # 0.

Corollary 3.7. Suppose that K is perfect and f : V — W 1is a dominant morphism of
wrreducible K-varieties with dim V' = dim W. Then there is a dense open subvariety U of W
such that f~Y(U)(K) — U(K) is & -open.

Proof. By Theorem G there is a dense open subvariety U’ of V' such that U'(K) — W(K)
is &x-open. We have dim V' \ U’ < dim V. By Fact [.2/4 we have

dim f(V'\U) <dimV'\ U < dim W.

Thus there is a dense open subvariety U of W which is disjoint from f(V'\ U’). Then f~!(U)
is contained in U’, hence f~Y(U)(K) — U(K) is € x-open. O

4. PROOFS OF THEOREMS A AND B

4.1. Ez sets. Suppose that V is a K -variety. A basic éz set is a definable étale open subset
of a Zariski closed subset of V(K). An éz set is a finite union of basic éz sets. We first
establish some facts about éz sets and in particular show that the collection of éz sets is
closed under various operations. Note that any basic éz subset of V(K) is of the form ONY
where O is an étale open subset of V(K), Y is a Zariski closed subset of V(K), and ONY

is definable. We do not know if we can take O to be definable.
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Lemma 4.1. Suppose that K is perfect, V is a K-variety, and X is an éz subset of
V(K). Then there are pairwise disjoint smooth irreducible subvarieties Vy,..., Vi of V and

X1, ..., Xy such that each X; is a definable étale open subset of V;(K) and X = Ule X;.

Proof. Let Wy, ..., W, be closed subvarieties of V' and Y7,...,Y; be such that each Y is a
definable étale open subset of W;(K) and X = Ule Y;. After possibly replacing V' with
Ule W,; we suppose that the W; cover V. Applying Fact we obtain pairwise disjoint
smooth irreducible subvarieties Vi, ...,V of V such that V' = Ule V; and each V; is either
contained in or disjoint from every W;. For each ¢ € {1,... ,k} let X; = Uﬁzl(Vi(K) nY;).
Note that if V; is contained in W; then V;(K) NYj is an étale open subset of V;(K'), hence
each X is an étale open subset of V;(K). Finally note that each X; is definable. U

Lemma 4.2. Let V be a K-variety and X be a subset of V(K). Then the following are
equivalent:

(1) X is éz,

(2) X is definable and a finite union of € -open subsets of Zariski closed subsets of V(K).

Proof. Tt is clear that (1) implies (2). Suppose (2). Following the proof of Lemma [4.1] we
obtain pairwise disjoint subvarieties V7, ...,V and X,..., X} such that each X, is an étale
open subset of V;(K) and X = Ule X;. (Note that the V; may not be smooth as K may
not be perfect.) By pairwise disjointness we have X; = V;(K) N X for each 7. Thus each X;
is definable. O

Proposition 4.3. Suppose that V,W, Vi, ..., Vi are K-varieties and V. — W is a morphism.

(1) A finite union or finite intersection of éz subsets of V(K) is an éz subset.

(2) If X C W(K) is an éz set then the preimage of X wunder the map V(K) — W(K)
induced by V. — W is an éz set.

(3) If X is an éz subset of K™ and a € K™ then X, = {b € K" : (a,b) € X} is an éz
subset of K™,

(4) If X; is an éz subset of V;(K) for each i € {1,...,k} then Xy X ... X X} is an éz subset
of Vi(K) x ... x Vi(K) = (V1 x ... x Vi)(K).

Proof. (1) Closure under finite unions is clear from the definitions. For the second claim
it suffices to suppose that X, Xy are éz sets and show that X; N X, is an éz set. Given
i € {1,2} we suppose that X7,..., X! are basic éz sets such that X; = U?Zl X!. Then
XinXe=U,jequ..n X! N X?. Thus we may suppose that X; and X, are basic éz sets. It
suffices to show that X; N X5 is an étale open subset of a Zariski closed set. Given i € {1,2}
we let Y; be a Zariski closed subset of V(K) and O; be an étale open subset of V(K') such
that X; = Y;NO;. Then X;N X5 = (Y1NY5) N (01N O3). Note that Y1 NY5 is Zariski closed
and O1 N O, is étale open.

(2) Let f be the induced map V(K) — W(K). By (1) we may suppose that X is a basic éz
subset of W (K'). Suppose that Y is a Zariski closed subset of W (K') and O is an ¢étale open
subset of W (K) such that X =Y NO. Then f~1(X) = f~1(Y)N f~1(0). Note that f~1(Y)
is Zariski closed and f~1(0O) is étale open.

(3) Let g : A™ — A™*™ be the morphism given by x — (a,x). Then X, is the preimage of

X under the map K™ — K™ induced by g. Apply (2).
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(4) For each i € {1,...,n} we let m; be the projection Vi (K) x Vo(K) — Vi(K). Then
Xix .. xX,=m(X)Nn...Nnx, (X ).

Apply (1) and (2). O

Proposition 4.4. Every quantifier free definable subset of K™ is éz.

Proof. Fix f € Klxy,...,z,). Then {a € K" : f(a) = 0} is Zariski closed, hence éz.
Furthermore {a € K™ : f(a) # 0} is Zariski open, hence éz. Apply Proposition [4.3| O

We now prove Theorem A.

Proof. By Lemma it suffices to show that f(X) is a a finite union of étale open subsets
of Zariski closed subsets of W(K'). Suppose that K is perfect, f : V — W is a morphism
of K-varieties, and X is an éz subset of V(K). We show that f(X) is an éz subset of
W(K). We have X = [J¥ | X; for basic éz sets X1,..., X;. Then f(X) =", f(X;). By
Proposition .1 we may suppose that X is a basic éz subset of V(K. Let V' be a closed
subvariety of V' such that X is an étale open subset of V'(K). After replacing V with V’
and f with the restriction V' — W we suppose that X is an étale open subset of V(K).

We apply induction on dim V. If dim V' = 0 then by Fact V' is finite, hence X is finite,
so X is Zariski closed. Suppose dimV > 1. Let Vi,...,V, be the irreducible components
of V. It suffices to show that each f(V;(K) N X) is an éz set. By Proposition each
Vi(K)N X is an étale open subset of V;(K'). Therefore we may suppose that V' is irreducible.
Let W’ be the Zariski closure of f(V) in W, so V. — W’ is dominating. This implies
that W’ is irreducible. By Theorem G there is a dense open subvariety U of V' such that
U(K) - W/'(K) is Eg-open. Hence f(U(K)N X) is an étale open subset of W(K). Let
V':=V\U. Then f(X) = f(UK)NX)U f(V(K)N X). As U is dense in V we have
dim V' < dim V, so by induction f(V'(K) N X) is a éz set. O

Finally, we prove Theorem B. Suppose that K is perfect and X is an existentially definable
subset of K™. Let x = (xy,...,2y) and ¥ = (y1,...,Yn). Then there is a quantifier-free
formula ¢(z,y) with parameters from K such that for any a € K™ we have a € X if
and only if K | Jy¢(a,y). Let Y be the set of (a,b) € K™ such that K = ¢(a,b)
and m : K™™™ — K™ be the coordinate projection. Then 7(Y) = X. Then Y is éz by
Proposition 4.4 and 7(Y") is éz by Theorem A.

5. SHARPNESS AND APPLICATIONS TO LARGE FIELDS

Fact [5.1]is a theorem of Fehm [Fehl1(]. It was later generalized in [Ans19].
Fact 5.1. Suppose that K is perfect and large. Then K does not existentially define an
infinite proper subfield of K.

We describe a topological proof of Fact .1} Suppose K is perfect and L is an existentially
definable infinite proper subfield of K. By Theorem B L has & g-interior. By Proposition
below the étale open topology on K is discrete. By Fact K is not large.

Given X C K we let XX ' ={a/b:a€ X,be X\ {0}}.

Proposition 5.2. Suppose that T is an affine invariant topology on K, U is a nonempty
T-open neighbourhood of zero, and L is a proper subfield of K. If UU™ # K then T is

discrete. If L has T-interior then T is discrete.
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An affine invariant topology on K is a topology that is invariant under any invertible affine
transformation K — K. The étale open topology on K is affine invariant by Fact [1.13]1.

Proof. 1f U = {0} then 7 is discrete, so we may suppose that U contains a non-zero element.
Suppose UU! # K. Fix a € K \ UU™!. Note that a # 0. Therefore aU N U is a T-open
neighbourhood of zero and aU NU = {0}. Hence 7 is discrete. Now suppose that L contains
a nonempty 7-open O C K. Fix a € O. After replacing O with O — a we suppose that
0 € O. Then OO~ C L hence OO~! # K. Thus T is discrete. d

We also see that Theorem B is sharp. Suppose K is large and imperfect. Let F' be the
image of the Frobenius K — K. Then F is existentially definable, infinite, and has empty
€ g-interior by Proposition [5.2] so F' is not an éz subset of K.

Corollary follows by the arguments above.
Corollary 5.3. If K is éz then K does not define an infinite proper subfield of K.

This allows us to easily give examples of large perfect fields which are not éz. We fol-
low [Fehl0, Example 9]. Let L be a characteristic zero field and L((x,y)) be the fraction
field of the formal power series ring L[[z,y]]. Then L((z,y)) is large [Popl0], L((z,y)) de-
fines L[z, y]] [JL89, Theorem 3.34], and by a theorem of Delon L[[z,y]] defines the subfield
Q [Del81l, Theorem 2.1]. Therefore L((x,y)) is not éz.

We give two more applications to éz fields. Algebraically, real, and p-adically closed fields
are known to be one-cardinal. We first generalize this fact.

Corollary 5.4. Suppose that K is éz. Then K is one-cardinal, in particular |X| = |K| for
every infinite definable subset X of K™.

Proof. We suppose that X is an infinite definable subset of K™ and produce a definable
Y C X2 and a definable surjection Y — K. As X is infinite there is a coordinate projection
m: K™ — K such that 7(X) is infinite. Then m(X) is éz and hence contains a nonempty
étale open subset O of K, fix c € O. Let Y be the set of (a,b) € X? such that 7(b) # ¢ and

f:Y — K be given by f(a,b) = (n(a) — ¢)/(n(b) — ¢). Apply Proposition [5.2] O

A field topology on K is a V-topology if and only if it is induced by a non-trivial absolute
value or valuation. We refer to [EP05, Appendix B] for background on V-topologies.

Corollary 5.5. Suppose K 1is large and perfect and 7 is a V-topology on K. Then the
following are equivalent:

(1) the étale open topology on K refines T,
(2) the étale open topology on V(K) refines the T-topology for any K-variety V,
(8) there is an infinite existentially definable subset of K which is not T-dense in K.

Suppose furthermore that K is éz. Then (1) —(3) above hold if and only if there is an infinite
definable subset of K which is not T-dense.

Proof. We show that (1) — (3) are equivalent, the last claim follows from our proof. The

equivalence of (1) and (2) holds without any assumptions on K, see [JTWY]. The following is

also shown in [JTWY]: the étale open topology on K refines 7 if and only if some nonempty

étale open subset U of K is not 7-dense. Let U be such a set. Fix p € U. Then there is

an étale K-variety morphism f : V' — A' such that p € f(V(K)) C U. Then f(V(K)) is
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existentially definable, infinite, and not 7-dense. Suppose that X is an infinite existentially
definable subset of K which is not 7-dense. By Theorem A we have X = U UY where U is
étale open and Y is finite. Then U is nonempty, note that U is not 7-dense. 0

6. FROBENIUS FIELDS

In this section we prove Theorem [6.1] This completes the proof of Theorem D.
Theorem 6.1. Perfect Frobenius fields are éz.

Frobenius fields are by definition PAC, and PAC fields are large [Pop, 1.A.1]. We need to
show that every definable set is an éz set. We first recall some background.

Proposition 6.2. Suppose that K s large and perfect. Suppose that £ is an expansion of the
language of rings by relation symbols, K is an L-structure which expands K by definitions,
and X is model complete. Suppose {a € K™ : X = R(a)} and {a € K™ : X = —R(a)} are

éz sets for any n-ary relation symbol R € L. Then K is éz.

Proof. Suppose that X is an L-definable subset of K™. Then there is a quantifier free
L-definable subset Y of K™ such that 7(Y) = X, where 7 is the coordinate projection
K™ — K™, By Theorem A it suffices to show that a quantifier free £-definable subset
of K™ is éz. By Proposition [£.3]1 it suffices to show that any atomic or negated atomic £-
formula ¢(z1,...,x,,) defines an éz subset of K™. Let x = (21,...,,,). By Proposition
it suffices to consider two kinds of formulas:

(1) R(fi(x),..., fu(z)) for an n-ary R € £ and f1,..., f, € K[z],
(2) ~R(fi1(x),..., fo(x)) for an n-ary R € £ and fi,..., f, € K|z].

We treat case (1), the second case follows by the same argument. Let f = (fi,..., fn). Then
{ae K™ : X = R(fila), ... fala)} = [ ({b€ K" : K |= R(b)}).

Apply Proposition [4.3]2. O

Fact [6.3]is [PW], Corollary 3.7].

Fact 6.3. The set of (ag, - .., am_1) € K™ such that t™ + a,, 1t" '+ ... + ai;t + ag € K]|t]
1s separable and irreducible is étale open.

We also apply Fact [6.4 Fact was proven in unpublished but very influential work
of Cherlin, van den Dries, and Macintyre [CvdDMS80, Theorem 41]. (Frobenius fields are
referred to as “Iwasawa fields” in [CvdDMS0].)

Fact 6.4. Let £ be the expansion of the language of rings by an m-ary relation symbol R,
for allm > 2 and X be the expansion of K to an L-structure where for all ag, ..., 0,1 € K

K = Rulao, ... am-1) if and only if K | I{t™ + apmt™ '+ ... +ait +ag = 0).
If K is a perfect Frobenius field then K admits quantifier elimination.
Theorem [6.1] follows from Fact [6.4] Proposition [6.2], and Proposition [6.5] below.
Proposition 6.5. Suppose K is perfect. For any m > 2 both
X i={(ag,...,am-1) € K™ : K EYt{t"™ + @y 1t™ ' + ...+ art +ag #0)}, and
Yoo i={(ag, ..., am-1) € K™ : K | 3H{t™ + apm 1 t™ " + ...+ art +ao =0)}

are €z.
19



For each a = (ag, ...,am_1) € K™ we let p, € K[t] be t™ + @, 1™ + ... + a1t + ao.

Proof. Each Y,, is éz by Theorem B. We apply induction on m > 2 to show that X,, is éz.
As K is perfect an irreducible p, is also separable. A quadratic or cubic polynomial does
not have a root if and only if it is irreducible, so by Fact Xy and X3 are both €g-open,
hence éz. Suppose m > 4. If a € K™ and p, does not have a root in K then either:

(1) p, is irreducible, or

(2) there is k € {2,...,m —2}, b € K* and ¢ € K™% such that p, = pyp. and neither

Py nor p. has a root in K.

By Fact the set of a € K™ such that p, is irreducible is étale open, so it suffices to show
that the set a € K™ satisfying (2) is an éz set. It is enough to fix k € {2,...,m — 2} and
show that

{ac K™:3(b,c) € K¥ x K™ *(py = pope) A (b€ Xi) A(c € Xoni)]}
is an éz set. By Theorem A it suffices to show that
{(a,b,¢) € K™ x K* x K™% (p, = pppe) A (b € X)) A (¢ € X))}
is an éz set. By Proposition [4.3]1 it suffices to show that both
(1) {(a,b,c) € K™ x K* x K™ : p, = pyp.} and
(2) K™ x Xj X Xk

are éz subsets of K™ x K* x K™% The first set is Zariski closed, hence éz. By induction
X and X,y are both éz. Apply Proposition [4.3]4. O

7. DIMENSION OF EZ SETS, PROOF OF THEOREM C

We prove some natural facts about dimension of éz sets under the assumption that K is
large. Given a K-variety V and a subset X of V we let X be the Zariski closure of X in V.
Recall that dim X = dim X by definition. We first prove Lemma which shows that the
results of this section apply to existentially definable sets in perfect large fields and arbitrary
definable sets in éz fields.

Lemma 7.1. Suppose that V is a K-variety, X is a definable subset of V(K), and either:

(1) X is existentially definable, or
(2) K is éz.
Then X is an éz subset of V(K).

Proof. Suppose (2). Let V4, ...,V be affine open subvarieties of V' that cover V. By Propo-
sition [4.3]1 it suffices to show that each X N V;(K) is an éz set. We suppose that V is
affine. Let V' — A™ be a closed immersion. Let X’ be the image of X under V(K) — K™,
then X' is a definable set and is hence an éz set. Note that X is the preimage of X’ under
V(K) — K™ and apply Proposition [1.3]2. If X is existentially definable then the relevant
objects are existentially definable, and the same argument shows that X is éz. 0

Theorem 7.2. Suppose that K is perfect and large, V' is a K-variety, and X is a nonempty
éz subset of V(K). Let Wi, ..., Wy be smooth irreducible subvarieties of V., and X, ..., Xy
be such that each X; is a nonempty étale open subset of W;(K) and X = Ule X;. Then
dim X = max{dim W7, ..., dim Wy}.
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Lemma 4.1| ensures that such W; and X; exist.

Eroof. By &ct each U; is Zariski dense in W; and is hence Zariski dense in W,;. Thus
X = UL, W,. By Fact

k
dim X = dim UWZ = max{dim Wy, ..., dim W, } = max{dim W7, ...dim W,}.
i=1

O

Lemma 7.3. Suppose that K is large, V is a smooth irreducible K-variety, and X is a
nonempty éz subset of V(K). Then X = OUY where O is a definable étale open subset of
V(K) and Y is not Zariski dense in V(K).

Lemma applies in particular to V"= A™. Note that an éz subset of V(K) agrees Zariski-
locally at the generic point of V' with a (possibly nonempty) étale open subset of V(K).

Proof. Note that V(K) is Zariski dense in V by Fact [L.15] Let Vi,...,V} be closed subva-
rieties of V(K) and Xi,..., X} be such that each X; is an étale open subset of V;(K') and
X = Ule X;. By irreducibility of V' each V; is either nowhere Zariski dense in V' or agrees
with V. Let I be the set of i € {1,...,n} such that V; = V. Then Xj is an étale open subset
of V(K) when i € I and X; is not Zariski dense in V(K) when i ¢ I. Let U = |J,.; X; and

]

Y = Uigé[ X;.

Proposition 7.4. Suppose that K is large, V' is a smooth irreducible K-variety, and X is a
nonempty éz subset of V(K). Then X has & -interior in V(K) if and only if dim X = dim V.

el

Again, Proposition [7.4] applies to V = A™.

Proof. By irreducibility dim X = dim V' if and only if X is Zariski dense in V. By Lemmas|[7.1]
and we have X = U UY where U C V(K) is étale open and Y C V(K) is not Zariski
dense. By Fact Y has empty €g-interior in V(K). Hence X has & g-interior in V(K)
if and only if U # (). Again by Fact U # () if and only if X is Zariski dense in V. [

Corollary [7.5 follows directly from Proposition [7.4]

Corollary 7.5. Suppose that K perfect and large and V is a K-variety. Then every éz
subset of V(K) has nonempty & g -interior in its Zariski closure.

Lemma 7.6. Suppose that K is large and perfect, V' is a nonempty irreducible K-variety,
and X is an éz subset of V(K). Then there is a smooth subvariety W of V', a nonempty
étale open subset O of W(K), and a dense open subvariety U of V' such that O = X NU(K)
and dim X \ O < dim X.

In particular an éz subset of V(K) is, modulo a set of lower dimension, an étale open subset
of the K-points of a smooth subvariety of V. The elements of O can be reasonably considered
to be smooth points of X, so Lemmal7.6) informally shows almost every point of X is smooth.

Proof. By Lemma there are pairwise disjoint smooth irreducible subvarieties Vi, ..., Vj
of V and Xj,..., X} such that each X; is a nonempty étale open subset of V;(K) and
X = Ule Xi. Let dim X = d. By Theorem we have d = max{dim Vj,...,dim V,} and

dim V; = dim X; for each i. We may suppose that thereis ¢ € {1, ..., k} such that dimV; = d
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when ¢ < ¢ and dimV; < d when ¢ < i. Let Z = Uf:j\ V;. By Fact each Vi\V;is a
closed subvariety of V', so Z is a closed subvariety of V. By pairwise disjointness we have
Vi\Z =V;\ U#ivj for all i € {1,...,k}. It follows that each X; \ Z is a (possibly empty)
étale open subset of X. By Fact [[.2] and Fact [I.3] we have

dim Z = max{dim V5 \ V4, ...,dim V} \ V;}
< max{dim V5, ..., dimV;} = d.

Hence X; \ Z is nonempty when i < . Let U = V\ (ZUV,y U...UVg), so U is a
dense open subvariety of V. If ¢ < ¢ then V; N U is disjoint from V] for j # 4. Let
O=XnU-=XiNnU)U...U(X,NU). By Fact [L.15] X; N U is nonempty when i < .
Let W = Ule V; MU, note that W is isomorphic as a K-variety to the disjoint union of the
ViNnU. If 1 < £ then U is Zariski dense in V;. Hence W is smooth as each Vj is smooth. Each
X;NU is an Eg-open subset of W (K), hence O is an € g-open subset of W (K). We have

dim V' \ U = max{dim Z, dim V44, ...,dim V}} < d.
Hence dim X \ O < d. O

Proposition 7.7. Suppose that K s perfect and large, V is a K-variety, X C Y are éz
subsets of V(K), and dim X = dimY. Then X has nonempty € k-interior in Y.

The converse to Proposition (7.7 fails, e.g. let X = {(0,1)} and Y = X U{(¢,0) : t € K}.

Proof. Applying Lemma to Y we let W be a smooth subvariety of V', O be an étale
open subset of W(K), and U be a dense open subvariety of V' such that Y N U = O and
dim Y'\O < dim X. By Fact[L.3dim X = max{dim XNO, dim X\O}, so dim XNO = dim X
By Proposition X N O has nonempty € g-interior in W (K'), so X N O has nonempty € -
interior in Y. 0

We give an application to definable groups in éz fields. Recall that a K-algebraic group is a
group object in the category of K-varieties.

Corollary 7.8. Suppose that K is large, G is a K-algebraic group, and H is an éz subgroup
of G(K). Then H is an étale open subgroup of its Zariski closure in G(K). Thus if K is éz
then any definable subgroup of G(K) is an étale open subgroup of its Zariski closure.

Van den Dries showed that if K is a characteristic zero Henselian field then any definable
subgroup of Gl,,(K) is a valuation open subgroup if its Zariski closure [vdD89] 2.20].

Proof. Let W be the Zariski closure of H in G. Then W is a K-algebraic subgroup of G, so
W (K) is a Zariski closed subgroup of G(K). Note that if « € W(K) then z — ax gives a K-
variety isomorphism W — W, and hence induces an & g-homeomorphism W(K) — W(K).
By Corollary H contains a nonempty étale open O C W(K). We have H = |, aO,
so H is an étale open subset of W (K). O

We now discuss large simple fields. We assume some familiarity with forking in simple
theories. We refer to [Pil98] Section 3] for background on f-generics in groups definable in
simple theories, note that Pillay uses “generic” where we use “f-generic”.

Corollary 7.9. Suppose that K s perfect, bounded, and PAC and X is a definable subset
of K". Then X is f-generic for (K™, +) if and only if X has nonempty € k-interior in K.
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Bounded PAC fields are simple [Cha99], all known infinite simple fields are bounded PAC,
and infinite simple fields are conjectured to be bounded PAC. Pseudofinite fields and infinite
algebraic extensions of finite fields are perfect, bounded, and PAC. Corollary follows from
Corollary below and the fact that perfect bounded PAC fields are éz.

Corollary 7.10. Suppose that K is perfect, large, and simple. Let X be an éz subset of K™.
Then X is f-generic for (K™, +) if and only if X has nonempty & -interior. In particular
an existentially definable subset of K™ is f-generic for (K™, +) if and only if it has nonempty
& ic-interior.

Corollary follows from Lemma [7.3 Fact [7.11 and Lemma below. Fact is
proven in [PW].

Fact 7.11. If K is large and simple then any nonempty definable étale open subset of K™ is
f-generic for (K™, +).

Lemma 7.12. Suppose that K s infinite and simple, X is a definable subset of K", and X
is not Zariski dense in K™. Then X is not f-generic for (K™, +).

In the proof below we use “f-generic” for “f-generic for (K™, +)”.

Proof. Tt suffices to show that the Zariski closure of X is not f-generic. Thus we may
suppose that X is Zariski closed, in particular X is quantifier free definable. Let K be a
highly saturated elementary expansion of K and K*& be the algebraic closure of K. Let
Y be the subset of K" defined by the same formula as X and Y’ be the K*¢-definable set
defined by the same (quantifier free) formula as X. Fix a € K" such that the type of a over
K is f-generic. It is enough to show that a + Y divides over K. Let (a;);c; be a K-Morley
sequence in a over K. Then (a;)ic; is also a Morley sequence in K¢, Then a + Y’ divides
in K¥& over K as dima + Y’ < n, so by Kim’s lemma, (a;);c; witnesses dividing in K2, It
is now easy to see that a + Y divides over K. O

8. ALGEBRAIC BOUNDEDNESS, PROOF OF THEOREM E

In this section we show that éz fields are algebraically bounded. Let Z be a K-variety. Given
a subvariety W of Z x A! we let W, be the scheme-theoretic fiber of W over a € Z. Given
a subset X of Z(K) x K we let X, be the set-theoretic fiber of X above a € Z(K), i.e.
{b € K : (a,b) € X}. Recall that the K-points of the scheme-theoretic fiber agree with the
set-theoretic fiber of the K-points, i.e. W,(K) = W(K),.

Theorem 8.1. Suppose that K is éz, Z is a K-variety, and X C Z(K) x K 1is definable.
Then there are closed subvarieties Vi,...,Vy of Z x A' such that for any a € K™ with
0 < |X,| < oo there is i such that (V;), is finite and contains X,.

We first explain how Theorem implies that éz fields are algebraically bounded. Alge-
braically closed fields are algebraically bounded [vdD89, 2.9], so we suppose that K is éz and
not algebraically closed. Let X C K™ x K be definable, and V;, ..., V, be closed subvarieties
of A™ x Al as above. Applying Fact we obtain for each V; a polynomial f; such that
Vi(K) ={a€ K™ x K : fi(a) = 0}. Algebraic boundedness follows.

We first prove Lemma [8.2]
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Lemma 8.2. Suppose that K is large, Z is a K-variety, W is a subvariety of Z x A', O
is a nonempty étale open subset of W(K), and a € Z(K) lies in the image of the projection
O — Z(K). Then O, is finite if and only if W, is finite.

Proof. The right to left implication is trivial. Suppose that W, is infinite. Then W, is a dense
open subvariety of A!, so W,(K) is a cofinite subset of K. Let W, — W be the morphism
given by « — (z,b). Then O, is the preimage of O under the induced map W, (K) — W (K).
Therefore O, is a nonempty étale open subset of W,(K), hence O, is an étale open subset
of K. Hence O, is infinite by largeness. 0

Lemma 8.3. Suppose that K is large, Z is a K-variety, and X C Z(K) x K is an éz set.
Then {a € Z(K): 0 < |X,| < oo} is definable and there is n such that if a € Z(K) and X,
is finite then | X,| < n. Particularly, if K is éz then K eliminates 3.

Proof. The second claim follows easily from the first claim, so we only prove the first claim.
Let Wi, ..., W; be closed subvarieties of Z x A! and Xi,..., X, be such that each X, is a
nonempty definable étale open subset of W;(K) and X = |JI_, X;. For each i let ¥; be the
set of a € Z such that [(W;).| < co. By Fact|1.2|each Y; is a Zariski open subset of Z, hence
Y; N Z(K) is definable. For each i let P, be the set of a € Z(K) such that a € 7w(X;) implies
a € Y;. Note that each P, is definable. Lemma shows that for any a € Z(K), (X;), is
finite if and only if a € P,. Therefore 0 < |X,| < oo if and only if a € 7(X) and a € P, for
all 7. Finally note that w(X) is definable.

Fact[L.2)shows that for each i there is n; such that if a € Z and |(W;),] < oo then |(W;),| < n;.
By what is above we have |X,| < oo if and only if there is I C {1,...,k} such that
Xo € Uie;(Wi)q and |(W),] < oo for all i € I. Thus |X,| < oo implies |X,| <ny+...+ny
for all a € Z(K).

U

We now prove Theorem [8.1]

Proof. By Lemma {a € Z(K) : 0 < |X,| < oo} is definable. After possibly replacing X
with {(a,b) € X : 0 < |X,| < oo} we suppose that X, is finite for all a« € Z(K). Applying
Lemma we fix smooth irreducible subvarieties Wi, ..., W} of Z x A and X, ..., X} such

that each X; is an étale open subset of W;(K) and X = Ule X;. By Fact each X is
Zariski dense in W;. Let m: Z x A! — Z be the projection.

Claim 8.4. Fixi and let Y; = {a € 7(W;) : |(W})a| < 00}. Then dim7(W;)\ Y; < dim 7(W;).

Proof. By Fact 7(W;) is constructible and Y; is a Zariski open subset of 7(W;). Note
that 7(X;) is Zariski dense in w(W;) as X is Zariski dense in W;. By Lemma[8.2]7(X;) C Y;,
so Y; is Zariski dense in 7(X;). By Fact dim7(W;) \ Y; < dim 7(W;). Octaim

Let W = Ule W;. Then X is Zariski dense in W, hence (X)) is Zariski dense in w(W).
We apply induction on dim7(X) = dim#x(W). If dim7(X) = 0 then 7(X) is finite, so X
is finite, hence Zariski closed, and we take ¢ = 1, V} = X. Suppose dim7 (W) > 1. Let
T = Ule[ﬂ(VVi) \ Y;]. By the claim and Fact [1.3| we have
dim 7 = max{dim 7 (W) \ Y1,...,dim7(Wy) \ Yi}
< max{dim 7 (W), ..., dim 7 (W)} = dim = (W).
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As T is constructible X N [T x A'] is definable. Applying induction to X N[T x A!] we obtain
closed subvarieties Vi, ..., V;_; of Z x A! such that if a € Z(K)NT and X, # (), then there
is i€ {1,...,¢ — 1} such that X, C (V;), and (V;), is finite. Now suppose a € Z(K) and
a ¢ T. By definition of Z each (W;), is finite, hence W, is finite. Let V, = W. O

9. THEOREM F GENERIC CONTINUITY OF DEFINABLE FUNCTIONS

Proposition 9.1. Suppose that K is éz, X is a definable subset of K™, and f: X — K" is
definable. Let E be the set of a € X at which f is continuous. Then dim X \ E < dim X.

We do not know if E is definable. Proposition[0.I]shows that the set of points of discontinuity
is contained in a definable subset of X of dimension < dim X. Proposition follows from
Proposition [9.2] and Lemma [7.6]

Proposition 9.2. Suppose that K is éz, V' is a smooth irreducible subvariety of A™, O is a
nonempty definable étale open subset of V(K), and f : O — K™ is definable. Then there is
a dense open subvariety U of V' such that f is continuous on O NU(K).

Thus if K is éz then any definable function K™ — K™ is € g-continuous on a dense Zariski
open subset of K™. Note that O N U(K) is €x-dense in O by Fact [1.15| Proposition is
a consequence of the following generic description of definable functions with codomain K.

Proposition 9.3. Suppose that K is éz, V' is a smooth irreducible subvariety of A™, O is a
nonempty definable étale open subset of V(K), and f : O — K is definable. Then there is a
dense open subvariety U of V', definable étale open subsets Oy, ..., O of O, and irreducible
hi, ... hg € K|z, ..., Tp, t] such that ONU(K) = Ule O; and for every i € {1,...,k}:

(1) hi(a, f(a)) =0 and h;(a,t) is not constant zero for all a € O;,

(2) the closed subvariety W; of U x Al given by hi(z1, ..., 2y,,t) = 0 is smooth,

(8) the graph of the restriction of f to O; is an étale open subset of W;(K),

(4) [ is continuous on O;.

We prove Proposition by obtaining (1) — (3) and then applying Lemma to get (4).
We I'(f) be the graph of a function f.

Lemma 9.4. Suppose that K is large and perfect, V' is a smooth irreducible K -variety, O is
a nonempty € -open subset of V(K), W is a smooth irreducible subvariety of V' x A™ with
|[W,| < 0o foralla €V, and f : O — K™ is such that T'(f) is an étale open subset of W(K).
Then there is dense open subvariety U of V' such that f is continuous on U(K)NO.

Proof. Let 7 be the projection W — V. Then 7(W) contains O, so by Fact 7(W) is
Zariski dense in V. Therefore 7 is dominant. By Fact [[.2}5 dim V' = dim W. Corollary
gives a dense open subvariety U of V such that the projection W(K)N[U(K)x K"] — U(K) is
Ek-open. Suppose that a € U(K)NO. We show that f is continuous at a. Let P C K™ be an
étale open neighbourhood of f(a). By Fact[1.13]5 U(K) x P is an étale open neighbourhood
of (a, f(a)), hence @ := w(I'(f)N[U(K) x PJ) is an étale open neighbourhood of a. Suppose
that «’ € Q. The projection I'(f) N [U(K) x P] — U(K) is injective, so (d/, f(a')) is in
L(f)N[U(K) x P], hence f(a’) € P. O

Lemma (9.5 produces the irreducibility required by Proposition [9.3
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Lemma 9.5. Suppose that K is algebraically bounded, X is a definable subset of K™, and
f: X — K is definable. Then there are irreducible gy, ...,qr € K[z1,...,2m,t] such that
for every a € X there is i such that g;(a,t) is not constant zero and g;(a, f(a)) = 0.

Proof. As K is algebraically bounded there are hy,..., hy € K|xy,...,Tn,t] such that for
every a € X there is ¢ such that h;(a,t) is not constant zero and h;(a, f(a)) = 0. For each

ilet hl,... ,hf;(i) € Klxy,...,om,t] be the irreducible factors of h;. Then for every a € X

there are 7, j such that h;(a,t) is not constant zero and hl(a, f(a)) = 0. Note that h!(a,t)
cannot be constant zero. U

We now prove Proposition [9.3]

Proof. Applying Theorem and Lemma we get irreducible hy, ..., hy € K[xq,. .., 2, 1]
such that for every a € O there is ¢ € {1,...,¢} such that h;(a,t) is not constant zero and
hi(a, f(a)) = 0. For each i let

Yi={ae€U:hia,t) #0,hi(a, f(a)) = 0}.

Note that each Y; is definable, hence éz, and the Y; cover O. Applying Lemma we see
that for each i we have Y; = O; UY, where O; is a definable étale open subset of V(K)

and Y is not Zariski dense in V. Let U be a dense open subvariety of V' such that each
Y/ is disjoint from U. After replacing O with U(K) N O we may suppose that each Y; is
étale open. Let W; be the closed subvariety of U x Al given by hi(xy,...,z,,t) = 0, note
that W; is irreducible as h; is irreducible. The image of the projection W; — U contains O;
and is hence dominant. For each i let U; be the set of a € V such that |(W;),] < co. By
Fact cach U; is an open subvariety of V. If a € O; then |(W;),| < oo as h;(a,t) is not
constant zero, so each U; is Zariski dense in V' by Fact . After replacing U with (._, U;
we suppose that each projection W; — U has finite fibers. For each i let W/ be the singular
locus of W;. As K is perfect W/ is a proper closed subvariety of W; so dim W/ < dim W;.

7

Let 7 be the projection U x A — U. Hence
dim7(W/) = dim W, < dim W; = dim U.

where the equalities hold by Fact as the projection W; — U has finite fibers. Hence each
m(W/) is not Zariski dense in U, so there is a nonempty open subvariety U’ of U which is
disjoint from each 7(W/). For each i, W; N[U’ x A'] is smooth, so after replacing U with U’
we suppose that each W, is smooth. We maintain our assumption that each W; is irreducible

as an open subvariety of an irreducible variety is irreducible.

It remains to arrange that the graph of the restriction of f to O; is an étale open subset
of Wi(K). Let f; be the restriction of f to O;. Then I'(f;) is an éz subset of W;(K), so
by Lemma ['(f;) = P, U Z; where P; is a definable étale open subset of W;(K) and Z;
is not Zariski dense in W;. Let Z] be the Zariski closure of Z; in W;. As above we have
dim7(Z]) = dim Z < dimW; = dim U. After again shrinking U as above we suppose that
U is disjoint from each 7(Z]). It follows that I'(f;) = P; for all i. O

We now prove Proposition [9.2]

Proof. Let f = (f1,..., fn). Applying Proposition we obtain for each i € {1,...,n} a
dense open subvariety U; of V, irreducible polynomials h;, ..., hy € K[xy,...,2y,t], and
definable étale open subsets O;1, ..., O; of O such that for each i:
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(1) ONUI(K) =U;_; O,

(2) hij(a, fi(a)) =0 and h;;(a,t) is non-constant zero for all a € O,

(3) the graph of the restriction of f; to O;; is an étale open subset of W;;(K), where W;

is the closed subvariety of U; x Al given by h;(z1,...,xm,t) = 0.

Let U = (N, U;, then U is a dense open subvariety of V. After replacing each O;; with
0;; NU(K) we suppose U(K) contains every O;;. For each o : {1,...,n} — {1,...,¢} let
O, be N, Ois(i). Note that ONU(K) is the union of the O,. It is enough to show that for
every o there is a dense open subvariety U, of V such that f is continuous on O, N U, (K).
Hence we fix such o such that O, is nonempty, let O = O, and h; = h;s(;). For each i let
W; be the closed subvariety of U x A! given by h;(z1,...,%m,t) = 0. Then the graph of
the restriction of each f; to O is an étale open subset of W;(K). Following the argument of
Proposition we may also suppose that |(W;),| < oo foralla € U and i € {1,...,n}.

Now let W be the closed subvariety of U x A™ given by
hi(z1,.. . xm,t) = ... = hp(xy, ... 2y, t) = 0.

For each i € {1,...,m} let m; : U x A™ — U x A! be given by 7;(z,y1,...,Ym) = (x,y;) and
let p; : U(K) x K™ — U(K) x K be the induced map on K-points. Then

W=m'W)n...0x, (W,) and T(f) = pr " (T(f1)) 0.0 p H(D(fa)

Note that each m; *(W;) is a closed subvariety of U x A™ and each p; '(I'(f;)) is an étale
open subset of 7r; 1 (W;)(K). Therefore I'(f) is an étale open subset of W (K). Note also that
|W,| < oo for all a € U. The proposition now follows by an application of Lemma . 0

We finally proof Proposition (9.1}

Proof. Applying Lemma let U be a dense open subvariety of A™, V' be a smooth subva-
riety of A™, and O be a definable étale open subset of V(K') such that X NU(K) = O and
dim X \ O <dim X. Let Vi,..., V} be the irreducible components of V. Applying Proposi-
tion [9.2) we fix for each ¢ a dense open subvariety U; of V; such that f is continuous on each
X NU;(K). Note that E contains [J_, X N U;(K) and dim X \ U, U;(K) < dim X. O

REFERENCES
[Ans19] Sylvy Anscombe, FEzistentially generated subfields of large fields, J. Algebra 517 (2019), 78-94.
MR 3869267
[BLR9O] Siegfried Bosch, Werner Liitkebohmert, and Michel Raynaud, Neron models, Springer-Verlag,
1990.

[BSF14] Lior Bary-Soroker and Arno Fehm, Open problems in the theory of ample fields, Geometric and
differential Galois theory, Séminaires & Congres. 27 (2014).

[Cha99] Zoé Chatzidakis, Simplicity and independence for pseudo-algebraically closed fields, Models and
computability (Leeds, 1997), London Math. Soc. Lecture Note Ser., vol. 259, Cambridge Univ.
Press, Cambridge, 1999, pp. 41-61. MR 1721163

, Amalgamation of types in pseudo-algebraically closed fields and applications, J. Math.
Log. 19 (2019), no. 2, 1950006, 28. MR 4014886

[Coul] Gregory Cousins, Some model theory of fields and differential fields, Ph.D. thesis.

[CvdDM80] Greg Cherlin, Lou van den Dries, and Angus Macintyre, The elementary theory of reqularly
closed fields, 1980, manuscript.

[Del81] Frangoise Delon, Indécidabilité de la théorie des anneaux de séries formelles & plusieurs
indéterminées, Fund. Math. 112 (1981), no. 3, 215-229. MR 628071

27

[Chal9]




[DM16]
[EPO5]
[Feh10]
[FH20]

[FJ05)
[Gro65]

[Gro67]
[Gro77]
[Jar94]
[JK10]

[JL89)

Jamshid Derakhshan and Angus Macintyre, Model completeness for henselian fields with finite
ramification valued in a $28-group, arXiv: Logic (2016).
Antonio J. Engler and Alexander Prestel, Valued fields, Springer Monographs in Mathematics,
Springer-Verlag, Berlin, 2005. MR, 2183496
Arno Fehm, Subfields of ample fields. rational maps and definability, Journal of Algebra 323
(2010), no. 6, 1738-1744.
S. Fried and D. Haran, ©-Hilbertianity, J. Algebra 555 (2020), 36-51. MR 4081498
Michael D. Fried and Moshe Jarden, Field arithmetic, Springer Berlin Heidelberg, 2005.
Alexander Grothendieck, Eléments de géométrie algébrique : IV. Etude locale des schémas et
des morphismes de schémas, seconde partie, Publications Mathématiques de I'THES 24 (1965),
5-231 (fr).
A. Grothendieck, Eléments de géométrie algébrique. IV. Etude locale des schémas et des mor-
phismes de schémas IV, Inst. Hautes Etudes Sci. Publ. Math. (1967), no. 32, 361. MR 238860
Alexandre Grothendieck, Séminaire de géométrie algébrique du bois-marie 1965-66, cohomologie
l-adique et fonctions I, sgad, Springer Lecture Notes, vol. 589, Springer-Verlag, 1977.
Moshe Jarden, Algebraic dimension over Frobenius fields, Forum Math. 6 (1994), no. 1, 43-63.
MR 1253177
Markus Junker and Jochen Koenigsmann, Schlanke Kérper (slim fields), J. Symbolic Logic 75
(2010), no. 2, 481-500. MR 2648152
Christian U. Jensen and Helmut Lenzing, Model-theoretic algebra with particular emphasis on
fields, rings, modules, Algebra, Logic and Applications, vol. 2, Gordon and Breach Science
Publishers, New York, 1989. MR 1057608
Will Johnson, Minh Chieu Tran, Erik Walsberg, and Jinhe Ye, The étale-open topology and the
stable fields conjecture, accepted in J. Eur. Math. Soc. (JEMS), arXiv:2009.02319.
Angus Macintyre, On w-categorical theories of fields, Fund. Math. 71 (1971), no. 1, 1-25.
(errata insert). MR 290954
, On definable subsets of p-adic fields, J. Symbolic Logic 41 (1976), no. 3, 605-610.
MR 485335
Hideyuki Matsumura, Commutative algebra, 2 ed., Benjamin/Cummings, 1980.
David Mumford and Tadao Oda, Algebraic geometry. II, Texts and Readings in Mathematics,
vol. 73, Hindustan Book Agency, New Delhi, 2015. MR 3443857
Samaria Montenegro, Pseudo real closed fields, pseudo p-adically closed fields and NTPy, Ann.
Pure Appl. Logic 168 (2017), no. 1, 191-232. MR 3564381
Anand Pillay, Definability and definable groups in simple theories, J. Symbolic Logic 63 (1998),
no. 3, 788-796. MR 1649061
Bjorn Poonen, Rational points on varieties, Graduate Studies in Mathematics, vol. 186, Amer-
ican Mathematical Society, Providence, RI, 2017. MR 3729254
Florian Pop, Little survey on large fields - old € new, Valuation Theory in Interaction, European
Mathematical Society Publishing House, pp. 432—463.
Florian Pop, Embedding problems over large fields, Ann. of Math. (2) 144 (1996), no. 1, 1-34.
MR 1405941
Florian Pop, Henselian implies large, Annals of Mathematics 172 (2010), no. 3, 2183-2195.
Alexander Prestel and Peter Roquette, Formally p-adic fields, Springer Berlin Heidelberg, 1984.
Alexander Prestel, Pseudo real closed fields, Set theory and model theory (Bonn, 1979), Lecture
Notes in Math., vol. 872, Springer, Berlin-New York, 1981, pp. 127-156. MR 645909
Anand Pillay and Erik Walsberg, Galois groups of large fields with simple theory,
arXiv:2011.1001.
The Stacks Project Authors, Stacks Project, https://stacks.math.columbia.edu, 2020.
Lou van den Dries, Model theory of fields, PhD Thesis, Utrecht, 1978.
, Dimension of definable sets, algebraic boundedness and Henselian fields, Ann. Pure
Appl. Logic 45 (1989), no. 2, 189-209, Stability in model theory, IT (Trento, 1987). MR 1044124
William H. Wheeler, Model complete theories of pseudo-algebraically closed fields, Ann. Math.
Logic 17 (1979), no. 3, 205-226. MR 556892

28



https://stacks.math.columbia.edu

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF CALIFORNIA, IRVINE
Email address: ewalsberQuci.edu
URL: https://www.math.uci.edu/ ewalsber

INSTITUT DE MATHEMATIQUES DE JUSSIEU — PARIS RIVE GAUCHE

Email address: jinhe.ye@imj-prg.fr
URL: https://sites.google.com/view/vincentye

29



	Examples of éz fields
	How we prove Theorem A
	Acknowledgements
	1. Conventions and background
	1.1. Basic conventions
	1.2. The relative Frobenius
	1.3. The étale-open topology
	1.4. Characteristic zero Henselian fields

	2. Universal homeomorphisms and Galois actions
	3. Proof of Theorem G
	3.1. The characteristic zero case
	3.2. The positive characteristic case

	4. Proofs of Theorems A and B
	4.1. Éz sets

	5. Sharpness and applications to large fields
	6. Frobenius fields
	7. Dimension of éz sets, proof of Theorem C
	8. Algebraic boundedness, proof of Theorem E
	9. Theorem F generic continuity of definable functions
	References

