Optimal Forest Harvesting with
Ordered Site Access™

By Frederic Y. M. Wan and Keith Andersony

A long-standing problem in forestry management is the optimal harvesting of a
growing population of trees to maximize the resulting discounted aggregate net
revenue. For an ongoing forest, the trees are harvested and replanted repeatedly;
for a once-and-for-all forest, there is no replanting after a single harvest. In this
paper, we outline a new formulation for the optimal-harvest problem which
avoids difficulties associated with functional-differential equations or partial
differential equations of state in the relevant optimal-control problem encoun-
tered in recent studies of the ongoing-forest problem. Our new formulation is
based on the observation that tree logging is necessarily ordered by practical
and /or regulatory considerations (e.g., it is illegal to cut the younger trees first in
some jurisdictions); random access to tree sites does not occur in practice. The
new formulation is described here for the simpler problem of a once-and-for-all
forest. New results for nonuniform initial age distributions and variable unit
harvest costs for this simpler problem are reported herein; results for an ongoing
forest will be reported in [10]. The new model is also of interest from a
control-theoretic viewpoint, as it exhibits the unique feature of having time as a
state variable, in contrast to its usual role as an independent variable in conven-
tional control problems.
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1. Introduction

Forestry is a mgjor industry in many regions in the world, and proper forest
management is of major concern to the governments of these regions and to the
forest industry, albeit for different reasons. Private logging companies are keenly
interested in the financial return on their operations. Governments are interested
in a healthy forest industry for tax revenues and regular employment for the labor
force without damaging the environment. In either case, a good understanding of
forestry economics is necessary.

To an economist, aforest of treesis a stock of capital which increases in value
with tree age. For example, a typical stand of 1 10-year-old British Columbia
Douglas fir was worth $1000 (after harvesting cost) for timber production in
1967, while a30-year-old stand had no net commercia value[1]. With the average
(or marginal) yield rate and relative growth rate of the trees diminishing with tree
age and with a positive real discount rate (net inflation) for future income, the
“when to cut a tree” guestion has long been a fundamental problem in forestry
economics. Given the net commercial value V of a tree (before the onset of
biological decay) as a monotone increasing concave function of treeage A, and a
constant real interest rate & for discounting future revenue, the optimal cutting
age of the tree, 4,r, is easily determined by the condition that e~%V(4) =
e V(1 — T,) attains its maximum value at ¢t =Ty + A 5. (Here, ¢ is the chrono-
logical time measured from now, and T; < 0 is the germination time of the tree.)
This condition yields the so-called Fisher’ srule[2-4]:

V'(Arr) _40)
—IF7 _ 8 r=2 2 1.1
ZCP IR -
The optimal cutting time is when the relative yield rate equals the discount rate.
Fisher's rule applies only to a single cutting (a “once-and-for-all forest”), it
must be modified to account for the opportunity cost of not logging sooner for an
“ongoing forest” where replanting is assumed to be done immediately after
cutting. If al biological and economical factors remain unchanged over time, the
optimal cutting age, 4,,, for treesin an ongoing forest is the so-called Faustmann
rotation determined by the condition [3-6]

V'(Aur) 8
= . 1.2
V( App) 1- e 84ur (12)

The Faustmann formula (1.2) is obtained by choosing a sequence of cutting times
{t:, t,,...} to maximize the present value of the total future net revenue [3]

. ‘
P=eV(4)+e oV (4)+ - = ) e V(4,), (1.3)
k=1

where 4, =t,—t,_, with t,= T, being the (uniform) germination time of the
initial forest. An alternate maximum-rent formulation which leads to the same
result is given in [4], where the effect of labor as an input to production as well as
non-steady-state considerations can also be found. Other related problems, such
as the effect of forest thinning, are discussed in [3].
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Our research is mainly concerned with recent attempts to improve upon
Fisher's result for a once-and-for-all forest and Faustmann’s result for an ongoing
forest in two directions. When applied to an entire forest, it is implicit in these
two classical results that harvesting of the whole forest or any part of it can be
instantaneous. In other words, there are sufficient equipment and a sufficiently
large labor force to log the entire forest in a short time interval compared to the
time scale for asignificant lossin interest on the delayed profit. For alarge forest,
this assumption is not redlistic, and an upper limit to the available harvesting
effort and therefore the harvesting rate should be imposed in the determination of
theoptimal solution.

As well, harvesting costs have been either ignored in the Fisher age and the
Faustmann rotation, or taken in a form so that V could be regarded as the net
commercial value or profit. However, the unit harvesting cost (per tree say) does
vary substantially with the rate of harvest. At low harvesting rates, fixed-cost
facilities for cutting and transportation are not used to their full capacity, giving a
high unit harvesting cost. At high harvesting rates, available facilities and
manpower are used beyond their normal capacity, resulting in more frequent
equipment breakdown and overtime pay. Therefore, as afunction of the harvest-
ing rate, the unit harvesting cost is U-shaped and cannot be absorbed in V(A).

The effect of an upper bound on harvesting rate and a U-shaped dependence
of unit harvesting cost on harvesting rate have been investigated in severa articles
[7-10]. With regard to the effect of a harvest-rate-dependent unit harvesting cost,
only some partial results have been obtained, principally because the mathemati-
cal problems associated with the improved models are too difficult to yield a
complete solution (see Section 2 of this article). With regard to the effect of an
upper bound on the harvesting rate, the mathematical problems associated with
the improved models are also difficult, but it is possible to deduce their solution
by arguments based on insight. In the next section, we indicate the nature of the
difficulties in the two extensions with a brief summary of the models developed
by Heaps and Neher [7], which are natural extensions of the conventional
formulation. In subsequent developments, we show how a different approach to
the same problem, which alows for an additional degree of realism (namely, trees
are cut in a certain order imposed by law, government regulations, or economic
considerations), leads to parallel models which are completely tractable mathe-
matically. Only results pertaining to once-and-for-all forests are reported in this
article; results for ongoing forests will be reported in [10].

Aside from the new results generated for the forest harvesting problem, the
mathematical model formulated for the problem in this paper exhibits the unique
feature of having time as a state variable, in contrast to its usua role as an
independent variable in conventional control problems. Therefore, our model for
forest harvesting should also be of interest from a control-theoretic viewpoint.

2. Constrained harvest rate and harvest-rate-dependent harvest cost

2.1. The once -and -for -all Forest

When there is an upper bound to the harvesting rate h(t), say h(t) < m, the
harvesting of an entire forest (or any part of it) has to be spread over afinite time
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interval, say t,<t<t,. In that case, the present value of the discounted future
profit is given by

P Eft"[p(z)—c(h)]he~5'dz, (2.1)

where p is the price function for unit harvest and c is the rate-dependent
harvesting cost for unit harvest. (For simplicity, ¢ is usually assumed not to
depend explicitly on ¢ in the conventional formulation [7].) If the unit cost
function c is independent of A, then p(t)- c is identical to the net commercia
value of a unit harvest ¥(4) of the last section. Again, é is the real interest rate
(apart from inflation, and assumed to be constant over time). The logging
company is to choose a starting time ¢, and a harvesting rate k(¢) (which
determines the completion time ¢,) to maximize P subject to

0 < h(1) < m, (2.2)

/ “n(t)dr = F,. (2.3)
I
The second condition is simply a statement of the fact that the logging of the
entire forest, Fy, is completed by ¢,.
To put the problem in a conventional form of an optimal-control problem, we
define an accumulated harvest function F(t) by

Loh) (<. (2.4)

Evidently, we have

F(1,) =0, F(1,)=F,. (253, b)

The methods of dynamic optimization may now be applied to obtain the
conditions which determine the optimal harvest policy {t,, #(¢)} [7). We merely
wish to point out that the solution of the relevant free-end-point BV P defined by
these conditions is not at all straightforward, though it is made less complicated
in [7] by a separate treatment of the two effects and by the assumption of a
uniform distribution of tree ages.

2.2. The Ongoing Forest

For a repeatedly harvested forest, it is natural to attempt an extension of the
formulation which yields the Faustmann rotation. Thisis the approach used in
[7], in which the present value of the total future net profit Pis maximized with

P= X [“Lp(4,(0) e(h)]he 29)

n=1 ‘tsn
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In this expression, (I,,,2,,) isthetimeinterval of then th harvest with harvesting
rate h,(¢), and An(t) is the age of the tree(s) being cut at time ¢ during the » th
harvest. Evidently, (2.6) is a straightforward extension of (1.3). The logging
company is to choose a sequence of starting times {¢,,} and a sequence of
harvesting rates { A, ()} to maximize P subject to the constraints

0<h(t)ysm (n=1,2,..), (2.7)

f""h,,(t) d=F (n=1,2,..). (2.8)
t."l

In addition, it is important to note that the tree age function An is not an

independent quantity. The portion of the forest cut during the nth harvest from

t,, 10z must be the same as that portion cut during the (n —1)th harvest from

tya—1y 102 — AN(t). We have therefore the additional set of constraints

f’ 'An(')hn_l(z) dZ=j;thn(Z) az (n=2,3,...). (29)

Iyn—1)

For the application of the methods of dynamic optimization, we again trans-
form (2.8) and (2.9) into amore suitable form. Asin the single-harvest case, we
introduce a sequence of accumul ated harvest functions { F, ()} by

dé;;, =hn(t)’ Fn(lsn) = 0, E,(ten) = FO’ (210)

forn=1,2,3,.... The conditions (2.10) for { F,} replace (2.8). To get alocal form
of (2.9), we differentiate both sides of that expression with respect to ¢ to get
(after somerearrangement)

ddy _h, ((t—4,)—h,(1) _
N (n=2.3,...) (2112)

with
An(tsn) = tsn - ts(n—l)’ An(ten) il P te(n—l) (n = 2’3’)

2.11b)

Unfortunately, the conventional maximum principle in optimal-control theory
does not apply to problems with state equations in the form of functional-
differential equations. By an ad hoc argument suggested by experience and
insight, the determination of the optimal harvest policy for the case of rate-inde-
pendent unit harvest cost has been reduced in[7] to an equivaent once-and-for-all
forest problem, so that the results aready obtained for that case apply im-
mediately. For more general situations, only some partial results have been
obtained in [7] as well asin more recent efforts such as [8] and [9].

Necessary and sufficient conditions for optimal-control problems with func-
tional-differential equations of state relevant to the above problem have been



194 Frederic Y. M. Wan and Keith Anderson

investigated in the literature, e.g.,[ 11]. However, we will take a different approach
to overcome the difficulties. More specifically, we will reformulate the problem so
that our alternative mathematical model does not involve functional -differential
equations and at the same time includes another realistic feature of forest
harvesting.

3. The once-and-for-all forest

3.1. Ordered site access

Inherent in al conventional forest logging models (cf. Section 2) is an assumption
that loggers may cut trees from any part of the forest. This is not a serious
restriction if the initial tree age distribution of the forest is uniform. In forests
with a nonuniform initial age distribution, there may be requirements or regula
tions which dictate the order in which trees are to be cut. For example, some
jurisdictions require that trees in a forest be cut in the order of their age, the
oldest one to be cut first. In the absence of such laws, it may be physically
necessary and economically prudent to cut trees in the order of their distance
from one or more logging camp sites. In short, tree logging is necessarily ordered
by practical and regulatory considerations; random access to tree sites does not
occur in redlity.

In thisarticle, we consider only the situation where a single logging crew isto
cut trees in asingle array along a prescribed path (of uniform width w) winding
through the entire forest. In that case, the position of any tree site can be
described by the arc length s along the path to the site. We use here a continuous
model of the forest with the discrete tree stands of the forest smeared out as
follows. The entire forest is divided up intoF; locations of (small) land area, each
occupied by a single tree. The entire stumpage of the tree is distributed over its
assigned area. Except for cases of sharp discontinuities in the actual initial
distribution of tree ages, the initial tree age distribution over the logging path for
the continuous model is taken to be a continuous (usually piecewise smooth)
approximation to the actual distribution. The commercial value of the stumpage
at different sites along the logging path may be different because of a nonuniform
age distribution, different growth conditions, market-price differences at different
cutting times, etc.

Let T(s) = 0 be the time at which the tree site at location s along the logging
path (of width w) is harvested in the future, T = O being now. The initial age
distribution of the trees in the forest is denoted by — Tj,(s), with T,(s) < 0 being
the germination-time distribution of the current trees. At cutting time, the tree
stand at s will be A(s)=T(s) - T,(s) years old. By construction, T* = dT/dsis
nonnegative along the path, 1,/7” being effectively the harvest rate # of Refer-
ences[7] and [9]. Thus, wehaveT'= 0 only if instantaneous harvesting is possible
(with an unbounded harvest rate), as 7" is a measure of the time consumed in
logging a particular tree site.

Letp(s, T, A, T") dsande(s, T, A, T") ds bethecommercia priceand the
harvesting (cutting, shipping, etc.) cost of the timber from the incremental strip
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(s, S+ ds) of the logging path.! That the price per unit area harvested at location
s and the harvesting cost per unit area at that |ocation may depend on tree age A
and absolute time has been discussed in the literature of forestry economics; the
dependence of absolute time reflects in part the fluctuation of the lumber and
labor market. The possible dependence of p and ¢ on location is not unexpected;
trees may grow faster at one site than another, and they may be more difficult to
log at some locations because of the geography and topography. We have already
discussed how the harvesting cost may change with the harvesting rate. If the
logging company has any degree of monopolistic power, the lumber price may
also be affected by the rate of harvest.

The present value of the discounted future net revenue for the tree stumpage
along a path-length increment (s, s+ ds) ise™°")( p — c) ds. The present value
of the discounted future net revenue for the entire forest is therefore

P E/(;l(p—c)e‘"ds', (3.1)

where we have taken the logging path to be of unit total length. (Note that a
change of the independent variable from s to T transforms (3.1) back to the
expression for P [see (2.1)] used in the conventional model.) The management
problem for the logging company is to choose a harvest schedule T(s) for the
forest so that this present value is a maximum. The maximization is subject to the
constraint on the harvest rate, which takes the form of T' > 7 (= 0) in our model,
and T(O) 0. At this point, we have effectively completed our model formulation.
The solution of the optimization problem will offer some insight into the real
phenomenon.

3.2. The optimal harvest policy

In order to bring the available tools in modern control theory to bear on the
solution of the optimization problem described in the previous section, we
introduce a new control variable u by the defining equation (of state)

— =y (32)
and write the present value of future net revenue P as
P=['e¥V(s,T, A,u)ds, V¥ =p-c, (3.3)
0

where A = T =T, and ¥V is twice continuously differentiable, say. The maximum

‘We will omit the uniform path-width parameter w in the subsequent development.
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principle [3] now requires that u(s) be chosen to maximize the Hamiltonian
K=V(s,T, A u)e ®T +Au (3.4)

subject to the equation of state (3.2), the equation for the adjoint variable A(s)

d\ ax _ d
= —gp= -1, (), E_aﬁy_), (3.5)
the transversality conditions
A0)=A(1)=0 (3.6)
and the inequality constraint
uzt(>0). 3.7

In addition, we must have T'(s) = 0. When this constraint on the state variable is
binding, the conditionA(0)= 0 of (3.6) is replaced by T(O) = 0 [which, along with
T'(s)= 0, impliesT(s) > 0]. By allowing 7 to be positive, we include the possi-
bility of an imposed maximum feasible harvesting rate. If there is no such
imposed upper limit, then u = 0 simply reflects the fact that, in our model, the
tree sites are ordered for the purpose of harvesting, as is usualy the case in
reality.

(A) Interior solution. When the inequality constraint in (3.7) is not binding,
we have an interior solution for the optimal-control problem given by

a% - e_ariz+

Equations (3.8) and (3.2) may be used to eliminateA and u from (3.5) and (3.6) to
get a second-order differenial equation for T in the interval (O,1) and one
boundary condition for T (or T) a each end of the interval. This two-point
boundary value may then be solved to get the “optimal”? harvest time for
different tree sites.

‘Strictly speaking, T(s) so determined satisfies only the necessary condition for a maximum P.
However, the differential equation of state for our problem is linear in the control variabla, and the
integrand of (3.3) is concave downward as a function of u for al problems considered herein. We
know from[12] that an optimal control exists. The unique solution of the necessary conditions for
op timali ty istherefore the optimal policy.
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(B) Corner solution. When the constraint u > = is binding, we have then a
corner solution with

_4ar _
u(s) ==-= (3.9)
which can beintegrated to give
T(s) =15 + t,, (3.10)

where the constant of integration, will be determined presently. Upon substitut-
ing (3.9) and (3.10) into (3.5), we get

A(s) = —fos[VT+I/A—aV)e—"]T=,H,0¢s, (3.11)

wherethe condition A(0) = 0 has been used to eliminate a new constant of
integration. The remaining transversality conditionA( 1) =0 becomes

[+ V=) ]y yds = 0 (312)

and serves as a condition for the determination of the constant ¢,,.

By way of (A) or (B), we have in effect found a (and usually the only)
candidate T(s) for the optimal policy. That it is optimal may be verified by
checking the appropriate concavity conditions or using arguments similar to those
in[7). The conceptual and computational simplicity of our solution procedure can
be attributed to the fact that the end points in our optimal-control problem are
fixed. Solutions for problems with various types of nonuniform and possibly
discontinuous initial age distributions and unit harvesting costs have been ob-
tained by the procedure outlined above and will be described in the remaining
sections of this article.

It is possible that a combination of interior and corner solutionsis appropriate
for the problem. We will see examples of this situation in later sections. Also, if
T(s) = 0 is binding, then [with T'(s) > 7> 0] we must replace A(0)= O by
T(0) = 0 and rework the solution.

4. Fisher's rule and nonuniform initial age distributions

4.1. Uniforminitial agedistribution

Throughout this section, we consider only the case of no limit to the harvesting
rate, so that 7= 0. Suppose the price (per unit ared) is a function of tree age only,
p=p(A), and the cost (per unit areq) is a constant, c=¢,. Since dV/du=3a( p —
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¢)/du=0, we have from (3.8)

A=0 (4.1)

for an interior solution. The solution (4.1) satisfies the two transversality condi-
tions (3.6), and reduces (3.5) (with V= 0) to

W) pa) |
7)) e “4.2)

where a dot indicates differentiation with respect to the argument of the function.
With A=T —T,, the condition (4.2) is Fisher's rule (1.1) in a dightly different
notation.

For a monotone increasing, concave function p(A4) (with p—¢,> 0 for suffi-
ciently large A), we let A(8) denote the root of (4.2). When the initia age
distribution of the forest is uniform [Ty(s)=T7,= constant], then the “optimal”
policy is T(s)=T;)+A_(8). It requires the tree site at s to be logged when the tree
stump there reaches the Fisher age A(8)= A, If T,+ A(8) <0, then T(0)=0
and T'(s)= 0 require T(s)=0. Logging should have been done before now;
therefore we log immediately.

When the initial age distribution of the forest — T;,(s) is nonuniform, the
situation is more complicated. We must distinguish and treat separately the three
cases where (1) T3(s)>0,0<s<1, (2) T5(s)< 0, 0<s<1, and (3) 7; changes
sign over the interval 0 €s< 1.

4.2. Nondecreasing T (5)

The inequality constraint u= T'(s) = 0is not binding in this “oldest tree first”
case, so that the interior solution (4.2) is applicable. From (4.2), we get as before

T(s) =A(8)+Ty(s)- (4.3)

The optimal harvest policy is to spread out the logging process and cut a tree only
when it reaches Fisher's age, no sooner. Also, it should not be later unless
T,(s)+ A(8)< 0. If Ty(s)+ A(8)< 0 for 0 <s<3, we do the best we can and log
the path segment 0 <s<§ immediately, i.e, T(s) =0for 0 £ s5<3§. [See Figure
I(a) and (b).]

4.3. Nonincreasing Ty (s)

Consider first the case Tj(s) < O (except possibly at isolated points), so that
T(s) =0o0r T(s) =t, for 0gs< 1. Clearly, we should take 5= 0 if Ty(s)+ A(8)
< Ofor the entire forest. If Ty(s)+ A(8)> 0 for a range of 5> 0, the constant ¢, is
to be determined by (3.12) which, for the class of p and ¢ considered in this
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T T
T(s)=Tols) + A(B)—

Tols)

Figure 1. Optimal logging schedule for Tg(s)» O.

section, may be written as

[le0np(ty~Ty(5)) ds
— = 5. (4.4)
Le—G'O[P(to—To(s))—co]ds

Thus, the optimal harvest policy requires the logging to begin at the instant ¢,
when the discounted marginal net yield of all tree sites as a fraction of the present
value of the net revenue from the whole forest is equal to the discount rates, The
entire forest is to be cut instantaneously at #,, no sooner [Figure 2(3)]. It should
aso not be later unless ¢, < O, in which case we do the best we can and take
T(s)=0.
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Figure2. Optimal logging schedule for (&7;(s)<0; (b) a nonincreasing T (s) With T (s) vanishing
over one or more subintervalsof (0, 1).
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To gain further insight into the above result, we consider alinear Ty(s) given
by
To(s) = =1, +(1,—1,)s (4.5)

with - ¢, > —¢,. For thisTy(s), the condition (4.4) becomes

e_sto[ {p(1o = T5(0)) = co) = { (1, — Ty(1)) — <)
To(0)— T, (1)

fole-szo[p(to —Ty(5))—c,] ds

-5 (46)

The left-hand side of (4.6) gives the difference of the present value of net revenue
from the first and last tree cut at ¢,, averaged over their age difference, as a
fraction of the present value of net revenue from the entire forest logged
instantaneously at ¢,. The optimal harvest time T'(s) =¢, is that moment when
this fraction equals the discount rate.

For cases with T;(s) = O over one or more segments of the cutting path, the
ordered-site condition and the optimality of Fisher's age together require that
T(s) =1, for the entire forest also, with ¢, determined again by (4.6). For
example, if theinitial age distribution is [Figure 2(b)]

-1 (0<s<51),
§—S
T(s) = { ~t+ 7=, (=) (s<s<s), 4.7
— 1l (s,<s<1)

with 0 <, <¢,, then we must have T(s) =¢, for s, < s< s, With A(8)— 1, <, <
A(8)—t,, since theinequality constraint7"(s) > O is binding there. WithT;(s) =0
in the two remaining portions of the path, we should ideally choose

A(8)—t,>t, (0<s<s,),

A®)—t,<ty (s,<s<1). (48)

T(s) = {

However, the ordered-site condition requires that T(s) <t,in0<s<s and
T(s) 2ty ins, < s< 1. To minirnize the possible reduction in the present value of
the forest, we take T(s) = ¢, for the whole forest [see Figure 2(b)]. In that case,
A(s)isgiven by (3.11), and the condition A( 1) = O for determining ¢, is again (4.6)
for the class of p and ¢ considered in this section.

4.4. T;( s) changes sign along thelogging path

For this case, the method for determining the optimal harvest schedule deduced
from the maximum principle must be applied with some care. While we can
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simply describe the actual solution procedure, it will be more instructive to first
show how we arrive at the results for some specific examples.

Consider the particular T,(s) as shown in Figure 3(a), with T5(s) = O for
Ogs<s,ands, <51 andT(s)< 0 for s, <s<s,. Clearly, we must have
T(s)=t, for some constant ¢, in s, <s<s,, with 7;)(s,)+ A(®) <ty < Ty(s)+
A(8).[If s;=0and s, =1, then¢,is determined by (4.4).] Sinces, < Linthis case,
and t, > T,(s,)+ A(8), we must have T(s)=t¢, for s, <s <s* as well [just as
T(s)= 0 for Ty(s)> 0 if Ty(s)+ A(8) <0], with s* determined by Ty(s*)=1t, —
A(8), and of course T(s) = T,(s)+ A(8) for s* < s< 1 for optimality. Similarly,
W|th ty < To(s,)+ A(8), we must have T(s) = t0 for s < s <5, a0, with 7})( sf) =

— A( 9), since T(s) is anondecreasing function of s. Therefore T(s) is given by
the heavy nonsmooth curve in Figure (3a). Note thats}* = 0 if £, < Ty (s)+ A(8)in
0<s<sand sF=1if 1,> Ty(s)+ A(8) ins, <s<1.

AsintheTj(s)> 0 case, wehave A(s)=0in0<s<sf and s} <s<1. In the
range s} < s < s%A(s) is determined by (3.5) and the contmwty conditions
A(s})=A(s*)= 0 [which follow from the continuity of T(s)]. For the class of p
and c considered in this section, we get from (3.5) and\(sj*) =0

A(s) = __/s e %0 p(ty—To(s))=8[ (1o —Tp(s))— <o} s (4.9)

st(ta)

with A(s*) = 0 giving a condition for determining z,:
sH(10) _gs,
[ ‘)’ e p(1g = T(s)) ds

st (o
- = 8. (4.10)
[T el lto-To(s))-el
st (2o

The economic interpretation of (4.10) is the same as that for (4.4), except that
only the portion of the forest covered by the logging-path segment (s}, s¥) is
involved in (4.10).

It should be emphasized that both s;* and s* depend on ¢, so that the final
solution for the optimal harvest schedule is decidedly nontrivial except when
T,(s) is avery smple function of s. A more detailed discussion of the computa-
tional problem can be found in the Appendix of this paper. A complete solution
for the optimal harvest schedule will be worked out there for a piecewise linear
Ty(s). A systematic numerical method will aso be outlined there for cases which
do not have an exact el ementary solution.

The simpleT,(s) in Figure 3(a) does not give rise to some complications which
may be encountered in more general cases. Consider the T,(s) in Figure 3(b),
which has two path segments withTi(s) < O, namely, 0<s<s,; ands;, <S<s,,.
For each segment, we expectT(s) to be a constant wheneverT;, is nonincreasing.
Let the constant be ¢, in0< s < s5,; and ¢, in s, < 5 < 5,,. By arguments similar to
those in the case shown in Figure3(a), we have in factT(s) =1, for 0<s<s}(¢,)
and T() =1, for sh(t) < s <sh(1,) (< ) WithTy(sh) = ¢, — A(8) and Ty(s5)
= t, — A(8). The constants ¢, and ¢, are each determined by an integral condition
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Figure 3. Optimal logging schedule for a Ty(s) which changes sign (&) twice and (b) three times

along the logging path.
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similar to (4. 10), namely,

[t~ To(s)) ds
_/’I( l)[ (t, = To(s))—col ds

=0 (4.11)

for ¢, and

L2 p(t, = Ty(s)) ds
atz) =8 (4.12)

f:ﬂ(h) p(t, = Ty(s))—co] ds

si(t)

for t,. The optimal harvest schedule isthen

tls 0<S<sfn(t1)s
T,(s)+A4(8), s%(t)<s<si(ty),

T(s) = o(s) (8) s*l( 1) 1:( 2) (4.13)
1z, sh(12) <s<sh(1,),

Ty(s)+ A(8), sh(n)<s<l.

However, if it should turn out thats?( t2)< 571(1,), then the ordered-site property
would require that T(s)= tz_for 0 <5< 8,( tz) (< 1), with 5,5 < §,5( t2) < s
determined by T,( §,,)=¢, — A(8). The constant ¢, is then determined by

‘/(;er(tz)p( TO(S))

[ Lp(~Ta(s)) o]
0

=0 (4.14)

>

and T(s) = Ty(s)+ A(8) for §,,(5,) < s< L.

We can now describe the general procedure for obtaining the optimal harvest
schedule in general for the class of p and ¢ considered in this section. Set
T(s) =1, for each path segment s, <5< 5, Where Tg(s) <0, with the segments
ordered in increasing path length so that s, > s, y. Find s and S,k, with
(Spk- 1<) 55(1) < sy and s, <57(2) (< Sy 1), bY T(|)(slk) To(sk) =1, — A(3).
The optimal harvest schedule is then given by

(sh <s<s%)s
T - { To(s)+A(8) (otherwise) (4.15)

for k=1,2,..., where¢, isdetermined by (4.12) with the lower and upper limits
of integration replaced by s}.(¢t,) and s} (z, ), respectively.
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If it should turn out that sf, < s%_ ), then we take T(s) = 1, for Sin—1y SIS 8y
(87 k-2) S Sigk— 1) < Sige— 1y ad 87 < 85 < S{per 1y)s With 8y and §,, determined
by T (Syx- 1y) = To(8,4) =1, — A(8). The constant z, is determined by (4.12) with
14 = 1) ana $x s the lower and upper limit of integration, respectively. This
adjustment process is to be repeated whenever the ordered-site conditionis
violated, e.g., either 7, < T(s) for s < §¢— ) Of 7, > T(s) for s > §,.

5. Maximum feasible harvest rate and discontinuous age distributions

5. I. Maximum feasible harvest rate

In reality, alogging company is usually faced with a maximum feasible harvesting
rate corresponding to a positive lower bound r on T’(s). Whether the optimal

harvesting policy is given by the interior solution (3.8) now depends on whether
the inequality constraint T'>r> 0 is binding. Again, we limit ourselves in this
section to the case p= p(4) and ¢ =¢,, S0 that we have 3% /du=0andA=0

for the interior solution. The corresponding harvesting schedule, T(s) = A(8)+

Ty(s), is again a consequence of Fisher's rule (4.2). Consider first the case of a
uniform initial age distribution so that 7(s) = 0. For this case, we have T'(s) =

Ti(s)=o0 for the interior solution, so that the inequality constraint is binding and
the optimal harvest schedule is T'(s) =7 or

T =15+, 51

for 0< s < 1. For simplicity, we discuss only the caset, > 0, asthe caset; < 0 can

be analyzed in a way anaogous to the same situation for = 0 in Section 4. The
adjoint variable is then given by (3.11), and the transversality conditions are
satisfied by a value of ¢, determined by the integral condition (3.12). For the class -
of p and c considered here, (3.12) becomes

[P(T +t,— %)_co]e_s(T+'°) = [P(to - To)'co]e_&o- (5-2)

Therefore, the optimal harvest schedule isto harvest at the maximum feasible rate
1/r (or minimum time per unit area, r) throughout the entire forest [see (5.1)]
starting at ¢, when the present value of the net revenue of the first tree cut equals
that of the last tree cut.> This optima harvesting policy is identical to that
obtained in [7], as it should be. (Our method of derivation should be compared
with that of [7); the latter is effective mainly for auniform Ty (s).)

When the initial age distribution of the forest is not uniform, the situation is
more complicated but similar to the unconstrained-harvest-rate case discussed in
Sections 4.2-4.4.

(i) Ty(s) = 7. Theoptimal harvest schedule in this case is again given by the
interior solution T(s) =T;(s)+ A(8), with the same forest economic interpreta-

31t is not difficult to show t,< A(8).
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tion. The optimal time to harvest a particular tree is when it reaches the Fisher
age A(8) determined by (4.2).

(il) Tj(s)< 7. For the case Tj(s) < 7 (except possibly at isolated points), the
inequality constraint is binding throughout the solution domain and we have
T(s) = 7s + ¢, with ¢, chosen so that the integral condition (3.12) is satisfied. As
such, the optimal harvest schedule for this caseis qualitatively identical to aforest
with a uniform initial age distribution. As in that case, the (transversality)
condition (3.12) may be written as

flp('rs + 1y~ Ty(s))e 8+ gs
0

][p('rs +itg—Tp(s))~cple 20+ ds
0

= 4. (5.3)

But unlike the uniform-&(s) case, the integrals cannot be evaluated explicitly
except for simple forms of T;,(s). Even as it stands, the condition (5.3) has a
simple economic interpretation. Logging should begin at the instant ¢, when the
relative discounted net margina yield (i.e., the discounted margina yield as a
fraction of the discounted net future revenue) of the entire forest equals the
discount rate. Once started, the logging should proceed at the maximum feasible
ratel/r.

For the case whereTy(s) = for one or more segments of the logging path, the
argument leading to the final solution is similar to that of Section 4.3 for the case
Ty(s) = 0 for one or more segments of the logging path. The optimal harvest
scheduleisagain T(s) = 7s + 1, with ¢, determined by (5.3).

(iii) T3( s)— 7 changes sign along the logging path. It is now clear that the
solution for ther > O case is exactly the same as that for ther = 0 case of Section
4.4 with Ty(s) replaced by T,(s) — 7s in the results there. Thus, we have effectively
described the optimal harvest schedule for all possible continuous distributions of
T,(s) for the class of p and c considered here. Discontinuous initial age distribu-
tionswill be considered briefly in Section 5.2.

5.2. Discontinuousiinitial age distributions

For adiscontinuous initial age distribution, we obtain the optimal harvest policy
for a one-parameter family of continuous age distributions which has as its
limiting behavior the given discontinuous distribution. For an age distribution
with only simple jump discontinuities (which is the only kind we expect to
encounter in practice), the limiting behavior of the optimal policy for the related
continuous distributions should give the correct solution for the discontinuous
distribution. A specific example- sufficesto illustrate the procedure.
For the discontinuous initial distribution

_tn (0<S<si)9

4
-t (5,<s<l), (54)

To(s) = {
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we consider the one-parameter (€) family of continuous initial distributions

-1, (0ss<s;,—¢),

A s+e

To(s;e) = { —t,———(t,—1,) (si—e<s<s;+¢), (55)
_tf (si+€SS<1),

where 0 <€ < 1. Evidently, T,(s; ¢) is a good approximation of T(s) fore< 1
and tends to T,(s) ase— 0.

If t,>1, (old trees first), we have T/(s;€)=0 except in the small interval
s; —c<s<s +¢ Where Ty = = (t;—1,)/2¢>0.1f_there is no upper limit to the
harvest rate then we have T(s; c) T,(s; €)+ A(d) for the class of p and ¢
considered in this section. The limiting behavior of T(s;€) ase — 0 is to harvest
all trees when they reach the Fisher age, which we expect to be the correct optimal
policy.

The more interesting caseist, <t, (young trees first), again withr = 0. For the
continuous distribution T,(s; ¢), t(1e results of Section 4.2 give immediately
T(s; €) =1, with ¢, determined by the condition [see Figure 2(b)]

p(to+1,)=p(to+1,) }

e"”°{p(!o +1,)(s,— )+ p(to + tf)(l —5,—€)+2e —
f n

e_a'°{[P(’o"";.)"‘%](%‘¢)+[P(to+ tf)—c(,](l—s,-—c)+.£.s:([p(to—7;,(s))—co] ds}
=8, (5.6)

which follows from (4.4) and (5.5). As— 0, the condition (5.6) tends to

{sip(to +1,)+(1- si)p(to + tf)}e—ﬁt(',
{Si[P(to + t,,)—co] +(1- si)[p(t() + tf)-co]}e"”o

=5 (57)

Given that there are only young trees of the same age along the near end of the
path (s <s;) and only old trees of the same age aong the far end (s; < s), the
condition (5.7) continues to have the same economic content as (4.4), which
applies only to continuous initial age distributions. To deduce the same result for
the discontinuous T,(s) without using T,(s;¢) as an intermediate step would
require amore elaborate form of the (conventional) maximum principle.

The solution procedure described for the discontinuous distribution (5.4) can
be used for other initial age distributions with simple jump discontinuities and
aso when there is a maximum feasible harvest rate. We will not pursue a
discussion along these lines, as we do not anticipate any unusual complications.
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6. Unit harvest cost varying with harvestrate

6.1. U-shaped unit harvest cost

Instead of ¢ being a constant, we consider in this section unit harvest cost
functions which depend only on 7" with the conventional U-shaped graph, i.e.,
¢(T)> O isconvexinT’ withaminimumat T' =7, > 0 (sothat min[ ¢( T)}=
c(7,))- This class of unit cost functions includes both the effect of afixed cost
component and an overload cost component. We limit ourselves here to cost
functions which become unbounded as u=T" tends to infinity.

With p= p(A) = p(T —T,) as before, we have from (3.4) and V= p — c that
39 /du = — e %7¢(u)+ A, whereu= T and a dot on top of a function indicates
differentiation with respect to its argument. An interior solution of the optimal-
control problemrequires

A(s) = e %Te(u) = e72TOe(T'(5)), (6.1)
with the transversality conditionsA(0)=A( 1) = 0 satisfied by taking
T0) =T(1) =1, (6.2)

[No other choice is possible, as ¢ has a unique stationary (minimum) point and
¢~ %7 never vanishes.] Thus, we have reproduced and extended the principal result
of [7] for the same class of problems, namely, harvesting should start and end with
a harvest rate giving a minimum unit harvest cost. The extension of the result of
Heaps and Neher consists of removing the restriction of unlimited harvest
capacity and instituting the requirement of ordered site access. If there is an
upper bound to the feasible harvest rate, the interior solution (6.1) with T'(O) =
T'(1) =, may not be appropriate and the inequality constraint on the control
u=T" may be binding. We shall return to a discussion of the optimal solution for
the case of limited harvest capacity later.

From (6.1) and the qualitative behavior of the classof ¢( T') of interest here, we
seethat T' remains positive along the entire logging path for the interior solution,
independent of the initial age distribution. Therefore, the optimal harvest sched-
ule is determined by inserting (6.1) into the differential equation (3.5) for the
adjoint variable A and solving the resulting second-order ODE for T with the
boundary conditions T'(O) = T'( 1) =,;,. As an aternate solution process, we
may solve (6.1) forT” to get the unique solution

T = f(Ae’T) (6.3)
(since¢ is amonotone increasing function of its argument), and then write (3.5) as
N = —{p(T-T,)— 8p(T — Tp) + 8c(f(Ae’T))}e T (6.4)

The second-order system of two first-order equations, (6.3) and(6.4), and the two
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transversality conditions, A(0)=A( 1) = 0, define a two-point boundary-value
problem for A(s) and T(s) and can be solved by available methods.

Before moving on to a discussion of the effect of limited harvesting capacity,
we note that (6.4) and A(0) =0 yield

Ms) = = [{ KT ~T)=8[p(T~T)—c(T)))e™Tds. (63
The conditionA( 1) = 0 then gives

['H(T-T,)e*Tas
0

: =3d. 6.6
[Tp(T-Ty)=e(T)]e*7as (6.6)

Whether we have a uniform initial age distribution or an upper bound on the
harvest rate, the optimal policy logs the forest on a schedule which makes the relative
discounted marginal net yield of the forest equal the discount rate with thefirst and
last tree sites logged at theratel /=, (for a minimum unit harvest cost there). For
simplicity, we have tacitly assumed T(s) > O; otherwise, the entire path segment
0<s<§ where T(s) < 0 should be clear-cut immediately (for the case7” » r = 0).

When there is an upper limit to the harvesting capacity (a lower bound + > 0
on T"), the optimal harvest schedule depends on the sign of T' — 7. The optimal
harvest schedule continues to be the interior solution defined by the two-point
boundary-value problem (6.3), (6.4), and (3.6) if 7" > = for the entire forest. The
situation is more complicated if 7 < r for some portion of the path. For example,
if 7, <7, then the inequality constraint 7" > 7 is binding for an initial segment
of the logging path 0 < 5 < §, so that we have

T(s) = s + 1, (6.7
and

Ms) = = [(p(r5+15=T))=8p(rs +10 = )+ 8c(r)) e~ ds (69

there. However, for §< s <1, the condition (6.1) is admissible and the optimal
harvest policy satisfies (6.3) and (6.4) with A(1) = 0. The two unknown parameters
to and § are determined by the continuity® of A and 7' at the junction s=35. A
similar procedure for determining the optimal harvest schedule applies when
T’ — r becomes negative in one or more segments of the logging path which may
or may not include an end point.

4With c(u) » 00 asu—e0,T Must be continuous for allsin (0,1); the continuity of A follows.
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6.2. Linear unit cost function and singular solution

Among the unit cost functions ¢(7”) with a qualitatively different dependence on
the harvest rate than the conventional U-shaped ones considered in Section 6.1,
one class deserves some discussion. When overloading is not an issue, the unit
harvest cost may be a linear function of 77, i.e,, ¢ = ¢5 + ¢,T". With unit price
again amonotone increasing concave function of tree age (A= T - T;) only, and
with p — ¢ = p(4)— ¢,]— ¢,T", the Hamiltonian may be written as

H=py(A)e™ T+ (A - cfe"")u, (6.9)
where
T =u, po(4) = p(4) = c,. (6.10)
The differential equation for the adjoint variable A becomes
A = = e [ py— 8py +dc,u]. (6.11)
Note that 33 /du+ 0 for any u unlessA(s) and T(s) satisfy the relation
A(s)—ce™® = 0. (6.12)

We call the solution which satisfies (6.12) for als in[0, 1] the singular solutionand
- denote it by A (s) and T,(s). Evidently, we have d3C/du = 0 for the singular
- solution.

Upon differentiating both sides of the singular solution (6.12), we get

N, +¢8Te T = 0
- or, inview of (6.11) for A",

p(4) _ p(4) _
po(4)  p(A)—c,

(6.13)

The singular solution therefore requires the harvest schedule to satisfy amodified
Fisher rule in which the fixed cost component ¢,7T” is excluded from the unit
harvest cost in the calculation of the relative marginal yield. The condition (6.13)
determines amodified Fisher age A,( &) for each tree site, and the singular solution
issimply T,(s)= A,(8)+ Ty¢s)with T/(s) = Tj(s). The corresponding harvest
scheduleis to log atree when it reaches the modified Fisher age.

The singular solution by itself cannot be the optimal harvest schedule since the
corresponding adjoint variableA  (s) [see (6.12)] does not satisfy the twotransver-
sdity conditions A(O) = A (1) = 0. Therefore, at least in a segment adjacent to each
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of the end points of the logging path, the current shadow price Ae®” is not a
constant. SinceT” = u > r ( » 0) andA-ce ~%7 <0 near the end points [because
of the transversality conditionsA(0) = A( 15 = (), the Hamiltonian K is maximized
if  is minimized. Therefore, T(s)=7s+t, whenever it is not the singular
solutionT,,( s).

For auniform initial age distribution and alimited harvesting capacity so that
T > 7> 0, we have

T(s) =ms+1 (0<s<l), (6.14)

as the singular solution 7,('s) = A,(8) + T, violates the inequality constraint for
the entire path. With (6.14), we get from (6.11) and A(0)=0

A(s) = [e_s(m,o, {c,- pol(s+1,—Ty) }] (6.15)

T 0
The conditionA( 1) = 0 yields

e p(r+ 1y = Ty)= (7)) = ¥ p(t = Ty) = (7)), (6.16)

which determines ¢,. The condition (6.16) again requires logging to start at the
instant ¢, (with the same maximum feasible harvest ratel / thereafter) when the
discounted future net revenue of the first tree cut equal's the same present value of
the last tree cut.

When there is no limit on the harvest rate, so that r=0, we have T’=0
whether the inequality constraint on the harvest rate (T = 0) is or is not binding
[given T! = ( A,(8)+ T,y =0]. Therefore, we get the same optimal harvesting
schedule for the entire path without insisting on the singular solution. (Thisis not
true for a nonuniform initial age distribution.) With 7= 0 and T =¢, so that the
entire forest is clear-cut instantaneously at some ¢,, the equation for the (dis
counted) shadow price (6.11) and the transversality conditionA(0) = 0 imply

A(s) = ’e“&"[i’o(to_To)_sl’o(to"To)]s- (6.17)

The remaining transversality condition A( 1) = O gives a condition on ¢, for the
singular solution with the same economic content as (6.13). Again, logging should
begin when the trees reach the modified Fisher ageA,( §), and the entire forest is
to be clear-cut instantaneously. [With (6.13), we have from (6.17) A(s) =0, which
also follows from (6.15) if we setr=0.]

We now turn to the case of a nonuniform T;(s) and examine separately the
three cases: (i) Ty < 7, (ii) T > 7, and (iii) T changes sign along the logging path.

Case (i) is easily disposed of, since the inequality constraint T° = = is binding.
The optimal harvest schedule is T(s) =75+ ¢, with ¢, determined by (6.11) and
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A(0) = A(1)=0. In particular, logging should begin t the instantt, when we have

[l (T -1y) ds
0

: =5 (6.18)
/(; e_'ST[p(T-— Ty)—co— cffr] ds

and should be at the maximum feasible harvest rate.
The singular solution T, = 4,(8)+ Ty(s) is admissible for case (ii) (since
T! =Ty > t) except near the two ends of the path. Therefore, we have

78+t (0<s<sy),
T(s) = { T(s) = 4,(8)+ Ty (s)  (5,<s5<sy), (6.19)
Ts+t2 (S2<S<l).

From (6.11) [or (6.12)], we get the corresponding A(s) as

[%e—6(73+tl)<(;fﬂr - pO(TS +t - %(s))}]:) (0 <5 <K Sl)’

A(s) = (A (s) =cre™ (51<5<5,),

. 1
[%8—8(rs+12)(cf'r—pO(TS+t2—Tb(s))>] (SZSSSI).

(6.20)

By the ordered-site property, we must have rs, + 1, < 4,(8)+ Ty(s,) and A4,(8)+
T,(s,) <715, +1t,. For T(S) tobeasclosetotheinterior (singular) solution as
possible, we take 7s, +t,= A4,(8)+ Ty(s,) and 75, + 1, = A, (8)+ T,(s,), or

t=A,(8) + Ty(s)) =151, 1, = A,(8) + Ty(s;) = 75, (6.21)
The continuity of T ats, and s, requiresthat A be continuous there also, so that

[%e-slﬂﬂ‘(s')]{c(”')“‘P(”S+ tl(sl)—TO(s))}]Ol cpe” 00D,

(6.22)

—8T(s2)

[_;e_smﬂz(sl)] {c()—p(7s +'t2(s2)—To(S)))]:2 cre

The two conditions in (6.22) determine s, and s, and thereby the optimal harvest
schedule for this case.

The situation for case (iii) is much more complicated, as the optimal harvest
schedule consists of the singular solution 7, over segments of the logging path,
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and corner solutions 7s +¢,, k=1,2,..., over the rest of the path. The actual
location of those path segments is determined by continuity conditions on T(s)
and the corresponding A(s) at the junctions of contiguous path segments. To the
extent that the actval solution process is analogous to those described in Sections
44 and 5.1 for the case ¢, =0, it is not necessary to discuss this case in more
detail.

4n exact solution for a class of unit cost functions

It is of some interest to note that an exact solution of the optimal harvest schedule
is possible for the following class of U-shaped unit harvest cost functions:

¢
clu) = cu+ g+ t,;[’ (6.23)

where ¢, ¢, and ¢, are known non-negative constants corresponding to the fixed
cost component, the constant unit harvest cost component, and the overload cost
cemporent, respectively. The U-shaped ¢(u) has a unique minimum at u
= /o, ¢ = T, and

-
i

é{u)e T = (cj, - —C{-)e“” (6.24)

Upen differentiating (6.24) with respect to s and
1o ehminate A from (6.4), we get (with u=T")a
tien for T(s) which may b written ¢

vanishes at ¢ =77 = \/cl,,ﬂ
using the resuliing exrre
secondd order differentis

- . -
_Z_‘__? +48 = i_ <§’ i’(r ‘(} ~(>m!"-P(T"T0;‘>- {6.25)

If the initial age distribution is uniform, s¢ that T,{s} is a constarw. :% 23) may
be integrated once immediately to give

2¢,0s +2€,(:’_1— - 71.7)

=p(T(O)—%)-p(T—%)JrﬁfT::O)[p( —Ty)—c,} dé,

(6.26)

where the transversality condition T'(O) =1, = v’c, /cf_ has been used to express
the constant of integration in terms of the yet unknown starting time of the
harvest schedule, T(O) (which is not to be confused with the initial age distribu-
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tual  tion 7). The other transversality condition 77(1) = Toin DECOMES
(s)
the
ons
ore

it determines 7(1) in terms of the urhknown starting
optintal harvest schedule T(s), we considder for simpli min T
ule  that case we get T{s} by solving the first-order ODF (6.20) for Tisy While an
exact solution for T(s) does not seem possible, an exact soltion of SETY s
straightforwerd once we make use of the relation 1,77 =
3) (6.26) into a first-order linear ODE for s as a {unction of 7~

ime T Ta get the actual
yonly thecase >+ In

ds 7dT to transform

ds S 1 N iy
st
u T \ o
ok [p(S-Tg)_c(,]df[. (6.28)
T

The exact solution of (6.28) is

; 1
26,85 - [ = p(T(0) =Ty )+ [T 700y
i Tmin i
1 T ) N
+8 ) [p(¢=T1,) - ¢,] dt. (6.29)
()

where we have made use of s(T(0)) = 0 to eliminate the constani of integration,
Finally the condition s(7(1)) =1 gives the relation

Tmin

2 .
20 = | 25— p(r0)- 1) Jfesirar 7o

s T(”[p{'é--%)“é’o] de. (6.30)
T(0)

With T(1) already determined in terms of T(0) by (6.27), the condition (6.30) is
- an equation for the single unknown constant 7(0). Alternately, we may write
(6.27) as

P(T)-T) - p(1(0)-7,)
PO(T(I)‘TO)‘PO(T(O)—E))_ZC/ ,

(6.31)

 where

Py(x) = '[)X[P(t)—co] dr,
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and use (6.27) itself to simplify (6.30) to get

2 - _
< [ p(T(0)-T) - co]}(e—W(")—Tol _ ¢~ 3ITD-Toly

min

= e STO-TI[ 5 (T(0)-T;)— p(T(1)~Tp)]. (6.32)

The two equations (6.31) and (6.32) simultaneously determine T(O)- T, and
T(1)-T, once p(-) is specified. When we haveT(0), Equation (6.29) then givess
asafunction of 7. This function must be monotone increasing by the ordered-site
requirement. Therefore, we get awell-defined inverse function T(s), the optimal
harvest schedule sought.

The above solution process for the special class of problems treated in this
section involves considerably less machine computation than that required by a
direct numerical solution of the BVP for A and T. The solution process has aso
enabled us to deduce the simple dependence of T(s) on the uniform initial age of
the trees, T;,. From (6.29), we see that a change of T;, simply shifts the entire T(s)
curve upward or downward. A direct numerical solution is generally necessary for
problems with a nonuniform T, (s) and/or a more genera cost function c(u).

6.4. Numerical results

To gain some insight into the effect of the economic and biological parameters
such as the discount rate §, the size of the forest F, (the number of trees), etc.,
numerical results have been generated for a unit price function of the form

p(4) = poFy(1~ oe™4/%) (6.33)

and the unit harvest cost function (6.23). For our purpose, it is more convenient
to take this cost function in the form

c(u) = Gu+ G Fy + v Ffu™! (6.34)

with ¢, =C,, ¢g= G F,, and ¢, = vy Fy* S0 that

T = F(,\/ %" . elng) = FO[CO+2 ycocfl‘ (6.35)
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For the numerical results presented here, we have fixed
po = $1200/( tree) (unit path length),
C, = $200/( tree) (unit path length),
C, = $50/hr = $100,000/yr,

I
vy

[of

H

A, =60yr,

v =5x107° yr/(tree)(unit path length).

For the choice of parameter values used to generate the numerical results, we
haver,;, = F,x10™* yr/(unit path length). With the logging path normalized to
unit length, r,, is aso the time required to harvest the entire forest at a rate
which gives a minimum unit harvesting cost. For our set of parameter values, this
rate would log 100,000 trees in 10 years time, which should not strain the
available harvesting capacity of abig logging company. Therefore, we will assume
Tmin > 7> @nd that the interior solution is appropriate. Harvesting at the most
efficient rate, the parameter values used here give a net profit of nearly $750 for a
120 year-old tree and no net profit for trees which are younger than 29 years. The
corresponding Fisher age is 37.67.. ., 59.07.. ., and 87.26.. . for § = 0.1, 0.025,
and 0.0 1, respectively.

In arriving at (6.33) and (6.34) for our continuous model of a forest with
discrete tree stands, we have let the land area assigned to each tree of the forest be

A; the net discounted revenue from the stumpage of a logging path increment
(0,0 +do ) within an assigned area for asingle tree before path-length normali-
zation is taken to be ( p, - ¢,)e °Td o /A, where p, and ¢, are the gross price
function and harvest cost function, respectively, for a single tree stand. To
normalize the entire path to unit length, we seto. = F;As so that the present value
of net revenue from the entire forest is

Rl _ 1 _
P =/(;° K(pl—c,)e Td o =j(;(p—c)e 8T gs

withp —c=F,(p,—¢))-

(&) Uniforminitial age distribution. We have taken T, = 0 in all cases pre-
sented here. As previously observed, a different (uniform) initial tree age simply
shifts the graph of T(s) upward or downward.

In Figure 4, we show the graph of 7" and T for § = 10% for three different
forests: F, =10%,10%, and 10°. We see from these graphs that small forests are
logged at a nearly uniform rate close to ., along the entire logging path. Here,
Tan 1S SUfficiently small so that trees are logged at nearly their Fisher age. Large
forests are logged at a rate substantially faster than =, away from the two ends
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Figure 4. Optimal harvest schedules for different-size forests with a uniform initial age distribution.

of the logging path. But to avoid excessively high harvest cost. the optimal harvest
rate results in a 19-vear gap between the first and the last tree harvested. Thus,
the first tree is logged well before its Fisher age.

Figure 5 shows the effect of discount rate § on 7" and T. As & increases from
2.5% to 10%, the harvest rate away from the end points increases, reflecting the
fact thai we should harvest the trees sooner when the discount rate is high.

The above numernical results were generated by the exact solution of Section
6.3 and then confirmed by solving the BVP for T"and A [defined by (6.3) and (6.4)
for 0 <s <! with boundary conditions A(0)= A(1)=0] numerically by the
spline-collocation BVP solver coLsys (see [13]). The close agreement between the
two sets of results serves as a check for our calling program for corsys, which is
needed for problems with nonumiform nitial age distributions below.

(b) Nonuniform initiaf age distributior:.  The results for three different types of
initial age distributions 7,{sj will be described below, and the qualitative features
of the corresponding harvest schedules will be noted. The numerical results were
generated by the BVP solver corsys with four-significani-figure accuracy.

(1) Ty)(s) =as: InFigure 6@ and (b), graphs of 7’ are shown for different
values of the parameter a, --- 30 < a< 30, and far 6§ = 0.1 and 8 = 0.025, respec-
tively. For 8 =0.10 [Figure 6(a)], the harvest rate stays close to 7, throughout
the logging path when « = 30. logging the trees near their Fisher age (see Table 1).
As a decreases 7” deviates more and more from r, away from the end points.
For a <0 the ordered-site-access constraint prevents the older trees located near
the end of thelogging path from being cut first, and a high overload cost
constrains the logging company from harvesting the entire forest instantaneously.
In order to get to the older trees not too long after their (individual) optima age,
the younger trees at the start of the logging path would have to be harvested well

before their Fisher age.
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‘Tabie 1
Hagvesi Scheduie for the End Trees When Tils ) = as
B 5=010 '

o T(3) = Aily AN =T0)—a
-39 22.40 66.57
- 20 2542 6057
=10 28.33 5.22
0 21.06 49.99
45.22
4115
37.93

3767 o

35— T ; T T R
Fg = 1‘35
To =0
. S
vy
e ) B
5 N
= e g
5200285 —.., /’ Yy
e !
,_-///_A;
£2005 ——ue " s 7
™ ////
80075 —a_—
0ors e T AT
1S L_.. 1 i 1"-—‘ |
9] 0.2 04 [612) 08 ks}
s
e r 1 r | i T T T
i
5
Fg =10 o
TO To = 0 x/,, - -
a/“
— ‘/
| 802} — .
/ ,.‘/
o T
= — .
50 ,/// 3=.05 - // /»/"“_/_
910 / / 5:.%"’/,,» /»"'__,,.
|
i.0

Figure 5. Optimal harvest schedules for different disconnt rates and a uniform initial age distribu-
tion.
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Figure 6. Harvest time per unit site for linear initial age distributions: (a) 8§ =0.10 and (b) 8 = 0.025.

For a lower discount rate, say § = 0.025 [see Figure 6(b) and Table 1] the same
qualitative features persist but the harvest rate away from the two end points is,
for the same @, considerably slower than the harvest rate for §= 0.10. The
difference simply reflects the fact that trees should be cut sooner when the
discount rate is higher.

(i) Ty(s)=PBs(s — 1). For a negative B, the tree age declines as we move
through the first half of the logging path; it then increases with path length
thereafter. Thus, we expect the optimal schedule to start logging somewhat later
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Table2
Harvest Schedule for Ty(s) = Bs(s — 1)
6= 0.10 8= 0.025
H3)= A(3)=
B A(O) =TO)TG)+iBT(1)= A(l) A(O) =T©O)T(3)+ B8 A(l) =T()
-100 42.69 351 66.62 63.69 53.04 89.37
0 31.06 40.82 49.99 48.34 60.56 7271
100 17.11 49.54 35.48 33.22 68.97 57.28
A(9). 37.67 59.07

*The Fisher ageis calculated with ¢ = ¢( 7, ).

- I I I { T T T T
B‘=}|oo.8=o.| F, =10°
To =Bs {s-1)

40

dT/ds

Figure7. Optimal harvest schedules for quadratic initial age distributions.

than the Fisher age of the trees near the start of the logging path, to alow the
trees near the middle to grow. For the trees near the end to be cut not too long
after their Fisher age, the trees in the middle would have to be cut a little sooner
than their Fisher age (see Table 2). For the one case with a negative g shown in
Figure 7, the tree age declines so sharply near the start of the logging path that
the harvest rate has to be slower thanr,;, for awhile, allowing time for the young

trees to grow.
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For positive values of B, tree age increases with path length until the midpoint
and then decreases. In order for the trees in the middle not to get too old, the
trees near the start of the logging path would have to be harvested well before
their Fisher age (see Table 2). Near the end point, a slower harvesting rate (than
Tain) 1S 808N Necessary to alow the young trees to grow almost to their Fisher age
(see Figure 7).

(iii) Ty(s)=y tanh([s —1]/¢). For y >0, we have —T; <0, so that the tree
age declines aong the logging path. When the initial age profile has no abrupt
changes (€ = 1.0), the harvest schedule (see Table 3 and Figure 8(a)) cdls for al
trees to be cut around their Fisher age. For the profile chosen, it is necessary to
cut the first few trees sooner, and the last few later, than their respective Fisher
age. When —T(s) has a sharp drop as in the case e= 0.1, the optima harvest
schedule alows for this by harvesting much more slowly in the area of abrupt
change.

For y <0, we have — T3>0, so that the tree age increases along the logging
path. Given the ordered-site-access requirement, the best we can do is to harvest
the entire forest instantaneously at an appropriate time. But the prohibitive
(overload) cost for doing so forces us to log at a finite but varying rate. In the
examples with 8§ = 0.1 shown in Figure 8(b) (see also Table 3), the discount rate is
sufficiently large to make it worthwhile to cut down the young trees at the front
end of the logging path at a financia loss in order to get to the older trees at the
back sooner. Note that the harvest rate varies gradually whether the initia age
profile has abrupt changes or not.

7. Concluding remarks

Optimal harvest schedules for unit price and cost functions more general than
those considered in Sections 4, 5, and 6 can be analyzed in a straightforward
manner within the framework of the formulation of Section 3. No conceptual
difficulties are expected, but numerical methods will often be necessary for the
actual optimal solution. However, for typica once-and-for-all forest logging, the
time scae involved is sufficiently short to render the fluctuation of p and ¢ with

Table 3
Harvest Schedule for T,(s)=y tanh([s —3]/€)
[with T(s)= A(s)+ Ty(s)]
6=0.10 6 =0.025
Y € A0) A3) A1) A0) A(%) A(l)
-25 1.0 24.62 43.80 62.60 4021 62.34 84.56
01, 2021 51.30 82.00 © 34.22 68.18 102.22

31.06 40.82 49.99 48.34 60.56 7271

25 10 35.94 38.22 40.17 56.10 59.25 62.34
01, 34.00 34.15 41.30 57.40 56.94 59.53

(8)= 37.67 59.07

o
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Figure8. Optimal harvest schedules forT(s)=y tanh([s—3]/¢) with (a) y>0, (b) y < 0.

timeinsignificant. Variations of p and c with tree site, as well as the dependence
of ¢ on tree age, if significant, are merely fine tuning in our formulation and are
not expected to lead to substantive qualitative changes in the optimal policy.
Substantive changes are expected if p depends onT, so that the logging company
is not just a price taker but has some influence on the market price through the
amount of timber it supplies. For this case, optimal harvest rate depends on a
proper balance between the unit harvest price and unit harvest cost at that harvest
rate. This balance is attained with the current shadow price Ae®T equal to the
marginal yield of net revenue for an extra unit harvest time per tree site.

Our model does have some serious limitations for the case of a price taker. For
example, the modd requires the entire forest to be harvested eventually. Under
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where

=
I

yuEIOSTL (A8)

1
l_s,

A(s) = [~ 301 -5/ 40 — 56731 =50/ (s140) | (A9)

Since (A.7) has at most one solution, the only feasible harvesting schedule is

T,(s)+ A (8 0<s5<s¥),
1(s) = [P)FA(0) 0<s<sn) (A.10)
to=A(8)—Ayx (s}<s<l),
where
sF=1+ %, (Al1)
For A4, = 60, 0 =33, v, = 950, 6 = 0.1, and s, = 3, we have
— 30 (14608
A(8)= 601n[—13( s )] = 601n(%)
(A.12)
t, = 156545 ..., sF =0.2998485 ...,
and therewith
38)_ _
I(s) = 60In(3)—30(1—s5) (0<s5<0.2998...), (A13)
15.6545.. . (0.2998... <s<1).
2. Ageneral procedure for a numerical solution
For an initial age distribution Ti,(s) with
>0, O0<s<y,
=0, s=g,
Ti(s) <0, s,<s5<5, (A.14)
' =0, s=s,

>0, s.<s<l,
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we have

To(s)+A4(8), O0<s<s¥(<s,),
T(s) = { to> st<s<st, (A.15)
T,(s)+4(8), (s,<)s*<s<l,

withA(s)=0in 0 s<sf and sF < s < 1. Intherange s < s < s, the constraint
on the control variable is binding, so that T(s) = ¢, and

JoH

N=—an= [AT-1,)-8v(T— T,)]eoT
= — [V(te — To(5)) - 8V (1, — Ty(s))] e %%, (A.16)
with
A(s¥)=0, A(s*)= 0. (A.17)

By the continuity of T(s), sf and s} are the smallest and the largest of three roots
of

T,(s)+ A(8) = t,. (A.18)

For a numerical solution, we pick an initial approximation for t,, Ty( s,) +
A(8) <ty <Ty(s,)+ A(8). Solve (A.18) for the three roots to get s} and s* [with
Ty (s¥)> 0, Tg(s}¥) > 0, and s} < s}*]. Solve. the IVP defined by(A.16) and A(s}) =
0. Iterate on ¢, (by Newton’s method or the secant method) until A(s}*) = 0.
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