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Carcinogenesis (cancer generation) relies on a sequence of mutations that
transforms cells, leading to their unchecked growth. An important phenomenon
in cancer is genetic instability, or an increased rate of mutations, with a higher
associated cell death rate. Given the trade-off between an increase in mutant
cells by higher mutation rate and higher loss of mutants through a higher death
rate, we ask the question: what mutation rate is most advantageous for cancer?
To seek an answer to this question, we investigate an optimal control problem
of normal and mutant cell growth where the abnormal mutation rate plays the
role of a time-dependent control. The analysis of this problem shows that
the best “strategy” for the fastest time to cancer is to start with a high level
of genetic instability initially, and then to switch to a low level of genetic
instability. The exact shape of the optimal mutation rate as a function of time
depends on how genetic instability contributes to the death rate of cells. If
the death rate is a linear or an increasing concave function of the mutation
rate, the optimal mutation rate is bang-bang, which changes from its highest
to its lowest value with a finite jump discontinuity. However, if the death
rate is an increasing convex function of the mutation rate, then the optimal
control is a continuous decreasing function of time. Two known mechanisms
of cancer initiation have been considered, an activation of an oncogene and
an inactivation of a tumor-suppressor gene. Mathematical justification of the
results of the first, a one-step process, is reported herein.
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1. Introduction

Homeostasis is a process for maintaining relative constancy in a biological
system. In particular, homeostatic control of cells maintains a dynamic
equilibrium (or acceptable variations) of cell populations in (organs of)
multicellular organisms. Sometimes cells can break out of homeostatic control
and enter a phase of abnormal expansion. Cancer is a manifestation of such
uninhibited growth, which results when cell lineages lose the ability to maintain
a sufficient rate of apoptosis [1], or programmed cell death, to counterbalance
the rate of mitosis [1], or cell division. Mechanisms of homeostatic control can
be disrupted by genetic mutations [1], to which every cell is prone to some
extent. A highly elevated susceptibility to mutations is known in oncology as
genetic instability [2–5, 37], and, being closely related to carcinogenesis, is of
much interest to cancer researchers [6–11].

Genetic instability is known to involve the following two (and possibly other)
competing effects on carcinogenesis: an increased frequency of cell deaths
resulting from deleterious mutations, and an increased frequency of mutations
producing cancerous cells. The former effect impedes cancer growth; the latter,
accelerates it. This gives rise to the question, What “amounts” of instability are
most favorable to the onset of cancer? This problem was first investigated by
mathematical modeling in [12, 13]. The models were based on two conceptual
premises, (a) the Darwinian view of a cell colony as a collection of phenotypes
struggling for survival and predominance, and (b) the (hypothetical) ability to
set the degree of genetic instability in the colony to any level that is constant in
time. A colony of cells was regarded as a species undergoing a birth-and-death
process, interpreted as a Darwinian microevolution, and subject to genetic
instability. The degree of genetic instability was defined quantitatively as the
probability of a genetic mutation of a specified type per cell, per mitosis. The
“microevolutionary success” of the species was defined as the ability to produce
a cancerous population of a given size M , and was measured as the inverse of
the time required to reach the target population size. The above question was
thus recast as a problem in optimization. The results in [12, 13] showed that
“too much” instability impedes the growth of the colony by increasing the
cell death rate (a result of too many deleterious mutations in cells), while
“too little” instability impedes the growth by lowering the rate of acquisition
of cancerous mutations. In the same paper, an optimal, time invariant level
of genetic instability that maximizes the rate of progression was found. This
level, defined as the probability of chromosomal loss per cell division, agreed
well with available in vitro experimental measurements and turned out to be a
robust mathematical result: it depended only logarithmically on the relevant
parameter values, and its order of magnitude was consistent with the data [14].

The restriction in [13] that the level of genetic instability remain constant in
time, however, served only to facilitate the first steps in the mathematical
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modeling of the problem. There is growing biological evidence that the degree
of genetic instability is high at relatively early stages of carcinogenesis, and
decreases as cancer progresses [15, 16]. In [17], we removed the restriction of
a fixed level of genetic instability and allowed it to be a function of time,
p(t), within a biologically admissible range. Following the general modeling
framework of [13], we distinguished among several types of cells: normal
cells, cancerous cells with homeostatic control impaired completely, and in
some cases also cells containing intermediate mutations but still obeying
homeostatic control. The entire cell colony would undergo birth-and-death
process with mutations subject to certain magnitude constraints. Initially,
homeostatic control would regulate the growth thus as to keep the colony at a
constant size, near a “selection barrier” [18]. In this state of stalled growth, the
cellular population would remain near its environment’s “carrying capacity,”
defined by the available space, nutrients, and the cells’ ability to divide and die.
The colony, regarded as a Darwinian species “trying” to escape the regulation,
may escape by a sequence of mutations until a phenotype [1] is produced
with the homeostatic control mechanism lost. The resulting mutant cells would
then spread in an unchecked manner. The evolution of these different cell
populations in the colony was taken to depend on the mutation rate p(t) due to
genetic instability which acts as a control for the population growth. Of interest
was an admissible control p(t) (or its normalized form u(t) as defined in (6))
which steers the cancerous cells to a target population M in the shortest possible
time.

This shortest time problem was discussed in [17] for two different
mechanisms of homeostatic control loss. The control-theoretic analysis leading
to the results reported there for the first mechanism, activation of an oncogene,
is described herein. The dynamics of the one-step process in the context of
genetic instability is more fully described and mathematically modeled in the
next section. We note here only that our usage of optimal control theory for the
relevant shortest time problems differs from that in many areas of biosciences
[19, 20]. In most biomedical applications, optimal control theory is used to
solve design problems, e.g., finding treatment strategies [21–24]. Here, we use it
for the purpose of analysis, namely, to understand the experimentally observed
behavior of developing cancer. This approach is similar in spirit to that taken
by Iwasa and Levin [25], who analyzed the optimal timing of life-strategies of
breeding and migrating organisms. In this ecological context, our analysis can
be said to address the question whether the observed behavior of cancerous
cell populations is essentially a consequence of an optimization process. The
biological implications of the optimal control analysis of the cancer growth
problem have already been reported in [17]. The present paper describes
the theoretical development that enabled us to make the observations there,
the principal one being the preference for a high level of genetic instability
at the early stages of carcinogenesis to generate a large pool of cancerous
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cells and for a relatively low level of mutation to allow the cancerous cells to
multiply by their natural growth rate at the late stages.

The rest of this paper is organized as follows. In Section 2, we formulate
mathematically a one-step genetic instability problem, where homeostatic
control is lost by means of just one molecular event. In Section 3, we present
the Hamiltonian formalism for solving the resulting optimal control problem.
In Sections 4–6, we focus on a representative class of death rates given by (5)
with a maximum normalized death rate dm = 1. (The effects of a smaller value
of dm in the range of (0, 1) have already been reported in [17].) The case of
a general nonnegative, monotone increasing death rate d(u) not investigated
previously is examined in Section 7. Some results for a two-step genetic
instability problem were presented in [17]. The mathematical analysis leading
to these results are somewhat different from that for the one-step genetic
instability mechanism and will be presented in a separate report.

2. Genetic instability by activation of an oncogene

2.1. A one-step system

Consider a cell colony undergoing a birth and death process with a time-varying
mutation rate within a biologically admissible range. Cells go through a
sequence of mutations until an advantageous, i.e., cancer-favorable, phenotype
is achieved. Mutation rate can have two effects. On the one hand, an increased
mutation rate can lead to a faster production of the advantageous mutants, thus
accelerating the growth of the colony. On the other hand, a high mutation rate
reduces the fitness of the mutated cells and thus leads to a higher death toll
in the population. To delineate the net consequence of these two competing
effects, we consider in this paper a colony of cells initially evolving at a
constant population size near a selection barrier. This barrier can be overcome
by the offspring of a mutant whose properties are different from those of
normal cells. Here we consider the mutant cells to have an activated oncogene
and show an increased division rate. We assume that such transformed cells
are created by means of one molecular event, genetic or epigenetic. Denote by
X 1 the population of cells that have not undergone cancerous mutations, and
by X 2 the mutated type. The probability for a cell to acquire an inactivating
mutation of a particular gene upon a cell division is denoted by μ̄; this
quantity is called the “basic mutation rate”. The probability p is an additional
transformation rate resulting from genetic instability. This quantity measures
the degree of genetic instability in cells. It is low in stable cells (cells without
chromosomal instability or CIN), but can be highly elevated in chromosomally
unstable cells. Effectively, if p � μ̄, then there is no genetic instability; p � μ̄

means a genetically unstable cell population. Both probabilities μ̄ and p are
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Figure 1. Growth and mutations diagram for the one-step process.

measured per gene per cell division. The new feature in our investigation first
described in [17] is that p be allowed to vary with time. With these notations
in mind, we can summarize the processes of growth and mutations above by
means of a mutation diagram, Figure 1. The diagram is of the same type used
in [26] and [27]. The goal is to find a strategy p(t) which maximizes the
growth of cancer; as such the mutation rate p(t) due to genetic instability is the
control of our optimal control problem.

The dynamics of the cell populations is modeled as follows. Cells reproduce
and die, and the rate of renewal is normalized to be 1 for the type X 1. In the
absence of dangerous mutants, X 2, the total number of cells, X 1, is taken to
obey the well-known logistic growth law. The mutants X 2 expand at the rate
a > 1. With (.)′ = d(.)/dt, mutation diagram in Figure 1 translates into the
following two ordinary differential equations (ODE) describing the rate of
change of the two cell populations [36],

X ′
1 = (1 − μ̄ − p − d(p)))X1 − φX1, (1)

X ′
2 = (p + μ̄)X1 + a(1 − d(p))X2 − φX2, (2)

where

φ = (1 − d(p))X1/N , (3)

and

X1(0) = N , X2(0) = 0 (4)

for a prescribed dependence of the death rate, d(p), on the mutation rate p.
The term φ provides the growth limiting factor leading to logistic growth in
the absence of mutants, and accounts for the homeostatic control present in a
system of X 1 cells. We note that choices of φ other than (3) are also possible
(see Ref. [17]). With the fraction of normal cell population starting to mutate
into cancerous mutants, X 2 cells break out of regulation and enter a phase of
abnormal growth, which, depending on the growth rate, may or may not lead
to carcinogenesis
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2.2. Dependence of death rate on mutation rate

In our models, the death rate, d, is taken to be a function of the mutation rate p
due to genetic instability. If p is small, then chromosome losses do not happen.
If p is large, a cell often loses chromosomes, which results in an increased
death rate. Therefore, in general, the function d(p) is an increasing function of
p. An example of this dependence of the death rate on p is

d(p) = dm

uα
m

{
uα

m − (um − (p − pmin))α
} = dm [1 − (1 − u)α] , (α > 0),

(5)

where

um = pmax − pmin, u = 1

um
(p − pmin) (6)

with pmin ≤ p ≤ pmax. The quantities pmin and pmax define a biologically
relevant range of the mutation rate, p, and the nonnegative u is a normalized
gross chromosomal change (mutation) rate which satisfies the inequality
constraint 0 ≤ u ≤ 1. The constant dm defines the magnitude of the death rate,
and is taken to be in the interval [0, 1]. The motivation for this particular form
of dependency was given in [17]. We allow α, the exponent in Equation (5),
to be a real positive number. In particular, we investigate the influence of
the convexity of this function on the optimal solution (for the three cases
α < 1, α = 1 and α > 1). The special case α = 1 yields a control problem
which is linear in the control u(t). This special case has been studied extensively
in the optimal control literature (see [28] for example).

Every biologically acceptable normalized genetic instability rate u(t), called
an admissible control, determines a growth process for the cell colony. We seek
the choice of an admissible control u(t) in the range 0 ≤ u ≤ 1 that allows the
cancerous population to reach a given size, M, in the shortest possible time.
The specified terminal population size M is called the target. An admissible
control ū(t) that steers the cancerous population to the target faster than any
other control is an optimal control.

In the simplest case considered in [13], the class of admissible controls,
u(t), was restricted to constant functions. Then, the result of the optimization
problem is a single normalized mutation rate value, ū (or p̄ in unnormalized
form), which will depend on the parameters of the system. However, better
growth times can be achieved if we allow p (and hence u) to be a function of
time. It seems intuitive, and is evident from experimental results, that higher
initial and lower subsequent values of u(t) will better facilitate the growth. We
will show in this paper that this is in fact the case and how the variation of u(t)
with time depends on the convexity of the death rate function d(u).
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2.3. The shortest time problem

To reduce the number of parameters in our problem, we let the population
size of normal (noncancerous) cells at time t be normalized by its initial
population size N and denote it by x1(t) = X1(t)/N . We let x2(t) = X2(t)/M
be the population size of dangerous mutant cells normalized by its final target
population size M . In terms of {xk(t)}, the two ODE (1)–(2) governing the
time evolution of the two cell populations become:

x ′
1 = −(μ + umu)x1 + [1 − d(u)](1 − x1)x1 ≡ g1(x1, x2, u), (7)

x ′
2 = 1

σ
(μ + umu)x1 + [1 − d(u)](a − x1)x2 ≡ g2(x1, x2, u), (8)

where ( )′ = d( )/dt, σ = M/N � 1, a ≥ 2, 10−1 ≤ um ≡ pmax − pmin ≤ 1
and 0 < μ ≡ μ̄ + pmin � 1. (Typically, we have σ ≥ 10, a = 2, and
μ = 10−1 � um .) For simplicity, we will first focus our discussion herein to
the death rate of the form (5) with dm = 1, i.e.,

d(u) = 1 − (1 − u)α (9)

for some real parameter α. (Results for 0 ≤ dm < 1 can be found in [17].) As
we shall see later, the three cases α > 1, α = 1, and α < 1 have to be treated
separately. The case of a general nonnegative, monotone increasing d(u) is
treated in Section 7.

The two ODE (7) and (8) are subject to the following three auxiliary
conditions:

x1(0) = 1, x2(0) = 0, x2(T ) = 1, (10)

where T is the unknown time when the dangerous mutant cell population
reaches the target size.

The problem now becomes one of choosing a control function u(t), the
normalized gross chromosomal change rate u(t) to minimize the time T needed
to reach the target population size of the dangerous mutants. The admissible
controls are restricted to the class of piecewise continuous functions (with
only finite jump discontinuities) on the interval [0, T ] satisfying the inequality
constraint,

0 ≤ u ≤ 1, (11)

denoted by �, and nonnegativity constraints on the cell populations,

x1 ≥ 0, x2 ≥ 0. (12)
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This shortest time problem is conventionally recast in the standard form of
choosing u(t) from � to minimize the performance index

J =
∫ T

0
1 dt, (13)

subject to the equations of state (7) and (8), the boundary conditions (10), and
the inequality constraints (11) and (12) with T > 0 to be determined as a part
of the solution.

3. The Hamiltonian and adjoint variables

3.1. The maximum principle

The key to the solution of our optimal control problem is the Maximum
Principle [28–32] for the Hamiltonian:

H = 1 + λ1(t)g1 + λ2(t)g2, (14)

where λ1 and λ2 are the two continuous and piecewise differentiable adjoint
(or co-state) variables for the problem chosen to satisfy two adjoint ODE,

λ′
1 = −

(
λ1

∂g1

∂x1
+ λ2

∂g2

∂x1

)
, λ′

2 = −
(

λ1
∂g1

∂x2
+ λ2

∂g2

∂x2

)
, (15)

and (for the given auxiliary conditions on the state variable x1 and x2) one Euler
boundary condition (also known as a transversality condition) for the problem:

λ1(T ) = 0. (16)

Note that (7), (8), and (15) form a Hamiltonian system [28]. With the admissible
controls restricted to be piecewise continuous, the state and adjoint variables
are continuous throughout (0, T ).

The Maximum Principle requires every optimal control function ū(t) of the
shortest time problem to satisfy the following necessary conditions:

1. Four continuous functions {x̄1(t), x̄2(t), λ̄1(t), λ̄2(t)} exist and satisfy the
Hamiltonian system of four differential Equations (7), (8), (15), and four
auxiliary conditions in (10) and (16) for the optimal control.

2. The terminal time T satisfies a free end condition [H (T )]u=ū(T ) = 0
which becomes

[H (T )]u=ū(T ) = [1 + λ̄2ḡ2]|t=T = 0, (17)

with

[ḡ2]t=T = [g2(x̄1(t), x̄2(t), λ̄1(t), λ̄2(t), ū(t))]t=T

= g2(x̄1(T ), 1, 0, λ̄2(T ), ū(T )) (18)
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after simplification by the transversality condition (16) and the terminal
condition in (10).

3. For all t in [0, T ], the Hamiltonian achieves its minimum with u = ū(t),
i.e.,

H (x̄1(t), x̄2(t), λ̄1(t), λ̄2(t), ū(t)) = inf
v ε �

[H (x̄1(t), x̄2(t), λ̄1(t), λ̄2(t), v)].
(19)

4. If there should be a finite jump discontinuity in the optimal control ū(t)
at the instant Ts , the Hamiltonian is required to be continuous at Ts :

[H ]t=Ts+
t=Ts− = 0. (20)

Even with the help of the Maximum Principle, determination of the optimal
control for our problem is far from straightforward (even for the case of α = 1
so that d(u) = u). In principle, we simply have to solve a two-point boundary
value problem (BVP) after ū(t) is specified. The crux of the problem is
finding the optimal control which may be either in terms of the state and
adjoint variables (through the stationary condition (26) for example) or known
completely (such as an upper or lower corner control), or a combination of
the three, each for a different segment of [0, T ]. An iterative scheme was
developed in [17] for approximate solutions which converges to the optimal
solution for the different combinations of parameter values used but was not
proved to converge in general.

In the remaining subsections of this section, we will establish some
preliminary results that depend only on the following properties of the death
rate function:

d(0) = 0, d(1) = 1, 0 < d(u) < 1, and d ·(u) > 0 (21)

for 0 < u < 1, and not the specific form (9). The optimal control ū(t) will
then be established for our one-step genetic instability problem in the next
three sections for α = 1, α > 1, and α < 1, separately. The final analytical
characterization of the optimal control will in turn shed light on why the
iterative scheme in [17] should converge.

To simplify the discussion, we take dm = 1; discussion of dm < 1 cases can
be found in [17].

3.2. Adjoint variables adjacent to terminal time

For any admissible control u(t), the two adjoint differential Equations (15)
induced by the state Equations (7) and (8) take the form

λ′
1 =−λ1{(1 − 2x1)[1 − d(u)] − (umu + μ)}

−λ2

σ
{(umu + μ) − σ x2[1 − d(u)]}, (22)

λ′
2 = −λ2(a − x1)[1 − d(u)]. (23)
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With the admissible controls restricted to be piecewise continuous (possibly
with finite jump discontinuities only), the state and adjoint variables are
continuous and piecewise continuously differentiable (with first derivatives
continuous except possibly for finite jump discontinuities at finitely many
points) throughout (0, T ). All equalities and inequalities involving derivatives
of λ1(t) and λ2(t) are meant to hold everywhere in [0, T ] except at the finite
number of jump discontinuities of the optimal control, if any.

The following lemma on the sign of λ2(t) (deduced from the ODE (23)
and the end condition (17)) is important to the determination of the optimal
control for the shortest time:

LEMMA 1. λ2(t) < 0 and λ′
2(t) ≥ 0 for 0 ≤ t ≤ T .

Proof : From (17) and 0 ≤ x1 ≤ 1 (see (15)), we have

λ2(T ) = −
[

1

g2

]
t=T

= −
[

σ

(μ + umu)x1 + σ [1 − d(u)](a − x1)x2

]
t=T

< 0. (24)

given 0 ≤ d(u) ≤ 1 by (11). With the same restrictions on the death rate, we
have from (23)

[λ′
2]t=T = − [λ2(a − x1){1 − d(u)}]t=T ≥ 0, (25)

(with λ′
2(t) = 0 for u(t) = 1 for example). It is understood that all derivatives

of state and adjoint variables at the end points are one-sided derivatives. The
two conditions (24) and (25) together implies λ2(t) < 0 in some neighborhood
of t = T . The lemma follows from this local result and the monotonicity of λ2

as implied by the ODE (23) and (11). �

From λ2(T ) < 0 and λ1(T ) = 0, we have λ2 − σλ1 < 0 at the terminal time
which in turn gives the following result useful in subsequent developments.

LEMMA 2. In some interval (T0, T ) adjacent to the terminal time T, we
have: (i) (λ2 − σλ1) < 0 for either corner solution; (ii) λ1(t) > 0 for a lower
corner control, and (iii) λ1(t) < 0 for an upper corner control.

Proof : Property(i)followsimmediatelyfromλ2(T ) − σλ1(T ) = λ2(T ) < 0
(see (24)) and the continuity of the adjoint variables. For the remaining two
properties, we note that the first adjoint ODE requires

λ′
1(T ) = −λ2(T )

σ
{(umu + μ) − σ [1 − d(u)]}t=T
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which (with d(1) = 1) is positive for u = 1 and negative for u = 0 (given
d(0) = 0 and σ � (μ + um) = O(1)). By the continuity of the adjoint variables,
λ1 is increasing for u = 1 and decreasing for u = 0 in an interval adjacent to the
terminal time T . Take (T0, T ) to be the smallest of the relevant intervals. �

3.3. The interior control

Suppose ū(t) is a control function that minimizes the time to cancer (and
necessarily satisfies the optimality condition (19)). The prime candidates for
such an optimal control are those well-defined ui (t) that render the Hamiltonian
H stationary [

∂ H

∂u

]
u=ui

= 0, (26)

and satisfy the strict-inequality version of the constraint (11), known as interior
controls. To explore the consequences of (26), we rewrite the Hamiltonian as

H = 1 + 1

σ
(μ + umu)R(t) + {1 − d(u)}D(t), (27)

where

D(t) ≡ λ1x1(1 − x1) + λ2x2(a − x1), R(t) = x1 (λ2 − σλ1) (28)

for brevity. Specializing it to the death rate (9) with d · = α(1 − u)α−1, the
stationary condition (26) becomes

d · = α(1 − ui )
α−1

= um

σ

R(t)

D(t)
≡ um

σ
r (t), ( )· = d( )

du
. (29)

For α 	= 1, the condition (29) formally determines an interior control ui (t)
in terms of {λi (t)} and {x j (t)}. A corresponding solution of the BVP for
{xk(t), λ j (t)} is called an “interior solution” for the shortest time problem.

As we see later, an “interior solution” may not be well defined or may
violate the inequality constraints (11) in some part of the solution domain
for some range of system parameter values. Even when it is well defined
and satisfies (11), it may maximize the Hamiltonian (instead of minimizing
it). Hence, some combination of the “upper corner solution” u1(t) = 1, the
“lower corner solution” u0(t) = 0 and the interior solution ui (t) may have to
be considered for an optimal solution.

To facilitate our discussion of the appropriate optimal control in subsequent
sections, we note the following two exact relations upon observing the state
and adjoint equations.
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LEMMA 3. With

S(t) = x1 [λ2(a − 1 + σ x2) + λ1σ x1] (30)

independent of the control variable u(t), we have

R′ = −[1 − d(u)]S(t), D′ = μ + umu

σ
S(t). (31)

3.4. An upper corner control at the start but not at the end

Proposition 1 below is related to a well-known result for autonomous systems,
and will be a key to our method for determining the optimal control
configuration for different types of death rate functions.

PROPOSITION 1. For an optimal control ū(t) that leads to the target mutant
cell population in the shortest time, the Hamiltonian (14) for the problem
vanishes for all t in [0, T ], i.e., H̄ ≡ [H ]u=ū(t) = 0, for all t in [0, T ].

Proof : Except for points of a jump discontinuity of the control, we have

d H

dt
= ∂ H

∂u
u′ +

z∑
i=1

{
∂ H

∂xi
x ′

i + ∂ H

∂λi
λ′

i

}
= ∂ H

∂u

du

dt
. (32)

For the optimal control ū(t), the right hand side of (32) vanishes because
either ū(t) is an interior control so that ∂ H/∂u = 0 or it is a corner control in
which case we have dū(t)/dt = 0. Hence, H̄ (t) is a constant in any interval
where H is differentiable. With the free end condition (17), we have H̄ (t) = 0
in the interval (Ts, T ] if there should be a simple jump discontinuity in ū at
some earlier time Ts < T in the interval (0, T ). The switching condition (20)
required the constant H̄ (Ts) on both sides of the jump in ū(t) to be the same
(and equal to zero by the free end condition). The observation allows us to
extend H̄ (t) = 0 to the next switching point and finally for the entire interval
[0, T ]. �

As an immediate consequence of Proposition 1, any optimal solution must
start with an upper corner control.

PROPOSITION 2. For any well-defined death rate 0 ≤ d(u) ≤ 1, an optimal
solution for our minimum terminal time problem requires (i) ū(0) = 1, and (ii)

λ2(0) − σλ1(0) = − σ

μ + um
. (33)
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Proof : By the two initial conditions in (10), we have from (14)

[H ]t=0 = 1 + μ + umu(0)

σ
R(0) = 1 + 1

σ
[μ + umu(0)] [λ2(0) − σλ1(0)].

(34)

By Proposition 1, we must have H (t = 0) = 0 which in turn requires

[λ2 − σλ1]|t=0 < 0

(for we would have H (0) > 0 otherwise). By condition (19) of the Maximum
Principle, we must have ū(0) = 1 to minimize H (0) and (33) follows from
(34). �

The following expression for D(t) near the initial time follows from
Proposition 2 and will be needed in subsequent developments.

COROLLARY 1. For sufficiently small t, the expression D(t) is accurately
given by

D(t) = D′(0)t + o(t) = μ + um

σ
[λ2(0)(a − 1) + σλ1(0)] t + o(t). (35)

Proof : With ū(0) = 1, we have from the state and adjoint equations
together with (33)

x ′
1(0) = −(μ + um), x ′

2(0) = μ + um

σ
λ′

1(0) = 1 λ′
2(0) = 0, (36)

leading to

D′(0) = [
λ′

1x1(1 − x1) + λ′
2x2(a − x1) + λ1x ′

1(1 − 2x1)

+ λ2x ′
2(a − x1) − λ2x ′

1x2
]

t=0

= μ + um

σ
[λ2(0)(a − 1) + σλ1(0)] . (37)

With D(0) = 0, let

D2(t) = D(t) − D1t

where D1 = (μ + um)[λ2(0)(a − 1) + σλ1(0)]/σ. Because D(0) = 0, we have

lim
t→0

[
D2(t)

t

]
= lim

t→0

[
D(t) − D(0)

t
− D1

]
= D′(0) − D1 = 0

and hence (35). �
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At terminal time, we have λ1(T ) = 0 and therewith

H (t = T ) =

⎧⎪⎪⎨
⎪⎪⎩

1 + 1

σ
λ2(T ){μx1(T ) + σ [a − x1(T )]} (u(T ) = 0)

1 + 1

σ
λ2(T )x1(T )(μ + um) (u(T ) = 1)

. (38)

Relevant biological parameter value ranges are a ≥ 2, σ � 1, um ≤ 1 and
μ � 1 so that σ (a − 1) > um and x1(1 + um/σ ) < 2 ≤ a for any feasible
solution so that

[H (t = T )]u=0 < [H (t = T )]u=1 . (39)

We have then the following result.

PROPOSITION 3. An optimal control does not end with an upper corner
control at terminal time, i.e., ū(T ) < 1.

Note that the optimal control may or may not end with a lower corner
control because an interior control, if feasible, would be superior.

3.5. Optimal control for the shortest time to cancer

The proofs of Lemmas 1–3, Propositions 1–3 and Corollary 1 only made use
of the properties of d(u) stipulated in (21) and not the specific functional form
(9) for the death rate, particularly not the convexity of d(u). In the next three
sections, we establish the following optimal control for the shortest time to
cancer for the oncogene activation problem for the class of death rate function
(9) with α = 1, α > 1, and α < 1, respectively:

• For α = 1, the unique optimal control is bang-bang (see Proposition 6).
• For α > 1, the unique optimal control is bang-bang (see Proposition 11).
• For 0 < α < 1, the unique optimal control is a monotone decreasing interior

control, ū(t) = ui (t) ≥ 0 for t ≤ T ∗
s with ui (0) = 1 and ui (T ∗

s ) = 0, and
ū(t) = 0 for T ∗

s ≤ t ≤ T if T ∗
s < T as specified in Proposition 13.

We then extend the results for α 	= 1 cases to general death rates with the
properties (21) and the corresponding type of convexity.

4. Linear death rates (α = 1)

4.1. Upper corner control for an initial time interval

In this section, we consider the special case α = 1 for which the death rate (5)
is linear in the control u(t). For this case, the stationary condition (9) does
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not involve the control u and therefore does not define an interior solution
ui (t). The conventional method of solution is to examine the singular solution,
possibly augmented by a most rapid approach (and departure) to accommodate
the boundary conditions [28, 30]. With

H = 1 + μ

σ
R(t) + D(t) + u

{um

σ
R(t) − D(t)

}
, (40)

the singular solution corresponds to

um

σ
R(t) = D(t), (41)

if it exists. Note that (41) does not determine the optimal control. However
with (41), the Hamiltonian (40) now becomes

H = 1 + μ

σ
R(t) + D(t) = 1 + μ + um

σ
R(t), (42)

which corresponds to [H ]u=1. We state this observation in the form of the
following basic Lemma 4.

LEMMA 4. If the singular solution defined by (41) is feasible in some
interval (T1, T2), then the corresponding control is an upper corner control,
ū(t) = 1, in that interval.

Given D(0) = 0 and R(0) < 0, a singular solution is feasible at least in
some interval [0, T ∗

1 ) adjacent to the starting time. By the optimality condition
(19) and the continuity of state and adjoint variables, the control ū(t) = 1 in
[0, T ∗

1 ) is consistent with the following extension of Proposition 2 for a death
rate linear in the control variable.

PROPOSITION 4. For α = 1, an optimal solution for the minimum terminal
time problem requires

(i) ū(t) = 1, and (i i) R(t) = x1(λ2 − σλ1) = − σ

μ + um
< 0, (43)

so that λ2 − σλ1 < 0 is monotone decreasing in t, all in some finite interval
[0, T ∗

1 ) with T ∗
1 < T .

Proof : Part (ii) of the Proposition is an immediate consequence of
H (t) = 0 with ū(t) = 1 (see (42)). Proposition 3 requires T ∗

1 < T . �

4.2. Lower corner control for a terminal time interval

We have ū(T ) < 1 from Proposition 3. For α = 1, a more specific statement
can be made about what happens at and near the terminal time.
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PROPOSITION 5. For α = 1, the optimal control must be a lower corner
control ū(t) = 0 in some finite interval (T ∗

0 , T ] adjacent to the terminal time.

Proof : With λ1(T ) = 0 and λ2(T ) < 0 (by Lemma 1), we have at the
terminal time

um

σ
R(T ) = um

σ
λ2(T ) > λ2(T )(a − 1) > λ2(T )(a − x1(T )) = D(T ),

given a ≥ 2, σ � 1, um ≤ 1, and μ � 1 so that σ (a − 1) > uma ≥ 2. Hence,
a singular solution does not exist in some interval (T ∗

0 , T ] adjacent to the
terminal time. For a choice between the upper and lower corner control for
(T ∗

0 , T ], we recall from (39) that the lower corner control minimizes the
Hamiltonian at the terminal time T . Given the continuity of the state and
adjoint variables, the proposition follows. �

Biologically, the population of mutant cells is too small initially for clonal
expansion of mutants to offset the net gain of mutants associated with genetic
instability. It is therefore more advantageous to maximize the mutation rate to
produce more mutants. As the mutant population grows and the normal cell
population declines with time, clonal expansion of mutants more than offsets
the loss of mutation eventually (certainly at or before the break even point tc in
the exact solutions for the mutant population growth due to the two corner
controls reported in the Appendix). The gross chromosomal change should
therefore be (reduced and possibly) switched off beyond some switch point Ts

to attain the maximum growth of mutant cells.

4.3. Optimal control is bang-bang

For α = 1 so that the death rate is linear in the control u(t), we know from the
results of the previous subsections that an optimal control must start with
ū(t) = 1 in an interval [0, T ∗

1 ) and must end with ū(t) = 0 in an interval
(T ∗

0 , T ]. Because a singular solution, when it exists, corresponds to an upper
corner control (see Lemma 4), we expect the following existence theorem:

LEMMA 5. For α = 1, a bang-bang control ū(t) that starts with an upper
corner control for [0, Ts) and switches to a lower corner control at Ts(<T ) is
feasible. Moreover, Ts is a root of G(Ts) = 0 in (0, T ) where

G(Ts) = D(Ts) − um

σ
R(Ts). (44)

Proof : At the switch point Ts , the switch condition (20) requires

G(Ts) ≡ [H ]t=Ts+
t=Ts− = [1 + λ1g1 + λ2g2]t=Ts+

t=Ts− = 0. (45)

After applications of the various continuity conditions on state and adjoint
variables, G(Ts) is simplified to (44). Note that while all state and adjoint
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variables are continuous at Ts , the quantities g1 and g2 are generally
discontinuous there because they depend on the control u(t). Several efficient
iterative numerical schemes have been developed for finding Ts as well as the
unknown minimum terminal time T (see [17]). Here, we are concerned only
with the existence of the switch point inside the interval (0, T ).

From D(0) = 0 (see Corollary 1) and (33), we have

G(0) = um

μ + um
> 0, (46)

and from Lemma 1

G(T ) = [λ2{a − x1(1 + um/σ )}]t=T < 0, (47)

because x1(T )(1 + um/σ ) < a for the biological parameter values previously
specified after Proposition A.1. These two limiting values of G ensure the
existence of at least one location for the switch point in (0, T ). �

The switch point is actually unique as proved in Lemma 6 by showing that
G(τ ) is a monotone decreasing function of its argument.

LEMMA 6. There exists exactly one switching between the two corner
controls in (0, T ) at some instant Ts which is the unique solution of (44) and
(45).

Proof : Upon observing the two exact relations (31), we get

G ′(τ ) = μ + um

σ
S(τ ) (48)

with

S(τ ) = x1 [λ2(a − 1 + σ x2) + λ1σ x1]

as found in (30). If λ1(τ ) is nonpositive, then G(Ts) is monotone decreasing
given S(τ ) < 0 in that case. We need only to consider the positive λ1 case. For
λ1 > 0, let S(τ ) ≤ x1[λ2(a − 1 + σ x2) + λ∗

1σ x1] where λ∗
1 is the maximum

(positive value) of λ1(τ ) assumed at τ ∗ with λ′
1(τ ∗) ≤ 0 and u(t∗) = 0 (because

λ′
1(τ ∗) > 0 if u(t∗) = 1 by (22)). In that case, we have

λ∗
1 ≤ −λ∗

2

2x∗
1 + μ − 1

(
x∗

2 − μ

σ

)
with 1 − 2x∗

1 − μ > 0 so that λ∗
1 > 0 and therewith

S(t) ≤ S(τ ∗) ≤ x1(τ ∗)λ2(τ ∗)

{
(a − 1) + (1 − μ)(1 − x1(τ ∗))

1 − μ − 2x1(τ ∗)

}
< 0.

(49)

keeping in mind λ2 < 0 by Lemma 1 as well as a − 1 > 0.
Then G ′(τ ) < 0 follows from (49) and (48) and the lemma is proved. �
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Given the switch condition (20) does not depend on Ts and the solution of
(45)–(44) is unique, it is not possible to have more than one switch between
the two corner controls in (0, T ). Thus, the optimal control is unique and
bang-bang with T ∗

1 = T ∗
0 = Ts ; there is no subsequent upper-lower corner

control combination beyond the first and only switch. This gives the following
final result for the α = 1 case.

PROPOSITION 6. For α = 1, the minimum time to the target mutated cell
population, x2(T ) = 1, is attained by the bang-bang control

ū(t) = ubb(t) =
{

u1(t) = 1 (0 ≤ t < Ts)

u0(t) = 0 (Ts < t ≤ T )
(50)

with the only switch point Ts determined by (45)–(44).

For the switch point Ts , we note from the exact solutions for the two
corner control obtained in the Appendix (see Proposition A.1) that the mutant
cell population x (1)

2 (t) generated by the upper corner control from the start

becomes equal to that by the lower corner control from the start, x (0)
2 (t), at

some finite time tc > 0, i.e., x (1)
2 (tc) = x (0)

2 (tc). Given x (1)
2 (t) − x (0)

2 (t) > 0 for

t < tc and x (1)
2 (t) − x (0)

2 (t) < 0 for t > tc (see (A.7)), the switch is expected
to take place at some instant Ts ≤ tc. This was confirmed by the numerical
solutions obtained in [17].

5. Concave death rates (α > 1)

5.1. Upper corner control at and near the starting time

We already know from Proposition 2 that R(0) = λ2(0) − σλ1(0) =
−σ/(μ + um) < 0 and ū(0) = 1 for any α. By the continuity of state and
adjoint variables, R(t) = x1(λ2 − σλ1) remains negative for all t in some
interval [0, T ∗

1 ) with T ∗
1 > 0. Given D(t) = O(t) for t in (0, T ∗

2 ) for some
T ∗

2 > 0 by (35), the stationary condition (29) leads to an interior control that is
either not real-valued or larger than unity for sufficiently small t. In either case,
the optimal control must be a corner control adjacent to starting time. With

[H (t)]u=1 = 1 + μ + um

σ
R(t), [H (t)]u=0 = 1 + μ

σ
R(t) + D(t), (51)

and with D(t) < um R(t)/σ for sufficiently small positive t, say in the interval
(0, T ∗

3 ), the optimality condition (19) leads to Proposition 7.
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PROPOSITION 7. For α > 1, an optimal solution for the minimum terminal
time problem requires (i) ū(t) = 1 in some finite interval [0, T1), and (ii)
x1(λ2 − σλ1) = − σ/(μ + um) < 0 in some interval [0, T1).

Proof : Apply Proposition 1 to [H ]u=1 and take T1 = min{T ∗
2 , T ∗

3 } with
T ∗

2 and T ∗
3 as defined in the previous paragraph. �

5.2. Lower corner control adjacent to terminal time

To see what happens beyond the interval [0, T1), we begin by proving that an
interior control is not optimal at, and near the terminal time T for α > 1.

PROPOSITION 8. For α > 1, the interior solution is maximizing for some
interval adjacent to T, say (T0, T ] with 0 < T0 < T .

Proof : Differentiating the Hamiltonian twice partially with respect to the
control u gives

∂2 H

∂u2
= −D(t)d ··(u). (52)

Because λ1(T ) = 0 and λ2(T ) < 0 (from Lemma 1), we have

D(T ) = [λ1x1(1 − x1) + λ2x2(a − x1)]t=T = λ2(T )[(a − x1(T )] < 0. (53)

By continuity, we have

−D(t) = − [λ1x1(1 − x1) + λ2x2(a − x1)] > 0

in (T0, T ] for some T0 < T . It follows that for 0 < ui (t) < 1

∂2 H

∂u2
< 0 (54)

in (T0, T ], given d ··(ui ) < 0 for α > 1. In other words, the interior solution is
maximizing in the interval (T0, T ] and therefore is not optimal for a minimum
terminal time. �

As a consequence of Proposition 8, the optimal control adjacent to the
terminal time must be a corner control.

PROPOSITION 9. For α > 1, any optimal solution for a minimum terminal
time ends with a lower corner control in some finite interval (T0, T ], i.e.,
ū(t) = 0 for t in (T0, T ] for some T0 < T .

Proof : Because we can only choose between the two corner controls, the
inequality (39) requires ū(T ) = 0. Continuity of the state and adjoint variables
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and the optimality condition (19) extend the lower corner control to a finite
interval (T0, T ] adjacent to the terminal time. �

5.3. Switching between upper corner and interior control not feasible

Our findings so far require an optimal solution for the α > 1 case to start with
an upper corner control in some finite interval [0, T1) and end in a lower corner
control in another finite interval (T0, T ] with T1 ≤ T0. One scenario would
have T1 = T0(=Ts) in which case the optimal control is bang-bang as given
by (50). However, unlike the α = 1 case, we have not ruled out an interior
control in an interior segment of the interval [0, T ], the interval T1 < t < T0

for instance. We show in this subsection that an interior control following the
upper corner control at the start is maximizing. Hence, it is not possible to
have a two-switch solution with an interior control in the interval T1 < t < T0

connecting the upper corner control at the start to the lower corner control at
the terminal time. Lemma 7 is the first step of this effort.

LEMMA 7. If the upper corner control at the start is followed by an
interior control at some Ts > 0 for α > 1, then ū(t) is continuous at Ts (with
ui (Ts) = 1) and λ2(Ts) − σλ1(Ts) < 0.

Proof : At the switch point Ts , the switch condition (20) may be re-arranged
to read [

1 − d(ui )

1 − ui

]
t=Ts

= um

σ

R(Ts)

D(Ts)
= d ·(ui (Ts)) (55)

upon observing (29). However for a death rate of the form (9), we have
d ·(ui (Ts)) = α(1 − ui (Ts))α−1 while the left hand side is equal to (1 − ui (Ts))α−1.
Hence, the switch condition requires[

(1 − ui )
α−1

]
t=Ts

= [
α(1 − ui )

α−1
]

t=Ts

which cannot be met (given α > 1) unless ui (Ts) = 1 so that ū(t) is continuous
at Ts . The condition ui (Ts) = 1 requires

H (t = Ts) =
[
1 + x1

σ
(μ + um)(λ2 − σλ1)

]
t=Ts

and therewith x1(λ2 − σλ1) = −σ/(μ + um) < 0 at t = Ts by Proposition 1.
�

We can now show that it is not feasible for the upper corner control in
[0, Ts) to be followed by an interior control.

PROPOSITION 10. An optimal control consisting of an upper corner control
with ū(t) = 1 for [0, Ts) at the start of the growth process followed by an
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interior control ui (t) defined by (26) (or(29)) in (Ts, T ∗
1 ) is maximizing in

Ts < t < T ∗
1 for any α > 1.

Proof : Suppose an upper corner control should be followed by an interior
control at Ts . Consider first the case Ts < T1 (with T1 as defined in Proposition
7). In that case, we have from the previous lemma λ2 − σλ1 < 0 at the switch
point. Continuity of the adjoint variables extends λ2 − σλ1 < 0 to a larger
interval [0, T ∗

1 ). For t in (Ts, T ∗
1 ), the stationarity condition (26) becomes

d · = α(1 − u)α−1 = um

σ

R(t)

D(t)

(
Ts < t < T ∗

1

)
. (56)

Given d · > 0 for 0 < ui < 1, we must have D(t) = λ1x1(1 − x1) +
λ2x2(a − x1) < 0 in the interval (Ts, T ∗

1 ) in order for the stationary condition
to specify a well-defined unique interior control. The expression (52) for
∂2 H/∂u2 is then negative and shows that ui maximizes H(u) in that interval.
The upper-interior control configuration in [0, T ∗

1 ) is therefore not optimal for
our minimum time problem.

If Ts = T1, then the same argument leads to the same conclusion that
the interior control is not optimal in (Ts, T ∗

1 ) with T ∗
1 > T1. An upper

corner-to-interior control configuration is therefore not optimal. adjacent to the
starting time. �

5.4. Optimal control for α > 1 is bang-bang

It follows from Proposition 10 that the first switch in ū(t) should be from the
initial upper corner control to a lower corner control. At the switch point, the
switch condition (20) again takes the form G(Ts) = 0 with G(·) given by (44).
By the same proof as the one for Lemma 5, the existence of such a switch point
Ts in (0, T ) is assured. There remains the possibility of subsequent combinations
of interior-lower corner control starting at some T2 > Ts connecting the first
lower corner control to last lower control adjacent to the terminal time (as
required by Proposition 9), switching to the last lower corner control at T3. We
show presently that such a multiswitch control is also maximizing.

LEMMA 8. For α > 1, any multiswitch control with an interior control
in (T2, T3) between two lower corner controls is maximizing in (T2, T3) and
hence not optimal.

Proof : The switch condition (20) at either switch point τ (=T2 or T3) may
be simplified to read

d(ui (τ ))D(τ ) = um

σ
ui (τ )R(τ )
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or, upon observing (29) and setting ξ = ui (τ ),

g(ξ ) ≡ d(ξ ) − ξd ·(ξ )

= 1 − (1 − ξ )α − αξ (1 − ξ )α−1 = 0 (57)

Now g(0) = 0 and dg/dξ > 0 for 0 < ξ < 1; the condition (57) requires
ui (Ts) = 0. In that case, we have at either switch point, T2 or T3,

[H ]t=τ = 1 + D(τ ) + μ

σ
R(τ )

=
[
1 + λ1x1(1 − x1) + λ2x2(a − x1) + μ

σ
x1(λ2 − σλ1)

]
t=τ

.

With σ � 1, μ � 1 and a ≥ 2, Proposition 1 requires D(t) < μR(t)/σ < 0
in a neighborhood of each switch point. Because d ··(ui ) < 0 for α > 1, we
have from the expression (52) for ∂2 H/∂u2 that ui is maximizing in some
intervals (T2, T ∗

2 ) and (T ∗
3 , T3) and therefore not optimal. �

With ui maximizing in (T2, T3), the optimal control for the shortest time
must be the lower corner solution for (Ts, T ]. Hence, the solution for our
minimum time problem for the α > 1 case is a one-switch bang-bang control.

PROPOSITION 11. For α > 1, the minimum time to target mutated cell
population, x2(T ) = 1, is attained by the unique optimal (bang-bang) control
(50) with the only switch point Ts determined by G(Ts) = 0 where G(·) is
given by (44).

Proof : The proposition is a consequence of Proposition 10, Lemma 8
together with Proposition 6. �

6. Convex death rates (α < 1)

6.1. Monotone decreasing interior control adjacent to initial and terminal time

From the numerical solutions reported in [17], we know the optimal mutation
rate for the shortest time to cancer is not bang-bang for α < 1, at least for the
cases computed. In this section, we provide a more definitive description of
the optimal mutation rate for the class of death rate functions (5) with α < 1.

Again we have ū(0) = 1 from Proposition 2 and therewith R(0) =
λ2(0) − σλ1(0) < 0 for all α. However unlike the situation for α ≥ 1, the
stationary condition ∂ H/∂u = 0 now defines a unique real-valued interior
control for some interval (0, Ti ) after the initial time. To see this, we note the



Genetic Instability and Carcinogenesis 23

relation d ·(u) = α/(1 − u)1−α enables us to re-write (29) as

ui (t) = 1 −
{

ασ

um

D(t)

R(t)

}1/(1−α)

. (58)

With ū(0) = 1, the expression (35) in Corollary 1 and (33) of Proposition 2
may be used to give the asymptotic behavior of ui (t) for 0 ≤ t � 1:

ui (t) = 1 −
{

ασ

um

[
D′(0)t + o(t)

− [σ/(μ + um)] + o(t)

]}1/(1−α)

∼ 1 −
{
− α

σum
(μ + um)2 [λ2(0)(a − 1) + σλ1(0)] t + o(t)

}1/(1−α)

, (59)

with σ D′(0)/(μ + um) = S(0) = λ2(0)(a − 1) + σλ1(0) < 0 by the optimality
condition (19) (see also Lemma 3) in order for ui (t) to be real-valued in
some finite interval (0, Ti ) adjacent to the initial time with 0 < ui (t) < 1. The
resulting interior control is minimizing.

LEMMA 9. For α < 1, the interior control is minimizing in some interval
(0, Ti ) with 0 < Ti ≤ T and therefore optimal for that interval.

Proof : The lemma follows from

∂2 H

∂u2
= −Dd ··(u)

given d ··(ui ) > 0 for 0 < α < 1 and

D(t) = D′(0)t + o(t) = μ + um

σ
[λ2(0)(a − 1) + σλ1(0)] t + o(t) < 0

for t in (0, Ti ). �

Next, we show that the interior control is a monotone decreasing function
adjacent to t = 0 and t = T .

LEMMA 10. For α < 1, the interior control ui (t) is well defined and
monotone decreasing in some interval (0, Ti ).

Proof : Recall that D(t) < 0 and D′(t) < 0 at least in some interval
adjacent to t = 0. This implies R(t) < 0 and R′(t) > 0, the latter by Lemma 3.
It follows that the ratio D(t)/R(t) is positive and an increasing function of t in
some interval (0, Ti ) and, by (58), ui (t) is a monotone decreasing function at
least in (0, Ti ). �
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LEMMA 11. For α < 1, the interior control ui (t) is well defined and
monotone decreasing in some interval (T ∗

i , T ].

Proof : At the terminal time, we have λ1(T ) = 0 so that

1 − ui (T ) =
{

ασ

um

[
a − x1(T )

x1(T )

]}1/(1−α)

> 0, (60)

which defines a unique real-valued interior control ui (t) in some interval
(T ∗

i , T ]. We show presently that u′
i (t) < 0 adjacent to the terminal time.

With λ1(T ) = 0, Lemma 1 gives

D(T ) = λ2(T ) [a − x1(T )] < 0, R(T ) = x1(T )λ2(T ) < 0 (61)

D′(T ) = μ + umui (T )

σ
x1(T )λ2(T )(a − 1 + σ ) < 0, (62)

and

R′(T ) = −[1 − d(ui (T ))]x1(T )λ2(T )(a − 1 + σ ) > 0. (63)

Continuity of the state, adjoint and interior control variables ensures also

D(t) < 0, R(t) < 0, (64)

D′(t) < 0, R′(t) > 0, (65)

in some interval (T ∗
i , T ). These inequality require the ratio D(t)/R(t) in (58)

to be positive and increasing with time; hence, the interior control ui (t)is
monotone decreasing in (T ∗

i , T ). �

6.2. Lower corner control prior to terminal time?

Whether or not the two intervals (0, Ti ) and (T ∗
i , T ) overlap, a switch from the

interior control to a corner control may take place for a number of reasons,
including ui (t) < 0. The following two results limit the switching possibilities.

LEMMA 12. For α < 1, switching between an interior control and an upper
corner control is not admissible.

Proof : At the switch point Ts (where ui (t) is well defined), the switch
condition (20) requires

1 − d(ui (Ts)) = um

σ

R(Ts)

D(Ts)
[1 − ui (Ts)]

= [(1 − ui ) d ·(ui )]t=Ts
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or

[1 − ui (Ts)]α = α [1 − ui (Ts)]α . (66)

Given 0 < α < 1, the condition (66) requires ui (Ts) = 1. However this
requirement cannot be met because ui is monotone decreasing from unity with
ui (Ts) < 1. �

LEMMA 13. For α < 1, if there is a switch from an interior control to a
lower corner control at T0, then ui (T0) must vanish.

Proof : Suppose the first such switch takes place at T0. For α < 1, the
switch condition (20) takes the form

d(ui (T0)) =
[

umui (t)

σ

R(t)

D(t)

]
t=T0

= ui (T0)d ·(ui (T0))

which can be met only if ui (T0) = 0 given 0 < α ≤ d ·(ui ) < ∞, d(0) = 0,
and 0 < d(u) < 1 for 0 < u < 1. �

LEMMA 14. For α < 1, switching from a lower corner control to an upper
corner control is not feasible.

Proof : Suppose there is a switch from lower to upper corner control at
some point Ts in (0, T ). By Lemma 11, the optimal control must end in an
interior control or a lower corner control. However, a switch from upper corner
control to an interior control at some T� > Ts is not feasible by Lemma 12. A
switch from upper to lower corner control is also not feasible because there
can only be one switch between the two corner controls by Lemma 6. �

Remark 1. A less formal argument leading to the same conclusion is
to note that at t = Ts , the quantity D(t) must be more negative than R(t);
otherwise. the Hamiltonian (27),

H = 1 + 1

σ
(μ + umu)R(t) + {1 − d(u)}D(t);

would not be minimized by the lower corner control. However with
x ′

2 > 0, x ′
1 < 0 and λ′

1 < 0 and λ2 < 0, we see from the expressions for D(t)
and R(t) in (28) that the inequality D(t) < R(t) holds for t > Ts . In that case, a
switch to the upper corner control would not minimize H and hence not optimal.

PROPOSITION 12. If ū(T ∗
0 ) = 0 for some T ∗

0 in (0, T ), then ū(t) = 0 for all
t in [T ∗

0 , T ].
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Proof : Suppose T ∗
0 is the first zero of ū(t) with 0 < T ∗

0 < T . Then
ū(T ∗

0 ) = 0 cannot be preceded by an upper corner control because the latter
cannot follow an interior control by Lemma 12. By Lemma 13, ū(t) must be
continuous at T ∗

0 with the interior control ui (t) positive and continuous for
(0, T ∗

0 ) vanishing at T ∗
0 . Now, ū(t) cannot switch from a lower corner to an

upper corner control at some T� ≥ T ∗
0 by Lemma 14. It also cannot switch to

an interior control that is increasing from zero as such an interior control
would not be optimal given the observation in Remark 1 (which can be made
rigorous by showing [D(t) − R(t)]′ < 0). Hence, we must have ū(t) = 0 for
all t in [T ∗

0 , T ]. �

6.3. Corner control prior to terminal time?

Any optimal control should continue to be the positive monotone decreasing
interior control ui (t) as long as it is well defined and does not violate the
inequality constraint (11) because it is minimizing and superior to both corner
controls. However, we saw in [17] that ui (t) may either become negative for
t > T ∗

s (and hence necessitate a switch to the lower corner control) or remain
positive for the entire interval (0, T ] depending on the system parameter
values. The Lemma 15 confirm the latter possibility.

LEMMA 15. If ασ (a − 1)/um > 1 for α < 1, we have ui (t) < 0 for t > T ∗
s

for some T ∗
s < T (and ui (t) is therefore inadmissible in (T ∗, T ] for some

T ∗ ≥ T ∗
s > 0).

Proof : We have from the stationary condition (58) and the end conditions
at terminal time in (10) and (16):

ui (T ) = 1 −
(

ασ [a − x1(T )]

um x1(T )

)1/(1−α)

. (67)

With 0 < x1(T ) < 1, the (positive) ratio inside the parentheses exceeds unity
if ασ (a − 1)/um > 1. �

Note that the condition um/σ (a − 1) < α is only a sufficient condition for a
switch to a lower corner control. At the other extreme, an obvious sufficient
condition for ui (t) to be well defined and meets the inequality constraints (11)
for 0 ≤ t ≤ T is:

ασ [a − x1(T )]

um x1(T )
≤ 1. (68)

However, the condition (68) requires a knowledge of the unknown x1(T ) and
hence the solution of the problem. An explicit sufficient condition without any
reference to the solution of the problem is possible (making use of the terminal
time for the solution with the lower corner control throughout) but not useful.
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We note only that the necessary condition ασ (a − 1)/um < 1 for the interior
solution to hold for 0 < t ≤ T is an immediate consequence of Lemma (15).

We are now ready for the characterization of the optimal control for our
shortest time problem for the α < 1 case

PROPOSITION 13. For α < 1, the optimal control ū(t) starts with ū(0) = 1,
follows continuously by a monotone decreasing interior solution, ū(t) = ui (t),
for a period (0, T ∗

s ) with (i) ū(t) < 1 for t > 0; (ii) T ∗
s < T if ασ (a − 1) > um ,

with ū(t) = 0 for all t in [T ∗
s , T ], and (iii) ασ (a − 1) < um if T ∗

s > T .

7. Genetic instability with a general death rate

In the previous three sections, we determined the optimal control for the
shortest time to cancer for the three types of death rate function of the form (9)
as described in Subsection 3.5. In this section, we consider more general form
of the (normalized) death rate d as a function of the (normalized) mutation
rate u. With the death rate associated with basic mutation already accounted
for in the basic growth rates of cells, we continue to stipulate d(0) = 0 and
will take d(1) = 1 and d ·(0) = α > 0 for simplicity but otherwise with no
restriction on the form of d(u) other than those stipulated in (21). For these
general death rate functions, we have the following general results without
any convexity/concavity assumption because they were proved in Section 3
without invoking the specific form (5) of the death rate.

PROPOSITION 14. Lemmas 1–3, Propositions 1–3, and Corollary 1 all hold
for general death rates with properties stipulated in (21).

With the case of a linear d(u) already treated in Section 4, we will discuss
separately death rates which are strictly concave and those which are strictly
convex in the next two sections. Note that the death rates considered are
restricted to those with properties listed in (21) and d ·(0) = α > 0.

7.1. Strictly concave death rates

In this section, we consider (nonnegative, monotone increasing,) strictly
concave death rates defined by

d ·(v) <
d(v) − d(u)

v − u
< d ·(u), (0 < u < v < 1), (69)

and

1 − d(u)

1 − u
< d ·(u),

d(u) − d(0)

u − 0
= d(u)

u
> d ·(u). (70)

for 0 < u < 1. The class of death rates in (9) with α > 1 is strictly concave.
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Note: For a twice continuously differentiable, strictly concave death rate,
we have

d ··(u) < 0, (0 < u < 1). (71)

The stationary condition (26), taken in the form

D(t)d ·(ui ) = um

σ
R(t),

again does not define an interior control at the initial time given D(t = 0) = 0
and R(0) = −σ/(μ + um) < 0. Then the proof of Proposition 7 applies to give
the same result for the more general class of strictly concave death rates.

LEMMA 16. For a strictly concave d(u) with properties stipulated in
(21), the optimal control starts with an upper corner control ū(t) = 1 with
R(t) = x1(λ2 − σλ1) = −σ/(μ + um) < 0 for a finite interval [0, T1).

Next, we show that the optimal control must end in a lower corner control
in two steps.

LEMMA 17. Any interior control ui (t) is maximizing in an interval (T0, T ].

Proof : The proof is the same as that for Proposition 8 because only strict
concavity of d(u) and Lemma 1 (see also Proposition 14) were needed in that
proof. �

LEMMA 18. Any optimal control ends with a lower corner control ū(t) = 0
over an interval (T0, T ].

Proof : The proof is identical to that Proposition 9. �

LEMMA 19. For the optimal control ū(t), an upper corner control at the
start cannot be followed by an interior control.

Proof : As in Proposition 10, the continuity of the Hamiltonian (as a
function of time) across any switch point Ts requires

1 − d(ui )

1 − ui
= d ·(ui ) (72)

where 0 < ui < 1. The condition (72) violates the strict concavity of d(u) (see
(70) and cannot be met. �
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PROPOSITION 15. For d(u) strictly concave, the minimum time to the
(normalized) target mutated cell population, x2(T ) = 1, is attained by the
bang-bang control (50) with the only switch point Ts determined by G(Ts) = 0
where G(·) is given by (44).

Proof : With the upper corner control at the start followed by a lower
corner control, we only need to eliminate the possibility of interior-lower
corner control or additional upper-lower corner control combinations following
the admissible upper-lower corner control combination. This is accomplished
as in Proposition 11 because only d ·(ui ) > 0 and d ··(ui ) < 0 were invoked in
the proofs of leading up to that proposition. �

7.2. Strictly convex death rates

In this section, we consider (nonnegative, monotone increasing,) strictly convex
death rates d(u) defined by

d ·(v) >
d(v) − d(u)

v − u
> d ·(u), (0 < u < v < 1) (73)

and

1 − d(u)

1 − u
> d ·(u) and

d(u) − d(0)

u − 0
= d(u)

u
< d ·(u). (74)

for 0 < u < 1. The death rate in (9) with α < 1 is strictly convex.

Note: For a twice continuously differentiable, strictly convex death rate,
we have

d ··(u) > 0 (0 < u < 1). (75)

We can now establish the analogues of Lemmas 9 and 10 (as well as Lemma
11) allowing us to state:

PROPOSITION 16. For a strictly convex death rate with the properties (21),
the optimal control ū(t) starts with ū(0) = 1, follows continuously by a
monotone decreasing interior solution, ū(t) = ui (t), for a period (0, T ∗

s ) with
ū(t) < 1 for 0 < t < T ∗

s

The following analogue of Lemma 12 will have to be proved without the
specific form (9) of the death rate:

LEMMA 20. For a strictly convex death rate, a switch from an interior
control to an upper corner control is not admissible.
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Proof : At the switch point Ts (where ui (t) is well defined), the switch
condition (20) requires

1 − d(ui (Ts)) = um

σ

R(Ts)

D(Ts)
[1 − ui (Ts)]

= [(1 − ui ) d ·(ui )]t=Ts

Because the death rate is strictly convex (see (74)), we must have ui (Ts) = 1.
However this requirement cannot be met because ui is monotone decreasing
from unity. �

LEMMA 21. For a strictly convex death rate, if there is a switch in ū(t) from
an interior control to a lower corner control at T0, then ū(T0) must vanish.

Proof : Suppose the first such switch takes place at T0. The switch condition
(20) and (26) requires

d(ui (T0)) =
[

umui (t)

σ

R(t)

D(t)

]
t=T0

= ui (T0)d ·(ui (T0))

which because of strict convexity of d(u) can only be met by ui (T0) = 0 given
0 < d ·(ui ) < ∞ and d(0) = 0 (see (74)). �

PROPOSITION 17. If ū(T ∗
0 ) = 0 for some T ∗

0 in (0, T )whereα = α∗(0), then
ū(t) = 0 for all t in [T ∗

0 , T ].

Proof : The proof is the same as that for Proposition 12 except we need to
invoke Lemmas 20 and 21 instead of Lemmas 12 and 13. �

The sufficient condition for a switch to a lower corner control at T ∗
s < T is

proved the same way as in Lemma 15. We have then the following second half
of the optimal control characterization for strictly convex death rates:

PROPOSITION 18. The optimal control for a strictly convex death rate with
properties (21) starts with ū(0) = 1 follows continuously with an interior
control ū(t) = ui (t) for t in (0, T ∗

s ). If ασ (a − 1) > um where α = d ·(0), then
T ∗

s < T and ū(t) = 0 for all t in [T ∗
s , T ]. If on the other hand, ū(t) = ui (t) for

0 < t ≤ T , then we must have ασ (a − 1) < um .

Proof : At terminal time, we have by strict convexity and stationarity (see
(26) and (27))

(0 <) d ·(0) < d ·(ui (T )) = um

σ

x1(T )

[a − x1(T )]
.
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so that ui (T ) < 0 if

um

σ

x1(T )

[a − x1(T )]
<

um

σ

1

[a − 1]
< d ·(0) ≡ α.

Thus, if ασ (a − 1)/um > 1, we have ui (t) < 0 for t > T ∗ for some T ∗ < T so
that ū(t) = 0 for all t in (T ∗, T ] for some T ∗ ≥ T ∗

s > 0. We must have T ∗ = T ∗
s ,

as a switch in control at T ∗ cannot be to an upper corner control because that
cannot follow an interior control (which is monotone decreasing). �

8. Conclusion

With the normalized mutation rate u(t) of cells in our ODE models allowed to
vary with time, the time path of u(t) can be adjusted to give the shortest time to
cancer. In this way, we have an optimal control problem with the minimization
of the time it takes the cancerous colony to grow to a given size as the objective.
The optimal control obtained as the solution of the mathematical problem
gives the “best strategy” for the fastest growth of the cancerous colony. While
biological implications of this study have been reported in [17], the present
paper provides the mathematical analysis that led to the results there.

The control function, u(t), which is the normalized mutation rate of cells,
enters the problem in two different ways. On the one hand, it is responsible for
generating cancerous cells out of normal cells; on the other hand, it contributes
to cell death by means of a relationship, generally nonlinear, between the
death rate and the mutation rate, u(t). Another source of nonlinearity in our
models is a logistic-type growth law for precancerous cell populations which
are subject to homeostatic control. Both nonlinearities make the problem
challenging from a control-theoretical prospective.

In general, there is no single “recipe” for solving such nonlinear optimal
control problems. Our main strategy is to exploit the structure of the Hamiltonian
for our model problems with the help of the Pontryagin Maximum Principle.
The optimal solution is found to be generally a combination of an “interior”
solution and the two “corner” solutions, the latter corresponding to constant
control functions of the minimum and the maximum allowed value of the
mutation rate. The precise nature of the optimal control is completely defined
by the convexity of the death rate dependency on the mutation rate. If our death
rate function d(u) is a linear or a strictly concave monotonically increasing
function of the mutation rate u, the optimal control is a one-switch “bang-bang”
control. More specifically, u is piecewise constant, jumping from the “upper
corner control” (the maximum allowed level of mutation rate) to the “lower
corner control” (the minimum allowed level of mutation rate). On the other
hand, if d(u) is a strictly convex function of the mutation rate, then the optimal
control ū(t) starts at the maximum rate with ū(0) = 1 and follows continuously
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with a continuous decreasing function of time, possibly switching to the lower
corner control when the decreasing interior control reaches the lower bound.
These characterizations of the optimal control were established first for death
rate functions of the form (9) and then extended to strictly concave and convex
without specifying the form of d(u). The results obtained are in qualitative
agreement with experimental observations about the decreased level of genetic
instability at later stages of cancer development in several different cancers
(see [15] for breast cancer, [16] for intestinal carcinoma in mice and humans,
and [33–35] for proposed mechanisms of telomere-related reduction in the
level of chromosomal instability).

There are several ways in which our theoretical results can be generalized
and improved. For example, some preliminary results on a two-step model
for carcinogenesis (e.g., inactivation of a tumor suppressor gene) involving
a two-parameter family of functions d(u) were reported in [17]. A more
complete theoretical investigation of that model to document the similarities
and differences in the optimal mutation rate would be of interest.

For the one-parameter family of death rate functions (9) investigated in the
present paper, it was found that the optimal control strongly depends on the
convexity of these functions. It would be interesting to generalize the results to
other classes of death rates and investigate what happens, for instance, if the
death rate varies in convexity type throughout the domain of d(u).

Another possibility is to modify the model to include more stages of cancer
progression. At this time we only consider one transformation (an activation of
an oncogene or an inactivation of a tumor-suppressor gene). According to the
theory of multistage carcinogenesis, the natural history of a tumor may consist
of many such events. A more complicated, n-step model would have to be
implemented to analyze multistage cancer developments [5].

In the present theory we take genetic instability as something imposed
exogenously, that is, a control knob that can be turned to raise (or up-regulate)
or lower (or down-regulate) the mutation rate. In reality, this is not as simple
and one or more molecular steps may be required to increase or reduce the level
of genetic instability. A step generating genetic instability has been included in
the investigation of [13]. A similar mechanism needs to be included in more
sophisticated versions of the current, time-dependent control problem.

Finally, it would be desirable to see how the theoretical findings fits with the
actual biological reality. For this, we need more experimental data from detailed
measurements which would quantify the level of genetic instability throughout
stages of cancer progression. For example, an experiment correlating the rate
of chromosome loss (in vitro) from cancer cells at different stages of colon
cancer would provide very valuable information which is directly comparable
with the outcome of our modeling technique. Also, quantifying the dependence
of the cell death rate on the mutation rate would help design a more realistic
shape for the function d(u), which, as the present study shows, is an essential
component of the optimal control problem.
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Appendix: Exact solutions for corner controls

To gain further insight to the issue of switching from one type of control
to another, we note the state equations admit an exact solution for the two
corner controls. For the upper corner control u1(t) = 1, the two state equations
simplify to

dx (1)
1

dt
= −(um + μ)x (1)

1 ,
dx (1)

2

dt
= um + μ

σ
x (1)

1 . (A.1)

The following exact solutions for these uncoupled first-order separable state
equations are immediate.

LEMMA A.1. For u(t) = u1(t) ≡ 1 and a general set of initial conditions
x (1)

k (ts) = x (1)
ks , k = 1, 2, the exact solution for the two uncoupled first-order

separable state Equation (A.1) is

x (1)
1 = x (1)

1s e−(um+μ)τ , x (1)
2 = x (1)

2s + x (1)
1s

σ
{1 − e−(um+μ)τ }, (A.2)

with τ = t − ts and a superscript (1) for upper corner control. The normalized
mutated cell population x (1)

2 is a positive, monotone increasing and strictly
concave function of time for t > 0.

Remark A.1. The concavity of x (1)
2 (t) also follows from

d2x (1)
2

dt2
= um + μ

σ

dx (1)
1

dt
= − (um + μ)2

σ
x (1)

1 < 0.

For the lower corner control u0(t) = 0, the two state equations simplify to

dx (0)
1

dt
= (

1 − μ − x (0)
1

)
x (0)

1 ,
dx (0)

2

dt
= (

a − x (0)
1

)
x (0)

2 + μ

σ
x (0)

1 . (A.3)

LEMMA A.2. For u(t) = u0(t) ≡ 0 and the general initial conditions
x (0)

k (ts) = x (0)
ks , k = 1, 2, the exact solution for the two uncoupled first-order

separable state Equation (A.3) is

x (0)
1 = x (0)

1s (1 − μ)

x (0)
1s + (

1 − μ − x (0)
1s

)
e−(1−μ)τ

,

x (0)
2 = (1 − μ)e(a+μ−1)τ

x (0)
1s + (

1 − μ − x (0)
1s

)
e−(1−μ)τ

{
x (0)

2s + x (0)
1s

μ

σ

1 − e−(a+μ−1)τ

a − 1 + μ

}
, (A.4)

with τ = t − ts and a superscript (0) for lower corner control. The normalized
mutated cell population x (0)

2 is a positive, monotone increasing and strictly
convex function of time for t > 0.
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Remark A.2. While the convexity of x (0)
2 can be verified by computing

d2x (0)
2 /dt2 directly, it follows more simply from

d2x (0)
2

dt2
= (

a − x (0)
1

)dx (0)
2

dt
+

(μ

σ
− x (0)

2

) dx (0)
1

dt

= x (0)
2

[(
a − x (0)

1

)2 − x (0)
1

(
1 − μ − x (0)

1

)] + μ

σ
x (0)

1

(
a + 1 − μ − x (0)

1

)
> 0,

given (a − x (0)
1 )2 > 1 and x (0)

1 (1 − μ − x (0)
1 ) < 1 (because we have a ≥ 2 and

μ = O(10−1).
The exact cell populations corresponding to the two corner controls offer

another perspective on why any optimal solution should start with an upper
corner control and end on a lower corner control, at least for the α = 1 case. Let
us compare the corner solutions with the two corner controls applied from the
start. In that case, we have τ = t, x (1)

1s = x (0)
1s = 1, and x (1)

2s = x (0)
2s = 0 so that

x (1)
1 = e−(um+μ)τ , x (1)

2 = 1

σ
{1 − e−(um+μ)τ }, (A.5)

x (0)
1 = (1 − μ)

1 − μe−(1−μ)τ
, x (0)

2 = μ

σ

1 − μ

1 − μe−(1−μ)τ

e(a+μ−1)τ − 1

a − 1 + μ
. (A.6)

PROPOSITION A.1. x (0)
2 − x (1)

2 changes sign exactly once at t = tc and

dx (1)
2 /dt − dx (0)

2 /dt also changes sign exactly once at t = tr < tc.

Proof : We know from the ODE for x2 in (A.1) and (A.3) that x (1)
2 (0) = x (0)

2 (0)

and dx (1)
2 /dt > dx (0)

2 /dt (for t ≥ 0) so that x (1)
2 (t) > x (0)

2 (t) for a finite time

interval (0, tc). At the same time, because of d2x (1)
2 /dt2 < 0 and d2x (0)

2 /dt2 > 0,
the difference between the two first derivatives decreases with time and
eventually they become equal at some time t = tr with dx (1)

2 /dt < dx (0)
2 /dt

for t ≥ tr . The reversal of inequality on the two first derivatives implies an
intersection of x (1)

2 (t) and x (0)
2 (t) at a later time tc. In other words, we have:

x (0)
2 − x (1)

2

⎧⎪⎨
⎪⎩

<0 (t < tc)

=0 (t = tc)

>0 (t > tc)

,
dx (0)

2

dt
− dx (1)

2

dt

⎧⎪⎨
⎪⎩

<0 (t < tr )

=0 (t = tr )

>0 (t > tr )

. (A.7)

�
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Figure A1. Graphes of x2(t) for upper (solid) and lower (dash) corner control (σ = 10, a = 2,

μ = 0.1, um = 1).

Both tc and tr (<tc) can be determined from the exact solutions. With
μ � um ≤ 1, σ � 1, a ≥ 2, it not difficult to see from the expressions in
(A.5) and (A.6)

e(a−1)tc � a − 1

μ
, x (1)

1 (tc) �
(

μ

a − 1

) um
a−1

, x (1)
2 (tc) � 1

σ

[
1 − x (1)

1 (tc)
]

(A.8)

and

e(a−1+um )tr � um

μ
, x (1)

1 (tr ) �
(

μ

um

) um
a−1+um

, x (1)
2 (tr ) � 1

σ

[
1 − x (1)

1 (tr )
]
.

(A.9)

For a = 2 and um = 1, these expressions simplify further to

etc � 1

μ
, x (1)

1 (tc) � μ, x (1)
2 (tc) � 1

σ
[1 − μ] (A.10)

and

etr � 1√
μ

, x (1)
1 (tr ) � √

μ, x (1)
2 (tr ) � 1

σ

(
1 − √

μ
)
. (A.11)

For μ = 0.1, we get from (A.10) to (A.11)

tc � 2.302585 . . . , tr � 1.151292 . . . .
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Accurate numerical solutions for tc and tr using the relevant exact relations in
(A.7) give

tc = 2.263757 . . . , tr = 1.131150 . . . ,

showing the adequacy of the asymptotic results in (A.10)–(A.11). Graphs of
x (1)

2 (t) and x (0)
2 (t) are given as the solid and dashed curve in Figure A1 for

σ = 10, a = 2, μ = 0.1 and um = 1 to illustrate a typical cross over of these
two corner solutions, suggesting that a switch from upper to lower corner
control occurring at or prior to tc.
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