
math 295 Spring Term 2010

Assignment 16

1. Assume that u is a viscosity solution of

(HJ) ut + H(∇u, x) = 0 in Rn × (0,∞) .

Show that −u is a viscosity solution of

vt −H(−∇v, x) = 0 in Rn × (0,∞) .

2. Let (uk)k∈N be a sequence of viscosity solutions of (HJ) and suppose
that uk → u uniformly as k →∞. Show that u is also a solution of
(HJ) in the viscosity sense.

3. Let uε be a classical solution of the parabolic equation

ut + H(∇u, x)− ε

n∑
i,j=1

aij(x)∂iju
ε in Rn × (0,∞) ,

where the coefficients are smooth and satisfy

α|ξ|2 ≤
n∑

i,j=1

aij(x)ξiξj ≤ ᾱ|ξ|2 ,

for some 0 < α ≤ ᾱ < ∞. Assume that H is continuous and that
uε converges uniformly to a function u. Prove that u is a viscosity
solution of (HJ).

4. Let ui be solutions of (HJ) with initial datum gi for i = 1, 2. Assume
that H satisfies

|H(p, x)−H(q, x)| ≤ C|p− q|
and |H(p, x)−H(p, y)| ≤ C|x− y|

(
1 + |p|

)
for x, y, p, q ∈ Rn and some C ≥ 0. Show that

‖u1(·, t)− u2(·, t)‖∞ ≤ ‖g1 − g2‖∞ , t ≥ 0 .

5. Show that 1 − |x| is a viscosity solution of |u′| = 1 on (−1, 1) with
boundary conditions u(±1) = 0. This means that |v′(x0)| ≤ 1[≥ 1]
whenever u − v has a maximum [minimum] at x0 ∈ (−1, 1) and
v ∈ C∞(−1, 1). Show that |x| − 1 is NOT a viscosity solution of
|u′| = 1 but one of −|u′| = −1 in (−1, 1) with the same boundary
conditions. How do you explain the fact that the two equations have
different solutions?
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