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Two classes of exact solutions are derived for the equations of three dimensional
linear orthotropic elasticity theory governing flat (plate) bodies in plane strain or
axisymmetric deformations. One of these is the analogue of the Levy solution for
plane strain deformations of isotropic plates and is designated as the interior
solutions. The other complementary class correspond to the Papkovich-Fadle
Eigenfunction solutions for isotropic rectangular strips and is designated as the
residual solutions. For sufficiently thin plates, the latter exhibits rapid exponen-
tial decay away from the plate edges. A set of first integrals of the elasticity
equations is also derived. These first integrals are then transformed into a set of
exact necessary conditions for the elastostatic state of the body to be a residual
state. The results effectively remove the asymptoticity restriction of rapid ex-
ponential decay of the residual state inherent in the corresponding necessary
conditions for isotropic plate problems. The requirement of rapid exponential
decay effectively limits their applicability to thin plates. The result of the present
paper extend the known results to thick plate problems and to orthotropic plate
problems. They enable us to formulate the correct edge conditions for two-
dimensional orthotropic thick plate theories with stress or mixed edge data.

1. Introduction

Even before the inception of the three-dimensional theory of elasticity in the
nineteenth century, approximate descriptions of the behavior of slender and thin
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elastic bodies were formulated in terms of appropriate boundary value problems
in one- or two-spatial dimensions. From [l, 3, 4, 18, 19, 20], we now know that
the classical Germain-Kirchhoff two-dimensional linear theory for thin plates [2,
11] corresponds to the leading term of the outer asymptotic expansion of the
exact elasticity solution. It is characteristic that the outer (or interior) solution,
exact or asymptotic, generally cannot satisfy an admissible set of boundary
conditions for the three-dimensional theory at a cylindrical edge of the plate.
Near a cylindrical edge, the interior solution is supplemented by boundary layer
solution components that becomes insignificant away from the edge. The
boundary layer solution, even just a leading term approximation, needed to fit
the edge data is usually very difficult to obtain.

Because of the difficulty associated with the residual boundary layer solution
components, considerable effort has been made over the years to formulate the
appropriate auxiliary conditions along the plate edge(s) for a two-dimensional
linear thin or thick plate theory (without any reference to the boundary layer
solution) that provides an interior solution for the plate problem accurate away
from the plate edge(s) up to terms proportional to some power of the plate
thickness. The only successful method for this purpose to date is based on a set
of necessary (and sufficient) conditions for the exact edge data to induce a stress
state that does not contain the interior solution [7-10]. Strictly speaking, these
conditions for a decaying or residual (elastostatic) state have only been derived
for the asymptotic limit; say when the plate thickness tends to zero with all other
geometric and material parameters held fixed. Such asymptotic conditions pro-
vide the theoretical basis for the analysis of thin plate problems; they also suffice
for moderately thick plate problems from a practical viewpoint. For thick plate
theories, however, it is of fundamental interest to remove the restriction of
asymptotic validity. The present paper shows how this can be done for important
classes of boundary data associated with plane strain deformations or axisymmet-
ric deformations. For these two classes of problems, the elimination of the
asymptoticity restriction is made possible by a set of first integrals of the
equations of elasticity established herein.

To allow for applications to a broader class of problems, the relevant first
integrals will be derived for transversely isotropic materials. For added gener-
ality, we will need to obtain also the correct interior solutions for both plane
strain and axisymmetric deformation of orthotropic plates analogous to the Levy
solution [12, 17].  Some applications of the results obtained in this paper will be
discussed in Section 9; others can be found in references 15 and 16.

2. Orthotropic plates in plane strain

The behavior of an orthotropic plate under plane strain deformation is governed
by the following sets of conditions:

(i) Two equilibrium equations for the three stress components Q, oZZ and
0

X.Z = ozx:
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(ii) Three stress strain relations relating the three strain components cxx, czz
and cxz = czx to the three stress components [13]:

a11 a12 0 0xx
Z L a21 a22 0 il 0zz

0 0 a33 a xz

C-
*21- -
E1

0

*12- -
E2

0

0

1
G

with aI2 = a2l (and hence v2JE1 = vi2/E2).
(iii) Three strain-displacement relations defining the strain components in

terms of the displacement components ux and uz:

c = U c = U Z Z

xx x,x’ zz Z,Z’ 6 xz c zx U x z + uz x= (2 3).
9 ,

(iv) Appropriate boundary conditions on the surface of the plate.
In Equations (2.1)-(2.3), a comma indicates partial differentiation so that

0 s a( )/al. The elastic moduli Ej, G, and vij in (2.2) are assumed to be
constant for simplicity and Ej and G are necessarily positive. We have taken the
equilibrium equations (2.1) to be homogeneous, as any distributed body load may
be removed by a particular integral.

We are interested here in the plane strain problem governed by the differential
Equations (2.1)-(2.3) for the plate strip { ]z] s h, 1x1 s l, ]y] < cc} with boundary
conditions uniform in the y direction. The top and bottom faces of the plate are
taken to be traction free, so that

z -= +h: cJxz=ozz=o. (2 4).

The presence of any surface traction there may again be removed by a particular
integral of the governing differential equations. The only forcing terms in the
problem are prescribed along the edges x = & 1 (]z] s /z, ]JJ] < 00) in terms of
stress or displacement edge data in the form of one of the following four
admissible combinations (along with uY = 0).

Case (3): 0xx = Cxx(z), uz = kz(z) (2 7).

Case (4): UX = iix(z), uz = zz(z). (2 8).
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Evidently, we expect ( ), L = 0, uY = oXY = Q -= 0 in the elastostatic states induced
by this data.

The two equilibrium equations (2.1) may be satisfied identically by expressing
the stress components in terms of a stress function +(x, z):

The three strain components, defined in terms of only two displacement compo-
nents by (2.3), satisfy the following differential equation of compatibility as in
the isotropic case:

c Z

xz,xz c xx,zz + czz,xx* (2.10)

With the help of the stress strain relations (2.2), the strain components in
Equation (2.10) can also be expressed in terms of + so that we have the following
equation for + alone:

a 22+, xxxx + bl2 + a21 + a33h,xxzz + %lG zzzz = 09 (2.11a)

3
0

El
E2

, xxxx + P+di-E +,xxzz + qzzzz  = 0
2

with

2+p = a12 + a21+ a33 = l?- -

{GG -G 2v

(2.llb)

(2.12)

E=/m, P=,/=. (2.13)

For isotropic media, we have vi2 = v2i = v and E/G = 2(1+ v) so that p = 0. In
general, we have p > -4 as v is required to be no greater than unity by the
requirement of positive definiteness of the strain energy of the plate (and hence
the positive definiteness of the elastic coefficient matrix in Equation (2.2)).

3. The exact interior and residual solution for plane strain deformations

Let 6 =x/l and q = z//z and write (2.llb) as

where c = ( El/E2)1’4h/Z.  For c +z 1, we designate as the interior (or outer)
solution, +*, of our linear boundary value problem that portion of the exact
solution (of the three-dimensional elasticity theory) that does not change signifi-
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cantly over a distance of the order of lc in the x-direction. To obtain this interior
solution, we consider a perturbation solution for + in the form,

The coefficients &, k = 0,l,  2,. . . , are required by Equation (3.1) to satisfy the
following relations:

where quantities with a negative subscript are taken to be zero. Correspondingly,
the boundary conditions on the plate faces require

It follows from Equations (3.3)-(3.4) that we have

where Ak, Bk and ck are constants of integration.
With all coefficients in (3.2) having the same form (3.5), the series for + may

be summed to give,

Q 0
C ’ mAck-m

31 X k 7
k = O

etc. It can now be verified by direct substitution that Equation (3.6) is an exact
solution of (2.11) and (2.4), independent of the perturbation expansion (3.2) and
the magnitude of c. A more general expansion in powers of ck’n instead of (3.2)
does not alter this exact solution. While the perturbation solution serves only as a
vehicle to this exact solution and will not have any role in the subsequent
development, the retention of a finite number of terms in the expansion (3.2)
does correspond to a (thick) plate theory of a  certain order. The physical meaning
of the unknown constants No, MO and Q. may be seen from the following
expressions for the stress components:

cc No+ 3M
-xx 2h + + JQ- -+z, 1 3Q 0Z

2h 2h xz 4h 9 0; = 0 ( 3 . 7 )
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with

J
h

O;~Z~Z = MO + Q+. (3 .8 )
- h

The displacement components may be obtained from Equations (2.2), (2.3) and
(3.7):

+ E&x + c]. (3.9b)

Terms associated with the new constants of integration a, d and c in Equation
(3.9) are of the nature of rigid body displacements.

The difference between the general exact solution of the plate problem and the
interior solution (3.6) will be called the residual solution  of the plate problem.
Evidently, the residual solution does change significantly over a distance in the
x-direction of the order of k when c GK 1. In other words, we should expect the
residual solution to change significantly as a function of [ = t/c = x/k over a
dimensionless distance of order unity. In fact, we may write Equation (3.1) in
terms of q and c:

The fourth order Equation (3.10) admits product solutions of the form!

+R = e (3.11)

where A = A/k = A/( ah) with a = ( EJE2)1’4. For a residual solution, we must
have A # 0 as c#+? is expected to change significantly with l.

With (3.11), Equation (3.10) becomes an ODE for &(q):

while the boundary conditions on the two faces become

7.) = -&l: 0 = &,q = 0 (3.13)

‘We will not be concerned with any matching of asymptotic expansions in this paper. Therefore, it
will not be necessary to seek a perturbation solution of Equation (3.10). Such a solution does not lead
to any simplification of the present problem.
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Q(H) = W(&h) = 0 (3.14)

where ( )’ = LI( )/&, keeping in mind that x # 0 for the residual solution.
The homogeneous ordinary differential Equation (3.12) for &(q) and the four

homogeneous boundary conditions in Equation (3.13) define an eigenvalue
problem with x as the eigenvalue parameter. As in the isotropic case (p = O), this
problem has an infinite number of solutions { &, &} with & being a solution of

cos( 6A)sin( A/a) - 6 * ‘sin( &A)cos( A/a) = 0 (3.15)

~2=l+$~+/(l++/J)2-l* (3.16)

Note that we have a2 > 1 for p > 0. The family of eigenvalues { A$} for the +
sign in Equation (3.15) is associated with the eigenfunctions

&k( 7) = cos( A$qcos( in;q) - cos( 8$)cos( A&q (3.17)

which are even functions of q. Evidently, this family of solutions describes the
extensional action of the plate. The other family { ?$ } for the - sign in Equation
(3.15) has as its family of eigenfunctions,

which are odd functions of q. This family is for the plate bending (and flexure)
portion of the problem.

As in the isotropic case [5, 61, we expect

(3.19a)

where +I is the interior solution obtained earlier and

(3.19b)

with %k = &c/(ah) = &/(l )c as previously introduced in Equation (3.11). Note
that +R is also an exact solution of (2.11) and +I in fact consists of the
eigenfunctions of (3.12)-(3.13) with A = 0. The coefficients {a!}, {a:}, No, MO
and Q0 (in +I) are to be determined by the edge data at x = & Z. As the solutions
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for { lk } and { ak } are generally tedious and costly, there is considerable interest
in obtaining N& Q0 and & without an explicit (or numerical) solution for the
residual solution. This will be accomplished by obtaining an appropriate set of
auxiliary conditions along the plate edge for the interior solution alone.

The technique developed in references 7-10 for formulating the proper edge
conditions for correct isotropic plate theory solutions depends critically on a set
of integral relations which must be satisfied by the edge data in order for the data
to induce only a residual solution. By way of the Betti-Rayleigh reciprocal
theorem, the needed necessary conditions have been derived for isotropic plates
valid asymptotically as h + 0. While they suffice for thin plate problems ade-
quately approximated by the Germain-Kirchhoff theory; it is desirable to have a
similar set of conditions without the asymptoticity restriction for thick plate
problems. We will obtain these conditions in the Section (5) for the more general
orthotropic plate case with stress or mixed edge data listed as Cases (1)-(3) in
Section 2. These new exact necessary conditions for a residual state are direct
consequences of the first integrals of the equations of elasticity derived in the
next section.

4. Six first integrals for plane strain deformations

In this section, we derive six first integrals from the governing differential
equations for plane strain deformations and the traction-free conditions on the
two faces of the plate. Three of the six are relatively straightforward. Upon
integrating (2.1) across the plate thickness and using the
(2.4) [or (3.14)], we get;

boundary conditions

A third integrated relation may be obtained by multiplying the first equation of
(2.1) by z and integrating with respect to z to get

so that

sh
crxxz dz = c3x + Cd.

-h
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On the other hand, we have from Equations (3.8a) and (3.19b)

Jh
t&d2 =

h

-h J [ ox; + ox; dz = No +1
-h

to get Cl = IV& Similar considerations give Cz = Q0 and Cj = MO. Thus, the three
first integrals (4.2) and (4.3) may be taken to be

J
h

oxxdz = No,
-h

c )
. . .

111 J
h

oxxzdz = Qox + MO.
-h

They may also be deduced by the usual requirement of global equilibrium.
The other three first integrals are not at all obvious and cannot be deduced

from overall equilibrium considerations alone. They were in fact suggested by the
relevant asymptotic necessary conditions for a residual state for isotropic plates
obtained in [7]. We begin the derivation by integrating cxx in Equations (2.2) and
(2.3) across the plate thickness to get,

Now, we observe the relation

Jh
ozzdz = [mzz]Fh - h zozz,zdz =

-h J-h

so that (4.6) may be written in the form of a fourth integral

We may also multiply cxx in Equations (2.2) and (2.3) by z and integrate to get

= aldQox + 4,) + a12 l/2z20xz dz .1 ,x
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The fifth integral follows from Equation (4.9) in the form

For the sixth integral, we note the following two relations which follow from
the expression for cXz in Equations (2.2) and (2.3):

The relations (4.11) and (4.10) can be used to eliminate the second and third term
on the right side of (4.12) to get

= a33h2Qo - all( Qox2 + 24,~) - 2C5

-
@I2 + a33) J

h
z20xz dz.

- h

With

the relation (4.13) may be written as the following sixth integral:

( 1V i
h

s N
h2-z2)uz+l/3( a12 + a33b3%xl dz

- h

= C6 + ( a33h2Qo -2C5)x - aII(l/3Qox3 + Mox2)=

(4.13)

(4.14)

(4.15)

The integrals (i)-( vi) will be used to determine necessary conditions for a
plane strain state to be a residual state in the next section.

5. Necessary conditions for a residual state in plane strain deformations

For stress or mixed data at an edge x = L( = & Z), the relevant necessary
conditions for the absence of the outer solution in the induced plane strain
deformations can now be deduced from the results of the last section. In general,
we must have N0 = Q0 = M0 = 0 for an elastic state to be a residual state. So, the
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right-hand side of the first integrals (i)-(iii) in Equation (4.5) vanishes for any
station X. By setting x = I,, these first integrals require the stress data

of Case (1) to give rise to no resultant force and bending moment. We have
therefore the following result for stress edge data:

Case (I). For the stress data to induce only a residual state, the edge
tractions S&) and S_(z) must satisfy the following three (necessary)
conditions:

J h
Z&dz = 0, Jh

- h
&dz = 0, Jh

- h
if&zdz = 0. .

- h
(5 1)

The result is similar to that obtained in [6] but now the theorem holds without an
error term on the right side of the three equations in (5.1) of the form O(eVY”h)
that is exponentially small only for Iz +K y2.

For the mixed data in Case (2), it is necessary again to have N0 = Q0 = M0 = 0
for a residual state { uR, a’ }. The second integral then requires that ZXz( z) gives
rise to no resultant transverse force while the fourth and fifth integral relations
(4.8) and (4.10) reduce to

- aIZzox:] dz = C4, Ih [zuf -l/2aIZz20R] dz
- h

XC? = C5. (5.2)

For a residual state, the constants Cd and C5 must also vanish. To get C4 = 0, we
note:

UR s--
-_p

x ate kx

5.3)

(as the constant of integration must vanish for a residual displacement field) so
that
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To get C5 = 0, we consider the following combination of U: and 02:

x
zu; - l/2a12z2uxt = 0al&t + a12uzt)zdx - l/2a12z2ux: (5 6).

which can be expressed in terms of the eigenfunctions { !&} with the help of the
results for residual states in Section 3. We integrate the resulting expression
across the thickness to get

224; - *a12z2ux$) dz

for any station IX] 5 /. In particular, we get by setting x = L( = k Z) the following
result analogous to the asymptotic results for Case (2) obtained in reference [7],
but now without the asymptoticity (and isotropy) restriction:

Case 2. For the mixed data (2.6) to induce only a residual elastostatic
state, the data must satisfy the three conditions

Jh
cxzdz = 0, (5.8a)

-h

iix - a12zifxz) dz = 0, (5.8b)

ziix -l/2a12z2ifxz) dz = 0. (5.8c)

As an illustration of the use of the above result, consider an infinitely long
strip of thickness 2!r and width 2L The two faces z = & h are free of tractions.
The two edges x = _+ 1 are free of transverse shear stress so that we have CJ~= = 0
there; they are uniformly stretched in the x-direction resulting in an edge
displacement of uX = & uO. The residual solutions G& = oXz - oXt and GX = uX - ui
of the resulting state of plane strain must satisfy (5.8) at the two edges. With
u =Oatx=
a:d

& l, the condition (5.8a) requires Q0 = 0 while the conditions (5.8b)
(5.8c) become (see (3.7) and (3.9)) + A$[ +2hd = k2hu0 and & A&Z -

2E1h3a/3 = 0. These four relations give i= u = M0 = 0 and A$ = 2hu0. The
interior solution for the problem is thereby determined up to a rigid translation
in the z-direction.

For the mixed data in Case (3), we have from the requirements A$, = Q0 = M0
= 0 for a residual state that the edge traction cX( z) should give rise to no
resultant force and bending moment  (by overall equilibrium requirements (4.5)),
while the first integral (vi) reduces to

h* - z*)uf + $( al2 + a33)z3uxt] dz = C6
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where we have made use of a previous result from Equation (5.7) to set CS = 0.
For a residual state, we must have Ce = 0 also by an argument similar to the one
above that gives C4 = 0. The relation (5.9) with Ce = 0 holds for all station ]x] s f.
By taking x = L( = & l), we get for the mixed data of Case (3) the following
result:

Case (3). If the mixed data (2.7) gives rise only to a residual state, then
the data must satisfy the following three relations

Jh
G--X dz = 0,

-h

ii-&zdz = 0, (5.10b)

h* - z*)q + $(a33 + a12)c”xz3] dz = 0.

(5.10a)

The result is similar to the corresponding theorem obtained in [7] by the
reciprocal theorem for the isotropic case, but now without the asymptoticity (and
isotropy) restriction.

For a simple application, we consider the same infinitely long strip treated in
Case 2. If the edge conditions at x = + 1 are replaced by oXX = 0 and uz = k w0-
instead, then (5.l0a,b) applied to the residual solution at both edges require
N()=Q()= M0 = 0. The remaining condition (5.10c) requires that c = 0 and u =
wO/Z so that the interior solution is just a rigid body motion. With both edge
conditions satisfied exactly by the interior solution, the residual solution must
satisfy the homogenous edge conditions & = 0 and Gz = 0 at x = k 1 and must
therefore vanish identically for this problem. Thus the exact solution of the
problem is just the interior solution consisting of a rigid rotation possibly with a
rigid translation in the x-direction.

We have not been able to remove the asymptoticity restriction from the result
obtained in [7] for displacement data. This lack of success may be related to the
fact that no elementary solution for the canonical problems needed for the
application of the reciprocal theorem could be found for that case. A more
thorough discussion for this case can be found in [15, 16].

Other applications of the results obtained in this section will be discussed later
in Section 9.

6. Axisymmetric deformation of transversely isotropic plates

The two homogeneous equations of equilibrium for the four relevant stress
components, Dam, oee, ozz and CJ~~ = ozr, in elastostatic problems with axisymmetry
may be taken in the form:
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The relevant strain measures, err, tee, czz and c~= = czr, are related to the stress
components by

tee = a21arr -i- a220th9 -i- ‘23’zz (6.2b)

c zz -_- a31% + 032oee + a330zz 9 (6.2c)

c rz = a40rz. (6.2d)

For simplicity, we limit our analysis to transversely isotropic materials with
a22 = ally a21 = a12 and a32 = a23 = a3l = aI3 where

1 V 1

all = EY
-m

‘12 = E ’ a33 = qy

The strain components are defined in terms of the radial and axial displacement
components Us and uz by

1
C Z U Qe = TUr7 c C

rr r, r3 z z U z,zT

(6 4).
c C c C

rz zr U r z + ‘z r*, ,

It is not difficult to verify that these strain measures satisfy the following two
compatibility equations:

Again, we consider a flat body which extends from z = - h to z = h in the
transverse direction with the two faces free of surface traction, so that

Z Z + h :  q.z=ozz=O.- (6 6).

In Section 7, we will discuss specific admissible combinations of stress and
displacement conditions along the cylindrical edge(s) to complete the problem
formulation.

As in the isotropic case, the equilibrium and compatibility equations are
satisfied identically by the stress function representation [ 13 ]
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P a!1 = a13(all - ‘12)~ pa2 = ‘13ca13 + ‘44) - a12a33

(6 81.

P tx3 = a13tau - a12) + ana447 Ptx.4 = aFl - af2

where p = alla33 - aF3 and + satisfies the fourth order partial differential
equation

(6.10)

For isotropic materials, we have 2a4 = aI + a3 = 2 and therewith So = s2 = 1 so
that Equation (6.9) reduces correctly to a biharmonic equation with axisymmetry.
With aI = a2 = - ~/(l- V) and a3 = (2 - zQ/(l - v), the representation (6.7) also
reduces correctly to the corresponding representation for the isotropic case (cf.
(5.2) in [8]). For our more general orthotropic plate, the positive definiteness of
the strain energy of the plate requires p > 0 and a4 > 0.

Let

.x = r/q), y = z/h, c2 = h2/r;, (6.11)

and write Equation (6.9) as

1 a2c2D2 + - - c2D2+ i a2- -
S; aY2 S; aY2 + Z 0 (6.12)

when D2( ) = ( ),_ + xwl( ),x. The two boundary conditions in Equation (6.6)
may also be written in terms of +, x, y and C:

Y -= +l: (6.13)
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For thin plates with c s 1, we consider a perturbation solution for + in the

k = O

(6.14)

The differential Equation (6.12) and the boundary conditions (6.13) require the
coefficients { +k} to be determined by the following sequence of boundary value
problems:

a&k,yy+ D2+k-2],x=o

Y -= +1:
&&k,yy++D2+k-2],y=o

(6.16)
(6.17)

where k = 0,1,2,3... and terms with a negative subscript vanish identically. It is
straightforward to obtain the exact solutions of these simple BVPs in terms of
elementary functions; the detailed calculations can be found in the Appendix. As
in the plane strain case, the resulting perturbation solution (6.14) can be summed
to give the following expression for el:

with

+ E

a - $z2[ln(r)+l] + r21n(r), (6.18b)

8ff3
+b=E -.z4 8-z2r2 + r4 7

14 %
(6.18c)

+ CC &z4[21n(r)+3] - +z2r2[21n(r)+l]
1 4

+
SC a4 - v3)

afa4
z2/r2[21n(r)+3] + r41n(+ (6.18d)

2

+
a3 z3= - - -

e 6t~4 h + \;. (6.18f)
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Correspondingly, we have:

109

or z3
(X3(lV(X2)g+ {ad(l+a2)-2a1a3}zln(r) + 2 + e1

dCr-r

(6.18h)

1 d
+ (x&Y2 -1)z - -2 + e. (6.18i)

Expressions for other stress and displacement components are not listed here
(but can be found in [14]) as they will not be needed in the subsequent
development.

The expression (6.18) for q+ may be grouped differently; e.g., in powers of z.
However, it is evident that those terms in even powers of z are associated with
the bending action and the remaining terms with stretching. We wish to empha-
size that the interior solution (6.18), though obtained by way of an outer
asymptotic expansion procedure, is an exact solution of (6.12) and (6.13) inde-
pendent of the magnitude of the parameter c. It is equivalent to the Levy solution
for the isotropic case and reduces to that solution upon setting alI = a33 = l/E,
a12 = aI3 = - v/E and au = 2(1+ v)/E.

The interior solution (6.18) does not change significantly over a distance of the
order of the plate thickness (or mure precisely of the order of cr+-J in the radial
direction. For c e 1, we again consider supplementary residual solutions which
do change significantly over a distance of order crO. These solutions may be
treated as smoothly varying functions of 2 = X/C and Y. We therefore set
DA ) = ( ),U + t-l( )J and write Equations (6.12) and (6.13) as

and

(6.12')

(6.13a')

(6.13b')

respectively. It is evident from Equations (6.12’) and (6.13’) that when treated as



Y. Lin and F. Y. M. Wan

a function of 1 and y, + does not depend on the parameter c explicitly, and an
expansion of + in powers of c does not lead to any simplification of the problem.
As we will work directly with (6.12 '), which is equivalent to (6.9) and (6.12), the
supplementary residual solution obtained will also be an exact solution of the
plate problem.

Analogous to the plane strain case, Equations (6.12’) and (6.13’) admit product
solutions of the form

+R = I&@(y) = I(&)@(z) (6.19)

where % = A /( r+) and 10( l ) is the modified Bessel function of order zero of the
first kind. (A Bessel function of the second kind should also be considered for an
annular geometry.) The Solution (6.19) reduces the PDE problem to an eigen-
value problem in ODE for Q(y) with x being the eigenvalue parameter:

( $+$A2)( $+$+t2)d = 0 (6.20a)

Y = &l: (~~~+~2)~=(~~~+~~~2)~ = 0. (6.20b,c)

This problem has two distinct families of solutions. One is even in z = /zy and is
associated with the bending action of the plate. The eigenfunctions for this family
are

- (1 - &)cos( ~~~~Iz)cos( s&) (6.2la)

for k =1,2,..., with the corresponding eigenvalues { xt} being the (nonzero)
roots of

The other family of solutions is odd in z and is associated
action of the plate. The eigenfunctions for this family are

with the stretching

(6.2lb)

- (1- a&)sin( s2%t!z)sin( s$$) (6.22a)

for k =1,2,3,... with the corresponding eigenvalues { xt} being the (nonzero)
roots of

(6.22b)
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As in the plane strain case, we expect

The coefficients {a, b,. . . , e } associated with +1 and { a:} and { a: } associated
with the residual solution state c#$ are to be determined by the relevant edge
data, say at the circular edge r = ro.

7. Five first integrals for axisymmetric deformations

Integrate Equation (6.lb) across the plate thickness to get

The term involving ozz vanishes because of the traction-free conditions on the
upper and lower face of the plate. Upon integrating Equation (7.1) with respect
to r , we get a first integral

where F. is a constant of integration. The overall equilibrium of a circular
portion of radius r of the plate shows that 2rFo is the resultant force of the
distributed loading in the interior of that plate portion.

Next, we integrate the equilibrium equation (6.la) and the compatibility
equation (6.5a) across the thickness to get

with

We now use Equation (7.3a) to eliminate NO0 from (7.3b) to get

(7.3c)
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it is possible to write Equation (7.4) as

The solution of this first order linear ordinary differential equation is

it may be written as another first integral

For the third integral, we multiply Equations (6.la) and (6.5a) by z and
integrate across the thickness to get

(7.11)
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Observe that

We now use Equations (7.9) and (7.12) to eliminate A&, and Mzz from (7.10) to
get

d
-dr I} = (aI1 - a12)I@-~ (7.13)

Upon integrating this relation twice with respect to r, we get

S C
aIIM~~ + a13f = 1/2( aI1 - a12)Foh( r) + A + C4

r*
(7.14)

which may be written in the form of a first integral:

(iii) /
h C

- h
[ aIIzqr + l/2ra13z20rz] dz = 1/2( aI1 - a12) FJn( r) + C4 + --$ l

(7.15)

For another first integral, we integrate the strain displacement relation rc8 = ur

where we have used Equations (7.3a), (7.5) and (7.7) to express the right-hand
side of (7.16) in terms of Nrr alone. We may now use Equation (7.16) to eliminate
Nrr from (7.8) to get the following first integral:

allur + a13(a12 - allborz] dz = all

C
$ca12 - ‘11) + c2r(a12 + ‘11) l1

(7.17)
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For the last integral, we integrate the identity zr~ = ZU~ across the thickness
to get

where we have used Equations (7.9), (7.12) and (7.14) to eliminate A&, Mzz and
Srz. We now use Equation (7.18) to eliminate I& from (7.15) to get the following
first integral:

Z C 2 c
a11 - af2)Forln(r) + 2(a12- a# (7.19)

+ +11+ a12w4 - @TJ

The integral relations (i)-(v) will be used in the next section to establish the
necessary conditions for edge data to induce only a decaying elastostatic state.

8. Necessary conditions for an axisymmetric residual state

For
ray lz

the case
ish}  of

where stress data are prescribed along the cylindrical edge {r =
a circular plate

we derive below three
only a residual state.

relevant necessary conditions for the edge data to induce

The constant F. in Equation (7.2) will be shown to vanish for a residual state.
With the expression for orz in (6.7), it suffices to show

where ( )’ = d( )/dz throughout this section. For the bending portion of the
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residual solution, we have from Equation (6.2la)

hJ 1-h
LQ@;~ + (x;)*QBk] dz

The right-hand side of the above relation vanishes because of (6.2lb). The proof
of Equation (8.2) for the stretching portion of the residual solution is trivial as
the integrand is an odd function of z for this case. It follows that the integrated
equilibrium condition (7.2) becomes

as the integral of Ok: across the thickness vanishes by (8.2). Furthermore, a
straightforward calculation using (6.18g) gives

where c is a constant associated with +c in the interior solution (6.18) for +.
Next, we will show that the constants Cr and C2 in Equation (7.8) must also

vanish for a residual state. Evidently, we need only to do this for a stretching
portion of the solution as the integrand is an odd function of z for the bending
problem. Now, for a residual stress state, we have from Equations (6.7) and
(6.22a)

=-

+ a13 z- -

%I r
]%klO,r(%)] dz (8 6).

h
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The term evaluated at the faces vanishes by the boundary condition (6.20b). It
may be verified by the direct substitution of the solution (6.22) and (6.8) that the
integral on the right side of Equation (8.6) is also zero.

A similar argument shows that the constants C3 and Cd in (7.14) must also
vanish for a residual state.

The first integrals (7.2), (7.8) and (7.15) hold for any circular ring of the plate.
In particular, they hold at the edge r = rO. Therefore, we have the following result
for the stress data case:

Stress Data:
For the stress edge data to induce only a residual elastostatic state, the

axisymmetric edge tractions ~Jz) and G..&) must satisfy the following
three (necessary) conditions:

For isotropic materials, the above result is identical to the corresponding result
obtained in references 8 and 9, but now the theorem holds without the asymp-
toticity (and isotropy) restriction. The last two conditions in Equations (8.7)
emphasize that Saint Venant’s principle is generally not applicable to axisymmet-
ric deformation of circular plates. The conventional stress boundary conditions
for plate theories with Nrr and Mrr (as well as transverse shear resultant Qr)
prescribed at an edge (see [17, 21]  for example) should only be used for very thin
plates and err not small compared to cj.*.

Three relevant necessary conditions for a residual state can also be established
for the mixed data set:

We have already shown that the five constants Fo, Cl, C2, C3 and Ch must vanish
for a residual state. Upon setting these constants equal to zero and r = r. in
Equations (7.2), (7.17) and (7.19), we get the following result:

Mixed Data :
If the mixed edge data (8.8) induces only a residual elastostatic state,

k&(z) and G&Z) must satisfy the following three (necessary) conditions:

The first and third conditions in (8.9) are for plate bending and reduce to the two
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corresponding conditions obtained in [8] for isotropic materials. The second is for
plate extension and reduces to the corresponding condition in [9] for isotropic
materials. The more general results of Equation (8.9) are for transversely iso-
tropic materials and without the asymptoticity restriction.

9. Boundary conditions for the interior solution

The necessary conditions for a residual state developed in Sections 5 and 8 can be
converted into a set of boundary conditions appropriate for the interior solution
or its various thin and thick plate theory approximations. Unlike previous
attempts [l, 3,4,18,19], these boundary conditions do not involve the boundary
layer solution components. As the difference between the exact solution and the
interior solution is a residual solution state, our necessary conditions apply to this
difference evaluated at an edge. Cases for which exact necessary conditions are
not obtained in this paper will be discussed elsewhere [15,16].

A. Plane strain deformations

(a) Case (1) (stress data). Consider the residual solution

Gxx = oxx - oxrx = cJxx -
No 34)
TX+ yZ+

320
2h

----pz
2h 1

where CJ~: and CJ~~ have been taken from Equation (3.7). For an edge x = f, &(l, Z)
and &(Z, z) may be treated as the edge data which induce the residual state
cXX (x, z) and &(x, z). Hence, the three conditions (5.1) apply to G”#, z) and
cxz(k z); they give

I X= 1
dz Zxx dz

1 h
C Z

X= 1 dz
Q I0 Cxz dz

- h

The three relations (9.2) determine the interior solution up to a rigid motion
characterized by the remaining three constants c, d and a which appear only in
the displacement components in (3.9). Three (integrated) displacement conditions
are needed at a second edge (or any station along the length of the strip) to
completely determine these constants. If stress data are prescribed at the second
edge, then they must give rise to the same stress resultants No and Q. and the
stress couple MO. As expected, the constants c, d and ti will remain unspecified
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(b) Case (2) (mixed data). The three conditions in (5.8), applied to the edge
data at x = 1:

where U: is defined by (3.9a), give

h

J [ Ur I

-h x
- a12zoxz x=lI dz = ; + 2hd = Ih ( Ex+ $zSxZ) dz

1 - h

zii_& + Lz2i$z  dz .2E 1
Three other conditions are needed at a second edge to completely determine the
six constants No, Qo, MO, c, d and a. To obtain the appropriate edge conditions
for a particular (thin or thick) plate theory, we should expand both sides of the
relations in (9.4) in powers of Iz/l and retain a suitable number of terms in these
expansions. This observation holds for all cases discussed in this section though
the parameter /z/l does not appear explicitly in case (1).

(c) Case (3) (mixed data). The three conditions in (5.10), applied to the edge
data at x = 1,

where ui is defined by Equation (3.9b), gives

4h3
+7

(c+ LJ)

Z 0 2-z2)EZ++;)6Yxxz3]dz.
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Three other conditions at a second edge are needed to completely determine the
six unknown constants in the interior solution.

B. Axisymmetric deformations

(a) Stress data. The three conditions in (8.7), applied to the edge data at
r= rO of a circular plate:

where Ok: and c+.i are defined in (6.18), give

dz
J

h
E Crz dz

- - h

After we carry out the integration involved, Equation (9.8) becomes three
simultaneous linear equations for the constants {a, b, c, d, e} in c$ and or:.
Three other conditions at another edge (or at the center of the plate) are needed
to completely determine these five constants and the constant w. associated with
a transverse rigid body displacement. If stress data are prescribed at the second
edge, the transverse shear stress there must give rise to the same resultants as Crz
at ro. As expected, w. will be left unspecified in that case.

(b) Mixed data. We apply for this case the three conditions in (8.9) to the
edge data

6rz(rOy z, = [ Orz -_ ort] r=ro9 Er(r09z) = [“rvuL]r=ro P 9l

where U: is calculated from ur = rcee, the stress strain relation for cOe and the
expressions for or: and c+&, in Equation (6.18). We get the following three
boundary conditions for the interior solution:

dz
J

h
S Crz dz

- h

hJ [ allu: -k al3 ( al2 - all) z”ri] r  = r. ” =

h

J [
allir -k al3 (  al2 - all) “rzl ”

- h - h

hJ [- h

2allzuf+- a13(a12-all)z20~] rcrodz=/h [2a~~zi&+aJa~2-a~~)z2~rz] dz=
- h

(9.10)
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Three more conditions at another edge (or at the center of the plate) are
needed to completely determine the six unknown constants in the interior
solution.

As mentioned in conjunction with Case (2) of the plane strain problems, the
corresponding boundary conditions for a given plate theory are obtained by
expanding in powers of /J/Z all terms in all three necessary conditions deduced in
this section for each type of edge data and retaining only a suitable number of
terms in each expansion.

10. Concluding remarks

We have not obtained similar results on necessary conditions for the pure
displacement edge data case in plane strain deformations, or for what were
designated as case (B) and case (D) in [8] for axisymmetric deformations of
circular plates. Given that no elementary state (2) exists for these cases in the
context of the approach used in [7-l0], it is not likely that the desired results are
forthcoming. In contrast, we do expect that the asymptoticity restriction can be
removed from the necessary conditions already obtained for some cases involving
edgewise nonuniform data such as cases (B) and (C) for a semi-infinite plate
analyzed in [8].

Applications of the results obtained in this paper beyond those given in
Section 9, can be found in [15] and [16].

The interior solution with
Appendix

axisymmetry for transversely

In this appendix, we sketch the derivation of the interior (Levy-type) solution
given by Equation (6.18). Evidently, we need only to consider +k for even k in
(6.15)-(6.17) as the odd k case is identical. The bending and stretching problems
will be discussed separately for clarity.

1. The plate bending problem

The general solution of Equation (6.15) for k = 0 is

The portion corresponding to plate bending is even in the thickness coordinate y
(or  z)

The boundary condition (6.17) for k = 0 are automatically satisfied and the
boundary conditions in (6.16) require Ro2(x) to be constant. The constant can be
set to zero since the function y2 gives no contribution to stresses. Thus, we have
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where the function R&x) is to be determined. For k = 2, the BVP (6.15)-(6.17)
has the following solution for the bending problem:

where Ai is a constant and can be set to zero as it does not contribute to the
stress components. Thus, we have

where R20( x) is to be determined. Upon substituting Equations (A.3) and (A.6)
into (6.15)-(6.17) for k = 4, we obtain

e4, xyy = l/‘2aiAxAxR&,(x) - AxRio(

The solution of this system is

+4 = ~A~A~R~(~)~4+1/2~42(~)Y2 + R40b)
1 4

with

'42b) A 2

where the constant A2 can be omitted. After eliminating R42 from Equation
(A.9), we get,

+4 = &&uLRoob~Y4
1 4

+ a4 -~1~3AxAxRW(x)-l/2~lAxR20(x))y2 + RN(x).
4a$x4

(A.11)

In order to get an equation for R&x), we solve the Equation (6.15) for k = 6 to
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+ h + a3)(v3 - a4)
uLvGo(~)  + &uL~2&)  Y4

I

(A.12)

48a2a21 4 I 4

+1/2R62(x)y2  + %b)~

The boundary conditions in Equations (6.16) and (6.17) for k = 6 require

and

AxAxAJ&) = 0 (A.13)

R62(x)  = - ;AxR4&) - a;;2;a4AxAxR20(x). (A.14)
1 4

They in turn simplify $6 to

Now, the similarity between +4 and & makes it possible to write the whole
solution for + as:
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AxAxAxRjO(x) = 0. (A.18)

It is not difficult to see that +tid has the same structure as +eVen with Rm7 R 209 R40;
etc., replaced by RIO, R30, Rso, etc.

Let

Ro(x) = f Rko(x)8.
k = O

(A.19)

Evidently, we have AxAxAxRo(x) = 0. The stress function + can then be written
as

c2z2
4) = RobI + -$ - l/cxlAxRo(.x) + *;--2;a3 ~2AxAxRo(x)]

1 4

(A.20)

(A.21)

where ArArArRo(Q = 0 with Ar = ( ),rr + rS1( ),r.
The general solution for Ro( r) is

ROW = Cl + C21nr + C3r2 + ar21nr + br4 + cr41nr (A.22)

where Cl, C2 and C3 may be set to zero since they give no contributions to
stresses. It follows that the interior solution for the bending problem is as given
by the first three terms of Equation (6.18). This solution reduces to the known
result for the isotropic case upon specialization.

2. The plate stretching problem

The interior solution for the stretching problem is derived similarly. The boundary
conditions (6.16) and (6.17) for k = 0 reduce the portion of Equation (A.1) odd in
Y to
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where Rol( x) is to be determined. For k = 2, we have from Equations
(6.15)-(6.17)

(A.24a)

with

a4R23H + ~3uh~~~~ = 07 alR$3(.x) + AxR&(.x) = 0. (A.24b)

It follows from Equation (A.24b) that R2j( x) = - a3AxRol(  x)/a4 = - a3yo/a4
where yO is a constant of integration and therewith

+2 =
Y3 a!- - -6 $0 + YR2dxb (A.25)

For k = 4, we have from Equations (6.15)-(6.17)

$4 =

a4R43tx) + a3AxR21b) = oy

Similar to the k = 2 case, we get

(A.26a)

a1Ri3(.x) + AxRil(x) = 0. (A.26b)

($4 =
Y3 a3-m-
6 a4y2 + YR41b) (A .27)

with AxR21( x) = y2 where y2 is a constant.
Now, the solution for + can be written as

(A.28)

+ Z Y3a3 2-w
even 6 CC {YO+c2Y2+ ‘= l } + y{Ro~(x)+~2R2~(x)+~4R41(x)+ l .}

(A.29)

where R&X), R2&), etc., can be easily determined from A~Rj~ = yj to be

Rjl(X) = $x2 + ajlnx + Cj. (A.30)

The constants { CJ will be set to zero as they do not contribute to the stresses.
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The structure of +dd is evidently the same as &en. The series for the plate
stretching portion of the interior solution may be summed to give the last two
terms of Equation (6.18). This solution reduces to the known result for the
isotropic case upon specialization.
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