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Abstract. At the clamped edge of a thin plate, the interior transverse defiection w(zy,z2) of the
mid-plane z3 = 0 is required (o satisfy the boundary conditions w = 8w/8n = 0. But suppose that
the plate is not held fixed at the edge but is supported by being bonded to another elastic body; what
now are the boundary conditions which should be applied to the interior solution in the plate? For the
case in which the platc and its support are in two-dimensional plane strain, we show that the correct
boundary conditions for w must always have the form :

W adw  4wT v

"3(1—u)"d—z} 3(1—-v) dx;=-°'

w

B 2 F 3
do 40 dw  40F .dw o
dzy  3(1-v) dz} " 3(1-v) dz}
with exponentially small error as L/h — oo, where 2h is the plate thickness and L is the length scale
of w in the z,-direction. The four cocfficients W2, WF, 68, 6F are computable constants which
depend upon the geometry of the support and the elastic properties of the support and the plate, but
are independent of the length of the plate and the loading applied to it. The leading terms in these
boundary conditions as L/h — oo (with all elastic moduli remaining fixed) are the same as those for
a lhingla(e with a clamped edge. However by obtaining asymptotic formulae and general inequalities
for 8°, WF, we prove that thesc constants take large values when the st‘lpport is 'soft’ and so may
still have a strong influence even when h/L is small. The coefficient W ¥ is also shown to become
large as the size of the support becomes large but this effect is unlikely to be significant except for
very thick plates. When A/ L is small, the first order corrected boundary conditions are

w=0,

which correspond to a hinged cdge with a restoring couple proportional to the angular deflection of
the plate at the edge.

1. Introduction

The determination of the correct boundary conditions satisfied by the interior
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interest for a century and a half. In the case of a thin plate with a clamped edge,
the classical conditions

w=22 -0, M
(where w is the transverse displacement of the mid-plane and n is perpendicular to
the edge) were first suggested by intuition. However, for a free edge, the same intu-
ition suggests three boundary conditions on w whereas the governing equation of
thin plate theory admits only two. The resolution of this difficulty was first deduced
variationally by Kirchhoff [12] and confirmed asymptotically by Gol'denveizer
(3] and Friedrichs and Dressler [2]. They showed that, in the limit as the plate
thickness 2h tends to zero, there is a boundary layer of thickness O(h) near the
edge of the plate and that the classical thin plate solution is the leading term (as
h — 0) of the interior solution*, which excludes the edge zone contribution. Thus
the correct boundary conditions for thin plate theory are the conditions satsified, at
the edge of the plate, by the leading term of this interior solution. This approach
({3, [2)) justifies the use of Kirchhoff’s two ‘reduced’ boundary conditions at the
traction free edge of a thin plate, and also the use of conditions (1) at an edge of a
thin plate at which the (three-dimensional) displacement u = 0.

For moderately thick plates, the interior solution may not be represented with
sufficient accuracy by its leading term as A — 0. In this case it is necessary
to include one or more of the higher order terms in its asymptotic expansion,
or perhaps even to use the full interior solution. Gregory and Wan [7]-[11] and
Lin and Wan [13), [14] have developed a general method for determining the
boundary conditions which should be applied to the full interior solution (or its
approximations) for various kinds of imposed data at the cdge of a plate or shell. In
[7], (8], [9], examples are given in which the correct boundary conditions satisfied
by the full interior solution in an isotropic plate can be found exactly; these results
are extended to the orthotropic case in [13], (14]. In [11], a two term asymptotic
theory is developed for the axisymmetric deformation of a circular cylindrical
shell. A feature of such higher order theories is that the edge data must be known
pointwise (and not just its stress and couple resultants given, for instance). This is
because the higher order terms of the interior solution are sensitive to changes in
the edge data which leave the leading term unaffected.

In the present paper we develop the theory for a model of a clamped edge,
which is more general, and more physically realistic, than the imposition of the

data u = 0 over the edge. The condition u = 0 corresponds to the edge of the -

plate being perfectly bonded to a fixed rigid surface with the same contour as the
edge; in the particular case of a straight edge, it corresponds to the edge being
butt-jointed to a flat rigid wall. However, this is not the only, nor even the most

* In the language of matched asymplotic expansions, this is the outer asymptotic solution (as
h — 0); the corresponding asymptotic solution valid in the neighborhood of the plate edge is called
the inner asymptotic solution. .

e
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Fig. 1. The geometry of the plate and its support.

usual, method of clamping. Instead, the plate might have its edge built into an
elastic wall (or other structure), or have its faces near the edge gripped by a vise;
a typical configuration** for a plate! and its support (in two-dimensional plane
strain) is shown in Figure 1. Quite apart from the fact that these alternative forms
of support act on a band on the faces of the plate, as well as on the edge itself, they
differ from the condition u = 0 in that the support is itself elastic.

The question now arises as to what boundary conditions should be applied to the
interior plate solution at such an edge. Even for thin plates, one would not expect
the conditions (1) to continue to hold in general, since the material of the support
could be relatively soft and thus allow the edge of the plate to translate and rotate.
This question is investigated for the case in which the plate has a straight edge, and
the plate and its support are in two-dimensional plane strain deformation; the plate
is not restricted to be thin. By use of the elastic reciprocal theorem, we prove that,

** The elastically clamped edge that is the subject of the present paper should not be confused with
the ‘elastically built in edge’ described by Timoshenko and Woinowski-Krieger [18), p. 86, which is
essentially an edge strengthened by a rib that is otherwise free to move. Our support is elastic but is
restrained by having part of its own boundary clamped.

! We restrict ourselves to the case in which the plate is homogeneous and isotropic; u, v are its
shear modulus and Poisson's ratio respectively.
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for any form of support, the correct boundary conditions satisfied by the mid-plane
displacement w(z,) of the interior solution have the form

4WB zdzw 4WF 32‘_311_1_

J AW jedw AW v )
WS d T3 —v) " da)
dv __40%  dw 407 ,dw_ , 3)

dw 467 ,dw D jpalfv_
dr; 3(1-v) dz?  3(1-v) dz

with exponentially small error as L/h — oo, where 2h i.s the Plate thickness. and
L is the length scale of w in the x-direction. The four dimensionless coefficients
wB, wF, 6B, 6F are computable constants which depend on the geometry of
the support and the elastic properties of both lhe' support and t‘he plate, but are
independent of the length of the plate and the loading applied (9 it. . .
One immediate, and interesting, consequence of (2) and (3) is that their leading
terms as L/h — oo (with all elastic moduli remaining fixed) are the.same as (1).
Thus, in this ‘thin plate’ limit, any form of support, however Zoft. wnll;:lamp the
edge in the sense that (1) holds. However, for a soft support, 6 and W* are large
constants (see below) so that h/L must be taken correspondingly small for (1) to
imate (2), (3) accurately. '
app\l:’): :I?ow tgm)t l(he) terms in (2), (3) involving W ¥, © 78 have an appealing physmal
interpretation. This is that the action of the suppon is (i) to oppozse th; rotau?p of
the plate at z; = 0 as if it were a (coiled) spring of modulus u.h../e , and Fll) to
oppose the transverse displacement of the plate 'at T, = 0 as le it F\fvcre a (linear)
spring of modulus u/WB. The terms in (2), (3) involving W2 , (2 have no such
interpretation, but are further ‘thickness effects’ of order O(h*/L*) as L/h — oo.
By extending energy arguments employed by St.cmbgrg an;i an)wles (16], we
prove a number of results concerning the changes in 07, W which result from
changes in the size or elastic properties of the support. Loosely expressed, these
m-(i) ©8 and WF increase as the size of the sgpport increases.;n pax;icular, for
supports lying entirely in z; < 0, the least possible values. ff)r 9 W are those
corresponding to the edge condition u = Qatx; =0 (butt-}m'nung to a rigid \.vall).
(ii) ©F and WF increase as the support becomes 'softer,. In pam.cular', if ti_lc
support is homogeneous and isotropic with shear modulus ;' and Poisson’s ratio
', then ©F and WF increase as ' decreases or as v’ decreases. Moreover, as
u'/u — 0, 6P and WF increase like p/p'. (W8 and ©F probably also behave in
the same way, but this is not proved in the general c_ase.] o
We further prove that if R/h — oo, where R is a mpre§entatlve’ radius’ of
the support, then ©5 increases to a limit, but WF behaves like (u/u. )In(R/h);
thus WF tends to infinity as R/h — oo, albeit rather slowly. For this reason, a

semi-infinite support cannot necessarily be used to model a very large support.
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Collectively, these results show that, when u /4’ is moderate or large, the condi-
tions (2), (3) may be accurately approximated by the classical thin plate conditions
(1) provided that -

(2) ()«
B e e

When p/u’ is small, 88 and W approach their ‘rigid support’ limits so that we
then require

and

h
- 6
L<<1 (6)

(£) () ()<

Although in principle the conditions (5), (7) are independent of (4), (6) respectively,
in practice it would be highly unlikely for them not to hold when (4) or (6) do.
When h/L = 0.1, say, this would require R/h to exceed e'®, an unrealistically
large value! :

When (h/L)?W8B, (h/L)?6F « 1, the terms in (2), (3) involving WB, ©F
are negligible and the support acts (as explained above) just as if it were a pair
of springs exerting a linear restoring couple and transverse force on the edge of
the plate. In this case, the WF term (which gives rise to the restoring transverse
force) is most unlikely to be as significant as the 62 term (which gives rise to the
restoring couple); this can only happen when the support ‘radius’ is unreallistically
large. If h/L is small enough so that the WF term is negligible (by virtue of (5) or
(7)) then the boundary conditions at the edge of the plate reduce to :

and

w =0, (8)
—— = ——h—— =0, 9)

which corresponds to a hinged edge with a restoring couple proportional to the
angular deflection of the plate at the edge. In all practical cases (8), (9) represent
the most significant correction to the ‘thin plate’ conditions (1).

An interesting question remains which is not addressed in the present paper.
Suppose that the plate is bonded to some large support whose material properties
are similar to those of the plate so that y/y’ is neither large nor small. What are the
numerical values of ©F etc., and how small must h/L actually be for the support
to be represented accurately by the limiting conditions (1)? This question will be
answered in a later communication. : o
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2. The Fundamental Bending and Flexure Problems and the Constants 67,
wb; ef, wF
“onsider the elastic system shown in Figure 1 which is in plane strain deformation*
arallel to the (z, z3)-plane. In the region z; > O we have the ho'mogenc'ous,
sotropic plate*™* =y > 0, |z3] < h whose t:aces Ty = ih_ are traction fr.ee, the
ylate has shear modulus gz and Poisson’s ratio v. Il? the region z, < 0, this plate
s bonded to an elastic support R which is not required to be enfhcr homogeneous
r isotropic. Part of the boundary of this support may be t'racu'on free,'but some
art of its boundary is clamped (that is, u = 0 there) and it is thls'c‘lamgmg whnc'h
alances any loading applied to the plate. Suppose t.hat the s.emn-mﬁmlf: pla}e is
oaded at £; = 400 by the couple M = uh? (pl;:r unit lengt‘l; in the zztdlrecuon).
This loading generates a unique elastic field {7 (:c), z3), u”(z},z3)} in the plate
nd its support. In particular, u? can be expanded in z; > 0 (see [7], Theorem 1)

n the form
(ug) _ uh2uVB+eB (—53) +th ((1)) +h0(e—7xl/h)’ (10)
u - T
31_13 _ uhz‘rVB +u0(e—‘m/h) (1)

s £; — 00, uniformly for |z3| < h, where ©8, W are dimensionless constants.
’

te that . . .
:i(; e{r"B u" B} is the Saint-Venant bending field for unit bending couple as given
1)

i) j: :: ‘;pggg::vse constant whose value' is approximately 3.75 if t.hc sulppon is
symmetrical about the plane z3 = 0; in ger:eral, v = 2.1 approximately.
Similarly if the plate is subject to ﬂe)}ure. at | = +oo‘ by' the ;raqsvgris
orce @ = ph (per unit length in the :cz-dlr_ccuon) thgn the resulting elastic fie
rF(zy,z3),uf (z1,23)} can be expanded in 1 > 0 in the form

F - F 0) —rni/hy 12)
() oo () o ()it

F = puheVF +u0(e—7"/h) (13)

s £; — oo, uniformly for |z3] < h, where ©F, WF are dimensionless constants;

| , _

ere {1V F,u¥ ¥} is the Saint-Venant flexure field for unit transverse force as given
’

1 Appendix 8.

* The linearized theory of elasticity is assumed throughout. Where necessary, we assume the strain

':Erggo(r’etrll)seﬂ;\:r%ob:cpg; :;Lv;n?::':;::fundamemal bending and flcxure solutions, this plate is semi-

Vfinite; however, in more general problems it will extend to z; = L and be loaded by tractions acting

v II: o:;rLéeIE;!u%nhéf flexure, the bending moment at z; = 0 is zero. The same applies to the

aint-Venant fiexure field. - .
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The four dimensionless constants 8, W 8, 9 F W F depend upon the geometry
and elastic properties of the support and upon the elastic properties of the plate.
In (10), (12) the terms involving these constants represent additional rigid body
deflections which will be different for different supports.

Although the constants 6F, W& are defined independently, they are in fact
simply related:

THEOREM 1. For any form of support,
3
F_wbB_ 2 . 14
e w 70 (4+v) (14)

Proof. We apply the (two-dimensional) elastic reciprocal theorem to the elastic
states {78, uP}, {+F uF}, thatis

/ [u,pr,f - uf‘r,ﬂ n;ds = 0. (15)
Cx

In (15), Cx is the boundary of Vy, which is the region occupied by the support
together with that part of the plate lyinginz; < X; here X is an arbitrarily chosen
positive constant. The contributions to (15) from the support boundary and from
the free surfaces of the plate vanish so that (15) becomes*

h
B.F., B F__F B __Fp —
[_h [“l Tintuy Ty -y Tn'us‘fst 121 =0 (16)

=

forall X > 0.

LEMMA 1. If {+(D, u(')}, {r@, u(z)} are any plane strain elastic fields defined in
A <z < B, |z3] < hand satisfying traction free conditions on A < T < B,
[z3| = h, then the ‘reciprocal product’

h
/_h [ugl)r,(,z) + ugl)TJ(lz) - ufz)r,(:) - u:(’Z)TJ('I)]:':X dz; (17)
is independent of X for A < X < B.

Proof.  This follows immediately by applying the reciprocal theorem to
{r('),u(')}, {+®, u(z)} around the perimeter of the rectangle A; < z; < B,,
T3l Sh, (A< A < B, < B).

Now substitute the expansions (10)«(13) into (16). The exponentially decaying
parts of {75 uly, (rF, u¥}, and also the non-decaying parts, are elastic fields
defined in z; > 0, |za] < h which satisfy traction free conditions on z; > 0,
|z3] = h; thus Lemma 1 applies to their separate reciprocal products. For any
such reciprocal product involving an exponentially decaying field, let X — 00;

* The elastic fields may have certain points of singularity (at (0, +h) for example). In such cases
the contour Cx must be indented into a small circular arc around each singular point (see [7], Figure
1). We assume that the contributions to (15) from <k aree samick oo ot ote o w PO
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clearly the value of the product tends to zero, and hence by Lemma 1 is zero. The

; ; : B B
* one remaining reciprocal product, involving the non-decaying parts of {T7,u”},

{rF, uf} is most easily evaluated by setting X = 0; this is permissib_le sim:f: the'se
non-decaying parts are defined (and satisfy traction free conditions) in the infinite
plate |z3] < h. The integrations are elementary and lead immediately to (14).

THEOREM 2. The constants 88, WE; 6F, WF can be expressed as integrals along
the arc ) = 0, |z3| < h as follows:

h
ef = -%/ {4z3uf’(0,x3) + ngu"'rg(o, z3)}dz;, (18)
—h
h
wh = —8—25 [ (anf (0,32) +vadu~ vy, as))das, (19)
—h - _

h ' _ : 3
oF = oz [ {6(W =2} 0,23)+ (2=v)adu~' (0, 29)} o+ 3, (20)

wFf = é—l,;‘- /hh{ﬁ(h2 - x%)uf(O, z3) + (2 — V)3~ 71 (0, 3) }dz3. (21)

i iprocity. For example, by
Proof. These formulae are also proved by using reciproci :
applying Lemma 1 to the elastic states {rB,uP}, (Y8, u" B} we obtain that

h B VB_B
J(X)= / [WPri® 4 ufrli® =Bl -y Pef] _dr @)

is independent of X (X > 0). If we replace {78, u?} by the expansions (10), (11)

and proceed as in the proof of Theorem 1, we find that
J = ph?eB,

However we may instead let X — 0+ in (22) and replace {77, u"?} by the

explicit expressions in Appendix 8. This yields (18), and the other formulae are

obtained in a similar manner.

! (23)

: i e in which the plate is bonded to a rigid wallatz; = 0,
m‘;t;li?;r:tegzn.l.c?g; z:1Save already begn determined and we sl'\all denote their
values by 65 ... WOF . In this case, the displacements appearing in (18)«21) are
zero and the tractions at z; = 0 have been calculated numengally by Gregory and
Gladwell [6]. The necessary weighted integrals of these tractions were calculated
in [6] and are tabulated there and also by Gregory and Wan [7], p. 44. In terms of

the notation* used in [7],

v B v

4 4
of = -3t Wo' = -tz 24)

* In [7], the symbols 885 ... WBF are used to denote =" 6g ... u~ "W, but this notation is
less convenient in the present paper. .
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k)
4’

2-v

2 —
F v 3 nf, (25)

8

where the dimensionless constants t X (v), nX (v) are defined in [7] and are tabulated
there for v = }, i, %

WOF =

nf-{-

3. Boundary Conditions Satisfied by the Interior Plate Solution at z 1 =0

Let the plate and its support be as shown in Figure 1, but suppose now that the plate
terminates at z; = L (L > 0) and that tractions* act on the edgex) = L, |z3] < h.
(These tractions may be prescribed, or may arise indirectly from e.g. prescribed
displacements on z; = L, |z3] < h.] Let the resulting elastic field in the plate and
its support be denoted by {7, u}. Then in the region 0 < z; < L, |z3| < h, {r,u}
can be decomposed in the form (see Gregory [4], Gregory and Wan [7n

{1_,“} = {Tl,ul} + {TPF+,UPF+} + {TPF_,UPF—}, (26)

where {77, u’} is the interior field derived from a transverse mid-plane displace-
ment w (see Appendix 9; w = w(z) in our case) and the PF+ fields are expo-
nentially decaying with exponent v as z;/h — Zoo. [We note that while the
decomposition (26) is known to hold only for 0 < T1 < L, the three terms on the
right side have analytic continuations into the regions —0o < z, < oo, T >0
and z; < L respectively, and satisfy traction free conditions on |z3] = A in these
regions.]

THEOREM 3, The mid-plane transverse displacement w(xy; L) of the interior field
(w1’ } satisfies the following boundary conditions at z; =0:

dw 400 42y 46F . duw
—_— e h— h2 =0 —vL/h 2
[dxn =) a2 T30 -0)" da] om0 G N €))

B 2 F 3
w— W hzd_9+_4_w_hsd_1;f
3(1 - V) dxl

U — A = hO(e~"L/h , (28)
(1 —v) da? L:o ( )

as L/h — oo.
Proof. On applying the reciprocal theorem to {7, u} and {r8,uP} as in The-
orem 1, we obtain

h
/h [ulrﬁ + uw_«ﬂ - 'U,lBT“ - u3BT3|] N = 0 (29)
_— =

for 0 < X < L. In (29) we may replace {7,u} by the decomposition (26) and
{r8,uP} by (10), (11); Lemma 1 can then be applied to each of the various

* These tractions are supposed to be consistent with a plane strain deformation. We shall also
suppose that they have zero resultant in the z-direction; however, il is not necessary (o restrict the
tractions to have anti-symmetry about zy = 0.
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 reciprocal products which now appear. The reciprocal product of'{‘r’ ,’u’ } with the
nondecaying parts of {752, u?} is most easily evaluated by setting X' = 0 (this is
- permissible) and yields

B q? 1 20 dw
L p2 dw _ 407 i3’-+—4+u+—wﬂ)hl— . (30)
plak [(1"’)41;, 3 e 5 3 i1, L,

All but one of the other reciprocal products vanish by lettig% _X -;Ftoo or —o:.
The one which survives is the reciprocal product of {r ,u .} with the
exponentially decaying part of {rB,uP}. If the loading at z; = L is such that
{(rPF=,uPF}|z =L exists and*

)

/h {lTPF_') IuPF-l} |,|=L._d173 < Ah{l‘vh}a (31)
—-h

where A is a constant independent of L, then this last recipr'ocal product iso of orfier
uh20(exp~7E/*) as L/h — oo; also A may be absorbed mtoéhe Oe( .On l:)s(lar:ﬁ
this result (and (30)) in (29), and using '.I'.heorcm 1 to n:p}acc W py - ,wWeo o
the boundary condition (27). Tge cgndmon (28) is obtained in a similar manner by
: F ,,F13 uf).

usnll:%cfn‘: n:'):/ o}nm\ifz::l{ g;ur,ne tgat L/h is large enough so that the right sides
of (27), (28) are x;egligible. Since v = 2.1 (at least), we eyfpect t'his Fo beltrue; X:\;:
L/h > 4, say. This corresponds to a plate whose: lateral dlmer\sn:.m is at leas ic
its thickness; thus the plate is certainly not restncle.:c.i to be tl.un, in the cngmeer_x (g)
sense. In this approximation, the boundary conditions satisfied by w at z; =

become

3 4
dw _ _fgf___hd_z_u_’._;__“_?i_h?i_‘; =0, (32)
dr,  3(1-v) dz?  3(1-v) dz}

AW adt | AWT h’fdjﬂ} =0. 33)
Y730 -y dg? 31 -v) dz

The thin plate limit

If the lateral length scale (for the variation of w(z; L) with z1) is L, in the sense

that
= (34)
dr}

d*Hw
n41
dzl
* Although it is possible to find (L dependent) loadings for which (31) is false, most practical

l()ld n&! w sat S'y th $ CO i .ud on
i ﬂdiuoﬂ. lof ‘Mtlnce. lf lracuon!, lndcmﬂdCHt of L, arce pmcn
z -_i L we“:xw“ {f‘l‘ u }'..sb— o tendto a limiL lndcpendent Or L, as L/h —+ OO.
] (] ’

h z,€(0,L]

=(L/h)~'0 { max
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as L/h — oo, uniformly for z; € [0,L] and for n = 0, 1,2, then (32), (33) have
the limiting forms
} ; (35)

h .
=0 ZO {z,rg(%(l)’,([,] 'wl} ! 36)

as L/h — oo. [ Note that we are supposing that ©F ... WF remain constant in
this limit so that the elastic constants must not change and the only geometrical
parameter which is changing is L. ] Thus, in this thin plate limit, the action of any
support is to ‘clamp’ the plate at ; = 0, It seems at first surprising that if, say, a
steel plate is bonded to a support made of jello, then the jello will clamp the steel
plate if L/h is large enough; but this is so. However we will later show (Theorems
7,8) that, in such a case, the constants ©Z, WF would have extremely large values,
and so L/h would have to be taken correspondingly large before (32), (33) are
accurately approximated by (35), (36) .

h

d
e = -0 { max
=0 L |=zi€or]

d:x:l

dw

dz

w

‘Thickness corrections’ and ‘spring effects’

Although it is legitimate to regard all the terms in (32), (33) involving ©8 ., . wF
as ‘thickness corrections’ which vanish in the limit as L/h — oo, there is a more
physically appealing interpretation. Since the resultant transverse shear force Q
and couple M (z)) (per unit length in the z,-direction) are given* by

h
Q= /_hm(:c.,m)da:;

h auh’ Pw
— I - _ v duw
[-h Ti3(z1,z3)dzs 30— ) b 37
and
h
M = —/hrsfn(xl,-‘ca)dﬂ:s
h 4uh®
I H w
= - ) d = X
/_hxsfn(ll z3)dz3 W —0) 42 (38)
it follows that (32), (33) may be rewritten in the form
dw 40F dw eB
— 4 _ﬁhz._ = [ ——
[(i:ﬂ 3(1 — l/) d.‘L‘? 2,20 uhZ M(O)» 39)

* See Appendix B
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awb L dw WP) 40
— — —_— -_ — . )
[w 3(1—V)h d”%]:go ( " Q (

If, further, (h/L)*©F and (h/L)*W® are negligible**, then (39), (40) reduce to
the form
dw

dz;

_ MO

’ 41)
=0 AM

== (42)
w |£|‘0 AQ !

where A, Ag are constants independent of the loading. Equalipn§ (41), (42) have
the simple interpretation that the action of the elastic support IS‘(I) to oppose the
rotation of the plate at x; = 0, as if the support were a (coiled) spring with modult{s
Aum(= ph?/6P), and (ii) to oppose the z3-displacement of th; plateatz; = 0, as if
the support were a (linear) spring with modulus Aq(= u/W ). Thus in (32), (33)
the terms involving ©8, WF have the role of representing the. effects of these two
‘springs’; such an action of the support might have been anucnpa‘tcd or‘n p_hysncal
grounds. The terms involving ©F , W8 may be regarded as additional thlcknes;
corrections’ order O(h?/L?). We note that unless the value of the constant w
is larger than the values of ef wB by a factor L/h, then its effect will be less
significant than that of the O©F and W8 terms which has already been supposed
negligible. In this case equation (42) reduces to

w=0 (43)

so that the linear spring effect is negligible and any z3—displacement of the plate
at z; = 0 is prohibited by the support.

4. Dependence of 67, WF on the Shape of the Support

We recall that 62, WF are defined via the basic bending and flexure prf)blems
for a semi-infinite plate. Figure 2 shows a semi-infinite plate with two different
supports: . ‘
(l;nzhc support ABCDEF, of which the arcs AB, EF are traction free while the
arc BCDE is clamped (that is, u = 0 there). ‘
(2) the support ABCGHDEF, of which the arcs ABCG, HDEF are traction
free while the arc G H is clamped. ‘ n
We note that support (2) has been obtained from support (1) b).' releasing’ the
arc BCDE, adding the material in the region V,, and then clamping the arc GH.

i i Fy igi ily, since the value of W ¥ may be
** This does not imply that (h/L)’W¥ is negligible, neccssarily,
large compared to the (phe other constants when the dimensions of the support are very large compared
to the plate thickness; see Section 6.
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Fig.2. The semi-infinite plate with two differcnt supports
THEOREM 4. Let the constants ©8, W ¥ with the supports (1), (2) above be denoted
by ef’, er and 9?, WZF respectively. Then
ef > ef, (44)
wf > wF. (45)

Proof. Let the basic bending solutions (with M = ph?) for the supports (1), 2)
be denoted by {7V, utM}, {+(, u?)} respectively. Let X be a positive constant
and let Vx denote the region of the support (1) together with that part of the plate
lying in 2y < X. Now apply reciprocity to {7(®), u@®}, {+® — 78), u@ -y}
around dVx, the boundary of Vx. Then

2 .
/avx ("f )~ "SI))Ti(J'Z)njd" = /3Vx “:('2)(71'(1‘2) - T,'(jl))njds

2 1 2 |
= -~ (uf ) - u,(- ))(r,.(j) - T'.(j))njds + /avx u,(')(r'-(f) - r,.(j'))njd.s. (46)
On taking account of the boundary conditions, (46) reduces to

A
(2)_(2) 2) )y (2 2 Dy (2
/CD u T nyds + /-h [(ug - uf ))T,(,) + (ug ) ug ))Tlf')]z.:,\’ dz;

= /;v (u,(-z) - ufl))(ri(".z) - r‘-(jl))njds
X

h
I R R L) I

1
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Fig. 3. The region V_ is removed from the free boundary (solid line) of support (1) to create
the new free boundary of support (2).

Since {(,u(}, {r@,u?} each have expansions of the form (10), (11) for
z; > 0, it follows on substitution that as X — oo

h 1y (2 2B B
[0 =D+ 0 D) des — wh(0F — 0F)49)

and
h 2 |
/h [usl)(n(lz) — My 4N - Tg‘))]z.=xdx3 —0. (49)

The remaining two terms in (47) can be written as energies. Let L(n(‘v:') denotet the
total strain energy of the field 7 in a region R. Then letting X — oo in (47) gives

ph?(©F — 0F) = 2y (+@ = +(V) + 2y 1 (D)), (50)

where V means Vx| x=oo. [Note that the unit vector n in (47) is outward to Vx and
so inward to V. ; thus the first integral in (47) is ——2llv+(‘r(2))‘.] We assume l.h'at the
materials of the plate and support have positive definite strain energy densities so
that these energies (and p) are positive quantities. Then (50) implies that

ef > e’b. (51)

The inequality (45) is proved in a similar manner by using the two flexure fields
instead of bending fields.

Additional results

(a) Suppose that, in addition to the changes made in support'(l) (shoyvn in' Figure
2), a region V_ of material is removed; this region may be falther enurcl.y internal
to support (1), or include part of its free boundary. Then a simple extension of the
previous argument shows that

ph?(©F — 6F) = 2y (v® — vy 4 20y, (+@) + 2y_(r(M),  (52)
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with a similar expression for uh(W) — WI); thus (44), (45) still hold.

(b) The inequalities (44), (45) also continue to hold if part of the clamped boundary
of support (1) is replaced by a rigid-lubricated boundary in support (2); also when
a rigid-lubricated boundary in support (1) becomes traction free.

COROLLARY For any form of support which lies entirely in Ty < 0, the constants
08, WF must satisfy )

ef > eg, (53)
WF > WOF, (54)

where ©F, W{ are the constants for the case in which the plate is bonded to the
rigid wall £\ = 0; see the note after Theorem 2.
In this sense, the rigid wall is the ‘stiffest’ of all supports.

Examples

(i) Consider the three supports S|, S, S shown in Figure 4. All are traction free
on the parts of their boundaries which lie on z; = 0, |z3] > h, and are clamped on
the parts of their boundaries which lie in z; < 0. Then Theorem 4 shows that

6f <68 « 9?, (55)
wEF <wfF < wy. (56)

Thus the 88 and WF values for an iregular support can be bounded by the
corresponding values for geometrically simpler supports.

(ii) Figure 5 shows four different modes of support. Theorem 4 (and its extensions)
apply so that ©F, W ¥ both increase from (a) to (b) to (c) to (d). A particular case of
this result, in which the clamped surfaces extend to z; = —00, has been obtained
by Austin [1].

5. Dependence of 67, W on the Elastic Moduli of the Support

Consider now a support R whose elastic moduli may be smoothly varied by
changing the value of a real parameter a; the shape of the support and its boundary
conditions do not change. Let the basic bending solution (for the semi-infinite
plate) be denoted by {58(r,a), u?(r,a)}; in particular, the constants 68, wr
are smooth functions of a. The corresponding basic flexure solution carries the
suffix F
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J > Iy
4
Fig. 4. The semi-circular supports Sy, Sz and the irregular support S.
THEOREM 5.
24 B a "B By 4 57)
ph 3;(9 )= |\ agcikt ) T Thide 423,
2 d F d L. F FdI d (58)
ph EE(W )= o \ g ik | Tii T 4T 4T3,

where cijii(r, @) are the elastic compliances of the support (that is €ij = CijkiTki)

and R is the.region occupied by the support. ' . '
Moreover, if dc/da is positive definite, then 68, WF are increasing functions

of a.
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Fig.5. Fourdifferent ‘supports’. X X X X means clamping, while //// means a rigid lubricated
restraint,

Proof. Let the region Vx be the same as in the proof of Theorem 4 (see Figure
2). Then, by the divergence theorem, .

———' T — . ! .
/avx { £ Ty — U —Laoz njds

9 [ouf , Bar,!?
{—acl—fu T g [ 44T (59)

Vx 63:]-

- / O i) g, ufOng ouldni  p(00f\),
vx |\0a dz; | V" 8a 8z; 0zj da “  2a 7z, 1 dzs




172 R.D. GREGORY AND F.Y.M. WAN
B arB

= [ 5 - ep T e da, (60)
vx | Oa Y J Oa

where eZ(r,a) is the strain field of uf(r, ). This last step follows from the
symmetry of 15 and its equilibrium equations. If we now-replace eg by using the
strain-stress relation

€ij = CijkiTkl, (61)
where c¢;jui(r, a) are the elastic compliances, (60) becomes
a4
/ (5—&']‘“) T,-?T,gd:cl dzxs. .(62)
Vx a

However, on making use of the boundary conditions, the left side of (59) becomes

uP ol p por8 _ pord
12 [%.“Tﬁ + FaTH T U P2~ U3 o ex dx3 63)
— yhzj‘;(ea)
as X — oo, on using (10), (11), Equating (62), (63) yields (57), and (58) is obtained

in a similar manner by using {77, uf} instead of {72, uf}. . N
If 3‘9—c is positive definite, then the integrals in (57), (58) are strictly positive,
a

which implies that 88, WF increase with a. .

Remark. Theorem 5 remains true if the compliances of the support vary wn'h
« only in some sub-region of R, and remain constant t':lscwhere. In this case, this
sub-region may replace R as the region of integration in (57), (58).

THEOREM 6. Let the material of the support R be homogeneous and isotropic with

shear modulus i’ and Poisson’s ratio v'. Then ’
(i) ©B, WF increase as y' decreases with v' held constant (and the elastic

constants elsewhere remain constant). ' ’
(ii) ©5, WF also increase (or remain constant) as v' decreases with y' held

constant.
Proof. (i) Let ' = pe~®, where u is the (constant) shear modulus of the plate

and a a variable parameter. Then in the support R

1 2V 5i6
ikl = 3 [6ik6jl+6il6jk ~ T 00k

a 2!/’
= :_II [5ek5jt + 6udjk — 1—_'_—&754,'5&1] (64)

so that

a
A Cijkl = Cijkl: (65)
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Thus 9c;jxi/da is positive definite in R. Theorem 5 then implies that 68, wF
increase as « increases (that is, as u' decreases).

(ii) Now let 4’ be held constant and v’ = . Then, in R,
a 1
8 Ik = 2u'(1 + a)?

Theorem 5 then implies that

6:j 1. (66)

d 1
2" By — _ B_B
uh da(e ) mZu’(l+a)2/;‘T" Tekdr | dz)
<0, (67)

and the same result holds for WF. Thus 68, WF increase (or remain constant) as
a (that is, v') decreases.

THEOREM 7. Let the material of the support R be homogeneous and isotropic with
elastic constants ', v'. Then there exist positive functions C(v'), D(V') such that

ef—ef > C(u')l%, ' (68)

wF_wf > D(u')ﬁ‘;. (69)

[Recall that u, v are the elastic constants of the plate and eB, Wf are the values
of ©F, WF when the plate is bonded to the rigid wall z; = 0.]

[ BI]’rooﬁ On applying Theorem 4 (in the form (50)) with 7() = +8 apnd +(1) =
T7)w=co We obtain

nh*(8% ~ [8F)y=w) > Win (7). (70)
Moreover, [85],,-., > BF by the Corollary to Theorem 4 and so
ph* (68 — 68) > win(+5). (71)

Now we show in Appendix 10 that this strain energy Uz (78) must exceed the
strain energy which would be stored in R if the plate were perfectly rigid, and the
same couple M (= ph?) were applied to it. Thus

ph* (08 - 6f) > (#52)6, 72)

where € is the angle turned by this rigid plate. However, for a support of fixed
shape R, it follows from linearity and dimensional analysis that ¢ must have the
functional form

M
e=mc) (73)
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for some (dimensionless) positive function C(v’). Thus

ph?
= WC(VI)

;n
Cw) L. (74)

- On combining (72), (74) we obtain
of - eg > C(V')f, (75)
as required; (69) is proved in a similar manner.

COROLLARY. For the special case in which the plate with elastic constants p, v
occupies the region zy 2 0, |x3| < h and is butt-jointed to the elastic half-space
z; < 0 (with elastic constant y', V'), the bound (68) becomes

2(1 =) (u)
B_gB 20" "7 (L0 (76)
S n(1+4p6%) \p'/)’

where § = (2r)~ ! In(3 — 4'). '
Proof. In this case, the angle € in equation (72) has been determined exactly

and explicitly by Muskhelishvili [15], p. 477; (76) is obtained from (72) by using
this value for e.

Note: There is no bound for W¥ corresponding to (76); see Section 6.

THEOREM 8. Let the material of the support R be homogeneous and isotropic with
. . . ,
elastic constants y', V'. Then there exist positive functions E(v,v'), F(v,V') such

~ that . ‘
ef —-ef < E(, u')ﬁ, an

wF-wf < Fv, u')%, (78)

when i’ < p. _ .y .
Proof. Let ' = pe™?, where a is a variable parameter, while v remains

- constant. Then, from Theorem 5,
B o
#hz% = /R(%Csm)n‘?fﬂdzndxs )]
= [ cmrfrlidmdzy  (see (64),(65) 0)
R

= Wr(r?) < ph?(8% ~ (8] =c0). (81)
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Asin Theorem 7, this last step follows from the equality (50) in which 7(3) = +-8
and () = [rB],__.. Moreover, since [B8]4=co > OF (see (53)) and Oy is
independent of a, it follows that .

g%(eg -67) <6 -ef (82)
—00 < a < 00). Hence
( )

B _ QB R

i{ln (——e 60)} <0 (83)

da ex
and so

(6% - 6g)e (84)

is a decreasing function of a. In particular, its values when a > 0 must be less than
its value when a = 0, so that

of - 67 < 5 (18%)w=s - ©F) (85)

for 4’ < p. However, for a support of fixed shape R and with the plate subjected
to a couple M (= ph?) at z; = +oo, the quantity [68]},&“ depends only on v, v/
and is known to exceed 6(’,9(11). This proves (77) and (78) is shown similarly.

Remark on the behavior of 88 ... WF as y' Ju — 0.

Theorems 7, 8 show that as u//p — 0 (with constant v, v) then 68, WF tend
to infinity like u/p'. This substantiates our claim (made in Section 3), that ©5,
W F take large values when the support is soft.

We give no proof that W8, ©F behave in the same way in the limitas p'/p — 0.
When the support is soft, one might expect a large rotation of the plate in the bending
problem, and a large z3-displacement in the flexure problem (and not for example
the other way round). The formulae (18)—(21) of Theorem 2 show that we should
then expect large values of 68, WF (which we have proved to be true), but no
large values for W8, ©F. However, an examination of a particular problem solved
by Mukhelishvili [15] p.477-481 (which corresponds to a rigid plate butt-jointed
to the surface of an elastic half-space) shows that in the bending problem, with zero
displacements at infinity, the plate does suffer a shift in the z3—direction as well as
the expected rotation. The value of this shift, corresponding to applied couple M
is not actually derived in [15] but can be inferred to be

461 - v')M
7(1 4+ 48%)u'h’
where 1i’, V' are the elastic constants of the half-space and § = (2m)~'In(3 - 4.

It follows that when a plate with elastic constants i, v is butt-jointed to an elastic
half-space with elastic constants ', v/ then, in the limit in which w/u—0,

(86)

s 4B =) [
WO~ v (5): 87)
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Fig. 6. An (isotropic) semi-infinite support

It further follows from Theorem 1 that OF also must behave in the same way.
It is highly likely then that in general all the constants ©8 ... WF increase
like p/p' as p'/p — 0. We have proved this to be true for 68, WF and, where

necessary, we make the reasonable assumption that this is 3lso true for ©F, W5,

6. The Semi-Infinite Support

One might suppose that, when the plate thickness 2h is small compared wiu.\ t.he si'ze
of the support, such a support could be approximated by an approp;iate semn;nﬁ'mte
support (as shown in Figure 6); the calculation of the constants ©7,. .., W might
then be more tractable. Unfortunately, this is never true for the flexure problem
because, as the ‘radius’ R of the support tends to infinity, the displacement field
uF does not tend to a limit, even though T does.

Consider, for example, a homogeneous, isotropic support with elastic constants
u', V' which extends as faras r = R, (18] < ©/2), where the co-ordinates r, 6 are
shown in Figure 6; the arc = R, |0] < m/2 is clamped. Let the elastic field for the
flexure problem (with Q = ph) be denoted by {rF(x; h, R), uF(x; h, R)}, and
denote the unique stress field corresponding to the limit R/h — co by F(x; h,00).

Then
2u\ h
CrE(h00) = = (2£) Zsind + uO(/r?) (69
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as r/h — oo, |8] < n/2. (The right side of (88) coincides with the well known
solution for a tangential line load ph acting at the surface of the half-space z; < 0;
see Timoshenko and Goodier [17) section 33.) There is no displacement field
corresponding to (88) which is bounded as r/h — co. However we may take one
for which ’

uf (x; h,00) = 1z (P—,) hin <_r_) e3 + O(h) (89)
T u h :

as r/h — 0o, |6] < /2, where ey is the unit vector in the x3-direction. We may
now in principle construct u”(x; h, R) in the form

uf(x;h, R) = uf(x;h,00) + '—;i’i (“—‘7) hln (%) e3 9
+uCORGGh R), 0

where the correction term u€OR is the unique solution of the boundary value
problem for the system, corresponding to zero loading at z; = 400 and prescribed
displacements on r = R, || < m/2; these prescribed displacements are chosen so
that uF(x;h, R) = O on the arc 7 = R, |0] < 7/2; they are O(h) as R/h — oo.
On the reasonable assumption that .

uCOR(x;h, R) = O(h), o1
TCOR(x;h, R) = O(1) 92)
as R/h — oo, Theorem 2 then implies that
)
wF=12V (ﬁ) In (5) +0(1) (93)
1r u h

as R/h — oo, while 6F remains bounded as R/h — co.

Note that
(i) The result (93) is not restricted to semi-circular supports. Any large support

that can be bounded by semi-circular supports (as in Figure 4) will have a
similar form for W¥.

(ii) In the bending problem, both 78, u® tend to limits as R/h — oo and so
it is possible to approximate ©8, W ¥ for a relatively large support by their
limiting values as R/h — oo; this limiting value for ©F is also an upper
bound. Theorem 1 then shows that ©F must also tend to a limit as R/h — oo;
this fact is consistent with the arguments above. This leaves only W ¥ which
cannot be so approximated, but which has the asymptotic form (93).

(iii) Since WF appears in the term of the boundary condition (33) that is of order
O(h/L) as L/h — oo (where L is the lateral length scale in the plate), it might
appear that, even for moderately thick plates, this term is negligible. However,
WF may be large by virtue of (i) the support being relatively soft (4’ /i small),
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or (ii) the support being relatively large (12 /h large). Asa consequence, the W‘i
term in (33) can possibly be more significant than the ‘thickness c‘orrccuon
terms in (32), (33); these terms involve the constants 6F, W5, Wh.ICh dp not
become large in the second limit. However, the WF term in (33) is unlikely
ever to be as significant as the 678 term in (32). For lhe_, WF term to-be of.eq'ual
significance, it is required that R/ h be so large that (b /L) In(R/h) is of similar
magnitude to h/L. Thus, even for a moderately thick plate (2h/L = 1/5, say),
R/h would have to be about ¢!®, an unrealistically large value!

7. Concluding Remarks

 The preceding theorems tell us under what circumstances the various higher order

terms in (32), (33) may be neglected; we restrict our discussion to the case in whicl)
the support is homogeneous and isotropic, with elastic constants w, v, When wlu
is moderate or large, the conditions (32), (33) may be accurately approximated by

~ the classical thin plate conditions (1) if

(."-,) % <1, , (94)
n

(5) (%)31n (%) <1 | (95)

When p/p’ is small, ©8 and WF approach ‘rigid support’ limits so that we then
require

h , (96)
<&, y
7 <K

(5) (%)Jln (%) <1, 7

[We note that, unless R/h is unrealistically large, (95), (97) will hold as a conse-

q“e\';fﬁeiffi?}j)(fvﬁv)? s(lf);c/clil)‘;%y"“] & 1, the W8 and 6F terms in (32), (33) are
negligible and the su;;port acts as if it were a pair of springs exerting a rcslfo’zinlgj
couple and restoring transverse force respetctxvel)" on the edgr: of the plate. If h/
is also small enough so that the WF term is negligible (by virtue of (95) or (97)),
then the boundary conditions at z; = 0 reduce to

w =0, (98)

and

and

dw 407 ,dw_, ’ (99)
doy 3(1-v) do? -
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which corresponds to a hinged edge with a restoring couple proportional to the
angular deflection of the plate at the edgc. In all practical cases (99) represents the
most significant correction to the ‘thin plate’ conditions (1.

APPENDIX

A. Saint-Venant bending and flexure fields for the infinite plate in plane
strain '

For the infinite plate |z3| < h, with its faces |z3] = h traction free and in plane

strain deformation parallel to the (z;,z3) plane, the Saint-Venant bending (VB)
and flexure (VF) fields are given by:

Unit Bending (per unit length in x,-direction).

VB _VB 3 0
vp _ [T T __ 3 [z
T (TRB r}iﬂ) TE (0 o)' (100)
64 3 =2(1 —v)x 1z
VB <= (¥ = 123
= (ugln)—Sulﬁ (uz%—{-(l—u)z%)'- (101)
Unit Flexture (per unit length in the z,-direction).
VF _VF 3 /9 W g2
VFE _ [T T _ o (T3 2
T - (T}%F Tg”) T 4K3 (h_?._xg 0 >’ (102)

ve_ (uVF _ 1 3(1 = v)zlzy + 6hzy — (2 — v)z3
u = u§/p = .

8uh3 2

-(1-v)z} - 3vzzj (103)

In the above formulae, y, v are the shear modulus and Poisson’s ratio for the plate.
Note that, in our definition of flexure, the bending moment is zero at z; = 0,

B. The interior field {7/, u’}, for a plate with free faces, in terms of the
mid-plane transverse displacement w

For the general case in which w = w(zy, x3), we have

2uzx 62 ' 62 (92 2—v
! T3 2 A
= - S +vg + —(h - v
o I-v L%f Yozl * OIf(h g IV w (104)
2uzy  0* 2 -y
L= - _ 2 _ 1yo2
"= T T 500, [(1 v)+(h z3)V J w, (105)
I _ __H 2.2 9
= o m)g s Vi, (106)
=0, - (107)
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Fig. 7. Thearc CD is clamped, while tractions with prescribed resultant force and couple
act on the arc AB. :
| 2-v
ol = -2 9 [(1 —v)+(h? - -——x%)vz] w, (108)
! 1 —-voz 6
v
I~ —-———-xzv’] w (109)
Uy [1 + 2(1 — l/) 3 )
where

viviw =0, (110)
with similar formulae for 7J,, 743, uj. These formulae are well known in the
literature of the so-called ‘exact theory of plates’ (see Timoshenko and Woinowski-
Krieger [18], p.103); more recently however they have been/proved (Gregory [5])

to represent the general interior solution only.

C. Applied tractions, with prescribed resultant force and couple, which
induce minimum strain energy

Solely to conform with the applications in this paper, we will present a two-

dimensional (plane strain) version of this result. Consider the body shown in Figure

7 which is in plane strain deformation parallel to the plane z; = 0. The arc CD' is
clamped (that is, u = 0), the arcs BC and DA are traction free, and tractions with

prescribed resultant force and couple per unit length in the z3-direction are applied’

to the arc AB. Let {1, u} and {7(?,u(®} be any two elastic states generated in
this way, and let Uy () denote the total strain energy in V (per unit length in the
15-direction) of a field 7. Then

Uy(7) = Uy (v®) = Uy (r = 7¥)

1 1 .0, _1/ Oy O
= i_[nvuirijnjds— 5‘/8V LY nlds 2 av(u' Uy )(Tu Tij )nJ (]
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L

! 0)y_(0 1 0 0

= 5,/6V(Ui —iu(‘ ))Tf(,i )'n,jds + -2—./(';‘/ ug )(Tij —T‘(j))n,‘ds (111)
0 0 )

B /av w?(mj = i )nds (112)

on applying reciprocity to the first integral in (111). In view of the boundary
conditions on BC, CD, DA, this reduces to

Uy () =Uy () + Uy (v - 7) + /A . uO(ry; —rMmyds.  (113)

(113) holds for any two fields in V satisfying the boundary conditions on BC,
CD, DA. Suppose now that {7(®), u(®)} is generated by tractions on AB which,
in addition to having the prescribed force and couple resultants, cause the arc AB
to suffer a rigid displacement. Then the integral in (113) is zero since it reduces to
the force and couple resultants on AB of 7 — 7(9), and these are known to be zero.
In this case then

Uy (T) = Uy (D) + Uy (r — 70), : (114)
so that
UV(T) > uV(T(O))) (T # 1.(0)). (115)

Thus, out of all tractions having the same prescribed force and couple resultants
which could act on AB, the tractions which induce the least strain energy in V are
the ones which cause the arc AB to be rigidly displaced.
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