Chapter 9

Differential Calculus in
Euclidean Space

We have already seen that differential calculus provides many useful tools in
the analysis of local properties of real, real-valued functions. The basic idea
is that of locally approximating any smooth function by an easier one (an
affine function or, more in general by a polynomial) and deduce properties
it has from properties of this approximation. The concept of derivative and
differentiability play a central role.

9.1 The differential

Motivation. Here we would like to consider general functions f : D C
R™ — R™ of n variables taking vector values in R for any two m,n € N.
First we need an appropriate concept of derivative. In the real real-valued
case we have that the derivative could be thought of as the slope of the
tangent line to the graph of the function at the point of interest whenever
it is at all possible to obtain a sensible affine approximation. This can be
done in this context, too. The general form of an affine function is in this
case
z— Ax+b, D —-R™

where A € R™*™ and b € R™. If it is possible to “well” approximate a given
function by such an affine map about a given point, we shall say that the
function is differentiable there. The approximation has to be good enough
in the sense that

|f(z+h) —b— Ah|y = o(|h|2) as h — 0
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Observe that we have to measure size with the respective norms defined on
R™ and R™. It is easy to see that b = f(x) if f is continuous, which we shall
assume. So the problem boils down to whether we are able to find A such
that the approximation is better than first order as stated above. This will
be the total point of view in that we try to understand the function f all at
once.

We shall also take a more partial view and, upon choosing a curve

v:(=1,1) = D,

we can study the behavior of f along that curve, i.e., the behavior of f o .
The latter has the advantage of being a real function which we know how
to deal with better. If 0 € D, we could for instance look at

tis f(th,0,---,0), (~1,1) — R™

by choosing the appropriate path. In this case we would be fixing all vari-
ables but one.

Deﬁnitiorol 9.1.1. (Differentiability)
Let f:U C R®™ — R™ be given. It is called differentiable at x € U iff
JA e LR™,R™) =R"™" s.t. f(x+h)=f(x)+ Ah+o(|h|2) as h — 0
which simply means
Ve>036>0s.t. |f(x+h)— f(x) — Ah| < elhlaV h with |hls < 4.
If that is the case, then the linear map A is denoted by Df(z), the differ-
ential, or simply the derivative, of f at x.

Remarks 9.1.2. (a) f is differentiable at x <= f1, ..., fy, are differentiable
at z. What is the relation between D f(z) and Df;(z), j=1,...,m?
(b) If f is differentiable at x, then it is Lipschitz continuous at z.

Definition 9.1.3. Let f : D & R* — R™ be given and assume it is dif-
ferentiable at each point © € D in its domain. The function f is called
differentiable on D and

Df:D—R™" x— Df(x)

is called derivative of f. We say f is continuously differentiable if Df is
continuous. The collection of all continuously differentiable functions defined
on D with values in R™ is denoted by

CY(D,R™) = {f € C(D,R™)| Df € C(D,R™")}

in accordance with our previously introduced notation.
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Remarks 9.1.4. (a) The operator
D : CY{(D,R™) — C(D,R™"), f+s Df
is linear.
(b) If g € CY(D,R) and f € C'(D,R™), then fg € C'(D,R™).
9.2 Partial Derivatives
How do we compute the entries of D f(x)? Well, the function
f:DCR" - R™

has m-components fi,..., f,. Then, letting h = ¢e; for j = 1,...,n, we
have by definition (if the f is differentiable at x € D) that

f(x+tej) = f(z) +tDf(z)e; + o(|tes]) (t — 0)
and therefore
fr(x +tej) = fu(z) + t(Df(m)ej)k +o(lt])) (t—0), k=1,...,m,

Definition 9.2.1. (Partial and Directional Derivative)
Since (Df(x)ej)k = D f(x);i we therefore have that

) x+te;) — fr(z 0

t—0 t Oz;
which is called j-th partial derivative of fi at x and where j € {1,...,n}
and k € {1,...,m}. More in general, we can define the derivative of f at x
in any direction u € R™ by

o et t) — (@)
t—0 t

called directional derivative of f at x in direction u.

Directional derivatives have the advantage that they can be computed
just like for real functions. They, however, contain only partial information
about the function f, specifically only about its local behavior along a certain
line in direction v emanating from the point x.
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Theorem 9.2.2. Let f: D CR™ — R™ be given such that D f(x) exists for
x € D and let u € R™. Then 0, f(x) exists and

Ouf(x) = Df(x)u.
The proof is left as an exercise.

Remark 9.2.3. The existence of all partial derivatives 0;f(x) at a point
x € D, even of all directional derivatives, does not make f differentiable at
x. Take the function defined by

rg(0), (r,0) € (0,00) x [0,27),

f(rcos(6),rsin(f)) := {O =0

where ¢ is any function satisfying g(—6) = —g(0). Why do we need g to be
odd? Then it is easily checked that 8,f(0,0) = g() if u = (cos(6),sin(9)),
but f is not even differentiable in the origin if g is not differentiable with
respect to 6.
Theorem 9.2.4. Let f: D CR" = R™ and x € D. Assume that
0;f € C(Ug,R™) for j=1,...,n

and some neighborhood U, € U(x). Then f is differentiable at x. Morevover

feCYD,R™) <= 9;f € C(D,R™)Vje{l,...,n}.
In particular it follows that

C'(D,R™) = {f € C(D,R™)|9;f € C(D,R™)Vj=1,...,n}.

Proof. We give the proof only for the case m = 1, n = 2 since, in the general
case, it is perfectly analogous. We need to prove that

fly1,y2) — f(@1,22) = O f (w1, 22) (Y1 — x1) + O f (w1, 22) (Y2 — 22)+
o([(z1,72) — (y1,92)]2) -

By using the mean value theorem 5.2.4 on the two differences in the right
hand side of

fr,y2) — f(w1,22) = f(y1,y2) — f(w1,y2) + f(w1,92) — f(w1,91)
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we find € € I(x1,y1) and & € (2, y2) such that

f(y1,92) — f(w1,02) = 01 f(€1,92) (1 — 1) + Do f (21, €2) (y2 — 72) -

which is not quite what we need. But, if the error

E = 01 f(21,22)(y1 — 1) + Oa(21, 22) (Y2 — 22)+
— 01 f(&1,92) (1 — x1) — Oaf (21, &2) (y2 — x2)

incurred, can be proven to be a o(|(x1,x2) — (y1,¥2)]2), the claim follows.
Since

E|

[z — |

< |01 f(w1,2) — O1f (&1, 92)| + |02 f (21, 82) — Da(y1, y2)|

and since both terms on the right hand side can be made arbitrarily small by
making /(y1 — #1)2 + (y2 — 22)2 small (by continuity of the partial deriva-
tives), this is indeed the case and the proof is complete. Why do we say that

the proof in general is similar? Can you perform the proof in the general
case? /

9.3 The Chain Rule

Theorem 9.3.1. (Chain Rule)

Let f : Dy & R — R™ and g: D, & R™ — R? be such that f(Dyf) C Dy.
If f is differentiable at x € D and g is differentiable at f(x), then go f is
differentiable at x and

D(fog)(xz) = Dg(f(x))Df(x)

Moreover, if f and g are continuously differentiable on their respective do-
main, so is go f on Dy.

Proof. We know that
fy) = f(x) + Df(x)(y — ) + Ra(z,y)

and

9(f (W) = g(f(x)) + Dg(f(2)) (f(y) = f(2)) + Ra2(f (@), f ()
9(f(@)) + Dg(f(x)) [Df(2)(y — =) + Ru(z,y)] + B2 (f(2), f(y))
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Now observe that

[Dg(f(2))Ri(@,y)| < c|Ri(z,y)| = oz —yl2) as y — =

and that

[Ra(f (), f(y))] < elf(z) — f(y)]
for some ¢ > 0 and whenever |f(z) — f(y)| < d since Ra(w, z) = o(Jw — z]2).
Finally f is (locally) Lipschitz continuous at z, since f is differentiable there
which gives

[f(@) = fF()] < cle =yl

for |z — ylo < § and some (other) § > 0 which, then, gives
[Ra(f(x), f(y))] < celz =yl for [z —yla <6
and the claim follows. /

Remark 9.3.2. It follows that

d(go f)(x) = D(go f)(x)ej = Dg(f(x)) Df (x)ej =Y g (f(2))0; fu(x).
k=1

Theorem 9.3.3. Let f : Dy CR" - Rand z € D; if f assumes a
mazximum or minimum at x and f is differentiable there, then D f(x) = 0.

Proof. Since x € D - R"™, there is tg > 0 such that
r+te; € DVji=1,...,nV|t|<tp.
Since f assumes a minimum or a maximum at z, so do the maps
gj: (=to,to) = R, t— fx+te;)Vj=1,...,n

at t = 0. It then follows from theorem 5.2.2(iii) that

0 (0)=0;f(x)Vji=1,....n

which clearly gives Df(z) =0. /

9.4 Higher Derivatives

Just as in the case of real functions we now move on to higher order deriva-
tives which, when they exist, give us some information about the convexity
properties of functions. The latter make it possible to tell maxima, minima
and saddle points apart. Taylor’s expansion formula will also be generalized.
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9.4.1 Mixed Partial Derivatives

First we would like to take a closer look at second derivatives. In particular
we need to make sure that we understand what kind of objects they are.
On the one hand we could simply say that the are the first derivative of the
first derivative. This, albeit correct, might, however, conceal their mapping
properties. Let us therefore start with a smooth function

f:D; CR* - R™.
Its derivative is the map
Df:D — LR",R™)=R"*", z— Df(z).
Taking a further derivative is going to give us a map
D?f=D(Df): D — L(R", L(R",R™))=R™>">"

Since a vector valued map can always be considered component by compo-
nent and for the sake of simplicity we only consider the case m = 1. Then
the derivative at a point

LER",R) 3 Df(x) = [01f(x) 02f(x) ... Onf(z)]

is a row vector. It is sometimes useful to think of it as a column vector, in
which cases we call it the gradient of f and denote it by V f(x). If we now
take a further derivative of the gradient we obtain the so-called Hessian of
the function f

SE?;Q (D1 )2 (O f) -+ On(O0f)
DD = : N : = 1001 <) pen
D@.p))  LO1OnS)020nf) - n(On])

We also define the function space
C*(D,R) := {f e C'(D,R) |0;f € C'(D,R)}
= {f S C(D,R) ‘ 8]6kf S C(D,R)}
of twice continuously differentiable functions.

Theorem 9.4.1. (Mized Derivatives)
If f € C*(D,R) then

8j8kf:8k8ijj,/<;e {1,...,77,}.
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Proof. For h € R™ we introduce the notation Apf(z) = f(z + h) — f(x)
whenever it makes sense. It follows that

o1
9; f(x) = ll_)r% gAsejf(x)
and it is easy to check that
AsejAtek = A156;6Asej Vik=1...,n.

Observe that theorem 5.2.4 implies the existence of § € 1(0, s) such that

e, ) = (045 + 5¢5)

and, consequently

iﬂsej (Do f () = %gse]. (Onf) (@ + Fer) = (0;00f) (@ + 5¢; + Tex)

or
1 1 - - ~
Qﬁtek (Dge, () = gAtek ((0; ) (z + 3ej)) = (Ok0; f)(w + Sej + tey)

Since the two representations have to coincide and taking the limits ¢, s — 0
in whichever order (since the second partial are continuous) we obtain

(00, f)(x) = (005 f)(x)

which gives the claim since x € D was arbitrary. /

9.4.2 Local Extrema

Definition 9.4.2. (Critical Point)

Let f € CY(D,R) for some D CR™ A point z € D is called critical point if
Vf(x)=0.

Motivation. Since vanishing of the gradient is a necessary condition for a
local extremum, we would like to find criteria that would allow us to decide
it is a point of minimum, maximum or else. Assume that f € C*(D,R) and
denote (abusing the notation) its Hessian by D?f. By the previous theorem
it is symmetric. Let now x € D be a point of minimum for f. Then so is
t =0 for

gu : (—to,to) = R, t — f(z +tu).
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Observe that g;,(0) = (Vf(x)|u) = 0 and that

n n

o(t) = % SO0ty =3 S 000l + tu)ugs

j=1 k=1 j=1

Thus

n

0<gu(0) =D > 0k f(x)uru; = u' D*f(x)u

k=1 j=1
and this is valid for any nonzero direction v € R™. We also know that if
g,,(0) = 0 and ¢//(0) > 0, then g, has a point of minimum at ¢t = 0. It is
therefore legitimate to hope that if

0 <ul'D*f(z)u¥0#ucR"
we would have that x is a minimum of f.

Definition 9.4.3. Every symmetric matrix A = AT € R™ " defines a
quadratic form
z— 2zl Az, R" — R.

It is called positive definite iff 0 < x7 AxV = # 0 and positive semi-definite
(A > 0) or nonnegative definite (A > 0) if the non strict inequality holds.
Can you use your linear algebra knowledge to reformulate the defining con-
dition?

Lemma 9.4.4. Let A= AT, B = BT ¢ R™". Then

(i) A>0<= Je>0st a2l Ar > elz]?V2 € R™.

(ii) If A > 0 and B— A is small, then B > 0. This say that the set of positive
definite symmetric matrices is open in the set of symmetric matrices.

Proof. (i) By observing that
(tx)T A(tr) = 22T Az VYt > 0
we conclude that
0<zlAzVz e R"\ {0} <= 0 < zTAzV|z|=1.

Since the mapping = — 27 Azr, S""! — (0,00) is continuous and S"~ ! is
compact we see that

e=: min 2L Az >0
resSn—1
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and finally

2 T . ol n
elz]* < x” Az since € < WAva e R™"\ {0}.
x| |z
When z = 0 the inequality is trivially satisfied.
(ii) If B — A is sufficiently small, that is if 27 (B — A)z < §|«[?, for instance,
then

2" Bx = 2T Az + 2T (B — A)z > ela]® — §|x|2 > Sja?

<
-2
and the claim follows. /

Theorem 9.4.5. Let f € C*(D,R) for some D CR" and let x € D be a

critical point. Then

(i) If the point x is a local point of minimum [mazimum/, then we have that
D%f(x) >0 [<0].

(i3) If D*f(x) > 0 [< 0], then x is a local strict minimum [mazimum)].

Proof. (i) The first claim is a direct consequence of the calculations we
performed in the motivation.
(ii) Reasoning purely line by line (through x) we would get

d2
@f(xqttu)’tzo >0
and, consequently that

[l +tu) > f(x) V[t < to(u)

for some to(u) > 0 which depends on w. This is not enough to claim, as we
need to, that

fly) > f(x)Vy € B(zx,¢e) for some ¢ > 0.

Let therefore u € R™ with |u| = 1 and define g, (t) := f(x + tu) for |t| < e
where ¢ > 0 is chosen so small that B(x,e) € D. Then

G,(0) = 0, g(t) = u D f(a + tu)u > 0V |t] < ¢

for a possibly smaller ¢ > 0 since D?f is continuous at x and lemma 9.4.4.
The point x is therefore a strict minimum in [|¢| < ¢] which concludes the

proof (why?). /
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Remark 9.4.6. A symmetric matrix A € R™*™ is positive definite if and
only if its eigenvalues are positive, that is, if A; > 0 for all j € {1,...,n}.
Recall that a symmetric matrix is always diagonalizable.

Lemma 9.4.7. Let 0 # x € R™ be a critical point of the map

L Ax
Ty

X —

, R"\ {0} = R
then it is an eigenvector of A.

9.4.3 Taylor Expansion

Let f € C™(D,R) for some D ¢ R™. Can we do better than linear ap-
proximation? In other words, can we generalize Taylor expansions to multi-
variable case?

Lemma 9.4.8. Pick u € R™ and ty > such that B(z,tp) ¢ D and define
g(t) == f(x +tu) for |t| <to. Then, for k < m,

1 d* 1 u®
gﬁg(t) = gg(k)(t) = Z Jaaf(x + tu)
! ! Lo

where a! = aq! - a,! and 0! = 1.

Proof. The proof is done by induction. We shall, however, look at the cases
k =1,2 to get a better feeling. As for the first

Jgt) = Z u;0; f(x + tu)
j=1
and therefore, for the second
n n ua
9" = wu;00;f(x+tu) =2 —0af (@ + tu).
=1 j=1 la]=2
Now, by induction hypothesis, we have that
1 _ u®
Gl 0= > Gpoalle i

|a|l=k—1
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and, consequently,

1
Kk —1)17 g 21

laf=k—1

00 f(x + tu)

Z Zﬁf uWPosf(x + tu)

|8l= k Jj= 1
and the claim follows since |3| = k implies that ¢ Y Bi=1y
By using Taylor expansion of the real function g
m ua
=> > 700 F(x)th +o(t™)
k=0 |a|=k

we will obtain the more general Taylor expansion f

=3 0w + oy~ )

laj<m
by setting
P and t = |y — z|.
ly — x|

This is precisely the idea behind the proof of the next theorem.

Theorem 9.4.9. (Taylor Expansion)

Let f € C™(D,R) for some D ¢ R" and x € D. Define the Taylor polyno-
mial Ty, f(x,y) of order m of f at x by

Tof(ey) = Y —0af@)y— o).

laf<m

Then
F) =Tnf(x,y) +olly —z[™) asy — .
Proof. We need to show that
Ve>030>0s.t. |f(y) —Tnf(z,y) <cely—z|™if ly—z| < 4.
If h(y) :== f(y) — T f(z,y), then Ogh(z) = 0 for each || < m. This follows
from
6% 07 /8 # «
Oz —)* = {

o, B=a«a
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It follows that, for € > 0, we can find § > 0 such that
Bsh(y)| < ¢ if |y — 2] < & and |8] < m.
Next, set g(t) := h(z + t(y — x)) and observe that
t(y — z)k
g ¥ (t) = Z (7')3&1(3: +t(y —x)).

a!
la|=m

It follows that
g® ) =0VEk <m.

Using the simple fact that |z +t(y —z) — 2| = tly — x| < 0 for t € [0, 1] we
conclude that

tm
™M@ <e D —ly—al* <eely—a™if ly —a| <6
(6%

|a)|=m
where ¢ = Z| al=m % and depends only on m and n. Finally

Ih(y) = lg()] < g™ ()| < cely —a|™.
where the existence of ¢; € [0, 1] follows from the proof of theorem 5.4.6. /

Remark 9.4.10. (Lagrange Remainder Formula)
Let f € C™"Y(D,R) and z,y € D, then z can be found on the segment
{z+t(y —x)|t €]0,1]} such that

1) -Tufen = Y Y00,

|a|=m+1

This, in particular shows, that

F@) = Tuf(z,y) =O(ly —2|™ ) asy — @
in this case. The extra regularity assumption is crucial.

Proof. The proof follows the steps of the that of theorem 9.4.9 and exploits
the single variable remainder formula. /



