MATH 295 WINTER TERM 2015
Assignment 10

Let Q € R™ be open. A map f : @ x R — R is called Carathéodory

function whenever
(i) f(-,s) : 2 — R is measurable for every s € R.
(ii) f(x,-) : R — R is continuous for almost every z € €.

1. Let f: QxR — R be a Carathéodory function and p,q > 1. Assume
that
|f (2, 5)| < cls[?/ + g(x)
for some g € Ly(2). Prove that the Nemytzki operator (substitution
operator) Ny : L,(Q) — Ly(2) defined through
(Nyu)(z) == f(z,u(z)), z € Q
is well-defined, continuous and maps bounded sets onto bounded
sets.

2. Let H be a Hilbert space. Prove that
Ty =T, Yo =y (n = 00) = (zp|yn) — (z|y) (n = 00).
3. Let © C R™ be a bounded, open set with smooth boundary. Prove
that the equation
—Au=e " inQ,
u =0 on 02,

possesses a solution.

4. (Kolmogoroff) Show that a subset K C L,(R") (1 < p < 00) is com-
pact iff
(i) K is closed and bounded.
(i) f|x\>N |f(x)[Pdz — 0, N — oo, uniformly in f € K.
(iil) fgu [f(z +h) = f(2)[Pdz — 0, |h| = 0, uniformly in f € K.
[Hint: Use the density of test functions in L,(R™), the strong conti-
nuity of the translation semigroup on L,(R™) and Arzéla-Ascoli.]

5. Let 1 < p < oo and prove that
([ tue 1)~ ul@)p dz) 7 < ] Jul

for u € W;(R”). Use this estimate and Kolmogoroff’s characteriza-

tion of compactness to show that W}D(Q) <« L,(Q2) for Q C R™ open
and bounded.



Homework due by Wednesday, February 18 2015.



