MATH 205 WINTER TERM 2006

Final Examination

Print your name:

Print your ID #:

You have 2 hours to solve the problems. Good luck!



1. Let g € C'([c,d], [a,b]) and f € C([a,b]). Define

(z)
F(z):= /g fly)dy, x € (a,b).

Show that F is differentiable and compute its derivative.






2. Let (zp)nen be a decreasing sequence in [0, 00) and prove that

an<oo<:>22kx2k < 0.






3. Let a sequence of functions (f,)nen be defined by
fn(z) = cos(x)", z € [0, g] ,neN.

Let g € C([0, Z]) be such that g(0) = 0. What is the limit of (gf,)nen?
Is the convergence pointwise? Is it uniform? Justify your answer.






4. Show that f defined through

f(z) = log2(1 +2)

is analytic in a neighborhood of the origin. Compute the coefficients
of its power series expansion about x = 0.






5. Let (M,d) be a metric space. For a subset A C M define
A= AULP(4)
and show that

flzﬂ{BCM|ACBandBisclosed}.
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6. Let (M,d) be a metric space. For a subset A C M define
A={zeA|Tr>0st. B(z,r) C A}.

Prove or disprove: (AU B)° = AU é, (ANB)° = AN B
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7. Prove or disprove:
{lth( ):R—R|neN}
— tanh(nz) : R - R|n
4D

is uniformly equicontinuous.

14



15



i oo f(z) ists and show that
8. Assume that the improper integral fo —— dx exists

/Oof(xy)dm:/oof(x)deyE(O,OO)‘
0 x o T
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9. Let (fn)nen be a decreasing sequence of real-valued functions on [a, ]
which converges uniformly to fo, = 0. Show that

Z(_l)nfn

n=1

converges uniformly.
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