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Abstract In this paper we study the ultrasensitive behavior of multisite phos-
phorylation or ligand binding systems, under site-to-site variations in the mod-
ification rates. Using computational methods and mathematical analysis, we
prove that the Hill coefficient reaches its maximum value when all sites are
identical to each other. This is shown for a non-cooperative multisite system
with arbitrary activation function as well as for the well known MWC model.
We also show that the Hill coefficient of the dose response is locally robust to
variations in individual modification rates. The results suggest that maximal
ultrasensitivity is reached when sites are similar to each other but not neces-
sarily identical, a conformation found in unstructured modification domains
present in many experimental systems.
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1 Introduction

Post-translational modifications, such as phosphorylation or ligand binding,
are ubiquitous regulators of protein activity. Many proteins are modified at
multiple specific locations. For instance, the hemoglobin protein can bind oxy-
gen at four different sites, the Ste5 protein can be phosphorylated at eight
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sites [25], and the CheY protein can bind the flagellar motor at as many as 34
sites [22]. Many forms of cellular function, from the regulation of the cell cycle
[10] to the regulation of gene expression through DNA packaging [27] or the
signal transduction of chemotaxis [24], are heavily dependent on the covalent
or non-covalent multisite modification of key proteins (Figure 1a,b).

While multisite modifications can serve many different purposes, their best
known role lies in their use to create ultrasensitive, or switch-like, dose re-
sponses. For instance in the case of hemoglobin, a relatively small difference
in O2 concentration can lead to a large difference in the O2-hemoglobin bind-
ing affinity, which is an essential element in O2 transport efficiency [12]. In
a similar way, multisite phosphorylation is often proposed as a source of sig-
moidal, nonlinear responses, which are important for the creation of bistability,
oscillations and other nontrivial dynamical behaviors [1,4,16,23].

There are several classical models, and many more follow up models, that
explain how multisite modifications can lead to ultrasensitivity [12,14,15].
Perhaps the most famous of them is the allosteric Monod-Wyman-Changeux
(MWC) model, which assumes that the protein changes back and forth be-
tween two different states with different ligand binding affinities [17]. Ligand
binding in turn tends to sequester the protein in the high affinity state, which
facilitates ligand binding at other sites. More recently, work by the authors has
shown that non-allosteric proteins can also behave in an ultrasensitive manner
[4,21].

In this paper we explore how site-to-site variability can affect ultrasensitive
responses. Many models in the literature make the simplifying assumption that
all sites have equivalent dynamics, in the sense that modification rates are the
same at all unmodified sites. For instance, in a hemoglobin molecule with one
bound site, all other three sites are modified at the same rate. Similarly, all
modified sites of a protein are assumed to lose their modification at the same
rate. This assumption is mostly made out of convenience: different dynamics
at different sites lead to an unwieldy system, and often the protein in question
is one of several proteins in the model, so that there is a need to keep the
system as simple as possible. Moreover, using different parameters at each site
leads to many more parameters to fit.

This raises interesting questions regarding the ultrasensitive behavior of
systems whose sites are not equivalent. For instance, could the ultrasensitivity
be increased by altering the site dynamics in some clever way, such as dividing
the sites into groups with different modification rates? How robust is the Hill
coefficient of a dose response with respect to small site-to-site variations?

Using both computational and analytical techniques, we answer these ques-
tions and show that maximal ultrasensitivity of a multisite system is obtained
when all sites have identical dynamics. Moreover, the Hill coefficient of a dose
response is robust to small variations in site-to-site dynamics. This has impor-
tant biological consequences, as many multisite proteins will have evolutionary
pressure to mutate towards roughly equal site-to-site dynamics, i.e. roughly
equal access of ligands, kinases and other enzymes to all the individual sites.
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Fig. 1 a: Unstructured multisite phosphorylation is common in cell regulation and allows
for similar access of regulatory enzymes to the phosphorylation sites. b: Multisite ligand
binding as an example of non-covalent modification. c: Dose response g(u, k) for ki = 1
for all i (solid blue), and several variations with 40% to 50% site-to-site variation (dashed
green). Here n = 14, a(x) = eγx/(eγ/2 + eγx) and γ = 30. d: Same graphs as in c, but
rescaling along the x axis to ensure the value of each graph at u = 1 is 0.1.

These predictions are confirmed by several biological experiments. Bioin-
formatic and crystallographic studies predict that most multisite phosphory-
lation are unordered [13,19,29]. That is, the phosphorylation sites of proteins
such as Ste5 tend to be located along flexible polypeptides without a tertiary
or quaternary structure, which facilitates equal access to ligands and kinases
(Figure 1a). Moreover, phylogenetic analysis shows that while multisite do-
mains are conserved across species, the individual sites are not conserved,
further supporting the idea that these domains are unstructured.

In this way, many proteins appear to have evolved flexible, unordered mul-
tisite domains. This picture is consistent with our results, since unordered
domains are a simple way to enforce similar access to ligands and modifying
enzymes. Unordered domains would likely still contain relatively minor dif-
ferences in access, but this is not a problem given the robustness of the Hill
coefficient to such changes.

In the following sections we study different multisite systems with arbitrary
site-to-site dynamics and explore how the Hill coefficient of the system changes
with the parameters that regulate each site. For most of the mathematical anal-
ysis we use for simplicity a non-cooperative system that generalizes the models
in [21,28], using a different parameter for each site. For this system we prove
rigorously that identical sites lead to maximal ultrasensitivity (Theorem 2),
and that the Hill coefficient of the dose response is robust to small changes in
the modification parameters (Theorem 1). We also carry out a computational
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analysis of the Hill coefficient as a function of the coefficient of variation of the
site parameters, for the non-cooperative model as well as a generalized MWC
model. This illustrates that ultrasensitivity is also optimized in this classical
model when sites are modified at identical rates.

2 Non-cooperative Model

Suppose that S is a substrate with n modification sites, which could be cova-
lent or non-covalent and correspond to phosphorylation, ligand binding, etc.
We consider non-sequential, first-order modification reactions of this multisite
substrate, so that there are a total of 2n possible protein states. Assume the
following:

(H1) Each site is modified independently of the state of the other sites.

This in particular implies that the system is non-cooperative and non-
allosteric. The authors have recently studied such a system in the context of
chemotaxis signaling and Ste5 phosphorylation [21], and in a practical biolog-
ical model of bud size control [4]. We denote by SI the concentration of the
protein with phosphorylation state I ∈ {0, 1}n. If the protein SI is not modi-
fied at site i, the modification at this site takes place at a rate αiuSI , where u,
the input of the system, represents the concentration of the modifying enzyme
(or the concentration of the ligand, as appropriate). If SI is already modified
at site i, then the modification is removed at a rate βiSI . If the removal of the
modification is mediated by another enzyme (such as a phosphatase), then we
assume that the concentration of that enzyme is constant and is hidden inside
the parameter βi.

If we denote by zi and wi the fraction of i-sites that are modified and
unmodified at any given time, respectively, we can write ODEs of the form

z′i = αiuwi − βizi, w′i = −αiuwi + βizi, i = 1, . . . , n. (1)

Since zi +wi = 1, one can simplify these ODEs to z′i = αiu(1− zi)− βizi.
A simple calculation shows that the fraction of modified i-sites at steady state
is zi = u/(u + ki), where ki := βi/αi is the i-th dissociation constant of the
system [21]. Thus the dissociation constant ki incorporates the variability from
site to site in this system.

Regarding the activation of the multisite protein, we assume

(H2) The activation level of the protein depends only on the number of
modified sites.

This allows to define an activation function a(x), indicating the fractional
activity of a substrate molecule that has a fraction x of modified sites. For
instance, Ste5 is only active when bound to the cell membrane. If a molecule
of Ste5 has 5 phosphorylated sites out of 8, and this leads the protein to
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spend 20% of the time bound to the membrane, we say that a(5/8) = 0.2. For
other proteins, activation might mean the ability to act as an enzyme to other
proteins, or being able to bind to a target. For simplicity we assume that the
function a : [0, 1]→ [0, 1] is continuous and monotonically increasing, and that
a(0) < 0.1a(1).

The work in [21] follows the same assumptions we have here but addition-
ally it includes the third assumption that the modifications are identical from
site to site. We relax that assumption here and in this way generalize that
work.

Define ST to be the total concentration of substrate, which is a constant
since there is no protein production or degradation in this system. Let us
suppose first that all sites are identical, that is ki = k and zi = z = u/(u+ k)
for all i. If we consider a modification state of the substrate by the index
I ∈ {0, 1}n, then the independence among the sites allows us to compute the
concentration SI of the protein in state I as

SI
ST

= z|I|(1− z)n−|I|,

where |I| = I1 + . . .+ In. Finally, this allows to calculate the so-called dose
response of the system, which describes the relationship between the input u
(the modifying enzyme or ligand) and the total fraction of active protein:

g(u) =
1

ST

∑
I

SIa(|I|/n) =
∑
I

z|I|(1− z)n−|I|a(|I|/n)

=

n∑
j=0

(
n

j

)
zj(1− z)n−ja(j/n) ≈ a(z),

where z = z(u). The last approximation follows from the study of Bernstein
polynomials and becomes increasingly accurate as n → ∞ [11,21]. This illus-
trates that the dose response g(u) of this system can be approximated in very
simple terms using the activation function.

In case that the dissociation constants ki are not all equal to each other,
the dose response becomes more elaborate.

Lemma 1 In the case of arbitrary dissociation constants k1, . . . kn, the active
protein fraction satisfies the formula

g(u, k) =
1

P (u, k)

n∑
i=0

aien−i(k)ui, (2)

where k := (k1, . . . , kn), P (u, k) :=
∏n
j=1 u + kj, ai := a(i/n), and ei(k) :=∑

|I|=i
∏
Ij=1 kj is the elementary symmetric polynomial of degree i over the

variables k = (k1, . . . , kn).

Proof. We calculate for any index I,



6 German A. Enciso, Shane Ryerson

SI
ST

=
∏
Ij=1

zj
∏
Ij=0

1− zj =
∏
Ij=1

u

u+ kj

∏
Ij=0

kj
u+ kj

=
1

P (u, k)
u|I|

∏
Ij=0

kj .

The dose response now can be written as

g(u, k) =
1

ST

∑
I

a|I|SI =
1

P (u, k)

∑
I

a|I|u
|I|
∏
Ij=0

kj

=
1

P (u, k)

n∑
i=0

aiu
i
∑
|I|=i

∏
Ij=0

kj =
1

P (u, k)

n∑
i=0

aiu
ien−i(k).

ut
For example in the case n = 2, the active fraction is

g(u, k) = a0(1− z1)(1− z2) + a1z1(1− z2) + a1(1− z1)z2 + a2z1z2

= a0
k1k2

(u+ k1)(u+ k2)
+ a1

uk2 + uk1
(u+ k1)(u+ k2)

+ a2
u2

(u+ k1)(u+ k2)

=
1

P (u, k)
[a0e2 + a1e1u+ a2e0u

2],

since e0 = 1, e1 = k1 + k2, e2 = k1k2.
Regarding the dissociation parameters ki, we assume that ki ≥ 0, i =

1 . . . n, but that they are not all identically zero.

3 Robustness of Ultrasensitivity

In this section we show that relatively large variability from site to site does
not affect the dose response or its Hill coefficient to a significant extent. We do
this both through computational and mathematical analysis. The theoretical
results Theorem 1 and Proposition 1 state that if the ki are similar to each
other, then g(u, (k1, . . . , k1)) equals g(u, (k̄, . . . , k̄)) to a first order approxima-
tion, where k̄ := (k1 + . . .+kn)/n. The Hill coefficients of both dose responses
are also the same except for higher order error terms.

In Figure 1c we simulate the dose response g(·, k) for multiple sets of dis-
sociation rates k1, . . . , kn. We plot a dose response with identical parameters
ki = 1 using a solid blue line. Here n = 14 and the activation function is of
the form a(x) = eγx/(δ + eγx) as detailed in [4]. We also plot several random
variations with a coefficient of variation CV = σ(k)/E(k) between 0.4 and
0.5.

In Figure 1d we display the same curves, but rescaling each curve along
the x-axis so that they have value 0.1 at the same input u = 1. Intriguingly,
the solid curve now has maximal values among the different functions, which
will have important consequences for the analysis of the next section.
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Fig. 2 a: Defining the generalized Hill coefficient for arbitrary sigmoidal curves. b: Each set
of dissociation constants k = (k1 . . . kn) is assigned a blue dot according to the coefficient of
variation σ(k)/E(k) and the generalized Hill coefficient of the dose response. Here the same
value of n and activity function as in Figure 1c. c: Same plot for n = 4 and a0 = a1 = a2 = 0
and a3 = a4 = 1. d: Restricted parameter sets illustrate what parameter combinations
increase or decrease the Hill coefficient of the dose response. i) k1 > 1, k2 = k3 = k4 = 1.
ii) k1 = 1, k2 = k3 = k4 > 1. For a = 1000: iii) k1 = 1, 1 < k2 < a, k3 = k4 = a. iv)
k1 = k2 = 1, a < k3 < a2, k4 = a2. v) k1 = k2 = 1, 1 < k3 < a, k4 = a2.

In order to quantify ultrasensitive behavior we use the definition of a gen-
eralized Hill coefficient given in [7] (see also [3]). For any sigmoidal function
f : R+ → R+ with saturation value M , set

H :=
ln 81

ln f−1(0.9M)
f−1(0.1M)

.

See Figure 2a for an illustration. The smaller the ratio between f−1(0.9M)
and f−1(0.1M), the higher the ultrasensitivity and the larger H. Moreover, if
f(x) = xh/(Kh+xh) is any Hill function, then H = h. Therefore H generalizes
the standard Hill coefficient to arbitrary sigmoidal functions.

Figure 2b shows a plot of the Hill coefficient of multiple dose responses
as in Figure 1c, plotted against the coefficient of variation σ(k)/E(k) of the
dissociation rates. The individual values of ki were now varied over 8 orders of
magnitude each for every single data point, leading to a much larger range in
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the coefficient of variation CV . Notice that the ultrasensitivity appears to be
highest when the noise is equal to zero, that is when all sites have the same
value. As the noise increases, there is a wider variability in the ultrasensitivity.
However when the noise is relatively small, the Hill coefficient changes little.
We carried out the same analysis for a simpler system in the case n = 4,
and found qualitatively similar results in a simpler graph (Figure 2c). Here
a0 = a1 = a2 = 0 and a3 = a4 = 1 for simplicity.

In Figure 2d we aimed at identifying the parameter sets that lead to the
highest and lowest ultrasensitive behavior for a given amount of noise. The
parameter sets in curve i) consistently had the highest ultrasensitive behavior,
and they were modeled using the constraint k1 > 1, k2 = k3 = k4 = 1. This
corresponds to a system where most sites are identical, except for one site
that is easier to dissociate (due to a higher dissociation constant). For a small
amount of noise, the lowest ultrasensitivity is found when k1 = 1, k2 = k3 =
k4 > 1. This is a system in which one site dominates because it has much
higher affinity than the rest, and therefore it resembles a system where n = 1.
Other parameter restrictions closely approach the edges found in the case of
random parameter combinations.

We prove mathematically one of the observations in these simulations,
namely that starting from a system with identical dissociation constants ki =
k̄, i = 1 . . . n, small variations in the value of these parameters do not change
the ultrasensitivity of the system to a first order approximation. This can be
seen in Figure 2b,c and d, where the initial slope of the Hill coefficient with
respect of parameter variations is zero. Notice that this is a stronger claim
than to simply state that g(·, k) and H(k) change continuously with respect
to k. This analysis holds for arbitrary activation gradients a(x). Using a slight
abuse of notation, we write k̄ for the average value as well as for the vector
(k̄, . . . , k̄). Also, using standard asymptotic notation, given a vector v and a
scalar-valued function R(v) we say that R(v) = o(v) if R(v)/|v| → 0 as v → 0.

Proposition 1 Given k = (k1, . . . , kn), set k̄ = (k1 + . . .+ kn)/n, and ∆ki =
ki − k̄. Then

g(u, k) = g(u, k̄) + o(∆k).

Proof. Notice that

∆k1 + . . .+∆kn = k1 + . . .+ kn − nk̄ = 0.

Since the function g(u, k̄) is symmetric on each of the variables ki,

∂

∂ki
g(u, k̄) =

∂

∂kj
g(u, k̄) = c

for some real number c = c(k̄) and all i, j = 1 . . . n. The result follows from
calculating the directional derivative

D∆k g(u, k̄) = ∇k g(u, k̄) ◦∆k = c(∆k1 + . . .+∆kn) = 0.

ut



The Effect of Site-to-Site Variability in Ultrasensitive Dose Responses 9

We denote by gmin and gmax the minimum and maximum values of the
dose response, respectively. Since g(0, k) = a0 and g(·, k) saturates at an, we
have gmin = a0, gmax = an.

Theorem 1 Let H(k) be the generalized Hill coefficient of g(·, k), and suppose
gmin < 0.1gmax. Given k = (k1, . . . , kn), let k̄ = (k1+. . .+kn)/n, ∆ki = ki−k̄.
Then

H(k) = H(k̄) + o(∆k).

Proof. Since gmin < 0.1gmax, there exist u1(k), u2(k) such that g(u1(k), k) =
0.1gmax and g(u2(k), k) = 0.9gmax, respectively. In fact u1(k), u2(k) are dif-
ferentiable by the Implicit Function Theorem, since ∂/∂u g(u, k) > 0. Using
the chain rule to calculate the gradient of ui(k), we obtain

D∆k ui(k̄) = ∇ui(k̄) ◦∆k = −
(
∂g

∂u

)−1
∇k g(ui(k̄), k̄) ◦∆k = 0

by the proof of Proposition 1. Now notice that H(k) = ln 81/ ln u2(k)
u1(k)

. Again

using the chain rule we calculate

D∆kH(k̄) = ∇H ◦∆k =

(
∂H

∂u1
∇u1(k̄) +

∂H

∂u2
∇u2(k̄)

)
◦∆k = 0.

ut
One could argue that if the parameters ki are varied from a given value k̄,

then the average of the new parameters can deviate from k̄, leading to changes
in the dose response. However, as we will see below, the Hill coefficient of a
dose response is invariant under parameter rescaling. In particular H has the
same value given identical parameters ki = k̄, regardless of the actual value of
k̄.

4 Maximum Hill coefficient

We prove that the Hill coefficient of the non-cooperative dose response g(·, k)
(2) is maximized when all dissociation rates ki are identical to each other,
another basic feature observed in simulations (Theorem 2). It might seem a

daunting task to maximize the function H(k) = ln 81/ ln g(·,k)−1(0.9gmax)
g(·,k)−1(0.1gmax)

. But

this problem can be simplified through a series of steps as outlined below.
First, we will assume without loss of generality that k satisfies g(1, k) =

0.1gmax. Then, rather than maximizing the Hill coefficient H(·), we focus
on maximizing g(c, ·) for a fixed value c > 1. It will turn out that g(c, ·) is
maximized when all dissociation constants are identical to each other, ki = k̄,
regardless of the value of c (Figure 3a). That is, g(c, k) < g(c, k̄) for any k 6= k̄
and any c > 1. Finally, notice that maximizing the dose response for all c > 1
given g(1, k) = 0.1gmax is the same as minimizing g(·, k)−1(0.9gmax), which
in turn maximizes the Hill coefficient.
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Fig. 3 a: In order to maximize the Hill coefficient, assume that g(1, k) = 0.1gmax and
maximize g(c, k) for c > 1. b: Proof of Proposition 3 for the case n = 2, a0 = 0, a1 =
0.5, a2 = 1.

Before proving the main results, we state and prove several technical lem-
mas. The following lemma shows that when k is multiplied by a scalar α, the
dose response g(·, k) is also rescaled by α, in particular its Hill coefficient is
unchanged.

Lemma 2 For every u ≥ 0, α > 0, and k = (k1, . . . , kn), it holds that
g(αu, αk) = g(u, k). That is, the function g(u, k) is homogeneous of degree
0.

Proof. Notice P (αu, αk) = αnP (u, k), ej(αk) = αjej(k), and

g(αu, αk) =
1

P (αu, αk)

n∑
i=0

aiα
n−ien−i(k)(αu)i = g(u, k).

ut
Define the set S = {k ∈ [0,∞)n|g(1, k) = 0.1gmax}. We show in the

following result that optimization of the Hill coefficient can be carried out
without loss of generality on this set.

Lemma 3 For any nonzero k ∈ [0,∞)n there exists k′ ∈ S such that H(k′) =
H(k).

Proof. Let u1, u2 ∈ R+ be such that g(u1, k) = 0.1gmax, g(u2, k) = 0.9gmax.
Set k′ = k/u1, and notice that g(1, k′) = 0.1gmax, g(u2/u1, k

′) = 0.9gmax by
homogeneity. Therefore k′ ∈ S and both dose responses have the same Hill
coefficient H = ln(81)/ ln(u2/u1). ut

Lemma 4 There exists a unique scalar k̄ > 0 such that (k̄, . . . , k̄) ∈ S.

Proof. To prove existence, consider the set of dissociation rates ki = 1, i =
1, . . . , n, and rescale as in the proof of Lemma 2 to find k̄ = 1/u1. For unique-
ness, suppose g(1, (µ . . . µ)) = g(1, (ν . . . ν)) = 0.1gmax, for 0 < µ < ν. Then
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g(ν/µ, (ν . . . ν)) = g(1, (ν . . . ν)), which violates strict monotonicity of the dose
response. ut

Define ∆ai := ai − ai−1, for i = 1 . . . n, and introduce the following nota-
tion:

eγ=0
i (k) :=

∑
|I|=i
Iγ=0

∏
Ij=1

kj , eγ,δ=0
i :=

∑
|I|=i

Iγ=0,Iδ=0

∏
Ij=1

kj ,

and similarly for eγ=1
i (k) etc. The following technical result is based on the

Newton inequalities and will be used in the proof of Proposition 2.

Lemma 5 The function T (x) defined by

T (x) =

n∑
i=1

∆aix
iel,m=0
n−i

n∑
i=1

∆aixie
l,m=0
n−i−1

is strictly increasing on (0,∞).

Proof.
Define f1(x), f2(x) as the numerator and denominator of T (x), respectively.

Since T ′ = (f ′1f2 − f ′2f1)/(f2)2, we calculate f ′1(x)f2(x)− f ′2(x)f1(x):

n∑
i=1

∆ai i x
i−1el,m=0

n−i

n∑
j=1

∆aj x
jel,m=0
n−j−1 −

n∑
i=1

∆ai x
iel,m=0
n−i

n∑
j=1

∆aj j x
j−1el,m=0

n−j−1

=

n∑
i,j=1

∆ai∆ajx
i+j−1el,m=0

n−i el,m=0
n−j−1(i− j).

Denoting each sumand of this expression by Sij , and noting that Sii = 0 for
all i = 1 . . . n, we write the sum as

n∑
i=1

i−1∑
j=1

Sij+Sji =

n∑
i=1

i−1∑
j=1

∆ai∆ajx
i+j−1(i−j)

[
el,m=0
n−i el,m=0

n−j−1 − e
l,m=0
n−j el,m=0

n−i−1

]
.

Since each el,m=0
∗ can be described as a full symmetric polynomial on the

variables {k1, . . . , kn} − {kl, km}, it follows from Newton’s inequalities [18]

that el,m=0
n−i el,m=0

n−j−1 − e
l,m=0
n−j el,m=0

n−i−1 > 0 whenever i > j. Thus T ′(x) > 0 and
the proof is complete. ut

As mentioned before, we will use the notation k̄ to denote the scalar as well
as its associated vector for convenience. We now fix a value c > 1 and work to
maximize g(c, k) among all k ∈ S. We show that the largest value of g(c, k) is
obtained when all rates ki are identical to each other. Define the functions

M(k) := g(c, k), L(k) := g(1, k).
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The constraint k ∈ S can now be rephrased as L(k) = 0.1gmax. The next
result provides the key ingredient for the maximization of g(c, ·).

Proposition 2 For any nonzero k ∈ [0,∞)n such that kl < km,

∂M

∂kl

∂L

∂km
<
∂M

∂km

∂L

∂kl
. (3)

Proof : Calculate

∂M

∂kl
=

∂

∂kl
g(c, k) =

(
∂

∂kl

1

P (c, k)

) n∑
i=0

aic
ien−i(k) +

1

P (c, k)

∂

∂kl

n∑
i=0

aic
ien−i(k)

=
−M

(c+ kl)
+

1

P (c, k)

n−1∑
i=0

aic
i 1

kl
el=1
n−i(k).

Multiplying each side by kl(c+ kl)P (c, k),

kl(c+ kl)P (c, k)
∂M

∂kl
=− kl

n−1∑
i=0

aic
iel=1
n−i − kl

n∑
i=1

aic
iel=0
n−i + (c+ kl)

n−1∑
i=0

aic
iel=1
n−i

=kl

n∑
i=1

(ai−1 − ai)ciel=0
n−i,

where the final equality is obtained by a re-indexing of terms and the use of
the identity kl e

l=0
s = el=1

s+1. Thus,

∂M

∂kl
=

−1

(c+ kl)P (c, k)

n∑
i=1

∆aic
iel=0
n−i < 0. (4)

A similar calculation applies for ∂L/∂kl by setting c = 1. Let us examine

the term
n∑
i=1

∆aic
iel=0
n−i, which does not contain kl, and rewrite it as a sum of

those terms involving km and those that do not:

n∑
i=1

∆aic
iel=0
n−i =

n∑
i=1

∆aic
iel,m=0
n−i + km

n∑
i=1

∆aic
iel,m=0
n−i−1 =: A+ kmB.

Carrying out the same procedure to define C and D as above for c = 1, we
can write

∂M
∂kl
∂L
∂kl

=

(1 + kl)
n∑
i=1

∆aic
iel=0
n−i

(c+ kl)
n∑
i=1

∆aiel=0
n−i

=

(
1 + kl
c+ kl

)(
A+Bkm
C +Dkm

)
. (5)
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None of the expressions A,B,C,D contain kl or km, and one can repeat
the same procedure to calculate the partial derivatives with respect to km,
which results in exchanging kl and km on the right hand side of (5). Now,
notice that (3) is equivalent to

∂M
∂kl
∂L
∂kl

<
∂M
∂km
∂L
∂km

(6)

(
1 + kl
c+ kl

)(
A+Bkm
C +Dkm

)
<

(
1 + km
c+ km

)(
A+Bkl
C +Dkl

)
(7)

(
1 + kl
c+ kl

)(
C +Dkl
A+Bkl

)
<

(
1 + km
c+ km

)(
C +Dkm
A+Bkm

)
. (8)

The result follows immediately from showing that the following function is
strictly increasing:

F (x) =

(
1 + x

c+ x

)(
C +Dx

A+Bx

)
It is easy to see that the term

(
1+x
c+x

)
is an increasing function, since c > 1.

So, to prove that F is strictly increasing, we need only show that
(
C+Dx
A+Bx

)
is a strictly increasing function. This is true if and only if AD − BC > 0 or
A/B > C/D. Using Lemma 5 it follows that

A/B = T (c) > T (1) = C/D,

which completes the proof. ut
A similar approach as that followed in Proposition 2 can be carried out

from the Lagrange multiplier equations, ∂M/∂kl = λ∂L/∂kl, i = 1, . . . , n.
Solving for λ we find λ = (∂M/∂kl)/(∂L/∂kl), for all l, and hence

∂M
∂kl
∂L
∂kl

=
∂M
∂km
∂L
∂km

,

for every l,m. The same argument as in equations (7), (8) shows that F (kl) =
F (km) for all l,m. Since F is one-to-one, this implies that kl = k̄ for all l. No-
tice, however, that we cannot conclude from this equation whether the critical
point is a maximum or a minimum, hence the stronger result in Proposition 2.

We use Proposition 2 to show that the point k̄ is in fact the global maximum
of M on S.

Proposition 3 Let p ∈ S, p 6= k̄. Then there exists p′ ∈ S such that M(p) <
M(p′). In particular p cannot be a maximum of M in S.
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Proof: Suppose that p ∈ S and l,m are such that pl < pm. We will
prove that there exists a differentiable function k(t) ∈ S defined for all t on a
neighborhood of 0 such that k(0) = p and M(k(t)) is strictly increasing. This
in particular will prove the proposition.

Without loss of generality we can assume i = 1, j = 2 since M(k) is a
symmetric function. See Figure 3b for an illustration. Consider the set of all
points (k1, k2) that satisfy the equation

L(k1, k2, p3, . . . , pn) = 0.1gmax.

We describe this set as the graph of a function k2 = r(k1) in some neigh-
borhood of the point (p1, p2). The Implicit Function Theorem guarantees that
the function r(t) exists locally around p as long as

∂L(k1, k2, p3, . . . , pn)

∂k2

∣∣∣∣
(p1,p2)

6= 0.

By (4) this derivative is always negative, so the condition holds. Define

k(t) = (p1 + t, r(t), p3, . . . , pn),

for t in a neighborhood of 0. Let us differentiate both sides of the equation
L(k(t)) = 0.1gmax:

0 =
∂L

∂k1

dk1
dt

+
∂L

∂k2

dk2
dt

=
∂L

∂k1
+
∂L

∂k2
r′(t).

Solving for r′(t), we obtain

r′(t) =
− ∂L
∂k1
∂L
∂k2

.

Notice that r′(t) is negative since both partial derivatives of L are negative.
Now differentiate M(k(t)) with respect to t to obtain

dM(k(t))

dt
=
∂M

∂k1
+
∂M

∂k2
r′(t) =

∂M

∂k1
+
∂M

∂k2

− ∂L
∂k1
∂L
∂k2

.

Then d
dtM(k(t)) > 0 is equivalent to ∂M

∂k1
∂L
∂k2

< ∂M
∂k2

∂L
∂k1

, which holds by Propo-
sition 2. ut

If S is bounded (and therefore compact), M must have a maximum value
on S, and by the above proposition k̄ maximizes M . For the case of unbounded
S the same conclusion follows directly from the next result.

Proposition 4 The real function

σ(x) = max {M(p) | p ∈ S, ||p||∞ = x}

is strictly decreasing for all x > k̄.
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Proof: Fix x > k̄. The set A = {M(p) | p ∈ S, ||p||∞ = x} is bounded and
closed, and M achieves its maximum value on A at some point p ∈ A.

Since ||p||∞ > k̄, there exists m such that ||p||∞ = pm > k̄. Also, there
exists l such that pl < pm. By Proposition 2, there exists k(t) on S such that
k(0) = p and M(k(t)) is strictly increasing. Moreover it is clear from the proof
of the proposition that ||k(t)||∞ ≤ ||p||∞ for all sufficiently small t > 0. In
fact ||k(t)||∞ 6= ||p||∞ for all small t > 0 by the choice of p, so the inequality
is strict. It follows that there exists ε > 0 such that for all y ∈ (x − ε, x),
σ(y) > σ(x). This implies that σ is strictly decreasing for any x > k̄.

Theorem 2 Suppose k ∈ [0,∞)n, k 6= 0. Then H(k) ≤ H(1, . . . , 1). More-
over, equality holds if and only if k is a scalar multiple of (1, . . . , 1).

Proof.
First, notice that H(1, . . . , 1) = H(k̄), since rescaling k̄ merely rescales

the dose response by Lemma 2 and doesn’t alter the Hill coefficient. By the
same argument, the Hill coefficient doesn’t change under any scalar multiple of
(1, . . . , 1). Given k ∈ [0,∞)n, k 6= 0, we can assume without loss of generality
that k ∈ S by Lemma 3.

Fix c > 1. By Proposition 3 and Proposition 4, k̄ maximizes the function M
on S. In particular g(c, k) = M(k) < M(k̄) = g(c, k̄). Since g(1, k) = g(1, k̄) =
0.1gmax, and c > 1 is arbitrary, it follows that H(k) < H(k̄).

ut

5 Site Variability in the MWC Model

We describe a version of the Monod-Wyman-Changeux model that allows for
site-to-site variability and generalizes the original MWC system. We carry out
a similar computational analysis as in previous sections, by calculating the
effect of site variability in the ultrasensitivity of the dose response.

The multisite protein in this system can also be in one of 2n possible
modification states, described by a binary vector I of length n. For instance,
I = (1, 0, 1) indicates that the first and third positions are modified. A basic
assumption of the MWC model is that the multisite substrate can be in one
of two different states, one of which has a larger ligand affinity than the other.
The lower affinity state is called tense and denoted by TI , and the higher
affinity state RI is called relaxed (Figure 4a).

In Figure 4b we describe the reactions of this system, each of which takes
place at a linear rate to form the system of differential equations. For a given
index I, suppose that a new index J has magnitude |J | = |I|+ 1 and is such
that I(i) = 0, J(i) = 1, and I(m) = J(m) for every m 6= i. Protein RI can be
reversibly modified at site i to obtain protein RJ , and similarly for TI , TJ . The
rates of transition between relaxed and tense forms are such that the system
satisfies detailed balance at steady state [5]. Constant αi represents the binding
affinity of the ligand to the i-th site. Since the system is detail balanced and
every reaction is in equilibrium at steady state, we set the reverse reaction
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Fig. 4 a: In the MWC model a multisite protein changes allosterically between two states
with different ligand affinity. b: The reaction network of the generalized MWC model, where
I is any index vector and J is the result of adding a single modification in position i. c,d:
Ultrasensitivity of dose response for MWC model under parameter variations, for n = 4,
ε = 0.01, L = 100, using two different sets of activation functions.

rates to 1 without loss of generality. If parameters for reverse reactions are
added, then αi can be interpreted as the ratio of forward to reverse rates.

Using detailed balance of every reaction at steady state, we obtain three
distinct steady-state equations for the system:

RJ = αiERI , TJ = αiεETI , TI = Lε|I|RI ,

for I and J as described above. By induction it is clear that

RI = E|I|R0

∏
Ij=1

αj , TI = Lε|I|RI = Lε|I|E|I|R0

∏
Ij=1

αj ,

for every index vector I. The total amount of protein in the system can be
calculated as

ST =
∑
I

RI + TI = R0

∑
I

(1 + Lε|I|)E|I|
∏
Ij=1

αj = R0

n∑
i=0

(1 + Lεi)Eiei(α).
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This can be used to solve for RI as a function of the input E and the model
parameters,

RI = E|I|R0

∏
Ii=1

αi = STE
|I|
∏
Ii=1

αi

(
n∑
i=0

(1 + Lεi)Eiei(α)

)−1
.

Similarly for the tense protein TI . This allows to calculate the dose response
of the system,

g(E,α) =
1

ST

∑
I

aR(|I|/n)RI +
∑
I

aT (|I|/n)TI ,

as a function of E,α. Here the activity functions aR(x), aT (x) generalize the
function defined for the non-cooperative model. In the original MWC model,
for example, the purpose of the system is to transport oxygen, and hence
activation is proportional to modification, aR(x) = aT (x) = x. If however this
is a modification system such as a multisite receptor complex, it is possible
that only one of the two forms, tense or relaxed, is active for downstream
signaling, so that e.g. aR(x) = 1, aT (x) = 0.

The graphs in Figure 4c,d describe the ultrasensitive behavior of the gener-
alized MWC system under parameter variations. Both graphs are carried out
for n = 4. In the first graph the activation functions are aR(x) = aT (x) = x,
i.e. it considers parameter variations of the well known MWC model. The sec-
ond graph assumes that only the relaxed state is active, aR(x) = 1, aT (x) = 0,
as might be the case in a signaling system. Both graphs are ultrasensitive, and
in both cases the ultrasensitive decreases with increasing parameter noise, al-
though the second graph appears to be more robust to parameter variations.

6 Conclusions

It is interesting that in all the simulations of this paper the Hill coefficient
is robust with respect to changes in modification rates up to a coefficient of
variation of around 0.5. This holds for both the independent multisite model
and for the MWC model, as well as for different values of the number of sites
n. Not much is known about the site-to-site variability of modification sites in
actual experimental systems, in large part due to the difficulties of carrying
out such experiments. But in Harvey et al [10] the fractional occupancy of
Swe1 sites was measured after stimulation of the protein with the Cdk1 kinase
(see Table 1 in that reference), and the results are largely consistent with this
rough estimate. This coefficient of variation is also consistent with data on the
Gli1 multisite protein (Lee Bardwell, personal communication). Once again,
the idea is that as proteins are allowed to evolve and vary, evolutionary forces
counteract variability only once this limit is reached.

The mathematical proofs of this paper, while somewhat elaborate, use
only elementary multivariable calculus techniques, together with symmetric
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polynomials and Newton’s inequalities, first published in 1732. A number of
recent papers in the literature have also used algebraic techniques to analyze
post translational modification systems of chemical reactions using algebraic
methods [6,20,30], whether to establish bounds on the shape of dose responses
or update standard methods such as zero-order ultrasensitivity in the context
of more realistic assumptions.

The result we show in this paper for nonsequential systems contrasts with
the situation for the sequential case, which was discussed in the paper by Wang,
Nie and Enciso [28]. In that paper the efficiency of the i-th modification was
described with the parameter λi, and it was shown that certain combinations
of nonidentical parameters λi could yield a higher ultrasensitivity than when
all λi are equal (see Figure 2C and Figure S1 of that paper). Specifically, ul-
trasensitivity becomes larger when the last few modifications have a higher λi
than the first few modifications, which creates an effect very similar to coop-
erative behavior. In the nonsequential case this behavior cannot be replicated
because the sites are unordered, and therefore one cannot guarantee that the
most efficient modifications take place last. If anything the opposite effect is
observed, in that the most efficient modifications naturally take place before
the least efficient ones, which intuitively explains why varying the modification
rates reduces ultrasensitivity.

Site-to-site variability has been used in the past to facilitate other phe-
nomena such as bistability [1,9,26] or in the analysis of multisite dynamics
and dose responses [2,8]. For instance, in [1] it is shown that the mere pres-
ence of a protein scaffold that binds to the multisite protein can significantly
increase the likelihood of bistable behavior, when each modification rate is
randomized. Notice that the systems considered in this paper are monostable,
which follows from the derivation of the (unique) steady state concentrations
for each value of the input. Bistability would require additional complexity
such as Michaelis-Menten enzymatic reactions, additional feedback loops, or
additional proteins such as a scaffold. At the same time, the presence of ultra-
sensitive behavior can significantly facilitate bistability once such additional
elements are included.
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