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Abstract

A parameter-dependent perturbation of the spectrum of
the scalar Laplacian is studied for a class of nonlocal
and non-self-adjoint rank one perturbations. A detailed
description of the perturbed spectrum is obtained both
for Dirichlet boundary conditions on a bounded inter-
val as well as for the problem on the full real line. The
perturbation results are applied to the study of a related
parameter-dependent nonlinear and nonlocal parabolic
equation. The equation models a feedback system that
admits an interpretation as a thermostat device or in
the context of an agent-based price formation model
for a market. The existence and the stability of peri-
odic self-oscillations of the related nonlinear and nonlo-
cal heat equation that arise from a Hopf bifurcation are
proved. The bifurcation and stability results are obtained
both for the nonlinear parabolic equation with Dirichlet
boundary conditions and for a related problem with non-
linear Neumann boundary conditions that model feed-
back boundary control. They follow from a Popov cri-
terion for integral equations after reducing the stabil-
ity analysis for the nonlinear parabolic equation to the
study of a related nonlinear Volterra integral equation.
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2 GUIDOTTI AND MERINO

While the problem is studied in the scalar case only, it
can be extended naturally to arbitrary Euclidean dimen-
sion and to manifolds.
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1 | INTRODUCTION

In Ref. 1, the authors consider a simple model of a one-dimensional temperature control system
given by

U —u, =0 in (0, 00) X (0, 7),

u,(t,0) = tanh (Bu(t, 7)) for t € (0, ), )
u(t,7)=0 for t € (0, ),

u(0, ) = u, in (0, 7),

where heat is injected/removed from the interval [0, 7] at the left endpoint x = 0 based on a tem-
perature measurement taken at the other endpoint x = 7. The system is controlled by the param-
eter § > 0, which models the intensity of the heat injection/removal. The trivial solution u =0
represents the desired equilibrium state of the system. As it turns out, equilibrium will only be
attained with certainty (and independently of the initial state) up to the critical parameter value
Bo = 5.6655, at which a Hopf bifurcation occurs causing the loss of linear stability of the trivial
steady state and the appearance of periodic solutions. The problem was first introduced in Ref. 1.
It was inspired by a remark on the violent temperature oscillations possible for a badly designed
thermostat device that is found in N. Wiener’s book Cybernetics as quoted in Ref. 1. In Section 4 of
Ref. 2, the interpretation of (1) as a feedback system is discussed in detail. The discussion shows
how the well-known Nyquist and Popov stability criteria for feedback systems can be applied
heuristically. However, we stress that the informal and motivational discussion in Section 4 of
Ref. 2 is not used for the development of the rigorous proofs given there not for the ones in the
present paper. Here we address the open question of the stability of the periodic solutions of (1)
that are produced by the Hopf bifurcation and study a problem analogous to (1) on the full real line
and on a bounded interval with Dirichlet boundary; see (2) below. The approximation of the spec-
trum of the linearized operator on the real line by its restrictions to intervals is investigated and
yields partial understanding of the interesting transition. The results obtained on the spectrum
are sufficient to shed light on the existence and the stability of the bifurcating time periodic solu-
tions for the evolution problem on bounded intervals. We note that the results presented here on
the spectrum may be of independent interest that goes beyond their use in proving these stability
results and play a prominent role in this paper.
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Problem (1) can be conveniently weakly formulated as the abstract Cauchy problem

11 + Au = —tanh (Bu(¢t, )) 8y, t > 0,
u(0) = uy,

in the space H!= HI(O, 7)', where the unbounded operator A defined on H~! and with domain
dom(A) = HI(O, ) is the one induced by the Dirichlet form a(u,v) = f07r u, v, dx defined on the

product space Hl(O, ) X Hl(O, 7). We refer to Ref. 1 for additional details and also to Ref. 3 for
a discussion of the semigroup approach to weak formulations in the context of interpolation-
extrapolation spaces. The latter follows the exposition of the much more general theory presented
in Ref. 4.

In this paper, taking inspiration from that model we consider the following more general and
less regular heat conduction problem:

up + Apu = —f (B(8x,,u)) 8o, t >0, @
u(0) = uy,

for the unbounded operator A; : H; € H;' — Hj ', where it holds that H; := Hy((—L,L)) and

thatH;' :=H, ((-L, L)), =H"! ((~L,L)), and where Ay, is the operator induced by the Dirichlet
form
L
ar : Hi xHi - R, (u,v) » a(u,v) = / Uy Uy dX

-L
on the interval (—L, L) with L € (0, oo] and for a smooth bounded globally Lipschitz nonlinearity
f satisfying the conditions f(0) = 0, f/(0) = 1, and sign(f) = sign(idg). We also assume, without
loss of any generality, that x, € (0, L). The Cauchy problem (2) can be thought of as heat conduc-
tion model with a source placed in the origin, which is controlled by a temperature measurement
at another point x; in the domain.

The rest of the paper is organized as follows. Sections 2 and 3 are devoted to the study of the
linear problems for L = o0 and L < oo, respectively. In particular, a detailed understanding of
the dependence of the spectrum of Ag; = Ay + 8 50610 on the parameter (8 is obtained. The main
results of this paper require the preparatory ground work of Section 4 on the instrumental Volterra
integral equation associated with (2). They are given in Section 5, Theorem 1 for the Volterra inte-
gral equation and, in Section 6, Theorems 2 and 3, for the nonlinear heat equation (2). In Sec-
tion 6, we also state Theorem 4 that settles a conjecture of Ref. 1 and that motivates the approach
described in Ref. 2 and the analysis performed in the present article. The main results are valid for
L < oo only. The case when L = oo poses additional difficulties and may be the subject of further
research. One difficulty incurred when L = oo is the fact that the continuous spectrum of the lin-
earization is not bounded away from the imaginary axis. Nevertheless a partial investigation of the
case L = oo isincluded since it is simpler, in certain aspects, and contributes to the understanding
of the case L < 0.

1.1 | Related research

Since the publication of Ref. 1, problem (1) received attention in a series of papers,’'!

to its novelty and the interesting properties hidden behind its apparent simplicity.

mainly due
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The Hopf bifurcation phenomenon engendered by the nonlocal nature of the boundary condi-
tion has also inspired an application, presented in Ref. 12, to a market price formation model
introduced by J.M. Lasry and P.L. Lions. In particular, in that specific context a similar Hopf
bifurcation scenario shows that “demand” and “supply” do not necessarily lead to unique equi-
librium prices but can produce price oscillations if price trend dependence is introduced. The
phenomenon emerges for the modeled behavior of buyer and seller populations’ densities in a
liquid market over a continuum of prospective transaction prices. The resulting system of equa-
tions studied in Ref. 12 can be reduced to a single equation by introducing a moving boundary.
This leads to an additional difficulty caused by the need to deal with a time-dependent source
() instead of a source at a fixed position. The discussion in Section 4 of Ref. 2 shows that time-
wandering sources lead to Volterra integral equations whose kernel is no longer in convolution
form a(t, ) = a(t — 7). This makes a theoretical analysis more challenging. The authors of Ref.
12 resort to numerics to study the oscillatory behavior.

2 | THE LINEAR PROBLEM ON THE REAL LINE

We first consider the linearized problem obtained by choosing f = idg. This amounts to under-
standing the operator

Apg=Ap+B8yoy 1 H cH' - Hf, (3)

where we use the suggestive notation 5;0 for the trace/evaluation operator y, at the point x,. The
operator Ay, g is induced by the nonsymmetric Dirichlet form

arg : Hi ka - R, (u,v) — a;(u,v) + Bu(xy)v(0)

and is a relatively bounded rank one perturbation of A; by B = ,6505;0, for which it is well known
that —A;, as a sectorial operator, generates an analytic c,-semigroup T (t) = e L on Hgl. When
the case L = oo is considered, the index will be dropped for simplicity so that, for example, A and
H*! will be used instead of A, and HZ, if a more consistent notation were to be applied. When
L = o0, it is well known that

1 e 1
e 4 xuy, ug € L' (R),

Vart

whereas the case L < oo will be discussed in more detail later. The perturbation B satisfies

%+s —%—E
BecL|H ,H ,

1
Ly
for any € € (0, %] and any L € (0, o], due to the embedding H; ‘o BUC(-L,L) and due to §, €

1
—-—c

H, ? . The notation BUC(-L, L) refers to the space of bounded and uniformly continuous real-

valued functions defined on (—L, L).
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Remark 1. The well-known fact that H' & Co(R), adirect consequence of the Riemann-Lebesgue
lemma, is useful when discussing the case L = 0. In particular, the pointwise evaluation of the
elements of H' is justified and functions in H' decay to zero at infinity.

Returning to the operator B, we see that it is indeed a relatively bounded perturbation thanks
to the interpolation inequality for Bessel potential spaces which yields

1 ¢

3 ¢
[ _+_
<cllull* _2lull?, ?
S [ ”HZ | ||H

1Bullyr < ¢ lu(xo)l < cllul < Sllullyy + esllully:,

3+
Hj

1
L
which is valid for any § > 0 by appropriate choice of the constant cs > 0. We observe that the
interpolation inequality when L < oo follows if the Bessel potential spaces are defined by

H; := {ueL2 | 24(1+n2)slftn|2 <oo}

neN

for s € (0, 1], with norm

lullg == D (1+712) 18,12,

neN

and as the closure of L with respect to the norm || - ||H§ for s € [—1,0). By a slight abuse of nota-
tion as compared to the standard notation for the Fourier transform, it is stipulated that

L
0, :=/ u(X)p,(x)dx, neN, ue L?,
-L

where @, | are the eigenfunctions of the Dirichlet Laplacian on (—L, L) as discussed in Section 3.
This definition yields the classical Bessel potential spaces up to an equivalent norm and is com-
patible with the definition of HZI as the dual space of H,{ stated previously.

A classical perturbation result for generators of analytic semigroups (see Ref. 13 [Theorem 2.4,
p-499]) implies, thanks to the fact B is relatively bounded, that also Ag generates such a semigroup
on HZI for any § € R. In Ref. 14, Desch and Schappacher show directly that relatively bounded
rank one perturbations of generators of analytic c,-semigroups preserve the generation property.
They also show that this is not the case for nonanalytic semigroups and, in fact, leads to an alter-
native characterization of analyticity of a semigroup. Later in Ref. 15, Arendt and Randy show that
positive rank one perturbations of the generator of a holomorphic semigroup preserve not only
the generation property but also positivity. They approach the problem via resolvent positivity
which, for a given linear operator C : dom(C) C E — E, amounts to the validity of

(1—C) : dom(C) — E is bijective and (1 — C)~! is positive for 1 > cw,

for some w € R and characterizes positivity of the corresponding semigroup T-(t). This clearly
requires E to be a Banach lattice; see Ref. 15. As it is known that —A generates a positive semi-
group, we see that the same remains true for —Ag for any g < 0. We are, however, interested in
the parameter range § > 0. It is therefore natural to ask whether the semigroups remain positive
for any parameter value in this regime.
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Proposition 1. Let 8 > 0. Then —Ag is not resolvent positive and, consequently, the corresponding
semigroup T Ag is not positive.

Proof. The space H' is known to be a Banach lattice if one defines u > 0 by the validity of

u(x) >0 forx eR,

where the pointwise evaluation is justified by the continuity of H' functions. One can then make
H ! into a Banach lattice as well by defining

T >0iff(T,u) >0 foreveryu >0,

for any given T € H'. Next notice that the resolvent equation for —Ag, given by
(s + Ag)u = (s + Au + Bu(x)do = f,

can be solved for u by observing that
u=_(s+A7Lf —Bulxy)(s +A)715,.

Then, evaluating the last expression at x,, solving for u(x,), and reinserting the result back into
the formula above, one obtains

[(s + A7 ] (xo)

_15 )
1+ B[(s+ A)—lao](xo)(s +A %

u=(+A4p) ' f=G6+A)"f-8

for any s > 0. More precisely, this holds for s € p(—A) N p(—Ag), where p(—A) and p(—Ag)
denote the resolvent set of —A and —Ag, respectively. It will be shown later that

p(=A) N p(=Ag) = p(=Ag) D (0, ).
Also observe that (s + A)™! = “(s — d,,)~” is given by convolution with the kernel

Gy(x) = —— eVAH | @)
24/8

whenever the convolution makes sense. Now take f = &, for y € R to be determined later. Then
the solution of (s + Ag)u = f is given by

Gs(xo =)

u(x) = Gy(x —y) — /3%

Gi(x), x eR, (5)

so that

Lo Vslxo—yl

1 24/s
0)= —— =\l _g 2V
H©) 2\/Ee 61 + zi\ﬁe—\/;lxm
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Setting y = x, one gets that

u(0) = L vl | _5% )
2 P _ o=l
N 1+ 2\/56 0

As long as 8 > 0, it follows that u(0) < 0 for s > s, > 0 and some s, > 0 and, since u € H', also
that u # 0, showing that

(s+A)'8,, # 0fors > s,
and the claim follows since §,, > 0 in H . u

Remark 2. We will analyze the operator A; g (L < oo) later, in which case the above proposition
remains valid. In that case, however, a weaker positivity property holds up to a critical value 8, >
0.

By providing a careful spectral analysis of the operator Ag, it will be shown below that, not only
positivity is lost but, in fact, (2) possesses oscillatory solutions.

Remark 3. While —A; g (L € (0, oo]) generates a holomoprhic semigroup, the solutions of the
linear Cauchy problem are not smooth, since any solution u will clearly have nondifferentiable
derivatives whenever u(x,) # 0, as follows from the fact that

Uy — Uxx = —5“(x0)50~

Analyticity of the semigroup entails that e *4%# (H; ')  dom (ar ﬁ,) fort > 0and n € N (see Refs.

16 and 17). This shows that the singularity of a solution e~'4#Lu, does not deteriorate as more
derivatives are taken in the sense that

ue Hi, Aru + Bu(xy)d, € Hi,
AL [ALu + ‘Bu(xo)S()] + ﬁ [ALu + ﬁu(xo)éo] (x0)50 (S H}‘,

and that u € H"(R\{0}) for any m € N. Thus u(t,-) € C*(R\{0}) for any ¢ > 0 and for any u, €
H ™', and, consequently, also u € C* ((0,00) x (R\{0})).

For the case L = oo, we obtain the following result on the spectrum of the perturbed operator.
Again the case L < oo will be considered later. However, for finite L the results of our analysis
will not be equally explicit as for L = co. We shall use the notation ¢, and o, for the point and
continuous spectrum, respectively.

Proposition 2. There is a critical value 5, = 7 such that

0(—Ag) = 0c(—Ap) = (-00,0], 0,(—=Ap) = 0
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for B € [0, By). There is a further critical value 31 > 3y, whose value can be determined explicitly as
B = %e“/ 4 such that for any B € (By, B1) the continuous spectrum remains unchanged, that is,

UC(_Aﬁ) = (_0050]’
whereas the point spectrum is genuinely complex
O'p(—Aﬁ) = {/11,5, ’/‘Lnﬁ,ﬁ} C C\R

and varies with § € (By, B1). The point spectrum is never empty for § € (8o, [51) and consists of
finitely many, genuinely complex, isolated eigenvalues that form conjugate pairs in the interior of
the left complex half plane.

For 8 = f31, a first pair of complex conjugate eigenvalues reaches the imaginary axis. The pair
crosses into the right complex half plane for 8 > 31, yet never reaches the positive real axis as § — 0.

As f increases beyond 31, additional pairs of complex conjugate eigenvalues are ejected from the
real continuous spectrum into the left complex half-plane and migrate towards the imaginary axis,
eventually crossing it, pair after pair. For any finite 3 > 0, there is only a finite number of conjugate
eigenvalue pairs. None of the pairs ever reunites on the positive real axis as § — oo.

Remark 4. In the above statements, we had to exclude the critical values of 8 in order for the
claims about the complex spectrum to hold. It is, however, true that the continuous spectrum
coincides with the closed half-line for all values of the parameter.

Proof. As previously mentioned, it holds that

[(s + )7 ] (x0)

—15,.
1+ B[(s + A)16] (xo)(S +A 0

+A) ' f=G+A)f-8

This shows that, if s € p(—=A) = p(=Ag—y) = C\(—00,0], then s € p(—Ag) unless it so happens
that1+ 8 [(s + A)_150] (xp) = 0. The latter equation is equivalent to

24/s + fi’e_"()\/E =0 (6)

thanks to (4). Zeros of this equation in C\ (—oo, 0] are simple poles of the resolvent and, as such,
are eigenvalues of —A 3- This follows from a classical result found, for example, in Ref. 18 (Theorem
3, p. 229).

Before tracing the path of the complex conjugate pairs in more detail, we provide a qualitative
description of the consequences of varying . The function (6) is holomorphic in the open domain
G := C\(—o0,0] and can be written as f + gfor f = ﬁe‘x‘)\[ andg = 2\/7. Since f never vanishes
for § # 0 and since g is bounded on any compact subset K of G, it is clear that |g| can be dominated
by | f| on any such K by making |3]| sufficiently large. It follows from Rouché’s theorem that, for
any compact K C G with smooth boundary, there exists a 5(K) > 0 such that (6) has no zeros
in K for any 8 > B(K). An analogous statement for § < 0 clearly also holds. Thus, increasing or
decreasing f3, all eigenvalues of Ag exit from any given compact subset of G.
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The solutions of (6) with s = —|s| € (—o0, 0] and, consequently, with Re( \/E) = 0 can immedi-
ately be obtained from the validity of

Re(e V) =0 and 2 Im(4/s) + 8 Im(e~%0 Vsy = 0.

A separate discussion for positive and negative values of 8 produces all negative real solutions of
(6) for B # 0. They are given by

4k + 1)*m? 4k +1
sl‘: = _Gk+ 1) for ,8; = @k + D and k=0,1,2,..
4x} X0
and
4 272 4
I; =_M for ‘8; :_M and k:O,1,2,.“
4x2 X0

0

In Section 5, the discussion of the Popov criterion will again reveal this pattern, however along
the imaginary axis, where zeros are found in an alternating order and they induce a sequence
of increasing positive and decreasing negative values of the parameter 5. This reflects the fact
that, for increasingly positive values of 5 or decreasingly negative values of 3, complex conjugate
solution pairs of (6) migrate away from the negative real axis, where they originate at specific
locations, towards the imaginary axis.

We now return to a more precise account of the trajectory traced by the (genuinely) complex
conjugate solutions of Equation (6) in terms of the parameter . To that end, we write \/E =a+iy,
where a > 0 and y > 0. We can restrict our search in this way since we know that o« — iy is also a
solution and since we are interested in solutions such that s & (—co, 0], in which case Re( \/E) > 0.
Equation (6) can then be rewritten as the system

20 + Be % cos(y) =0,
2y — Be “sin(y) = 0.

We now fix x; = 1 in the rest of the calculation. If 0 # x, # 1, the same qualitative behavior is
observed for any § # 0 simply with different numerical values. It follows from the above system
that

y = —

5 = —tan(),

and we look for solutions on lines of the form y/a = m, that is on lines a + ima with parameter
a where m € [0, oo]. In the extreme case when m = 0, the equation reads 2« + fe~* = 0 and has
no solutions for any 8 > 0. Next lets fix £ = m, in which case

a

y = —arctan(m) + kx
for any integer k such thaty > 0. As m € (0, o], one has that — arctan(m) € [—%, 0) and thus

y = —arctan(m) + m, — arctan(m) + 27, ... = Yo, Yo + T, Yo + 27, . = Y05 V15V 25 -+ »
—_————
Yo
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where y, € [%, 7). With y in hand and a = y/m we arrive at
2y — Be /M sin(y) = 0,

from which we see that we need only to consider even k > 0 due to sin(y, + ) < 0 and the peri-
odicity of sin. This shows that no solution exists unless 8 > 8, > 0, where 8, = 2y,e"°/™ / sin(y,).
Notice that, if y is not a solution, then so are not y,; for k > 1 since

212k > 2¥0 > Be70/™ sin(yy) > fe 2%/ M sin(yy),

and since sin(y,;) = sin(yy).

The limiting case m = oo corresponds to looking for real negative solutions of (6) and was dis-
cussed above separately. In that case the equation for y, reduces to 2y, = 8 sin(y,), and it has
no solution unless 8 > 2y,, that is unless > 7 because y, = 7 /2 for m = co0. We can also con-
clude that no solution exists for any m < oo unless 5 > 7. Next take the case when m = 1, which
corresponds to looking for purely imaginary eigenvalues. The equation then reads

2y = Be 70 sin(y,)

for y, = 37 /4, which requires

3
B>y = 2Ze/4 ~ 70.3134 %)
2

for a solution to exist. For 8 = 8; only one solution is found on the line y = a. Let us finally
consider the case m > m, > 1 for some fixed m,. The equation is

2yo = Be 7/ sin(yy) =0,

where y, = 7 — arctan(m) < 7 — arctan(m,,) = v, satisfiesy, € (%,y*] andy, < %ﬂ. Under these

circumstances, there is no solution until § becomes larger or equal than 2y,e”°/™ / sin(y,) for m
fixed. Clearly y, can be thought of as a function yy(m) of m, which is decreasing. It follows that
the function

'J/O(m)eyo(m)/m

o(m) = 2
" sin(yo(m))

is also decreasing in m. Thus, when considering the equation § = ®(m) < ®(m,,), we see that, for
any given § < ®(m,), there exists a unique m = m(8) = ®~'(B). It can be verified that ®'(1) ~
—254 and that

lim ®(m) = 7.
m—oo

We conclude that o(—Ag) = (—o0,0] for 8 < 7. We observe that all negative real solutions are
also recovered in this more detailed discussion of the case of interest (8 > 0). Indeed, for 8 =7
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2
and m = oo, one has the appearance of the solution SI“ = (i%)2 = —% of (6) on the negative real

axis (note that y, = %). The next solution to appear from m = oo satisfies 2(y, + 27) = 8 sin(y,)

2
yielding § = 57 and the solution s; = —ZST” of (6). It follows that more and more solutions of

(6) appear on the negative real axis (with increasing absolute value) as § increases, and, due to
the monotonicity properties of the function ®, they all migrate towards the imaginary axis along
complex conjugate curves which cross and move beyond it.

It remains to verify that the continuous spectrum persists. This follows from general spectral
results which are found in Kato’s book (Ref. 19, Theorem 5.35 in Chapter IV). For the specific
operator of interest here, it is also possible to give a direct proof, which also produces general-
ized eigenfunctions.

Consider A = 0 first and notice that G = A — |x|/2 is, for any A € R, a fundamental solution
for —0,, and therefore it holds that

—axxG + BG(Xo)ao = (1 + ﬁA - |XO|/2)50

Setting A = |xy|/2 — 1/, one obtains G € N(—0d,, + ,8505;0). While G ¢ H', it can be approxi-
mated by such functions, showing that 1 = 0 is indeed still in the spectrum of Ag when § > 0.
For A = —a? and « > 0, one similarly observes that G, = G, + Ae™* + Be~™'** is a fundamental

solution of —d,, — a? provided
Leiax x <0
_ 2. 9 b
GlI= L x5 0,>

2ia

since Ae'™* 4+ Be** € N(—9d,, — a?). One computes that
AgGy = a’Gy + [1 + BGo(x)] 8.

Since it is always possible to choose A and B so that G (x,) = —1/8, the claim follows as for 1 > 0.
|

The asymptotic behavior of the semigroup generated by —Ag and the long time behavior of
solutions to the Cauchy problem (2) is the focus of the remainder of this section. As in the rest
of the section, we consider the linear case and, again, postpone the discussion of the case when
L < oo to a later section. Equation (5) gives an explicit formula for the Green’s function G g of the
operator s + Ag, so that the Laplace transform £(u) = 1 of a solution u of the linear version of (2)
is given by

[ e Vskorluy(yydy 1 Vsl

(®)
24/s + e~ Vslxol  24/s

A 1 —/slx=yl dy —
00 = / y uo(y)dy — B

It holds in particular that

1 1
B —5lxol 24/
1+ 2\/Ee \/_

u(s, xg) =

/ ViVl (y) dy.
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Ix|2

Also notice the classical fact that E(Le_ 4 )(s) 7e ~Vslxl for s € C\(—00,0]. It is a well-

\arnt

known fact of semigroup theory?® that
(] e Taptomdn)o0 =64 a0 = [ Guatymtay,
so that the kernel k4 5 (t)of T4 5 (t) is given by
ka, (D, y) = L7HG5(x, ).

Proposition 3. Forany u, € L'(R), so in particular for any u, € H', it holds, forany B < B4, that

1
u(t,xy) =0 <?> ast — oo,

u(t,x) = O(%) ast — oo,

for the corresponding solution of the linear Cauchy problem and for x # x.

and that

Proof. Define

F(s) := di(s, xo) = —V/slxo=yl d
O i= 30 = / uo(y) dy

and observe that the abscissa of convergence abs [u(-, xo)] of u(-, xy) is 0, that is the integral defin-
ing the Laplace transform converges for Re(s) > 0, by the explicit representation of #i. Then the
well-known inversion theorem for the Laplace transform yields that

1 S+ico
u(t,xy) = 3 /5—1'00 e?'F(z)dz, t > 0,
where § > 0. Since § < 1, F is holomorphic in a sector
[16] < 65 ]\{0} for 6 > % + y and some y > 0,
as follows from Proposition 2. The path of integration can therefore be deformed into

T, = (o0, —e)e "Gy {seie ‘ 6e [—% - y,% +7] } U (g, c0)e' 317

Ce

without changing the value of the integral. The contribution from the integration over the cir-
cular arc C, is easily seen to vanish as € — 0+, so that we can simply integrate along the rays



GUIDOTTI AND MERINO | 13

(—o0, 0)e$i(5+y). The estimates of the integrals along both rays can be handled similarly, and we

therefore only consider one of them. Let z = r G forr e (0, ), so that

Ve s (4 2) s (F 4
and therefore that

t| ~ o1yt
et ~ et

since cos(% + y) ~ —y. Next notice that

IF@)| = | [ e tumar] <c [ umidy

1
’2\/2 + ﬁe‘\/g|xo|

because 2\/2 + fe Vzl%ol hag zeros, which are a positive distance away from the path of integration

\/_

and that —\/E < —%. The assumption that u, € L'(R) therefore yields that

e c
u(t,xy)| £ C e7"dr ==, t>0.
0 ty

Notice that the decay is slower, that is like % for 8 = 0, where we have an explicit representation
of the kernel. It therefore follows from (8) that

1
u(t,x) = O — | for x # x,,
(w) ’

as claimed. n
The above proof shows that the decay of solutions varies with location. It is easily seen that the
decay is slowest for x = 0.

3 | THE LINEAR DIRICHLET PROBLEM ON AN INTERVAL

We now focus our attention on the case of a finite interval [-L, L] with L > x, with homogeneous
Dirichlet condition

U + Apu = —f(6,,u)dy in Hzl fort > 0,
u(0) = uy,

where HZI was defined in the preceding section as the dual of Hi = H(l) ((~L,L)). This captures
the problem with homogeneous Dirichlet data u(+L) = 0 in a weak form. Using the orthonormal
basis of eigenfunctions of A; that, for k = 1,2, 3, ..., is given by

—Lsin kﬂx+L
qok,L - \/Z oL s
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it is seen that

[o+]
_IAL — —t/lz . - k_ﬂ'
e kz::le “(prr) Prr,  fordgp oL ©)
and therefore that
00 2.2
ALy = (1) __Qkiill)l '( x+L)
e 8 ;g()( 1) exp< t 102 7 sin 2k +)rx 5L ) (10)

This series can also be written in terms of classical functions by reducing the Dirichlet problem
to the 4L-periodic one by extension

—u(—2L — x), x € (-2L,-L),
ext(u)(x) = u(x), x €[-L,L], (11)
—u(RL —x), x € (L,2L].

For the periodic problem, it is known that the heat kernel can be described by the theta function

0(z,q) = z giednz =142 Z q" cos(2nz) (12)
kez k=1

and the Dirichlet heat kernel takes the form

ky (6, x) = ﬁ{e <%,e_%t> e <M,e_%1) 3 (13)

Using the variation of constant formula for the new operator A; and evaluating it at x = X, the
initial boundary value problem is therefore reduced to the integral equation

t
y(6) = (erup) (o) —5/ Y@kt —7,x) dt, a4)
0

where y plays the role of u(-, x,). As is the case on the line, the problem can actually be solved by
Laplace transform methods. Reproducing the calculation of the previous section, one arrives at

a(s) = (s + Ap) " tug — Bals, xo)(s + Ap) '8,
from which one deduces that

((S + AL)_luo)(xo)
14 B((s + Ap)180) (x0)

(s, xg) =

The Green’s function GL of the Dirichlet problem which is given by (s + Ap)™'8, can be obtained
explicitly by computing the general solution of the ordinary differential equation (ODE) sz — 2/’ =



GUIDOTTI AND MERINO 15

8y, y € (—L,L), given by
2(x) = sinh(( = )V5)H(x = ) + Ae™*V5 + Be* V5,

where H is the Heaviside function and determining the coefficients A, B by imposing the bound-
ary conditions z(+L) = 0. Doing so yields

sinh<\/§(L—y)>sinh<\/§(L+x)> —L<x<y,

L _ 2 scosh(\/EL)sinh(\/EL) ’ -~
GS (x’y) - sinh<\/§(L+y)>sinh<\/§(L—x)> (15)
. ) y S X =
24/s cosh( \/EL)smh(\/EL)

for y € (—L, L). From this, it is seen that, as L — oo,

GL(x,y) — G2(x,y) = ——e~ Vo = Gy(x — y)
e

for y € (—o0, 00). The resolvent of Ay g = Ay, + ,6’505;0 is given by

[(s+ Ap) ™ e](x0)
1+ [(S + AL)_150](XO)

(s+App)te=(G+A)"-p (s+Ar)8,

where « is a stand-in for the argument and has kernel

L
Cix.y) . (x,0). (16)

L,
Gy ﬁ(x,J’) = Gf(x,y)—ﬁm i
N (1)

The operator A; ( has positive spectrum and a principal eigenvalue with positive eigenfunction.
This remains true for the non-self-adjoint operator A g up to a critical value 8, > 0.

Proposition 4. The operator —Ay g generates an analytic cy-semigroup. This semigroup is positive if
and only if 8 < 0. There is, however, a value 3, > 0, below which the first eigenfunctions of the oper-
ator and of the adjoint operator both remain positive. In the parameter range (0, 3..), the semigroup

is individually eventually positive in the sense of Refs. 6 and 7.

Proof. We compute the first eigenvalue of the operator A; g by observing that its eigenfunction ¢
is smooth away from x = 0. We can therefore assume that

@(x) = A, sin(Ax) + B, cos(4x), +x > 0.

The function ¢ needs to satisfy the boundary conditions ¢(£L) = 0, is continuous in the origin
»(0—) = ¢(0+), where its derivative enjoys the jump condition

= 9x(0-) + ¢, (0+) = Bo(xo),
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FIGURE 1 The first eigenfunction of The first eigenfunction (p,% of AL g
Ap g as the parameter B increases for L = 4 1.0
and x, =1

0.8

0.6

0.4

0.2

0.0

in order for the eigenvalue equation —¢,.,, + B@(x()d; = A%¢ to hold. Continuity across the origin
implies that B_ = B, , whereas the other conditions lead to the system

—sin(AL) 0 cos(AL) A_ 0
0 sin(AL) cos(AL) A, |=10].
-1 A —Bsin(Axy) —Bcos(dxy) || B- 0

A necessary condition for the existence of nontrivial solutions is given by the vanishing of the
determinant which yields the equation

=0. (17)

i (A(L —
sin(AL) {2 cos(AL) + ,BSIH((Z—XO)) }

2 2
For B = 0, the first zero is 4; , = % and yields the eigenvalue y; ;= (1;) = ;;—2. The associated
eigenfunction qai o 1s given by qai o) = % sin(ﬂ%). Continuous dependence on 3 of Equation

(17) shows that the first eigenvalue /.(i 5 will be located near :“i,o and that the associated eigen-

function cpi’ 5 will be close to qoi’o. Due to the heat sink at x = 0, it will develop a kink, which,
with increasing 3, will eventually make the eigenfunction negative in and near x = 0. The eigen-
function cpi, is depicted in Figure 1 for several values of the parameter 5. The eigenfunctions are
obtained numerically by a spectral discretization that is presented in Section 7.

Next we observe that the operator A’L, 5 adjointto Ay g = Ay + 6505;) is given by A; + Béxoég
as immediately follows from

(Appgu,v) = ar(u,v) + Pulxy)v(0) = ar (v, u) + fu(0)u(x,) = (u,ALﬁv), u,v e Hi

These operators share their eigenvalues, and, if we denote their eigenfunctions by cp’L‘ 5 for Ar g,

and by gbi‘ P for the adjoint operator, we obtain the spectral resolution given by

Arpg = kz M’E,ﬁ (wlz,p” '>¢’IL{,ﬁ’
-1
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FIGURE 2 The first eigenfunction The first eigenfunction QU;% of Al g
of A’L’ 538 the parameter § increases for 104
L=4andx, =1
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0.2

0.0 1

and the associated semigroup is explicitly given by

)
e—tAL,ﬁ = Z exp(-t'ulz’ﬁ) <¢]z,ﬁ’ .>¢I£,ﬁ

k=1
o t;ok
LB
= exp(—t,ui,ﬁ)qoiﬁ <¢i,ﬁ’ )+ Z exp(—t [Mlz,ﬁ - ui,ﬁ])@'i,ﬁa >¢T ’
k=2 L

where the second equality holds provided qoi 5> 0. Notice that, in that case, the quotients

qo’L" 5 / cpi, 5 are well defined up to the boundary thanks to L’H6pital’s rule and to (goi B)I(iL) # 0.
The latter is seen either by using the maximum principle or by direct inspection of the form of the
eigenfunctions. Now the first eigenfunction z,bi’ 5 of Ai’ 5 is also positive for small . This can be
seen either by a direct computation similar to the one we preformed above for goi 5 Or by observ-
ing that the adjoint operator has the same structure as the original one. It follows that, given any
positive initial datum u, € Hi or even in Hfl, one necessarily has that (u, gbi’ ﬁ> > 0 and the cor-
responding solution will eventually be positive in (—L, L). The actual time at which this happens
will depend on u, leading to individual eventual positivity. This positivity holds as long as both
qoi’ 5 and zpi g are positive, which is the case for § < 8, and some 3, > 0. Figure 2 depicts the first
eigenfunction of A’L? 5 for several values of 5. u

Remark 5. Notice that Equation (17), which determines the eigenvalues of A g, shows that “half”
of the eigenvalues, those arising as zeros of sin(AL), do not in fact depend on g at all. In the limit
as L — oo they contribute to the continuous spectrum of Ag, which we already observed remains
unchanged as 8 increases.

The eigenvalues of A; g generated by the zeros of the second factor in (17) are partly responsible
for the onset of complex spectrum, but mostly contribute to the real spectrum.
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Proposition 5. The zeros of the second factor of (17) located in C\ (—o0, 0] coincide with those of
1 + BGE(x,0) appearing in (16). For any finite § > 0 and any L > x, > 0 large enough, there is only
a finite number of them and they are close to the zeros of 1 + SG,(x;).

Proof. First notice that the function cosh(A1L) only vanishes for 1 = (% + %k)i, k € Z. This means
that, when looking for zeros of

sinh(A(L — xo))

K@) =14 = v

leading to eigenvalues 1> € C\(—o0, 0], we can safely consider the equation J; (1) = 0 instead,
where

sinh (A(L — xp))

Jr(A) = 2cosh(AL) + B 7

= 2 cosh(1L)K;(4),

when looking for eigenvalues with nontrivial imaginary part. Zeros of J; in C\ (—o0, 0] therefore
account for all and any nonreal eigenvalues of A; g. We already know that the second factor in
(17) is the only possible source of nonreal eigenvalues of Ay g, as well. We use the notation

sin (A(L — xp))

H;(1) =2cos(AL) + 8 7

for that factor. Direct computation shows that, for these functions, it holds that
H(A) = Hy(A), I, (1) =T, (1), A €C,

and that H; (—1) = H; (1), J;.(=4) = J;.(4). This shows, unsurprisingly, that complex zeros come
in complex conjugate pairs. Well-known trigonometric (or hyperbolic) identities show that

JL(/U = HL(i/l)a JL(M) = HL(—/U = HL(/I)-

It follows that

Ji(a + ima) = Hy(ia — ma) = H (—ia — ma) = Hy(ma + i), a € [0, 00). (18)

Varying m € [0, o0) allows for the search of complex zeros on rays emanating from the origin
covering the first quadrant (with the exception of the positive imaginary axis) and leads to the
determination of all complex eigenvalues in the upper-half plane. In view of the stated properties
of the functions of interest, this is sufficient to locate all eigenvalues in C\ (—o0, 0]. Identity (18)
readily implies that eigenvalues on i(0, o), which are obtained searching for zeros with m = 1,
correspond to the shared zeros of J; and K} on the ray (1 + i)(0, c0). For the other rays in the first
quadrant, that is for m € (0, o)\ {1}, zeros of J; on (1,mi)(0, o) correspond to zeros of H; on
(m,i)(0, 00) and vice versa. We conclude that, while the equations for the zeros of J; and of H;,
are not equivalent, these two functions have identical zero sets in the open first quadrant.

Next observe that K; (1) =1+ ,BG/]{(xO,O) and that K; — 1+ 8G;(xp) =: K(1) as L — oo,
uniformly in subsets which are a positive distance away from C\ (—o0, 0]. Uniform convergence
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The graph of the functions z,(a) and z., The critical value B;,. as a function of L

1e

L
o
©
n

0 1 2 3 4 5 1.50 1.75 2.00 2.25 2.50 2.75 3.00 3.25 3.50

FIGURE 3 The behavior of the function z; («) as L grows for x, = 1

holds also for the first derivative of these functions. The zeros with nontrivial imaginary part of
the limiting function have been fully characterized in Proposition 2. It therefore follows that, for
any fixed § > 0 and for L large enough, the zero set of K; in the interior of the first quadrant is
close to that of K, which was fully understood in Proposition 2. This is true due to the fact that
these zeros are nondegenerate, a fact that will follow from a later more detailed discussion (see the
proof of Proposition 6 below). To be more precise, in the limit, the countable simple eigenvalues
on the imaginary axis do not accumulate and are nondegenerate as they are generated by the zeros
of the function z,, appearing in (19). As the parameter (3 is dialed back down, these zeros move
on smooth curves that do not cross until they reach the real line for L = o0. Due to the uniform
convergence mentioned above the same has to remain true away from the real line for any large
L, as well. n

Remark 6. While it is not possible to carry out calculations as explicitly as it was the case for
Ag, that is for the full line, the fast convergence of the resolvent/kernel as L — oo allows one
to conclude that the zeros of 1 + SGE(x,, 0) located in the interior of the first quadrant are very
close to those of 1 + 8G,(xy,0) already for modest values of L (even for L = 2 and x, = 1). In
particular, the complex eigenvalues of A; s (situated outside a neighborhood of the origin, and
they all are) do behave in a manner very close to those of Ag. The eigenvalues on the negative
real axis essentially only contribute to the continuous spectrum in the limit. This is even true for
discretizations of A; g for the first few crossings, which can be captured with relatively few grid
points. We refer to Figure 3 for a plot of the curve traced by the first pair of complex conjugate
eigenvalues parameterized by 5 from the moment they leave the real line (for L = 4, 8,16 and x, =
1) and to the last section for details about the numerical discretization used in the computations.
Notice that the imaginary axis is crossed at § ~ 70 ~ 3;, regardless of the value of L.

Proposition 6. For L large enough, there are critical values 8,; > 0 and 1 > By, so that at
Bo,r. > 0 genuinely complex eigenvalues appear in the spectrum of Ag ; and so that at 3, 1 a complex
conjugate eigenvalue pair crosses the imaginary axis.

Proof. This follows again from the uniform convergence of corresponding functions determining
the nonreal eigenvalues of A; g and the complete knowledge of the limiting case L = co. [
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Remark 7. The parameter value at which pairs of real eigenvalues merge and become complex con-
jugate with nontrivial imaginary part appears to have a non-straightforward relation to the param-
eter L. As for the parameter 8, ;, more can be said analyzing the equation 1 + BGE(xy,0) more
closely. To shorten the formulae, we use the notation c, s, ch, sh, and th for the functions cos, sin,
cosh, sinh, and tanh, respectively. Moreover, L, will denote L — x,. As observed earlier, looking
for eigenvalues on the imaginary axis amounts to looking for zeros of the form \/_ =l=a+ia,

a > 0. Decomposing the function GL(x,,0) = zjh(fl?g) into real and complex parts yields
C
1 e % 4 (172D 1

Re(GL(x0,0)) = — ‘
(G5 (x0, 0)) 4o 14+e 2% o1g) + th*(La) s2(La)

{ c(La) th(Lya) c(Loa) + s(Loax) c(La) + s(Lox) th(La) s(La) — th(Lger) c(Loa) s(Lex) th(La) },

and

1 e 4 (1720 1

L _

Im(Gs (x0,0) = 20— e o Dy
e c*(La) + th*(La) s*(La)

{ s(Loa) e(La) — c(Loa) th(Loa) c(La) — th(Loar) c(Loa) s(Lac) th(Lar) — s(Lya) th(La) s(La) }

Since the term c?(La) + thz(Loc) s?(La) never vanishes as follows from the fact that it takes the
value 1in a = 0 and that zeros would otherwise (a # 0) satisfy tanhz(Loc) = —cot’(La), the imag-

inary part of 1 + SGL(x,, 0) can only vanish if the term in the curly brackets vanishes, equivalently
iff

zr(a) = S(Looc)[c(Loc) —th(La) S(Loc)] — th(Lya) c(Looc)[s(Loc) + th(La) S(Loc)] =0.

Now, for a« > ay > 0 and L >> 1, using the trigonometric addition formulae to expand the terms
with argument Ly = L — x and observing that tanh(Lqcr) ~ 1 ~ tanh(La) in this regime, it can be
verified that

zp (o) = — cos(axy) — sin(axy) = zo, (). 19)

The convergence is quite fast as can be seen in Figure 4. For the first zero of interest, the curves
are almost identical even for small L, and even more so for subsequent zeros. Once the zeros of
the imaginary part are known (the first one is the one we care about), the corresponding value of
B can be recovered by setting

Re(1+ BGE(xy,0)) =0,

and solving for 8. A similar asymptotic analysis of the behavior of the real part of GZ(x,, 0) as that
performed for the imaginary part reveals that

I e . N

Re(GL(x),0)) ~ = [cos(arxy) — sin(axg)] for L ~ co.
Again the convergence is very fast, and the above approximation delivers a good estimate of the
critical value for moderately sized L. It is interesting to observe that 8; ; does not exhibit monotone

behavior in L (see Figure 4).
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FIGURE 4 The curve traced by the Curves traced by the first complexeigenvalue of A g

first pair of complex eigenvalues of A{LE
for interval half-lengths L = 4, 8,16, and
B €[3.0,73.0)
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FIGURE 5 The merging pattern of “half” of the real eigenvalues of Ag; observed when f is increased for
different values of L: left L = 4, right L = 8

Remark 8. The behavior of the real spectrum for L < oo as a function of L is harder to pinpoint
analytically. “Half” the eigenvalues do not depend on 8 and just “fill” the negative real axis in the
limitas L — oo. As for the other half, an increasingly small fraction (as L increases) of them merge
and become complex as 8 gets larger. This we know since only a finite number of nonreal simple
eigenvalues appears with increasing 8 (and for large L). A numerical calculation of the zeros of
the second term in the explicit equation (17) confirms this theoretical prediction and can be seen
in Figure 5.

4 | THE NONLINEAR EQUATION

Using the analytic semigroup generated by A on H™, solutions of the nonlinear equation (2) can
be looked for as fixed points of the equation

t
u(t) = e 4y, — / f(Bult, x))e~ =048, dr. (20)
0
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We consider u, € H' and look for a solution u € C([O, ), Hl). Evaluating at x = x; yields the
Volterra integral equation

1 _lxo—? t 1 )
u(t, xo) = /e 4t uo(y) dy — / f ﬁu(‘[, xo) e—x0/4(t—r) dr
4mt 0 ( ) \Van(t — 1)

t
=: goo(t’xo) _/ f(ﬁu(f’ x()))koo(t -1 xO) dr. (21)
0

An analogous equation can be obtained for the solution of the nonlinear problem on the interval
[-L, L] for L > x, simply replacing the forcing function g, and the kernel k., with

g1(t, xo) = (e7uy) (o) and ky (t, x,), (22)

respectively, where k; was defined in (13). The main difference between these two kernels is that
k; € L' ([0,00)), due to the exponential decay of the semigroup while k only decays like 1/ \/E
for large t and initial data in H'. We will denote by (2);, the corresponding nonlinear equation on
the interval [—L, L] with homogeneous Dirichlet boundary condition with the same nonlinearity
f and initial condition in Hi To simplify the combined treatment of the Dirichlet problem on
[—L, L] and the problem on the line we will stipulate again that Hi = H' for L = oo. Existence and
uniqueness are a straightforward application of classical results about nonlinear Volterra integral
equations.

Proposition 7. Let L € (xy, o] and uy € H% be given. Then

(i) The Volterra integral equation with forcing term g; and kernel k; (-, xq) with L € (x,, o0) has
a unique global solution.

(ii) The initial value problem (2); has a unique global solution u € C([O, 00), Hi) C

C([O, ), Hl) to any given u, € Hi and, therefore, generates a global continuous semiflow on Hi

Proof. (i) First notice that g; (¢,-) = e~'Lu, is continuous with values in H' for all L in the
given range since Hi < H' for any L by simply extending functions trivially. Since H' o C,
it follows that g; (-, xg) € C([O, oo)), and, in view of the decay properties of the semigroups,
lim,_, ., g1.(t, xo) = 0. As we are keeping X, fixed in this argument, we remove it from the notation
from now on. Existence is obtained by the standard iterative procedure starting with y, = g;(¢)
and recursively defining

70 =80~ [ F(Braa(o)kute .
0

Setting ¢, = ¥,, — ¥»—1 and ¢, = g;, We can write y, = ZZ:O @i and a simple use of the global
Lipschitz continuity of the nonlinearity f yields

PalD)| < C/Ot

cry"
Pn-1(D)] dr < < ligrlloofo,ry = £ € [0.71.
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It follows that y(-) = Z;:o:o @y exists and is continuous on [0, T] for any T > 0. Writing

(o]
Y=Ynt D @k =:YatAn
k=n+1

it is easily seen that

t
7u® =30 = 8,00 =1~ [ Tat= 0 () - 2,0 ),
0

from which one obtains that

By (D) de

An(t)‘ +c/ot

A,(O) + CTIA 1 llao o1

t
Y0 -0+ [ - 0f (By) de| <
0

<

The terms after the last inequality converge to zero uniformly in ¢ € [0, T] for any fixed T > 0,
showing that y indeed satisfies the Volterra integral equation. Uniqueness follows from similar
estimates for the difference of two solutions. We refer to Ref. 21 (Chapter 4) for missing details.
(ii) Once a solution y; € C([O, oo)) is known, the right-hand side of (20) is completely deter-
mined and the unique mild solution of (2) is obtained. It follows from semigroup theory (see,
e.g., Refs. 16 and 17) that the right-hand side of (20) is in C([O, 00), Hi) Equation (2); therefore

generates a global continuous semiflow on the space Hi for any L > x,. u

5 | ASYMPTOTIC STABILITY FOR SOLUTIONS OF THE NONLINEAR
VOLTERRA INTEGRAL EQUATION

In this section, we will adapt the stability analysis presented in Ref. 2 (Section 4) that builds on
results in Ref. 22 to the integral equation obtained from the nonlinear thermostat problem (2);
with Dirichlet boundary conditions. The nonlinear Volterra integral equation is obtained from the
global continuous semiflow (@5, Hi) induced by (2);, for arbitrary fixed parameters L, § € (0, o)

and x, € (0,L). In fact, let @4(-, uy) be any orbit of the continuous semiflow (CIDﬁ, Hi), then

u(t) 1= Dy(t, up)(x = Xp)

solves the nonlinear, convolution-kernel, Volterra integral equation of the second kind

t
WO = g + / an(t - Of (By@) dr. t > 0, 23)
0

where the forcing function g; = g;(u,) and the convolution kernel k; = —a; are defined in (22)
in the discussion at the beginning of the previous section.
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Remark 9. In this and the following sections, we always assume that the nonlinearity f : R - R
has the following properties:

(i) f is bounded, has a continuous derivative, and is globally Lipschitz continuous.
(i) f(0) =0and f'(0) = 1.
(i) f(Bw)w — %) > 0for w # 0 and § € R\{0}.
(iv) For the statements on the bifurcation and the stability of periodic solutions, we additionally
assume that f € C*(R, R).

It may be helpful to think of f(w) as the specific example tanh(w) that satisfies the above con-
ditions.

The main objective of this section is to prove the following result. Its proof will be given at the
end of the section.

Theorem 1. Assume that either
L>xy>0andp € (0,B,(xo, L)), for some constant f;(xy,L) > 0

or
3

c £l
B € (0,B1(x0) ) with B1(x,) 1= x—’;, Cp = 3—ﬂe + and L > C(x,) for some constant C(xy) > xq > 0
2

holds. Then for arbitrary u, € Hi any solution 'y € BC((O, 00), IR) of the integral equation (23) with
parameters (3, L, x, satisfies lim,_, , y(t) = 0.

The above constants f;(x,, L) and C(x,) will be constructed in the proof of the theorem. We
proceed by adapting the steps of the proof of the analogous result in Ref. 2 to the present situation.

First we introduce the following slightly modified auxiliary function.

Definition 1. For ,q € (0,0) and y € BC([0, o), R) set

2
W5 0D 1= Y Wi, t 20,
i=1

where

f(By(D)

t
WX = | £(5y) e - ==
0

] dr,

WHO)(0) 1= qFa(y(0)) for Fa(z) := / FBO L.
0

Note that, in the sequel, we will at times suppress the dependence on (3, g, and on the function y
in the notation and simply write W and W, fori = 1, 2.



GUIDOTTI AND MERINO | 25

The proof of the following lemma is identical to the one given in Ref. 2 (Lemma 4.3) and is thus
omitted.

Lemmal. Letf3,q € (0,00) and y € BC([0, ), R). Then
Wi(t)>0,t>0,i=1,2.
It therefore also holds that W ,(t) > 0 for t > 0.
The following decomposition of the auxiliary function W(y)(t) along solutions y(¢) of the inte-
gral equation (23) follows by a simple verification that is carried out in Ref. 2 (Lemma 4.4) in full

detail. We therefore do not reproduce the proof here.

Lemma 2. FixL > 0,x, € (0,L) and 8, q € (0, ). Lety € BC((0, ), R) be a solution of the inte-
gral equation (23) with parameters L, x,, 8, and uy € Hi Then

W (1) = Vg o(t) + Rg o(0), t >0, (24)

where
t
Vaa®) i= [ £(6v®) 00 + a8 (0] dr + a5 (50)

0

and
_ /[ ’ : f(By@)
Ra=Rou® = | £(5y@){ [ e =)+ aai e = o)1 (B3(0) do - =5 } .
Using convolutions, the last expression can be written more concisely as
t
Roy®= [ £(By@)Tpy00dr,
0
where Jg 4 is defined for T > 0 by
By(t)
Tpq(® = [[ar +aa]] « £ (By() |®) - % . 25)

To apply the Parseval-Plancherel theorem as in Ref. 2 (Lemma 4.5), we first collect some prop-
erties of the Fourier transform of the kernel a; (¢t) and of its derivative ai(t).

Remarks 1. (a) For L > 0 and x, € (0, L), the kernel q; of the Volterra integral equation (23) is
given by a; (t) = —k;(t, x), that is it holds that

Qk+ Dr

92
= (x0+L)] e MnL ¢ > 0, (26)

ay (6) = —% > (=1 sin
k=0
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for Ay = % according to (9),

The kernel a;, can be extended to a C* function on R by setting a; (t) := 0 for ¢t < 0. When no
confusion seems likely, we will not use a different notation for this extension.

Besides the convolution kernel a;, the forcing term g; can also be expressed in terms of the
basis of eigenfunctions to give

& a2
grL(t) = Z<u0’§ok,L>¢k,L(x0)e P, (27)
k=1

(b) For uy, € H!, the forcing function g; and its nth derivative are in BUC™ ((0, oo)).
(c) As already observed in (13), the Dirichlet heat kernel can be obtained from the heat kernel
on the whole real line and can be expressed in terms of the theta function. The (general) theta

function 6, is defined as

6,(t,z) := Z emik’T g27ikz 7 2 e € Im(7) > 0,
kezZ

or in less symmetric form by modifying the order of summation
S (1 -
6,(tr,z) :=2 Z(—l)kq 27 sin((2k + 1)z), 1,z € C, Im(7) > 0, q := €.
k=0

By setting a(L, x) = %(xo + L), it is directly verified from (26) and the definition of 6, that

1 JAr
= ay(t) = kit,x0) = €746, | (xo) = 5701 (1751, (Lo xo) ).
(d) The kernel a; (t) satisfies
[lircr)lo ar(t) =0and }1\11% a(t)=0.

The limit for t — oo is obtained directly from (26). To determine the one-sided limit, we observe
that

1 Ar
- ay(®) = 5761 (iT5 (L xp)),
and therefore the limit for ¢t \, 0 follows from known properties of the heat kernel and the
theta function.
(e) The kernel a; (t) (extended by O for t < 0) satisfies
ap € BCOO(R, R)

and its derivatives satisfy

a” e LP(R), p € [1,00], n > 1.
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This again follows from the kernel’s representation (26).

(f) The series representation of the Fourier transforms of a; and its derivate ai will be needed
in the sequel to recover the Popov stability criterion for the Volterra integral equation. They are
given by

2k+1
3 (@) = — - i( e snl =G+ 1) (28)
a(w)=— = - ,
L L = icw + /12k+1,L
and by
k
@] (@) = iwdy (@) > (1) ) 29)
a; (w iwar(w ——— — R 29
t t =0 lw + AojerL
respectively.

This follows from elementary properties of the Fourier transform similarly as discussed in
Ref. 2 [Remarks 2.2 (g)].
(g) The Laplace transform £(a; ) of a; (¢) is given by

[(2k+1)7f( X0 + L)]

S+ Ayt

£a)(s) = 2 Y-
k=0

for s € {z € C| Re(z) > 0}. It also has the explicit representation

sinh (/s(L — X))
L = — . 30
(ar)(s) s cosh(viL) (30)

The series representation of the Laplace transform is obtained from (26) by elementary integra-
tions. The explicit representation follows from (15). A direct verification that the explicit form
is represented by the above series is also given in Ref. 23 by a partial fraction expansion and by
determination of the residuals of the poles of (30).

(h) We note that, for given parameters L > x, > 0, the associated transfer function

sinh (L — xp)
GLx,(8) 1= — L(ar)(s) = SECRED) , (31)
24/s cosh( \/EL)

can be expressed in terms of the Fourier transforms of a; and that of ai. In fact, for w € R\{0}, it
holds that

Re(Gp 4, (iw)) = —Re(d())

and

wIm(Gy y, (iw)) = Re(@(w)).
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The inequality
M@ﬂ@ﬂqu@@D—%saweR“% (32)
is then equivalent to
Re(Gp y, (iw)) — g Im(Gy x, (iw)) > —%, w € R\{0}. (33)

We will use this relationship between Gy , (s) and a; and @ to verify that the stability condition
(32) (which we will obtain below from the analysis of the integral equation (23)) is equivalent to
the well-known Popov stability criterion (33) when applied to the transfer function Gy .

In the next lemma, we apply the Parseval-Plancherel theorem to derive an alternative repre-
sentation of Rg 4. It will reveal a condition, expressed in terms of the Fourier transforms of a; ()
and a; (t), which implies Rg 4(t) < 0 . The nonnegativity of the quantity W , will then allow to
bound Vg, from above. The proof is straightforward and can be found in Ref. 2 (Lemma 4.5).

Lemma 3. Let 8,q,L € (0, ) and x, € (0,L). Let y € BC((0, ), R) be a solution of the integral
equation (23) with parameters L, x, 8 and uy € Hi Then

_1 [T 5 -5 1
Rgq4(8) = - /_oo fﬁ,e[(w) [aL(cu) +qa;(w)— E dw, t >0,
where

fpe,@) 1= f(By(0))6,(1), TER, t >0,

with

. I,TE[Ort]’
0() := {o,fe R\[o,t]>

and y(t) :=0fort <0.

The Fourier transforms of a; and a£ were discussed in Remarks 1. Since fg o, € Ll(IR) N LZ(IR)
for each t > 0, its Fourier transform is defined classically.

After these clarifications, we can formulate a lemma showing that controlling the sign of
Rg 4.1(t) for £ > 0leads to abound for Vg , ; (¢). The proof of this lemma is simpler than its counter-
part in Ref. 2 (Lemma 4.10) for the case of Neumann boundary conditions and boundary control.
This is due to the fact that the semigroup associated with the heat equation on (—L, L) subject
to Dirichlet boundary conditions decays to the trivial solution exponentially for any initial state
uy € Hj.

Lemma 4. Let 3,L € (0, ) and x, € (0,L). Let y € BC((0, o0), R) be a solution of the integral
equation (23) with parameters L, x, 8 and uy € Hi Then, if for some q > 0 it holds that

Rgq1(t) <0fort >0,
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then the function V(t) = Vg 4 1 (¢) defined in Lemma 2 satisfies
0<V()<c, t2>0,
for a constant ¢ > 0 independent of t > 0.

Proof. As R(t) < 0 and by the definition of V and W, it holds that

t
0< V()= / F(8Y@) [g(0) + 4, (D)] dr + W>()(0), t > 0,
0

and therefore

t t
V(D) < /O |7 (By®)| [ @|d +q /0 |7 (By(@) | |81.(®)] dr + W()(0), ¢ 2 0.

The assertion now follows from the assumed boundedness of f(5-) and from the exponential
decay and analyticity of the semigroup e~'AL associated with the heat equation on (—L, L) subject
to Dirichlet boundary conditions. Namely, to bound V(¢) by a constant independent of ¢t we use
the estimate

|gL(T)| = |(€_TALu0)(x0)| < C||€_TALU0||H£ < Ce_aLr”uo”Hi ,

and the estimate

81| = | (Are4u0) Gxo)| < elle Aol 1, <

¢ L —ar
. =€ L ”ALMOHHZl s

3

L T4 2

which are valid for 7 > 0, € € (0, %) and by the choice of an appropriate constant o > 0. We
refer to Ref. 17 or Ref. 16 for these standard estimates on analytic semigroups in interpolation
spaces. u

Next we verify that bounded and continuous solutions of the Volterra integral equation (23) are
also uniformly continuous. As for the previous lemma, the proof turns out to be simpler than its

counterpart Ref. 2 (Lemma 4.11) in the case of Neumann boundary conditions.

Proposition 8. Let 8, L € (0, ) and x, € (0,L). Lety € BC((0, ), R) be a solution of the integral
equation (23) with parameters L, X,  and u, € H;. Then y € BUC((0, 00), R)).

Proof. Since y solves (23), we have that

O = gu(0) + / an(t - Of (By(@) dr. t 20,
0

where g7 (t) = (e7"“*u,)(xo) is the forcing function induced by u,. It suffices to verify that both
terms in the above sum are uniformly continuous. Uniform continuity of the first term holds on
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any finite interval, and the derivative of y is bounded for ¢t > 1 by the standard smoothing effect
of analytic semigroups. Hence g; is uniformly continuous on (0, c0).
The second term can be written as a convolution

t
[ =0 (gy@) de = [a x (Fo(Bn) . £ 20

0

Since a;, € L' ([0, 00)) and fo(8y) € L™ ([0, 00)) by the assumed boundedness of f, well-known
results on the regularity properties of convolutions imply the uniform continuity of the second
term (see, e.g., Ref. 24 or Ref. 25). n

We will now show the following statement: if, for a given fixed choice of the parameters 3, L, x,
and u, € Hi, a constant g > 0 can be determined, such that Rg ;1 (¢) < 0 along the solution y()
of (23), then this implies the convergence of y(¢) to zero.

By Lemma 3, a suitable constant g > 0 is found if it verifies the inequality

(@) + qal () - % < 0 for € R\{0}.

If such a g > 0 can be found, then it does not depend on the initial state u, € Hi since u, does not
appear in the above inequality. However, the choice of such a suitable g > 0 may and does depend
on the choice of the parameters S, L, x,, as will be discussed below. By the relationship between
the transfer function G (s) and the Fourier transform of the kernel a; (t) discussed in Remarks 1
the search of g can be reinterpreted as the task of finding a straight line in the complex plane with
positive slope L that intersects the real axis at —= such that the so-called Popov curve associated

q
with the kernel a; lies to the right of that straight line. We refer to Ref. 2 (Section 4) for a sketch of
this relationship to feedback control problems and the celebrated Popov criterion. The following
proposition is a slight adaptation of the proof of Ref. 2 (Proposition 4.1).

Proposition 9. Fix3,L € (0, 0)and x, € (0,L). Lety € BC ((0, 00), IR) be a solution of the integral
equation (23) with parameters L, x,, 8 and u, € Hi If for some q > 0 it holds that

Rgq1(t) <0fort >0,
then
[liglo y(t) =0.
Proof. By assumption, there exists g > 0 such that
Rg g () <0fore>0.
By Lemma 4, there exists ¢ > 0 such that

¢ > V() = Ws () = Wi (1) >0,
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for t > 0, that is such that

F(By(D)

t
B ]df::/OH(y(t))dT§c<oo,

W) = / £(8(@) (@) -
0

for t > 0. As shown in Ref. 2 (Lemma 4.12), the function H(y) is nonnegative, only vanishes if
¥ = 0 and is uniformly continuous. Assume next by contradiction that y(t) - 0 ast — oo. Then,
since H(§) > 0for 0 # £ € R, there is a sequence (¢,,;,),,en in R with ¢, - oo and a constante > 0
such that
H(y(ty)) >2¢ forallm e N.
Since Hoy € BUC([0, 0)), a § > 0 can be found such that
H(y(t)) > cfort € [ty, — 8,t,, + 51,

and all m € N. It follows that
tk+5
Wi(tn) =/ (T) dT > Z / (‘L') dT > (m —1)268¢,
0

which contradicts the boundedness of W, on [0, c0) since m can be chosen arbitrarily large. =

To complete the proof of Theorem 1, it remains to show that, for suitably constructed constants
B1(xp,L) > 0 and C(x,), either the assumption

B € (0,B1(xo,L)) and arbitrary L > xo > 0,
or the assumption
ﬁ S (0, ‘31()(,'0)) and L > C(XO) > Xo > 0,

is sufficient to find a ¢ = q(xy, 8) > 0 such that
() + g al (@) — % <0 forwe R\{O}.

We note that, by symmetry, it suffices to verify the above inequality for w > 0. The following dis-
cussion of the limit of the transfer function Gy . (s) for large L is an important element of the
proof.

Remark 10. Fix x, > 0 and consider the transfer function Gy, (s) for L € (x,, o). Then

sinh(\/E(L - xo)) G ( ) e~ VsXo
xo\8) =

- as L — oo, (34)
24/scosh(4/sL) 24/s

GL,xo (S) =
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uniformly on compact subsets of C\(—o0,0]. The convergence is also uniform for s in
(unbounded) subsets of the imaginary axis of the form i (IR\(—E, E)).

Proof. Note that by expanding sinh(z; + z,), we obtain

Gpu(8) = L\[ [cosh(v/5xp) tanh(+/5L) — sinh(+/5x,)].
24/s

Also note that whenever Re( \/E) >0 < s € C\(—o,0] it holds that
lim tanh(v/sL) = 1,

and the convergence is uniform on compact subsets of C\(—o0, 0]. Since L is bounded on such
N

Vs
subsets and cosh( \/Exo) — sinh( \/Exo) = e~ V5% the first assertion follows. Observe that we write
\/E for the principal branch of the complex square root. Hence /+i = %(1 +i)and Re(y/+i) =
1
V2

R\ (—¢,¢). Since L is bounded on sets of that form the second assertion follows. n
N

\/'

In analogy to Ref. 2 (Proposition 4.2.), we introduce the Popov set corresponding to a given
transfer function. The set contains the frequencies w at which the Popov curve in the complex
plane

> 0. Therefore, tanh(v/iwL) converges to 1 as L — oo uniformly for w over any set of the form

Re[Gy, (iw)] + iw Im[G, (iw)], @ > 0,

intersects the imaginary axis. Describing the structure of the Popov set will help finding a param-
eter range for 8 that guarantees the asymptotic stability of the trivial solution of (2) for given
parameters L > x5 > 0.

Definition 2. For L > x; > 0, we set

X0

0i? := {@> 0| Im( Re[Gy, ()] + iwIm[Gy, ()] ) =0} = {w > 0| Im[Gy, (i@)] = 0}
and

oL {w > 0| Im<Re[GL,x0(iw)] + iw Im[GL,xo(ico)]> = 0} ={w> 0| Im|Gy ,, (iw)| = 0}.

L,XO

In the next proposition, we show that the Popov set of the limiting transfer function G, can be

described explicitly. By determining the first zero w; ~ 11.1033 of 1 + tan(\/gxo) for the sensor

location x, = 1, we recover the constant §; ~ 70.3134, found above in (7), by using the relation-
ship

1+ ‘81 GL,xo(l.wl) =0. (35)
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This relationship between the Popov set and the critical parameter values of § is understood by
observing that

Im|1+ B Gy, (iw)| = Im[Gp ,, (iw)].

This entails that the locations where the imaginary part of (35) vanishes are independent of §.
Once the zeros w of the imaginary part of the transfer function Gy, are found, one recovers the
corresponding critical values for 8 by simply equating the real part to zero, that is by solving

Re[l + B Gy, (iw)] =0,

for 8. The smallest positive solution arising in the above procedure is precisely ;. This relation-
ship between the Popov set ngp and the corresponding parameter values for § that correspond
to the existence of a pair of complex conjugate eigenvalues of the operator —Ag lying on the imag-
inary axis is also discussed in more detail in the remarks following Ref. 2 (Proposition 4.9).

Proposition 10. For x, > 0, the Popov set of G is given as the solution set

_ (4k —1)’z?
- 2
8x0

Ql;gp={co>0’1+tan(x0\/cu/2)=0}= {wk k=1,2,3,...}. (36)

Hence Ql;gp is an infinite countable set that consists of positive, nondegenerate (simple) roots of the

function 1 + tan(xyy/w/2).

Proof. Settingr := —xy4/w < 0, we observe that

Im[GxO(icu)] =0<1Im ler\ﬁ] =0,
Vi
1

and since it holds that e” Vi - e cos(rar) + ie" sin(rar), with o 1= sin(%) = cos(%) = ﬁ,we find
that

Im [e:/\(i] =0 < Im [\_/; cos(ra) + Vi sin(roc)] = 0 & cos(ra) = sin(ra),

i
and thus, for w > 0, the assertion
Im[G, (i) ]| =0 < 1+ tan(xy\/w/2) =0
follows. The other statements follow from elementary properties of tan(x). n

‘We note that the Popov set ngp also contains values wy, that lead to positive values of G, (iwy)
and thus to negative critical values 3(w; ). More precisely, if we set

Xo X0

QfoPt .o {weQPOp Gxo(iw)>0},

Gy, (iw) < 0} and Qisp_ 1= {a) € Qigp
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then

4k — 1)*n? - 4k — 1)*7?

Pt = wF% ke2N-1 and Q)" Wy = ¥|kezr\1
8x; 8x0

where N :={1,2,3,...}. This is analogous to the discussion in Ref. 2 and in Section 3 and also
captures that pairs of conjugate complex eigenvalues in the spectrum of Ag do cross the imaginary
axis for certain negative values of 3, which are determined by

1
——— forwe QPOP .

Gy, (iw)
The positive values of § where a crossing occurs are found by

— 1_ forcerPOer
Gy, (iw)

Thus the Popov set QPOP nger U ngp_ captures both the positive and negative values of
where complex conjugate eigenvalue pairs of Ag cross the imaginary axis. By the positivity of
the semigroup for 8 < 0, the stability of the trivial solution is determined by the (real) principal
eigenvalue and not by a Hopf bifurcation induced by a complex conjugate pair of eigenvalues first
crossing into the unstable complex half plane. In that sense, for negative values of 3, the problem
has positivity properties that lead to a more familiar behavior which is well-studied in the context
of semilinear parabolic equations. We also refer to Ref. 3 for a discussion of positivity aspects.

5.1 | The Popov criterion in the limit L = «©

Next we show that the stability criterion (33) can be verified for the limiting transfer function
Gy, (8).

3
oe , 3 &
Proposition 11. For any x, > 0, there exists 8;(x,) = = > 0 for ¢, = Tﬂie 4, such that, for 8 €
X0

(0, B (xo)), there exists q(x,) > 0 which satisfies the Popov criterion, that is such that the inequality

Re[G,, (iw)] — q(xp)w Im|G,, (iw)] > — 1 (37)

=@

holds for all w € R\ {0}.
Proof. 1t is sufficient to show that the Popov curve parameterized as

Iy, (@) := (x(w),y(@)) := (Re(Gxo(ico)), w Im(Gxo(ico)))
lies in the half-plane

Hq,ﬁ = {(x’y) = R2 |Fq,ﬁ(x,y) < 0}
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that is defined by the functional

for given q, 8 > 0. Thus verifying the Popov criterion (37) is equivalent to showing that
Fap(Ty, (@) <0, 0> 0.

A somewhat tedious but elementary computation yields

Fop(Ty, (@) =— @e‘“"oﬁ [sin(ocxo\/a) + cos(axg \/5)]

— ﬁe“"xo\/5 [cos(ocxo \/5) — sin(ax, \/5)] —

where o := 7 Next, for each x, > 0, we fix §;(x,) as follows:
1
Bi(xo) 1= S eE——
Re(Gy, (iw))

where, using (36), we can express w; explicitly as a function of x, as

Pop 27‘% 3
w1(Xp) 1= minQ, =—,1 = arctan(—1) + 7 = Zn ,
X0
that is
972
wl(x(]) 5’ b7[ = T
X0

(38)

(39)

(40)

By the definition of F g, 'y, and w,(x,) or by a simple direct verification using (39), it follows

that
Fy 5, x0) Ty (@1 (x)) = 0, ¢ > 0,

holds for any x, > 0. Given x,

q(x
intersects the real axis for w = w;(xy). The first such intersection occurs for the parameter value
@ = w;(xp). In other words, we use the parameterization I'y (w) = (x(co), y(co)) of the curve to
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define

1 y

g(xp) = X ‘w:an(xo) '

To find an explicit formula for (1

X we first rewrite the coordinates x(w) and y(w) as follows:
q(Xo

x(w) = Re(Gy, (iw)) = Z;Ze_xo"‘\/a[cos(xooc\/a) - sin(xooc\/a)]
and

y() = wIm(Gy, (iw)) = —%ae_xoa\/a[cos(xoa\/a) + sin(xoa\/a)].

When differentiating and evaluating these expressions at w = w;(x;) to compute x and y, we use
that

sin(xgav/w;(Xg)) + cos(xearv/w;(xg)) =0
and that

d

dw '(JJ=CU1(X())

[sin (xoav/w) — cos(xpay/w)] = 0.

An elementary calculation then shows that

3
Gr g = 9 (1)

q(xo) x2(1+ L x 87+ 2
ry 3

2
1 2}'1

QU
N

(=} S

To complete the proof, we need to show that for arbitrary x, > 0 the inequality

Fyxp)p (T, (@) <0

1
B1(x0)

holds for w > 0. To that end, note that, for g € (O, ﬁl(xo)), it clearly holds that —% <= and,

therefore, making use of (39), we see that
Fyixg)p (Txy (@) < Faag),(x0) (Txy (@) @ € (0, 00).
Hence it remains to prove that the inequality
Fytxo) 150 (T (@) <0

is satisfied for w € (0, ). To do so, we first use (41) to get

d
ool (e TG0 8150 (Txy (@) = 0,
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and

d2

d?w w:wl(xO)Fq(xo)-ﬁl(xo)(Fxo(a’)) <0.

From (39), we also see immediately that
ii%FQ(xo)sﬁl(Xo)(rxo(w)) = -0
and

1
lim F, r,(w)=-————x<0o.
W00 Q(Xo)n@l(xo)( X0 ) q(xo) 51 (xo)

This shows that Fy,) 8, (x,) (FXO (co)) achieves its maximum in the interior of a compact subset of
(0, ). Now we prove the assertion by showing that

Max Fy(x) g, (xy) (T (@) <0

>0

We do this by verifying that Fy ) g, (x,) (FXO (cu)) is nonpositive in any of its critical points. In other
words, we show that for any @ > 0 where

d
dw ’w:aFQ(xo),ﬁ(xo) (FxO (CU)) =0,

it holds that Fy(y) 8, (x,) (Fxo (@)) < 0. An elementary differentiation shows that a critical point &
needs to be a solution of

tan(y(@)) = T(y(@)), (@) := x0\/@/2, (42)
where, for y > 0, the function T is given by
dr
yi—dy——
TQy) := SPE— (43)
23 —y2 - &

The cubic polynomial in the denominator of T has only one real root y; ~ 1.4399094, which gen-
erates a real pole of T. A discussion of the graph of T(y) for y € (0,y,) andy € (yy, 00) and the fact
that y, < 7r/2 yield that all positive solutions of tan(y) = T(y) satisfy y > y,. Hence any critical
point & > 0 of Fy(y,) ,(xo) (Tx, (@) enjoys the relationship

sin(y(@)) = T (y(®)) cos(y(@)) and y(&) > y;.

Inserting this into the expression (39), the verification that F () g, (x,) (FXO (c’J)) < 0is easily seen
to be equivalent to the verification that, for y > y;,

2cos(y*[1+ T(Y)| + d; cos(y)[1 - T)] + Ccl—”yey > 0.
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This follows by plotting this function or by an analytic discussion using the fact that the expression
in the left-hand side of the above inequality vanishes at y = \/ w1(1)/2 = \/ b,/2 = %ﬂ. n

5.2 | The Popov criterion for the Dirichlet problem

In contrast to the case for L = oo just discussed in Proposition 11, a direct rigorous verification of
the Popov criterion for the transfer function Gy, associated with the Dirichlet problem is more
involved analytically. To simplify the discussion in the case of Dirichlet boundary conditions for a
fixed but arbitrary L > 0, we may assume without loss of generality that L = 1 by rescaling units
of length. For notational convenience, we parameterize the location of x, as

x9(8) :=1-96, for 8 € (0,1).

This leads to considering the one-parameter family of transfer functions

sinh(é \/E)

— 6 €(0,1),
2 scosh(\/E)

Gs(8) 1= Gro1,x,(5)(8) =
and its associated one-parameter family of Popov curves
Ts(w) 1= (x(w), y(@)) = (Re [Gs(iw)],  Im[Gs(iw)] ), w € (0,0), § €(0,1).

To more conveniently deal with the limits as § — 0 and as § — 1, we consider G5 := G;/8, so
that

El

~ ~ 1
Go(s) = lim Gs(s) = ———
0 6-0 2 cosh(4/s)
and
~ ~ tanh(4/s
G,(s) = lim Gs(s) = —(\/—) = G,(9).
5—1 2\/5
Also note that, since
lim sinh(V/iw) — lim 1 _ lim tanh(V/iw) 1

@=0 y/iwcosh(v/iw) “~%cosh(rv/iw) “7° +iw
we find that
lim Gs(iw) = 1 and lim Gy(iw) = 1
w0 0 T2 w0 1 T2

We denote the corresponding asymptotic (rescaled for § — 0) Popov curves accordingly by I (w)
and T''(w). Without giving a proof, we note that

I's(w) = Ts(w)/8 — T° as § — 0 uniformly in [0, o)
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and
I's(w) = T'(w) as § — 1 uniformly in intervals of the form (0, M).

Similarly as in the proof of Proposition 11 for the case L = oo, the relevant parameters that deter-
mine the stability and bifurcation properties associated with I's(w) for § ~ 0 can be determined
explicitly by studying the corresponding properties of its rescaled limit I(w).

Remark 11. The Popov set of I(w) is given by

LS {w >0 m (@) = 0} = {wr =227 [k =1,2,...}.

In particular, the first intersection of I’ with the real axis occurs at the frequency

0 ~Pop _

R 2
w; .—manO

27e,

and the corresponding period is given by T(l) i= 2—0 = ©. We obtain the critical parameter for Gg
1 T

w
in the limit as § — 0 from the value of Re(fO(cu?)) = Re(éo(icu(l))>, that is

g0 o 1 e te”
T 6Gy(ia?) 5

Finally, the slope of T at its first intersection point with the real axis, which occurs at w = co(l’,

be determined explicitly. In fact, using the parameterization = (x(co), y(co)) it holds that

can

1 .
-2 = X 0 = 271'2.
ql X w=w;

Proof. The proof follows from somewhat lengthy but elementary calculations that begin with

splitting the function m

into its real and imaginary part. u

The verification of the Popov criterion for given parameter values § > 0 and § € (0, 1) can be
interpreted geometrically. It amounts to showing that it is possible to choose a straight line in
the complex plane with positive slope such that it intersects the real axis at —% and such that

the entire Popov curve lies to the right of that straight line. In our case, the choice of a tangent
to the Popov curve at its most negative intersection point with the negative real axis is a possible
choice of such a straight line. The choice of the tangent, as a particular separating straight line,
corresponds to the critical parameter 8, at which a change of stability takes place, and this choice
leads to a “maximal” interval of stability (0, 3;). In applied problems, for example, in electrical
engineering, the verification of the Popov stability criterion is often simply reduced to plotting
the Popov curve and to checking whether such a tangential (optimal) line, or any separating line,
can be fitted into the Popov plot.

In Figure 6, we plot the rescaled Popov curves I'5(w) for different choices of 8. The two asymp-
totes ' (w), which is confined to the right complex halfplane, and I°(w), which originates at (%, 0)
and spirals to the origin as w — oo, are both depicted as dotted lines.



40 GUIDOTTI AND MERINO

The Popov curves s for 6 =0 The Popov curves s for 6 =1
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FIGURE 6 The Popov curves close to the limiting cases § = 0, 1

The shape of the Popov curves found by the parameter study shown in Figure 6 suggests that to
each § € (0,1) we can associate the uniquely determined line in R?  C that is tangent to I's(w)
at its most negative intersection point with the real axis, that is where

Im(Gg(icol(S))> —0.
That line is obviously given by

LR p— 1 _— 1 =
Faorsexy) =y =X = 1vee = O

where, using the coordinates

Ts(@) 1= (x(@), (@) := (Re(Gs(i®), @ Im(Gs(i)) ), (44)
we set
1 1.y
BO) = ~Gmey ™ @ Focans

In spite of this numerical graphical evidence, which shows the existence of an optimal straight
line satisfying the Popov criterion up to the maximal choice for the constant §;(xy,L) =
—1/Gpx, (i (L, xo)), we chose to state Theorem 1 in a weaker form that does not rely on any
numerical or graphical verification.

5.3 | Numerical verification of the Popov criterion for g € (0, B )] in
the case L < o©

Before giving the proof of Theorem 1, we discuss how a numerical verification of the Popov crite-
rion can be performed to see that (O, B )] is the maximal interval of global stability for the trivial
equilibrium of (2). Here we again rescale units of length so that for § € (0, 1) we can consider the
transfer function

sinh(8V/iw)

Gs(iw) = ,
° 2¢iw cosh(\/g)

w > 0.
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While we proceed in the spirit of the proof of Proposition 11, we need to resort to numerical com-
putations to check the sign of the resulting elementary function. To express the imaginary and the
real part of Gs(iw) explicitly in a concise manner, we set

Ay 1= A,(6,w) = cosh(6v/w/2) sin(6y/w/2) and A, 1= Ay(8,w) = cos(8vw/2) sinh(61/w/2)

as well as
By := B;(w) = cos(v/w/2) cosh(y/w/2) + sin(1/w/2) sinh(y/w/2) (45)
B, := B,(w) = cos(v/w/2) cosh(y/w/2) —sin(1/w/2) sinh(y/w/2) (46)
and

D :=D(w) = \/ﬂ [cos(\/%) + cosh(\/%)] .

The one can write
Re[Gs(iw)| = = (A, B), Im[Gs(iw)] = = det(A, B)
D ’ D ’
with
<A,B> = AlBl + AZBZ and det(A, B) = A]Bz - AzB].
Using the coordinate representation (44) of the Popov curve, an explicit representation of

1 ._y

q(5) X% w=w(8)

can be found in the form

{ det(A, B) + det(A, B)

1
__‘%@<Am+mm—M£meWw”

5 “7)

The dotted quantities are differentiated with respect to w and evaluated at w;(5). This represen-
tation is not fully explicit since a numerical root finding procedure needs to be used to locate the
first positive solution w; (8) of Im[Gs(iw)| = % det(A, B) = 0. In principle, for any given § € (0, 1),
the zero w;(8) can be determined with arbitrary (finite) precision. Therefore, for each § € (0, 1),
the verification of the Popov criterion

1 1
Fy 5 56@) :=y(w) — —x(w) — ————= < 0forw >0, (48)
AOHHO 9) 9(8) ()
up to the numerical determination of w,(8), consists in verifying that the following combination
of the elementary functions A;, B;, D is nonpositive, that is, that

Fy5)56)(@) = wdet(A, B)/D — ﬁ [¢4.B)/D = (A(1(8)), B(1(8)) )/D(:(®)) | < 0forw >0,
(49)



42 GUIDOTTI AND MERINO

FIGURE 7 Depicted is the function Graphical verification of the Popov criterion

appearing in the Popov criterion (49) for
various values of § € (0, 1)

6=0.1
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6=0.7
6=0.8
6=0.9

1072 1071 10° 10! 107 103 104

where %) is given by (47). It is clear by the definition of Fy(s) 5(5), as well as directly by inspec-
q

tion of the above formula, that Fys) g(s) (wl(é)) = 0 which reflects the tangency condition. The
verification of condition (49) can thus be performed by evaluation of the above expression over
a finite range for w. This follows from the fact that we know that the curve Is(-) spirals into the
origin of the complex plane exponentially fast. Clearly the statement of nonpositivity requires a
parametric study for § in (0,1). It can be verified analytically that

b 3r+4

3t

Bl

lim ,(8)q(8) = 1 and lim ,(8)q(8) =

S

Thus the limit § — 1 corresponds to the case L = oo, which is intuitively clear. In fact, observe
that, owing to (40) and to (41), the product

3r+4
3

on(r)a) = & = 24
T

is an invariant of the one-parameter family of Popov curves {I', | x, > 0}. By contrast, for L < oo,
the product w;(6)q(d) depends on § but has the two known limits given above.

Based on the parameter study in Figure 7, we formulate the following conjecture. To safeguard
rigor, we are, somewhat reluctantly, forced to formulate the numerical result merely as a conjec-
ture, since it must be conceded that any parameter study cannot replace a rigorous proof of the
validity of (49) for arbitrary § € (0, 1) in spite of the fact that the criterion could be checked up to
arbitrary finite precision for any given specific § € (0, 1).

Conjecture 1. Forany§ € (0,1), let 8(8) := —1/Gs(iw(8)). Then, forany B € (0, B(8)|, the pair
B and q(8) > 0, given by (47), satisfies the Popov criterion, that is the inequality

Re|[Gs(iw)] — q(8)w Im[Gs(iw)| > —% (50)

forallw € R\{0}.
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‘We finally prove the theorem as it was formulated at the beginning of this section, that is with-
out making any reference to the conjecture above.

Proof of Theorem 1

The proof relies on the application of the criterion derived in Proposition 9. For arbitrary fixed
L > xy > 0, we look for a parameter value 3;(x,, L) > 0 such that, for any g € (O, ﬁl(xO,L)), itis
possible to find g(x;) > 0 such that

a,(0) + q(x0) @) () - % <0forw> 0.

This then entails that all solutions of the Volterra integral equation (23) with arbitrary parameters
xo > 0 and L > x,, converge to zero as { — oo as long as B € (0, 8;(xy, L)). If this is the case, we

call (0, [/3\1 (9, L)) an interval of stability for the integral equation with parameters L > x, > 0. We
define the Popov curve associated with x, and L by

Fey1(@) = (x(@),3(@)) = (Re[Gy, 1 ()], @ I[Gy, 1 ()] )
By introducing the functional

X 1
F x’ = - T T 5
q,ﬁ( y) q Qﬁ

the verification of the stability criterion reduces to showing that suitable choices of the parameters
B and q lead to

Fap(Ty, (@) <0, @ > 0.

For arbitrary x, > 0 and L > x,, we set

A~ 1
(x0,L) = —————— (51)
Al B = e DaGa)
where
x2 973
0 T
Q(xo) == d =
e " 87 + %
and

M(xy,L) := Igulil())({w Im|G,, 1 (iw)] — @ Re |Gy, 1 (io))] }

To show that the above maximum exists and that it is positive, observe that, by definition, the
Popov set on)fo contains a minimal element w; > 0 such that

Im[Gxo,L(l.CUl)] = 0and Re [GXO,L(l.wl)] < 0.
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This shows that ﬁl (x9,L) > 0, if the maximum exists. To obtain the existence of the maximum, a
simple calculation yields that

H(w) := o Im|[Gy, 1 (iw)] - @ Im|[G,, 1 (iw)]

= g Im| i { cosh(xoViw) tanh(L Vi) — sinh(xyV/ie)} (52)

_ Re| Vi { cosh(x Vi) tanh(Lv/ie) - sinh(x Vie)} |
2x3 o

Then notice that lim,,_, ¢+ H(w) exists and that

lim H(w) < 0.
w—0t
One also has that

lim H(w) = 0,

wW—>0

which is verified by using
lim tanh(LViw) =1,
w—> 00

and that

lim v/ [cosh(xO\/E) tanh(ZViw) — sinh(xox/ﬂ)] —0.

To study lim,,_,o+ H(w), one observes that

lim —\/; cosh(xyViw) tanh(LViw) — sinh(xViw)| > 0.
[ 0 0
im, \/_

Since H(w) is negative for sufficiently small arguments, converges to zero as w — oo, and has
positive values, the maximum must be attained and be positive. Now for any 8 € (0, ﬁl(xO,L)),
we obtain the estimate

Fyxp)8 (Txo (@) < F q(xo),él(xO,L)(FxO,L(w))’ @ > 0.
It only remains to verify that

1
F 2 (F (co))=H(w)——§0,co>O,
, L Xo,L ~
ACOMF GO LY Ao q(xo) B1(xp, L)
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which follows from the definition of ﬁAl(xo, L) since

(T, 1(®)) < max H(w) — 1 _wu Xo, L) — 1

Fros (o) = ———— =
) ’L A~ b ~
q(x).p1 (xo.L) >0 q(x0)B: (xo, L) q(xo) B1(xp,L)

Next we present the argument producing the alternative interval of stability (O, B 1(x0)) =(0,%)
X0

for any x, > 0 and all sufficiently large L > x,. For fixed x, > 0, we have shown in Remark 10 that
Gy, L(iw) = Gy (iw) as L — oo,
uniformly for w in intervals of the form (c, oo) with arbitrary ¢ > 0. This also implies that
[y, (@) = Iy (@)inCasL — oo,
and that

Fyxy).810x0) (Do £(®)) = Fatx) 1) (T (@) as L = oo,

uniformly for w in (¢, c0) with arbitrary ¢ > 0. Hence, for any ¢ > 0 and any ¢ > 0, there exists
C(e,c) > 0 such that

F ) 8100) (Do £(®)) < Fx) 8x0) (T (@) + € for L > C(e, ),

and w € (¢, ). For any B € (0, 8;(xy)), we can choose §(B) := ——],6€(0,1) to

(x ) [_ B (x )
obtain

Fyx)8 (Txo.L(@) +8(B) < Fyxy) 8,(x0) (Txp.()) for w > 0.

Thus, for L > C(5(ﬁ), c) and for w € (¢, ) we have that

F o006 (D1 (9)) + 8(B) < Fogaeg),0x0) (T, L)) < Foxg) ) (T (@) + 8(B)-
Consequently, by Proposition 11, it holds that
Fy(xo).p (FXO’L(C())> < FC](xo),ﬁl(xo)(Fxo(w)) <0
for L > C(8(B),c) and w € (¢, o). Since we know from the first part of the proof that

. 1
C}LrgJ, Fo(xo).p (er,L(w)) <- <0,

Ba(xo)

and ¢ > 0 can be chosen arbitrarily small, the inequality

Fyiep8 (T (@) <0,

holds for w € (0, ) and L > C(x,) for a large enough C(x,) > 0. [
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6 | GLOBAL STABILITY AND HOPF BIFURCATION RESULTS FOR
THE NONLINEAR PDE

The stability result obtained in the previous section for the Volterra integral equation will now
be applied to the nonlinear partial differential equation (2). It will be instrumental to infer the
decay of the solutions of the partial differential equation (PDE) from the decay of the associated
solutions of the integral equation. The following proposition is proved in Ref. 2 (Proposition 2.3.)

in a slightly different setting, yet its proof can readily be adapted to the present situation.

Proposition 12. For fixed parameters 3, L € (0, ) and x, € (0, L) consider orbits ®3(-, uy) of the
semiflow ((1)5, Hi) associated with (2). Then, as t — oo, for any uy € Hi it holds that

Dp(t,up) — 0in Hy < (Pp(t,u))(x9) — 0inR.

Proof. “=”:1f @4(t,uy) — 0ast — oo, then the operation of “taking the trace” defines a bounded
linear operator y,, € L(H;,R) and therefore its continuity implies

Vx()(‘pﬁ(l,uo)) = (‘Dﬁ(t,uo))(xo) —0ast — oo.
“em Ify(t) 1= (Pp(t, up))(xp) = 0 ast — oo, then by (23) we have that
t
lim y(t) = lim [gL(t) + / ay (t — D)f (Bulz, o)) df] =0,
0
which entails
t
lim / a(t — ) f (Bu(t, xp)) dzr = 0,
—00 0

since we know by the properties of the semigroup e~*4z that lim,_, ., g (t) = 0. Next notice that,
for arbitrary x € (—L, L), it holds that

u(t, x) = ®g(t, ug)(x) = (e “ug)(x) + /t kp(t —7,)f (Bu(r, xo)) dr,
0
where, by definition (26), it holds that
kp(t,x) = —ar(t,x) = —(e~"418y) ().
Again from lim, (7“1, (x) = 0, we obtain

t
lim u(t,x) = - [llrglo/ kp(t — 7, f (Bu(r, X)) dz, x # . (53)
0

Since we know by assumption that lim,_, , f ( Bu(z, xo)) = 0 and, by inserting the spectral decom-
position (10) of k; in (53), we conclude similarly as in Ref. 2 that for arbitrary x € (—L, L) and
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t = oo
lim u(t,x) =0,
t—oo

that is we obtain the pointwise convergence of ®4(t, uy) to the zero function.

To prove that convergence to zero also occurs in the topology of Hi, we use (20) to derive the
equation satisfied by 71,,(¢), which is the nth coefficient in the spectral basis expansion of the solu-
tion

u(t, x) = " (ut, ), P @) = Y (Opi(x).
k=1 k=1

Observe that the H' norm of a function u(t, -) of x obtained for fixed t is equivalent to
[s9)
e, 2, = DA+ kDl
L k=1

This is seen by extending u(t,-) to a periodic function ii(t, -) by reflection as described in (11)
and noticing the direct relation between the standard Fourier series of @ and the spectral basis
expansion of u. We also use the fact that u € Hi ifand only ifii € Hy(—2L,2L), where the index
indicates periodicity.

Next look at the evolution of the single modes of the solution, which is determined by

t
N —tA2 s —(t-1)A2
,(0) = ¢ G g1) — [ (Butexo))e™ Vi
0
A simple calculation exploiting the boundedness of f then yields

2
(1 +n?) ﬁn(t)' < (1 +nd)|dg,| + %(1 +n?), n>1

L,n

This, together with the fact that u, € H' and that /12 ™ n*asn - oo, implies that the series

D+ n?)a, @) (54)

n>1

converges uniformly in ¢ > 0. This shows that the tail of the Fourier representation of the solu-
tion can be made smaller than any given € > 0 independently of ¢ > 0. For the remaining finitely
many terms, a direct estimate of the integral yields smallness. It namely follows from the solution
representation that:

e 2 t 2
1a,(t)] < e—ML,otmOnI + / D0 dr 4 max |f([5’u(f, Xo)| / 0 4r
0 =l te

—(t=t)A? ~ 1
<e o] 1y, |+ — | +cmax | f (Bu(r, xp)| < ¢
Aol
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for t large enough. This shows that

Z(l + n?)|i,(t)]> = 0ast — co,

n>1
or, in other words that u(t) — 0 in H. n
We can now proceed to summarize the main results of our analysis.
Theorem 2. For arbitrary choice of the parameters L > x, > 0, the following assertions hold:
(i) There exists e > 0 such that for any B € (B,(xo, L), B1(xo, L) + €), with

1 .
B1(xp,L) = ——— and w,(L, xy) = min Qfop

Gr,x, (i1 (L, X0)) bxo?

the semiflow (Cbﬁ, Hi) associated with (2),  possesses a nontrivial periodic orbit.

(ii) Forp € (0, [é\l(xO,L)) where El(xo,L) > 0 is defined in (51), every (semi-)orbit of the semiflow
(@5, H} ) associated with (2);, ,, converges to zero as t — co.

(iii) If we assume that L > C(x,) for some sufficiently large constant C(x,), then for any 8 €

3
(0,81 (x0)) = (0, i—”),for Cr = %eT, every (semi-Jorbit of the semiflow (®g, H; ) associated
0

with (2); , converges to zero as t — co.

Proof. The second and third assertions follow directly from our main result on the Volterra integral
equation, Theorem 12, and from Proposition 1.

The first statement is a consequence of the general results obtained in Ref. 26 (Theorem 1), Ref.
27, (Theorem 1.8.2.), or Ref. 28. They can be applied analogously as in Ref. 1. We have shown in
Proposition 2 and in our discussion of the Popov set that

G(Aﬁl(xo,L)) NiR = { * iwl(L’ xo)}-

The nondegeneracy condition for the crossing of the imaginary axis by the complex conjugate pair
of eigenvalues of the operator —Ag needs to be checked to conclude the proof. We need to verify
that

4
dp

El

Re[2(8) |

>
B=p1(x0.L)
where, for some ¢ > 0, there exists

A (ﬁl(XO,L) — ¢, ﬁl(xO,L) + E) — C with /1(‘81()(:0,]4)) = +iCO1(L,X0),

that is a local parameterization of the eigenvalue’s path as it crosses the imaginary axis in the
complex upper halfplane as (3 increases. This follows from Proposition 6 and Remark 8. [
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Remark 12. Supported by numerical evidence, we conjecture that the definition (51) leads to

~ 1
B1(xo,L) = B1(xg, L) = — - with w,(L, X)) = min Qi‘;p.
Gr.x, (l w, (L, xo)) 0

We note that one inequality @(xo, L) < B1(xy, L) follows from the knowledge that the asymptotic
stability of the equilibrium u = 0 is lost at 3;(x,, L) due to the Hopf bifurcation. Thus proving this
conjecture reduces to showing ﬁl(xo, L) > f1(xg, L). This, in turn, would follow if we could verify
that the value of M(x,, L) in the definition (51) is achieved by w;(L, x,) as a maximizer. Clearly,
if one were able to prove this statement then Conjecture 1 would no longer be needed. In that
case, the parameter range of global stability (0, ﬁAl(xo,L)) would be maximal due to ﬁAl(xO,L) =
B1(xg, L), that is the interval of stability constructed for the Volterra integral equation then extends
up to the critical parameter value where the Hopf bifurcation occurs.

To discuss the stability of the bifurcating periodic solutions for the one-parameter family of
semiflows (Cbﬁ, Hi) B > 0, observe that the Ljapunov-Schmidt reduction used in Ref. 29 to dis-
cuss the Hopf bifurcation phenomenon in the finite dimensional case leads to more precise state-
ments about the structure of the bifurcating periodic solutions. In particular, the local unique-
ness of the bifurcating solutions can be described in more detail and is made explicit in the next
remark. As highlighted in Ref. 29, the Liapunov-Schmidt reduction, which the author applies to
ODEs, can often be extended naturally to semiflows in infinite dimensional phase spaces stem-
ming from reaction-diffusions problems. We refrain from executing that approach here and refer
to Ref. 26. Instead we prefer to apply the results on the existence of a center manifold in the infi-
nite dimensional situation. In fact, our problem, for L < oo, formulated in the Sobolev space Hi
falls into the rather general class of quasilinear parabolic systems discussed in Ref. 28. The pos-
sibility to restrict our semiflow to its finite dimensional center manifold allows us to discuss the
stability of the bifurcating solutions by studying the ODE that governs the dynamics on the center
manifold.

Remark 13. For the stability analysis of the bifurcating periodic solutions, the results in Ref.
29 (Theorems 26.21 and 27.11) provide a more precise description of the local structure at the
bifurcation locus. There exists € > 0 and a map

[s > (u(s), T(s), B(s))] € C* ((—s, €), 8B;1(0) x 5%(%) X 5BR<61<xo,L))>
with
2
(u(0),T(0), 5(0)) = (o, wl(x—Z,L),ﬁl(xo,L)) € H; X (0,00) X (0, ),

for some suitably chosen factor § > 0, that shrinks the open unit balls appropriately. The above
map has the property that, for 0 < s < ¢, the orbit of u(s) under ®g(,) denoted by

7() 1= { @a(t,u(s) | £ > 0}
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is a noncritical periodic orbit of the semiflow ((1)/3(5), H,{) with period T(s) passing through the
point u(s) € § [BH} (0) and with

y(s) # 7(s2), (55)

for 0 < s; < s, < e. Every noncritical periodic orbit of the semiflow (CDﬁ(S), Hi) in a sufficiently

2 o B1(xo, L)) in the Cartesian product H} X (0, c0) X (0, o0) is con-

small neighborhood of (0, ——
w1 (Xo,

tained in the family

{y(s)’0<s<s}.

The map
[s = B(s)] : (0,6) » (0,00)

is injective. This follows directly from (55), since otherwise identical noncritical periodic orbits
for s, # s, could be obtained from j(s;) = (s,) and the identity of the semiflows (‘%(s[)’ Hi),
i=1,2.

Theorem 3. Fix arbitrary L > x, > 0 and assume that, for any 8 € (O,Bl(xO,L)), the trivial solu-
tion of the semiflow (6135, Hi) is globally asymptotically stable. Then the noncritical periodic orbits
of the semiflow (@5, H,l_) originating from the Hopf bifurcation at 8;(x,, L) > 0 are (orbitally) stable

forany 8 € (ﬁl(xO,L), B1(xg, L) + 5) forsome & > 0. In fact, using the map [s — ((s)] discussed in
Remark 13, it holds that

Bs) >0,
for0 < s < €(8), which means that the Hopf bifurcation at 3;(x,, L) is supercritical.

Proof. The map [s — B(s)] : (0,g) — (0, o) is continuous and injective for 0 < s < ¢. Hence it is
strictly monotone on (0, ). Since S(-) is differentiable either 5(5) <0or B(s) > 0 must hold for
s € (0,¢). The case 5(s) < 0 can be excluded since it implies the existence of a noncritical periodic
orbit of the semiflow ((bﬁ, Hi) for B < B1(xg, L). Since this cannot happen by Theorem 2 and by
the assumption that (0, Bl(xO,L)) is an interval of global stability for the trivial equilibrium, we

conclude that 8(s) > 0 and that the bifurcating noncritical periodic orbits are stable. n

Remark 14. The assumption that the trivial solution of the semiflow (<I>5, Hi) is globally asymp-
totically stable for any 8 € (0, B1(xo, L)) can be dropped if either Conjecture 1 were shown to be
true or if the condition /ﬁ(xo, L) = 8;(xy, L) discussed in Remark 12 were shown to hold.

The next result settles a conjecture formulated in Ref. 1 [Remarks 4.4. (c)] for the problem (1). It
was not stated in Ref. 2 even though, in the light of the above results, it is an immediate corollary
to Ref. 2 (Theorem 5.1.). We add the result here for the sake of completeness and due to the fact
that the conjecture in Ref. 1 provided the initial motivation for both? and the present paper.
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Theorem 4. The noncritical periodic orbits of the semiflow (@5, Hl(O, n')) associated with (1) that
originate from the Hopf bifurcation at 3, ~ 5.6655 are (orbitally) stable for § € (B, By + &) for some
& > 0. In other words, the Hopf bifurcation from the trivial solution at 8 = B, is supercritical.

Proof. The statement follows analogously as in the proof of Theorem 3 since the trivial critical
point of the semiflow (tbﬁ, H'(0, 7r)) is shown to be globally attractive on the maximal interval of
stability, that is for 8 € (0, ;) in Ref. 2 (Theorem 5.1.). [

7 | IMPLEMENTATION USED IN THE NUMERICAL
CALCULATIONS

To generate Figures 1-3, we made used of a discretization of the operator AL which is described
in this section. As for Figures 4 and 5, the computations are based on the zeros of the spectrum-
determining functions z; found in (19) inside the proof of Proposition 6, and on (17), respectively.
Since Ay g = AL + 5505 and A;, = Ap o hasan exphclt spectral resolution in terms of its eigen-

values ,uL 0=

cretization. To obtain it, we introduce the grid of equidistant points x™ = (xl’C”)k:l

k € N, and eigenfunctions ¢ ; = \/Z sm(kn Z_LL) we opt for a spectral dis-

om_1 given by

.....

2L
m _ —
X =-L+ks k=1,..2"~1,

and the discrete sine transform matrix S,, with entries
Slle, J) = pr (1.
Then we approximate A; spectrally by

am 2L

I STd ag

k22
B Sm»

412 lk=1,.2m-1

where S} = S;,! and the scalar factor amounts to the application of the quadrature rule (the trape-
zoidal rule in this case) required in the discrete transform to approximate the corresponding con-
tinuous integral. The Dirac distribution supported at y € (—L, L) is also discretized spectrally as

2m—1

= Y P x™.
k=1

This yields a spectral approximation through

2L T
<5y’“>H;1,Hi = 2_m(5;n) u™,

ifu™ is the vector approximatingu € Hi Again the scalar factor is dictated by the quadrature rule
used to approximate the duality pairing. Finally the operator A} ,, of interest is approximated by

—Ar e pIzap(an)

L/S 2m -0
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-
and its adjoint by the transpose (Aznﬁ) . Again, this discretization is used for the spectral calcu-
lations leading to Figures 1-3.
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