
Math 295 Winter Term 2015

Assignment 8

1. Let A be the general elliptic second order differential operator in
divergence from on a bounded domain Ω with smooth boundary,
that is,

Au = −∇ · (A∇u) + (b|∇u) + cu

where the coefficents satisfy the assumptions of Chapter 8 of class.

Let Φ ∈ Diff2(Ω, Ω̃), that is, Φ is invertible and

Φ ∈ C2(Ω, Ω̃) , Ψ := Φ−1 ∈ C2(Ω̃,Ω) .

Letting y := Φ(x) and define ũ(y) := u(Ψ(y)), compute the operator

Ã in the new variables, that is the operator satisfying

Ãu = Ãũ .
2. Prove that the Neumann problem{

−4u = f in Ω ,

∂νu = 0 on ∂Ω

on a bounded domain with smooth boundary has a solution if and
only if

∫
Ω f dx = 0.

3. Let H(t, x) be the heat kernel (the fundamental solution for the heat
equation introduced in class) and show that T defined through{(

T (t)u
)
(x) :=

∫
Rn H(t, x− y)u(y) dy , x ∈ Rn

T (0)u := u

is a C0-semigroup of contractions on L2(Rn) but NOT on L∞(Rn).
A C0-semigroup T on a Banach space E is called analytic if it al-
lows for an analytic strongly continuous extension to a sector Σδ =
[arg(z) < δ] of the complex plane for some δ ∈ (0, π/2], that is, if

(i) T (0) = idE , T (z1 + z2) = T (z1)T (z2) , z1, z2 ∈ Σδ .

(ii) T : Σδ → L(E) is analytic.

(iii) lim
Σδ3z→0

T (z)x = x for all x ∈ E .

It can be shown that the above conditions are equivalent to

(i) T (t)E ⊂ dom(A) , t > 0 .

(ii) ‖tAT (t)‖L(E) ≤ c <∞ , t > 0 .

where −A : dom(A) ⊂ E −→ E is the generator of T . Show that
the C0-semigroup of problem 1 is analytic.
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4. Let A : dom(A) ⊂ E −→ E be defined through

E = L2(0, 1) ,

dom(A) =
{
u ∈ H2(0, 1)

∣∣u(0) = u(1) = 0
}
,

Au = −∂xxu , u ∈ dom(A) ,

and show that −A generates an analytic C0-semigroup on E.
5. For a bounded domain Ω ⊂ Rn with smooth boundary, for b ∈

L∞(Ω) and c ∈ L∞(Ω) let A be the operator induced by the Dirichlet
form

a(u, v) =

∫
Ω

[
(∇u |∇v) + (b |∇u)v + cuv

]
dx , u, v ∈

◦
H1(Ω)

on H−1(Ω). Show that it generates a C0-semigroup on H−1(Ω).

Homework due by Friday, January 16 2015


