
Math 295 Fall Term 2006

Assignment 4

1. Compute the Fourier transform with respect to the variable x of the
following functions:
(i) uy(x) = e−y|x| , y > 0 , x ∈ R.

(ii) u(x) = e−
|x|2
2 , x ∈ Rn .

(iii) u(x) = y2−x2

(y2+x2)2
, y > 0 , x ∈ R.

2. Show that G defined through G(x, y) = 1
π

y
x2+y2 for x ∈ R and y > 0

is harmonic, that is, 4G = 0, and conclude that

ug(x, y) :=
∫ ∞

−∞
G(x− x̃, y)g(x̃) dx̃ , (x, y) ∈ R× (0,∞)

represents a solution of{
4u = 0 in R× (0,∞)
u = g on R× {0}

for g ∈ L1(R). What is limy→∞ ug(·, y)?

3. Let f ∈ S(Rn) with supp(f) ⊂ B(0, R) for 0 < R < ∞. Show that
its Fourier transform f̂ is holomorphic and satisfies

|f̂(ξ + iη)| ≤ cN
1

(1 + |ξ|2)N/2
eR|η| , (ξ, η) ∈ R2n .

4. Assume ϕ ∈ S(Rn), a ∈ Rn and let

T : R → S(Rn) , t → ϕ(· − t a) .

Prove that T ∈ C1
(
R,S(Rn)

)
and compute

Ṫ (0) ∈ L
(
R,S(Rn)

)
=̂S(Rn) .

5. Let u0 ∈ S(Rn) and consider the homogeneous heat equation{
ut −4u = 0 , in (0,∞)× Rn

u(0) = u0 , in Rn

Prove that it has a unique solution

u ∈ C∞
(
[0,∞),S(Rn)

)
and derive a representation formula for it.

Homework due by Wednesday, November 8 2006


