MaATH 295 SPRING TERM 2008
Assignment 14

1. (Pohozaev’s identity) Assume that g € C(R,R), = J5 9l
and that Q C R” is bounded with smooth boundary Let u be a
classical solution of

—Au=g(u) inQ
u=20 on 0N

and show that it satisfies

/G dfc+/ug / (Vi )2(x - v) do

[Hint: Use Gauss theorem with the vector field V(z) = (z- Vu)Vu ]

2. Use Pohozaev’s identity to prove that no nontrivial solution can exist

for
—Au=|ulf in Q
u=20 on 0f)
if p> "*2 and () is a star-shaped bounded Lipschitz domain in R™.

3. Let X be a normed vector space. Prove that a convex functional
¢ : X — R is continuous at x € X if it is bounded in a neighbor-
hood of x. Give an example of a convex functional which is nowhere
continuous.

4. Let 8 € C*(R) satisfying §'(R) C [d,0] for §, o € (0,00). Give a
weak formulation of

—Au=f in
Oyu+ fB(u) =0 on Q.

in an open bounded domain €2 C R™ and prove that it possesses a
weak solution.

5. For an open and bounded € C R" let
A= {u e H)(Q,R™) |lu=gondQ, [u=1ae.}.

Show that ¢ defined by ¢(u) = 5 [, |Du(z)[*> dz has at least one
minimizer in A (if A # () and that any minimizer satisfies

/ Du(x (x)dx = /Q | Du(x)|*u(z)v(z) dz
v € HY(Q,R™) N Lo (Q,R™).
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