MATH 3D WINTER TERM 2002

Final Examination - Solutions

1. Compute the solution of the following system
T1 = —2x1 + 22 + 2t fEl(O):l
3'72:3:1—23;2—%, 1’2(0):1.

Solution. The solution of the equation is given by the variation of parameters formula

t
X(t) = e Xy + / AG(TY dr, £ >0,
0

-2 1 1] 2t 1
e [ 2] [] =[] 21
In order to compute the exponential of the matrix A we determine its eigenvalues and eigenvec-
tors. The eigenvalues A are determined through
—2-=A 1
1 —2-=A

which gives \; = —1 and Ay = —3. The associated eigenvectors X are then given as solutions

' 2 )= e
S

where

=(A4+2)?-1=0

‘We therefore obtain

The solution formula becomes
t{—2 1 } b ) {—2 1 } ]
w0 A
1 0 —1
—t ]. 13 —3(t_7—) 1 B e—t + 26—3t + gt . 2
e [1:|+/02T€ . dr = e*t—ge*?’t—gt—i—% ,t>0.

2. a. Compute the location ¢ty > 0 where y(tg) = 0 for the function y which solves
t
y’=—?7 y(0) =yo > 0.
b. Compute Yoo = limy_,o y(t) for the solution of
Y =(1+y)?e™, y(0) =y0 > 0.
Solution.
a. The solution can be computed by separating the variables to obtain

t 5 1 3 1 5 t 1 )
/ y'(T)y(r)7dr = 2y°(t) = 5y°(0) = —/ rdr = —=£,
0 3 3 0 9



1/3

which gives y(t) = (yg — %tz) . The zero of interest is therefore tg = 1/%yg’ .

b. The solution can again be computed by separation

. ! y'(7) = 1 o 1 _ tefr r—1_et
/o(1+y(7))2d L+y(t)  1+y(0) /0 =t ’

to obtain y(t) = ﬁ — 1 and finally
1+y0+ —e
1 1
lim y(t) = —4——— —1=— .
t—00 o0 T 1 2+yo

3. a. Solve
y' =2 +y=1+e",
y(0) =0, ¢/(0) =1.
b. Find the solution of
4y" +4y' +5y =0,
y(0) =1, y'(0)=0.
Solution
a. The characteristic equation A\?> — 2)\ + 1 has the double root A = 1. The general solution of
the homogeneous equation is therefore given by
yn(t) = cre’ +cotel.
A particular solution y; of the inhomogeneous equation can be looked for in the form
yi(t) = A+ Be .
Plugging this Ansatz into the equation gives
Be ! — 2(—Be_t) +A4+Bet=A+4Bet=1+¢"t,
from which follows A =1 and B = 1/4. Finally the constants ¢; and ¢y have to be determined
imposing the initial condition
yr(0) + 4 (0) =c1 +1+1/4 =0, y,(0) + yi(0) =c1 +ca — 1/d=1.
This gives ¢; = —5/4 and 5/2.
b. The characteristic equation 4\? + 4\ + 5 can be solved to obtain A2 = —% + ¢ which leads
to the general solution
y(t) = cre 2 cos(t) + coe 2 sin(t) .
The initial condition gives

y(0)=c1=1,9(0) =—c1/2+cy =0 and finally ¢; =1, co = 1/2.

4. Let 0 < € < 1 and solve
y" + 2ey’ +y = cos(t),
y(0)=0, y'(0) = 1.
What is the amplitude of the solution for large time?
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Solution. The characteristic equation has solutions A\ 2 = —& £ iv/1 — €2 and therefore
yn(t) = cre " cos(tV/1 — €2) + coe” ' sin(t/1 — £2).
We can seek a solution y; to the inhomogeneous equation in the form
yi(t) = Acos(t) + Bsin(t) .

Plugging into the equation

— Acos(t) —sin(t)B + 2e(—Asin(t) + Bcos(t)) + Acos(t) + Bsin(t) =

(—A+2eB+ A)cos(t) + (—B — 2 A+ B) sin(t) = 2e B cos(t) — 2e Asin(t) = cos(t)
we see that A =0 and B = 1/2¢. The initial condition then gives
y(0) = yn(0) + 4:i(0) = c1 =0, y'(0) = c2v/1 — 2 +1/2e = 1.

and the solution is 9 1

)= ——— e tsin(t\/1 — €2) + sin(t)/2¢.
o) = 2L et/ T ) +sin(e)

Its asymptotic amplitude is therefore 1/2¢.

5. Solve the following linear system

T = =211 + T2, a;l(O) =0
To = —2T9 + T3, .%'2(0) =1
{bg = —21’3, .133(0) =1
-2 1 0
Solution. We need to compute the exponential of the matrix M = [ 0 —2 1 |. Consider
0o 0 -2
the matrix
A1 0
AN =10 X 1|, A(-2)=M,
0 0 A
and recall that -
AN =37 (tAN)) /KL
k=0
Computing the powers of A(\) we see that
A2o2x 1 A3A% 3 M4N3 6A2
ANZ =10 X 2X] ,A0)3 =10 X 322 , AW =]0 At 4x3
0 0 A2 0 0 0 0 X
Plugging into the series we obtain
T+HtA+E2N2/2 4 4 tFNE R o = M

on the diagonal. On the second and third upper diagonals we have
0+t 4 1220/2 + 13302 /30 + - + tF kA1 k) = t M and
040+ t2/2 +330/30 + 26X /Al 4 - -+ tF (k — DEA2 /R 4 - = 12 eM )2,
3



respectively. We finally obtain

0 et te?t t2e2)2] [0 te? 4 t2e2/2
X(t)=e4@ (1| = [0 €2  te* 1| = e + e
1 0 0 et 1 et

6. Solve

y(0)=0, y'(0)=1.
expanding the solution in a power series about ¢ = 0 and determine its radius of convergence.
Compute only the first five coefficients of the expansion.

{<1+t2>y"+y:o,

Solution. We look for the solution in the form Y32, axt®. The radius of convergence of the
series is given by the distance between ¢ = 0 and the closest zero of t? 4 1. Since the zeros are
+i we obtain a radius of convergence p = 1. Plugging the series Ansatz into the equation we
obtain

L+ ) apk(k— DEF2 4> " apth =
k=2 k=0

ao + 2as + t[6as + arlt + Y [(k + 1)(k + 2)ape + (k% — k + 1)ag|t*
k=2

The initial condition entails ag = 0 and a; = 1. The remaining coefficients can be obtained via
the recurrence relation
k2 —k+1
a =
T T )k +2)

to give ag =0, a3 = —1/6, ag = 0.

ar, k=0,1,2,...

7. Consider the following equations
(2% = 1)y +sin((z — D /4)y + (2® =3z +2)y =0,
(¢ = 1)y + 22y’ —y =0,

1
xy’ + sin(;)y’ +2y=0.

a. Determine their singular points and whether they are regular?

b. For the first equation determine the exponents at the singularity.

c. What can you say about the radius of convergence of a series solution of the second
equation about x = 1.

Solution
a. The point £ = —1 is a regular singular point for the first equation, x = 1 a regular singular
point of the second whereas z = 0 is not a regular singular point for the last equation.
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b. The exponents at the singularity for the first equation are the solutions of the inditial equation
r(r — 1) + por + qor? = 0 where

. sin((z — 1)mw/4)
=1 1
bo xin—ll(x +1) (x+1)(x—1)
We therefore obtain 12 = 0,1/2.
c. The other solutions of #3 — 1 = (22 + z + 1)(x — 1) = 0 are given by

1 1 3
z12=2(-1£V1-14) = ——iii.
’ 2 2 2
The distance to the closest zero from x = 1 is given by v/3. The radius of convergence is there-

fore at least v/3.

=1/2, q = xlin—ll(x + 1)2W

8. A bungee jumper jumps off a 180m high bridge attached to a 125m long cord. His body
mass is m = 80kg and the cord behaves like a spring with constant k& = 160kg/sec?. How close
to the ground does the jumper come? Neglect air resistance and assume g = 10m/sec?.

Solution. The equation which determines the displacement from the equilibrium is given by
my” +ky=280y" +160y =0.

To determine the initial conditions we need to find the speed of the jumper when the cord is
fully elongated. Using g = 10m/sec? we see that the jumper has fallen 125m after ¢t = 5 sec as
can computed from

Lo = 125
5 = .
This gives a velocity
y'(0) = 50 [m/sec] .

Since the spring constant is k = 160 kg/sec’> and g = 10m/sec® we see that the elongation of

80.10 kg m/sec?
160  kg/sec?

y(0) = —5[m.

the cord at equilibrium is given by = 5m. We finally obtain the initial condition

Finally we obtain the equation
y"+2y =0, y(0) = -5, y'(0) = 50.
Since the general solution is given by
c1 cos(tV/2) + e sin(tV/2)
we obtain
c1 = —5 and 02\@ =50,

which gives an amplitude of R = v/25 + 2 x 252 = 54/51 &~ 35. The jumper therefore falls a total
of about 165 m.

9. Solve

Il
—_ =

T = —x1 — 229, x1(0)
ig = 2%1 —x9, xz(O)



Solution. The characteristic equation of A = [_21 _ﬂ is given by (=1 — A\)? +4 = 0 which

gives the eigenvalues
Ao =—-1+2.

The associated eigenvectors are given by

X 142 = {i] , X 9= [_11] .

We can use them to obtain

1 1 0 1
[0} = 2_Z.(X—1+2i + X_1-9;) and [1] = §(X—1+2i - X_1-9;).

-1+
we compute

1 1 1, .o Y _
etA |:0:| _ EetA(X—l-‘rQi +X—1—2i) — Z(e t+2ZtX_1+2i +e t QltX_l_%) —e t |:Sin((
1 1 1, 40 2 _¢ | —sin(2¢
oA [0} _ §etA(X_1+2i — X_y) = 5(6 HUX g — e X g)) = et [ cos(ét))]

which gives the solution

Since the solution is given by

] = fomten -]

10. Determine the indicial equation and the corresponding exponents at the singularity for the

regular singular points of
2,1

22y + 2%y —y=0
xsinh(z)y” + 2y —y =0
tanh(z)y” —y' =0
Solution. The point £ = 0 is the only regular singular point for each equation. The indicial
equations and the corresponding exponents are given by

1 V5
r(r—l)—l—O,rl,g_iig,

r(r—1)4+r—1=0, r==1,
r(r—1)+r=0,7r2=0.



